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Introduction

1.1 Background

Artificial intelligence is concerned with the task of enalglimachines to solve complex prob-
lems by,e.qg, learning, behaving intelligently, reasoning, decisinaking. In the seventies

of the last century, when artificial intelligence was at igginnings, these cognitive processes
were seen, studied and modeled separately. Later on,s@swtarious artificial intelligence
disciplines accumulated and computer technology rapidisaaced. As a consequence, the
paradigm of thdntelligent agentbecame an appealing approach to study and recreate the
human mental activities.

An agent is an autonomous entity that embodies several togprocesses, defined as “any-
thing that can be viewed as perceiving its environment thinagensors and acting upon that
environment through actuators” (Russell and Norvig, 2qdd)34). An intelligent agent is
defined as “a computer system that is capable of independgonhan behalf of its user or
owner” (Wooldridgz, 2009, pg. 5). By definition an agent ratds with its environment and
other agents. The appeal of the agent paradigm lies predistie possible computational
power that emerges from the interaction among agents. Thetstes formed by intelligent
agents are callechultiagent systemg he interest in multiagent systems particularly took off
with the advent of social software when the role of a compsitéited from the computer
being a self contained machine for executing software, astpel computer”, to being a
“net-book”, a global communication tool and an access noddisseminating information,
conducting commerce and efficient leaking of embarrassinggmal information to potential
employers.

The interactions within a multiagent system include coafien and coordination. To be
able to coordinate and cooperate, intelligent agents reeeghth collective consents, namely
binding group decisions, over issues such as beliefs,rectiod desires. One type of col-
lective consent imn agreement An agreement is a mutual and enforceable understanding
among agents. The processes and mechanisms implicatedcining agreements among
agents have recently become a subject of research and ianfatym technology-oriented
perspectives (Ossowski, 2008).

The interactions among people and how they reach collectimeents are studied within the
scope of economic theory, by social choice theory. In ecaopandecision is a choice of

option(s) from a given set of options. The set of options $® alometimes called a set of
alternatives. Social choice theory includes voting theprgference aggregation and judg-
ment aggregation. These theories are all concerned witblai@ng and studying methods
for making collective decisions.
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Preference aggregaticn (Arrow et al., 2002, Part 1) stutlieproblems of forming a group
opinion for a set of options. Each agent specifies which optioe most prefers, which
he prefers less and so on, building a subjective prefererder @ver the set of options.
A preference aggregation rule fuses these subjective ®ider a preference order that is
representative for the group.

Voting theory (Arrow et al., 2002, Chapter 4), (Nurmi, 20%@)dies the problems of making
a group choice from a set of candidates. Each agent casts fovar against one, some or all
of the candidates. The structure of the vote depends on tiregu@mntext. The simplest vote

structure is the one-person-one-vote, when each ageribigeal to choose one candidate
from the candidate set. The most elaborate vote structuadasal preference order, as in
preference aggregation. Voting occurs in many formal cdeteuch as: political elections,

electing best entries in contests and determining the wininesport competitions like figure

skating. Voting also occurs in informal contexts, such aaigs of people deciding where to
go for dinner, how to name their robotc A voting rule selects a winner from the set of
candidates based on the individual votes.

Judgment aggregation (List and Puppe, 2009) studies tH#gmns of making group deci-
sions regarding the truth-value of several issues corsideoncurrently. For one set of is-
sues, all combinations of truth-value assignments are lfmved. Judgment aggregation
problems occur in committee and jury decision-making cxsteAs in voting theory, the
contexts of judgment aggregation problems range fromedptiormal to entirely informal.
An example of a formal context is a collegiate court whichésiding whether a given case is
within the jurisdiction of a given court, whether the preteshevidence for the case are suffi-
cient for a trial, and whether a trial should be scheduledia tan be scheduled if and only
if the evidence is sufficient and a court has jurisdiction.ekample of an informal judgment
aggregation context is a group of friends deciding on whretilngjo to a certain restaurant,
whether the restaurant in question has vegetarian dishéteanenu and whether the prices
are affordable. The group can only go to the restaurantsftihé group’s opinion that there
are vegetarian dishes and that the prices are affordable.

Each agent forms a judgment regarding the truth state of isaak. Usually a judgment is
a binary value denoting whether an issue is true or falsesed or rejected. A judgment
aggregation rule aggregates these truth-value assigsnrentan allowed combination of
truth-value assignments, one for each considered issue.

The Figure 1.1 is an abstract simplified illustration of prehce aggregation (left hand-side
funnel), voting (center funnel) and judgment aggregatighf hand-side funnel), and allows
us to make a comparison between the three. In each of thd shoiae problems presented
on Figure 1.1, there are three agents: Top, Middle and Botfdrair individual preferences,
votes and judgments are represented in the corresponditeg of he group decisions are
represented in the exit of the funnel. In the case of prefar@ggregation the set of options
are a star, a circle and a square. In voting, the star, thee@ra the square are candidates.
In this picture we give the most complicated vote constrtiet, full preference order. In
the case of judgment aggregation, the star, the square arairthe are the issues on which
judgments are cast. Each agent assigns a value true (yealser(ho) to each issue. The
relations between the star, the circle and he square arelsaicifian agent accept either the
star or the circle, then he has to accept the square as well.

Preference aggregation, voting and judgment aggregaliapear to be simple. However,
these procedures, and related theories, are for many redaofrom simple. The variety of
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Figure 1.1: Different social choice problems: prefererggragation (left), voting (middle)
and judgment aggregation (right).

contexts in which these social choice rules are used isragiselarge and so is the variety of
requirements that the group decision should satisfy wigipeet to the individual opinions,
votes or judgments correspondingly. There are many diftgueocedures that can be used
for the same problem each leading to a different group datidihere also are many combi-
nations of requirements that no procedure can satisfy sameusly. There are problems for
which some procedures can be applied more efficiently thaerst

Economic theory is no stranger to computer science whemiesdo applying methodology
from one to the other. While social choice rules generatectely binding group decisions,
another discipline in economy, decision-making, considiee problem of making individual
decisions. Chapters 16 and 17 in (Russell and Norvig, 20l@}rate that decision theory
is a staple methodology used in artificial intelligence.Ha last five years, the exchange of
ideas and methodologies between economics and compwacsds flowing both ways, as
witnessed by the very fruitful field aflgorithmic game theor{fRoughgarden, 2010).

Importing concepts from social choice theory into compgitmd applying computational

analysis in social choice is studied bymputational social choic{Chevaleyre et al., 2007).

The first direction of using methods from computing to studghpems in social choice

theory is well explored. The most typical problem studied@mputational social choice

is the complexity-theoretic analysis of voting protocolssuch as (Bartholdi et al.,

1989; Hemaspaandra et al., 1997; Conitzer and Sandholr@bi20Valsh, 2008). Other typ-

ical problems include allocation of resources (Maudet.C2@hapter 3), (Chevaleyre et al.,
2005); formal specification and verification of social prdeees using mathematical logic,
such as/ (Bouveret and Leirg, 2005), (Maudet, 2010, ChapteroR)pact representation of
elicited input using logic, such as (Bienvenu et al., 2016) the computer aided search for
properties of social choice rules, such as (Tang and LinGR00

The second direction of importing concepts from social ceddo computer science is also
outlined as a core consideration of computational socialagh This direction is consider-
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ably less explored. One would expect that some of the firstatsddr obtaining collective
consents in multiagent systems would be inspired by, or nepldrom, social choice theory.
This is not what happens.

Why is there a gap where there should be work that exploressgdef social choice for col-
lective reasoning problems in multiagent systems? Areethemmultiagent systems problems
that can benefit from social choice methods? We give a few phemto illustrate that this is
not the case.

Argumentation based negotiation methods (Beer et al.,)l®@%een as essential in enabling
agents to reach agreements that respect the constrairdseahpy norms and organizations
(Ossowski, 2008). However negotiation is insufficient teercall collective reasoning prob-
lems. The most notable difference between negotiation agdegation is in the number
of information exchanges between the agents before grongead is obtained. Negotiation
procedures presume a potentially unspecified number ofagxgds. Aggregation requires
that the agents submit their preferences, choices or judtgneorrespondingly, only once to
an agent or service which aggregates them.

There are contexts in which the agents cannot or will not c@rntemumerous exchanges
of opinions. Agent teams that operate in uncertain envimms) such as robots conducting
rescue missions, cannot afford the time to negotiate abbat w0 do since their options

can change while they are still negotiating on which optimihioose. A hierarchical group

is a group in which there is one agent who responsible for ngagroup decisions. This

agent often needs to consider the opinions of other groupbmaesrto reach that decision.
In hierarchical groups, aggregation is sometimes a bgti@oach than negotiation since the
agents that do not make the decision can be unwilling toq@pétie in negotiation.

A special case of a hierarchical group is an agent that neeatquire information about the
environment, by considering the opinions on other agentms@er a robot that does not
have a microphone. It needs to determine whether an alarmiis @ building and whether

the alarm being on implies the need to vacate the premiséer@it other robots may report
different information on these two counts, or even haveedifiit opinions on whether the
building has to be vacated. Our robot can aggregate thevezt@iformation to determine

what to do and what to believe.

The improvement of information and communication techgial systems (ICT systems)
depends on the evaluation of the users. The users providedek that is used to modify
certain system’s features, such as for example resiliendelapendability. The feedback of
the user can be different regarding the same feature. Theaefengineers need to analyze
the user data and determine which features to modify and ichadirection to modify them.
The user feedback is a valuable commodity. A lot of effort baen spent on the technical
support of eliciting opinionsi.e., voting. Technical means are used to resolve issues such
as guarantee of privacy, eliminating possibilities for rog@n and security. However, once
the information is obtained, engineers cannot expect tr@users will negotiate it among
each other and agree on which features they like to see iragrovhe users together with
the producers form a hierarchical group. It is difficult taide a collective consent from
a multiple feedback without a formal and automatized meth®dch methods are needed
even when a standardized input on a set of qualifiers is uselittothe information because
certain features depend on others.

Prediction markets, also known as “event futures” and ‘fimfation markets” are markets in
which agents trade contracts with payoff that depend on owkrfuture events. The goal
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of designing prediction markets is to make accurate fotscahis is done by aligning the
experts’ incentives with the elicitation of informationdiby aggregating their opinions. The
agents that make predictions are myopic, have fixed belgfatahe value of a contract, and
are risk neutral. They have a fixed, finite budget and pa#teipxactly once, by acting in the
market and then exiting, see for instar.ce (Othman and SémgR610). When his prediction
is confirmed, an agent is rewarded with increased weightopraidiction, and punished with
reduced weight when his predictions are wrong. At each s$tefidrecast of the agents on a
set of market prices needs to be aggregated. This procesgusrgtial and tied to real world
events. The agents are presumed to be selfish, so negoisatiohan option.

In negotiation, the produced consent depends not only onnfleemation the individual
agents have but also on the negotiation skill of particutperds. When the group is het-
erogeneous, the input from “weaker” agents will be margieal. Consensus groups are
groups in which there is no one agent responsible for makiaglecision. An example of a
decision-making in a consensual group is the establishiggoup mental attitudes, such as
beliefs and intentions. In multiagent systems, it is ugualken that a group has an attitude if
every member of the group individually has the same attjtbdehis is not the only way to
model collective attitudes (Dunin-Keplicz and Verbruga@l0, Chapter 3). How collective
attitudes are formed is studied in social epistemology.id@pistemology offers an alter-
native definition of collective attitudes: a group has aitwate if the group members agree
to have that attitude, see for instance (Gilbert, 2009) s Thialled thenon-summative ap-
proachto collective attitudes and it is more flexible in allowinggps to act together, as they
do not need to be equally minded to have joint attitudes.

The aim of this thesis is to explore the possibilities of gsgocial choice procedures as
method for reaching collectively binding decisions in riagent systems.

1.2 Research Question
The research question pursued in this thesis is the follgwin

How can judgment aggregation operators be designed anctestlfor use in
multi-agent systems?

The social choice rule used to combine individual opinimages or judgments correspond-
ingly, can be seen as a type of a norm. The social choice rudstablished before the
opinions, judgments or votes, are elicited. This is neagssimce one can design a rule that
produces a desired outcome from an individual input. Fdaimse, in presidential elections,
a parliament or other authority before the elections setsute according to which the presi-
dentis elected. A rule is chosen to best serve the purposles obntext in which it is applied.
This is why the challenge in using social choice to obtairugroonsents automatically is in
the selection of adequate rules for multiagent contexts.

We enumerated three social choice disciplines developidgtudying methods for generat-
ing collectively binding decisions: voting, preferencgeggation and judgment aggregation.
Why focus on judgment aggregation? Voting and preferengeeggtion are very similar,
they both aggregate agents’ preferences over a set of gploting rules produce an option
that is the most preferrede., a winner or alternatively a set of winners, while prefeenc
aggregation rules produce a collective preference ordertte set of options. The problem
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Figure 1.2: Bringing social choice theory with multi-agegstems closer.

of aggregating judgments only started attracting conalalerattention in the last ten years,
since (List and Pettit, 2002; List and Puppe, 2004) showatftldgment aggregation is gen-

eral in the sense that it subsumes voting theory and preferaggregation (List and Polak,

2010). The novelty and the generality of judgment aggregas the reason we have chosen
it among the aggregation theories of social choice.

The thesis research question is tackled by considering gub-problems:

1. Designing judgment aggregation rules.
2. Classifying judgment aggregation rules by propertiey satisfy.

3. Pairing aggregation contexts with adequate rules.

Figure 1.2 illustrates symbolically the roles that thesle-gtoblems have in answering the
research question. We design operators for aggregatiggijadts and we use them in group
decision problems that occur in multiagent systems. Thpegat@s of the operators and the
properties of the group decision problems are used to paixath the other.

Voting has been formally studied since the seminal works @fd® and Condorcet in the
eighteenth century. Judgment aggregation is resent whapaed to voting. The problem
of aggregating judgments was observed by (Kornhauser amelSH85), but it has its pre-
cursors in the works of (Gilbaud, 1966; Wilson, 1975) endliRstein and Fishburn, 1986),
see (List and Polak, 2010) for a detailed historical ovenéand comparison. The interest
in voting theory is caused by the need to conduct democrkiatiens. Therefore, it was of
interest to develop dozens of specific voting rules over #ery. The interest in judgment
aggregation was sparked when it was shown that it applieotidgms that are different than
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the ones studied in voting theory. The majority of the worludgment aggregation is de-
voted to studying impossibility results in the style of therwin preference aggregation by
Arrow, see (Arrow, 19€3) and (List and Puppe, 2009). A smathber of specific rules for
aggregating judgments have been proposed, however thigeent of specific aggregation
rules is still widely unexplored.

It is different whether a social choice method, for instanatng, is applied in a democratic
election or for the purpose of reaching automated consdr difference is in the frequency
of the process and the impact it has on the agents that usemisertt produced by it. The
voting in elections occurs infrequently, but the impacthd tesults is enduring. In general,
people only vote for issues that are critical. In computaicand multiagent contexts the
situation is reversed. The need for consent is frequentheuimpact of the consent is low.
If a group observes it is doing something wrong, it can reevé&diciting information from an
artificial agent is much more feasible than organizing meti@lections. This is why desirable
properties for rules used in human social choice contertsai necessarily desirable for the
rules used in multiagent systems. For instance, the ineenfian agent to manipulate the
aggregation process to obtain a desirable outcome is asig ia elections. However, when
the impact of the consent is low, then it can be expected Hetricentives to manipulate
are also low. There are many properties of rules studied fimgdheory that ensure that
the consent is desirable with respect to the individual infgome of these properties are
also desirable for judgment aggregation rules and need ttefieed in terms of judgment
aggregation rules. This is the core of the second sub-pmable

To recommend a judgment aggregation rule for a multiagesteays problem one needs to
pair the properties of the rule with the characteristicheffiroblem. There are many contexts
that can be specified. One general approach is to look inttyieeof group that needs to use
the decision-making procedure. In the broadest sense ofdobe the collectively binding
decisions apply to, we can distinguish between two typesafps: a hierarchical group and
a consensual group. In hierarchical groups there is onet &lggtns responsible for making
the decision for the group by considering the opinions ofgiaip members. In consensual
groups, no one responsible agent exists. The group de@gienges or is proposed by any of
the agents. In the case of hierarchical groups, the deaisiompply only to the agent who is
responsible to make it, only to the agents who contributepieions, or to all agents within
some institution. In consensual groups, all the decisiokersaare the decision “targets”. We
consider consent reaching contexts in hierarchical andermsual groups and we give one
example of group decision-making procedures based on jadgaggregation for each of
these contexts.

Within the scope of this theses, we consider only the casewheagents involved do not
behave strategically, in both the hierarchical and consdrontext. Therefore here we do
not define nor study vulnerability to manipulation of theattuced rules or consent reaching
models. Both the examples we give involve groups that caipén pursuing a group goal.
This implies that the groups, in addition to reaching cdiedy binding decisions, also need
to form joint plans and to communicate with each other. We dbconsider specifics of
planning and inter-agent communication. We assume thaethetivities are possible and
do not hamper the judgment aggregation based consent nggmiticedures we propose. We
also do not consider group learning, although we acknovdédgelevance, particularly in-
group adaptation, which we do consider. In the context ofanéhical groups, the agents
are bound to acknowledge, conform and act according to thepgilecisions by the context
in which the decision is made. For instance, all members dfstitution are bound by the
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decisions of the president of the institution. In the cohtéxconsensual groups, the fact that
the group decision is binding needs to be additionally esged. This is the reason why we
also design and study group commitment strategies in oumpba

Let us elaborate each of the sub-problems, and how go ablvinigthem, in more detail.

1.2.1 Designing judgment aggregation rules

In this section we consider the problem of designing judgraggregation rules. A judgment
aggregation problem is specified by agendaand a set of agents. An agenda is a set of
logically related issues, usually referred topspositions It is common to represent the
agenda issues and the relations that hold between them progitional logic. Each agent
expresses an acceptance or rejection regarding indivighoglositions in the agenda. The
expressed acceptance or rejection of an issue is caliedgment

An intuitive approach to aggregating the judgments is tos@er how many agents support
each truth-value for each of the issues and adhere to thefutiie majority. We consider the

concept of majority and the different ways it can be used ttstoct judgment aggregation
rules.

The concept of majority in judgment aggregation

Example 1.2.1. Consider four agentéRed Blue GreenOrange and an agenda of four is-
sues: a, b, c and d. The relations are such that d can be acdémed only if a and either

b or c are accepted, namef{g A (b v c)) « d. Table 1.1 represents a possible judgment ag-
gregation problem. The- entry denotes an accepted proposition and-thentry, a rejected
one. The collection of all judgments received from the agiEntalleda profile which is the
white panelin Tablz 1.1.

AgentgAgenda

abcd

Red -+t -
Blue + - - -
Green [++ - +
Orange |+ - - -

Table 1.1: An example of a judgment aggregation problem.

Itis common to require completeness, namely that each &ijfbier expresses an acceptance
or rejection for each issue. Each agent is constrained byldbge&al relations, in the sense
that the combination of issues he accepts or rejects musfs#iiese constraints.

Each of the judgment sets of the agents in Tablz 1.1 confarthetiogic relations between
the issues. For instance, Red rejects a and also rejects ite atcepting both b and c. If Red
were to accept d in addition to accepting b and c, while reéfert, his judgment set would
have been inconsistent.
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The first problem is to determine how to define majority in jodgnt aggregation. Sets of
judgments are particular types of information. On one haseétas a unit of information
since it represents the opinions of one agent on one agendathéother hand, the set
contains judgments that can be considered to be units afnaton.

Let us consider the judgment set as an atomic informatiot unithis case, if there is a
judgment set that is supported by more agents than any atdgment set, then this is a
majoritarian judgment set. Let us cat-majoritarianthe set of judgmentthat is selected, as
a whole set, by the largest number of agents, with respebetpiofile. Consider Table 1.1
as an example. Blue and Orange both accept the same settheéhdets of Red and Green
are different from the Blue-Orange one and from each othens€quently the Blue-Orange
set is the set-majoritarian set. The set-majoritarianijoeigt set does not always exist.

Let us consider the judgments to be an atomic unit of infoimnatin this case, if there is
a judgment set in which each judgment is supported by a stégbrity of agents, then this
set can be considered a majoritarian judgment set. Let Usssak-majoritariarthe set of
judgments that is determined by counting the majority judgta on each issue. In which
order should this issue-by-issue aggregation be done?idasriEable 1.1 as an example. If
applied to all issues at once the result of this exercise izcapptance od, a rejection ofc
andd and no decision oh. If b is accepted then the collective set violates the constrairds

a majority does not exist. If is rejected then the set is consistent with the issue relgtio
but there is no reason fdrto be rejected? The problem is more general: due to the logic
relations among the issues, for every rule that aggreghéegitigments issue-by-issue can
produce, there exists some profile for which the rule prodagadgment set that violates the
constraints.

Some agendas can be conceptually partitioned to a set oiggernd a set of conclusions.
A conclusion is typically an issue whose acceptance can beagel from the acceptances
and rejections of the premises. For example, let us intetipeeagenda issues as follows:

a avictim is trapped in a location that is difficult to access
b the victim is conscious
¢ the victim is in a face-up position

d save the victim using a rescue harness

The issues, bandcare premises. In this case they are the necessary and sufticieditions
under which certain actiothwill be taken. Apremise-based proceduithe aggregation rule
that calculates the majority for each premise and deducethshthe conclusion is accepted
or rejected based on the issue relations.

The premise-based procedure is an appealing alternatithee tssue-by-issue aggregation,
however there are some problems with using it. The probletim the premise-based proce-
dure is that:

a) not every agenda can be conceptually partitioned inemjges and conclusions, and

b) even if the partitioning is possible, the conclusion i$ deducible from the premises in
every set of judgment sets.

Consider the profile in Table 1.1. Using the premise-basgdeggtion rule we obtain that
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is accepted and rejected. We get no decision fbrand cannot deduce the decision for the
conclusiond.

Using majority and minimization to design rules

When a consensual group needs to reach decisions, thes@deahould reflect the “will
of the majority” for them to be acceptable to the group. Thees one would like to have
rules that select the issue-majoritarian or the set-ntajiein judgment. The problem is that
neither the set-majoritarian nor the issue-majoritariets exist for every profile, but every
set-majoritarian judgment set is an issue-majoritarialgjunent set and the reverse does not
hold. We can have the second-best thing: a rule that selezissue-majoritarian judgment
set whenever such a set is consistent with the constraints.

The appeal of the majoritarian sets is that, when selectedlkstive consent, theminimize
the discrepancy between the collective consent and theeelioformation. It is this minimal
discrepancy that is desirable for consensual groups andevi¢ 1o design judgment aggrega-
tion rules. We calmajority-consistenany profile for which an issue-majoritarian judgment
set exists. What if we change the profile in some minimal wathabit becomes majority-
consistent and then select its issue-majoritarian judgreetnas the collective judgment set
for the original profile? There are many ways to minimallyeela profile. For example,
this can be done by removing judgments on an issue, indi/jddgments, judgments that
belonging to some agent(s), by repeating judgments etcreTten be, as many rules as
there are minimal alterations to a profile that can be defibetieach of these rules will by
construction always select the issue-majoritarian setvehueh a set exists for the starting,
unaltered, profile.

There is a third way to use majority, we can treat the judgreetg as units that are qualified
by the individual judgments they consist of. This allowsasléfine a measure of similarity,
or distance between two judgment sets that is finer grained than [eglifiérent]. The
majority concept here corresponds to most similar. Whasdbmean that a judgment is
most similar to a profile of judgments?

The similarity between sets can be quantified based on théauamnd the type of judgments
on which the two sets differ. For instance, the sets of RedBlnd differ on three judg-
ments, and so do the sets of Red and Green. However Red and @ffee on different
three judgments. Red and Blue give the same judgment for isla¢ conclusion under the
interpretation we gave. Hence, the set of Red can be comsidaore similar to the set of
Blue than to the set of Green. Given the context of the aggimgproblem many similarity
measures can be specified.

Numeric distances can be aggregated by using an arithnggiegation function. The col-
lective consent is the set that is closest to all the indi@igudgment sets. The interpretation
of how close is a judgment set to a profile of judgments is sehbyarithmetic aggregation
function. Table 1.2 illustrates an aggregation of distaneging the sum as an arithmetic
aggregator and the number of different judgments as a sitgilaeasure between two judg-
ment sets.

We consider not only the distance from each of the contribséts to the profile, but also the
distances from any judgment set that satisfies the issu@reddo the profile. In the left hand-

side of Table 1.2, all the acceptable judgment sets, forgkeada and constraints in Example
1.2.1, are enlisted. The numbers under each agent’s naerythber indicates on how many
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a b c d ||RedBlue Green Orange;
- - - - 2 1 3 1 |7
- -+ - 1 2 4 2 19
-+ - - 1 2 2 2 |7
-+ o+ - 0 3 3 3 19
+ - - - 3 0 2 0 ||5
+ - + + |3 2 2 2 |9
+ + - + |3 2 0 2 || 7
+ + + + || 2 3 1 3 |9

Table 1.2: Quantifying the similarities between judgmestssand aggregating them using
the arithmetic aggregator sum.

judgments that agent’s judgment set differs from the judgset in the corresponding row.
It can be observed from the calculations in the figure, in thigherst right hand-side column,
the set that is closest to all the agents sets is the one loot&d by Blue and Orange.

This approach of aggregating the distances between judgatn and selecting the set that
is at a minimal aggregated distance from the profile, haadyrbeen used to design judgment
aggregation rules by (Pigozzi, 2006). Distance-basedmeay aggregation rules, unlike the
rules based on minimization, do not always select the issaj@ritarian judgment set when

such exists. However, they are interesting rules to conidéierarchical groups.

In consensual groups it makes sense to consider that alisagetgments are of equal weight

and importance. If Red, Blue, Green and Orange are membersofisensual group then

we need to aggregate their judgments in such a way that eatttewf has equal bearing

on the produced consent. In hierarchical groups, the apabhaggregates the judgments is
interested in using the best judgments. What does “bestjedts” means? If the agents in

the group have different areas and levels of expertise,ithemf advantage to the group to

aggregate by considering adequate different weights féerdint judgments. Lets interpret

the agenda issues as follows:

a software upgrades are affordable
b software does not perform according to expectations
¢ user satisfaction is low

d recommend modification of the software

If agent Red is an expertin finance, then it is better for tloaigito capitalize on his expertise
and assign a high weight for his judgmentanin the presence of weights, the aggregation
rule should prioritize higher weights on a judgment and hetrtumber of agents that support
it. Furthermore, in the presence of experts, the requirérien all agents express either
acceptance or rejection for each agenda issue is rendemuméess. If an agent is not an
expert regarding a particular issue, it is unfeasible toeekpnd potentially undesirable to
request his judgment on this issue. Hence, the agent thatgags the judgments needs to
consider judgment weights, but also rules that can handleniplete individual judgment
sets.

Weighted rules that aggregate incomplete judgment sets hat’been proposed in judg-
ment aggregation theory. However, we can extend the disthased judgment aggregation
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rules to obtain such rules. Distance-based aggregaties arlginate from the theory of be-
lief merging; see for instance the works of (Revesz, 199%i&wny and Pino-Pérez, 1999;
Konieczny et al., 2004; Condotta el al., 2008). Within Hetreerging, belief bases are ag-
gregated. In this area of research weights associated g&hta are considered, as well as
multiple values for the truth-value of the beliefs. We buildither on this work in belief
merging to construct weighted distance-based rules.

1.2.2 Pairing aggregation contexts with adequate rules

Outside of the domain of law, see (Nash, 2008ry little is known about contexts in which
judgment aggregation is, or can be, applied. The contextoon$ensual and hierarchical
groups are very large and can be further categorized. Edzlcantext produces its own
desirable properties that a judgment rule applied in it &heatisfy.

Within voting contexts, a voting rule is selected based anploperties it satisfies. For
instance, the plurality rule, in which each agent choosesandidate and the candidate with
the most votes wins, is used when the number of agents is nangérithen the number of
candidates and when the agents cannot be expected to spemd irhe constructing a more
complex vote such a total preference order.

Many properties have been proposed for voting rules. Thesggepties are both of structural
and relational nature. Structural properties describetiegjuate rule based on the structure
of the votes, or the desired structure of the winner. Questamnsidered are such as, do we
need strictly one winner or is it acceptable that more thanaamdidate is selected as winner.
The relational properties describe the desirable relatimetween the profile of individual
votes and the winner. For instance, selecting as winnerahdidate that is preferred by a
majority of agents when compared with any other candidateétational property called the
Condorcet winner property

In judgment aggregation theory some structural and redatiproperties are proposed and
studied, but not nearly as many as in voting theory. In orddyet able to pair aggregation
contexts with aggregation rules we need to study the ruledesign from the aspect of these
properties. We also need to enlarge the set of judgment gatipe rule properties.

The rules we propose are of different structure than the opasidered in the judgment

aggregation literature when defining relational and stmatproperties. Exceptions are the
distance-based rules of (Pigozzi, 2006), for which praggstiave not been extensively stud-
ied. Figure 1.3 illustrates the difference between thectiines of our rules and those in the
literature. The rules for which the properties are definedpartial functions that associate
to each profile, of complete judgment sets, one completenigahg) set. The rules we define
are functions that associate to each profile, a selectionssgiply incomplete judgment sets.

Since the output from the judgment aggregation rule is noésgarily a unique judgment set,
the relational rules, in general, cannot be directly apii@eour rules. Therefore we need to
construct new corresponding definitions of these propertie

To enlarge the set of interesting judgment aggregationprdeerties, primarily of the rela-
tional kind, we consider known properties in voting theowy iihspiration. We also define
properties only of interest in judgment aggregation, retetl properties that consider the
relations between the agenda issues, the profile and thetesblenllective judgment set(s).

1Different Nash from the game theory one!
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OLD RULES OUR RULES

Profiles of Profiles of

judgments Judgment sets judgments Judgment sets

Figure 1.3: Comparing the structure of the rules considerdtie literature and those we
propose in the thesis.

1.2.3 Applying judgment aggregation rules in MAS

We consider the two general categories of aggregation xmi@sed on the types of groups
that need to make collectively binding decisions. For edthese groups we give an example
in which judgment aggregation can be used.

A hierarchical group example

For the example of a hierarchical group consent reachingleno we look for problems
in which negotiation cannot be used. We consider a hiereatiéam that needs to solve
problems in a changing environment.

A decision theoretic approach requires that the group &Btpossible options, calculates
the expected utilities for each and chooses the option tathe maximal expected utility.
When agents are under severe resource restrictions theytamesly on some “approximate”
method to make group decisions. However, just as agents tdoane the time to negotiate
on what the state of the world is, they also do not have the tingmlist and consider all the
possible options.

Groups of people, such as teams of firefighters or soldieratitefields, do manage to reach
consents in uncertain environments despite the resoumtsraints. We begin by asking
if these human decision-making methods can be extende@tarbhical teams of artificial
agents. We studied how human teams make decisions, wittutipege of finding a simple
model that can be used as a base. Our search yieldeddbgnition-primed decisio(RPD)
model (Klein et al., 2010).

The RPD model describes how a commander of a firefighting tesides what to do when
faced with a familiar problem. This commander does not aersihe opinions of the rest
of the firefighters when making decisions. According to théDRRodel, the commander
matches the problem with a typical solution and verifiesé $blution is applicable by con-
sidering if a particular set of cues are present and/orfeadisFor instance, when faced with
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a burning house a commander first considers the option o team extinguish the fire.
This option is adequate if the building is empty of peoplestfiue) and there are surrounding
buildings that are in danger of catching fire themselvesofsgcue). Since the commander
is on site of the burning building he can decide for himseth# cues are present or not. The
commander considers the typical solutions one by one uafinds an adequate solution.

We consider a team in which the commander is not on the siteethe problemis; there are
artificial agents there. For such a team we lift the RPD maulaltecognition-primed group
decision model (RPgD). The commander determines whicleigysical solution and which
combination of cues verify its adequacy, but it is the aitifiagents that judge if the cues are
present or not. The commander uses judgment aggregatioake anfinal decision whether
the solution is adequate and for which reasons, or cuessisl#tision taken. For the RPgD
model we also consider how the group consents on the cuesaasel to reconsider group
decisions in light of new information.

A consensual group example

As an example of using judgment aggregation for reachingeotin a consensual group, we
consider the problem of group intentions. A commonly aceggaradigm is that an agent
intends to do something if he chooses it as his goal and is dttethto bringing it about
(Cohen and Levesaue, 1990). But what does it mean for a gooimpeind something?

Although the problem of what group intentions are, and hogytban be represented and
generated, has been studied since the nineties. Howeegrdposed solutions are all based
on the same underlying social epistemic theory, that a ghog@nds to do something if and
only if all the agents in the group intend individually to theme thing and are committed to
doing it. This is the so callesummative viewsn what a group attitude is.

The summative group intentions are easy to establish. Hexvallowing a group to act only
when all the agents in the group are of the same mind states pdgwitation on the group’s
construction and its scope of abilities. It is unfeasibkt tagroup with a lot of members that
are heterogeneous, for instance some being robots and stiiévare agents, would be able
to align its intentions.

An alternative to the summative view is the so cal@th-summative viewf group attitudes.
According to this view, a group intends to do something if andyy if the members of the
groupagreeto do that thing and are jointly committed to doing it. We donst a model
of group intentions based on the non-summative view. Wegsej procedure for reaching
group intentions that relies on a judgment aggregation falegeaching agreements. The
group agrees on what goals to pursue, but also on the reamowkith to pursue that goal.
We use these reasons to construct strategies for joint coneni, but also strategies for
revising the intentions of the group.

1.3 Interdisciplinarity and methodology

Answering the research question of the thesis calls fortndisciplinary study among com-
putational social choice, judgment aggregation and ngetia systems. Both computational
social choice and judgment aggregation are new discipkmelsno textbook or established
approach of study exists for either. They, and the field oftiagént systems, are interdis-
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ciplinary areas of research in their own right. As a restig @rea of study conducted for
this thesis spans over social choice theory, social epatagy, experimental psychology and
decision making theory in addition to the computer sciemeasof agent cooperation, agent
reasoning, agent modeling and complexity theory.

The sub-problems of designing rules, studying their prigggand using them in multiagent
systems problems, were not answered sequentially, bugrrathparallel, starting with the
search for problems of reaching collectively binding diecis in multiagent systems.

Our method for tackling the problem of applying judgment r@ggtion was to search for
both consensual and hierarchical group contexts in whidgruent aggregation is a better
approach than negotiation.

Negotiation as an agreement reaching technology is diffioudpply in contexts where the
agent environment is changing and where the agents arehheavistrained with respect
to the time they have to reach consents. Such contexts aalyuswdeled using a Partially
Observable Markov Decision Process (POMDP) (Monahan, 1 $8&&vever modeling group
decision-making as a POMDP often cannot be solved effigieriblecision-making is the
process of choosing one option from a set of possible optiAmational agent chooses the
option that maximizes his expected utility. Simon (195&sguaribed that a resource bound
rational agent should not do decision-making at all, simstéep the alternative options and
calculating the expected utilities is costly. Instead, gerd shouldatisfice namely he should
choose the first option he finds that satisfies a list of sufficegiteria. Satisficing is an
appealing approach for groups of agents, however Simonogezpa concept applied to a
single agent and not a model for a group.

Human teams of agents such as firefighters, army personalaitwlis emergency rescue
teams face uncertain environments and time-constraingdides. These are also groups in
which each agent can be expected to be more reliable on seoesishan on others. For
instance, a firefighter inside a burning house may be ablegerab better if there are victims
that need to be rescued than a firefighter that is outside thgehdn these teams there is a
hierarchical chain of command. The methodology we adopt Iedk for decision-making
models, constructed by means of experimental psycholbgy,describe the reasoning of
firefighters and various other emergency rescue teams. Tgratie models should be ap-
plicable, or modifiable for application to artificial agents

Judgment aggregation is an adequate method for consemeugbgwhen they need to reach
consents on several, logically related, issues concuyreAh example of a set of related

issues is the one consisting of an agent’s intention anddtisfb that support and justify his

intention. According to (Cohen and Levesque, 1.990), an tgjiertention is the goal he had

chosen to pursue and is committed to pursuing. An agentieelnd a goal is constrained by

his beliefs and knowledge of the world. Groups also need terdene their intentions based
on what they as a group hold to be true about the world. Belgdals and intentions are

calledmental attitudes

How collective attitudes are formed and modeled is studyegbicial epistemology (Goldman,
1987). The above approach to determining the attitudes afgpgs often referred to asim-
mative(Meiiers, 2002). An alternative is modeling the collectatétudes such as intentions
in thenon-summativeense (Gilbert, 2009). According to this approach, a gragepartic-
ular intention if the agentagreethat this is what their intention is. List (2005) proposestth
judgment aggregation is used as a formal approach to thgrddiout institutions in social
epistemology. Our methodology is to propose a non-summatiovdel based on judgment



16 Chapter 1 Introduction

aggregation that generates collective intentions froevesit individual beliefs and goals.

We need to develop two categories of rules, one for consemaswbone for hierarchical
groups. As we observed in the examples of the previous sectdtherence to majority, and
in general all group decisions that minimize the discreganith the individual opinions,
are the desirable properties for consensual groups. Imgydtieory many rules have been
proposed based on the concept of minimization: Kemeny, Badgranked pairs, etc., see
(Brams and Fishburr., 2004) for an overview. We also usemikgtion to develop judgment
aggregation rules that are majority adherent.

In hierarchical groups, one agent that aggregates the irputthe rest of the group members
makes the group decision. This agent does not need to beroadcwith having the group
decision adherent to the majority. Instead he needs to esesttious strengths and compe-
tences of the group members, by considering some indivjddgments as very relevant and
others possibly as useless. The rules suitable for a higcalgroup need to be more general
then those for the consensual groups, in the sense thatrtileseshould aggregate the indi-
vidual judgments by considering weights assigned to thgrughts. This category of rules
is aimed for the context of uncertain environments. Theggfm addition to the structural
and relational properties, we also need to analyze the eatpitheoretic properties of these
rules.

1.4 Whatis new and what is old

There exists no unique, standard framework of judgmenteggggion. In general, one can
distinguish between the logic-based frameworks that wet®duced by (List and Pettit,
2002) and generalized by (Dietrich, 2007), and abstractgabaaic frameworks introduced
by (Wilson, 1975) and extended by (Rubinstein and Fishti®86). Given a logic-based
framework, one can construct a corresponding abstracefrark. However, for one abstract
framework, there are many logic-based frameworks that eacobstructec (List and Polak,
2010).

The main differences among frameworks are based on how #redagssues, the relations
among them and the judgments are defined. Some authors, suéaay and van Hees,
2006; Dietrich, 2007; Dietrich and List, 2007b; Dietrichdaddongin, 2010; Endriss et al.,
20104a), define the agenda issues as not necessarily atamiclés of some logic, with the
relations among the agenda issues incorporated in thesiiseimselves. An example of such
agenda, using propositional logic and the atdmg), r} is {p,p — g,r — p}. Other authors,
such as (Pigozzi, 2006; Miller, 2008), restrict themseteestomic agendas and additionally
specify a set of constraints that capture the logic relati@among the issues. An example
of such an agenda is the “doctrinal paradox” originatingrfrigornhauser and Sager, 1993;
Chapman, 1998). An instance of the “doctrinal paradox” imgenda: there was a contract
(p), assuming there was a contract there is a breach of coffjaand the defendant is liable
for a breach of contract). The constraintigp A g) < Q.

Authors like (Dietrich, 2007; Dietrich and Mongin, 201.0; diiss et al., 2010a) require that
the agenda is closed under negation, namely thétig an issue in the agenda, then so is
—¢. These frameworks define a judgment to be a non-empty subtfet op, —¢} set. Au-
thors such as (Pauly and van Fees, 2006; Pigozzi, 2006;Mitld Osherson, 2009) define a
judgment to be a truth valuation of an agenda element. Pawlwan Hees (2006) consider
multi-valued truth assignments while (Pigozzi, 2006; Btiland Osherson, 2C09) consider
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strictly binary values. Frameworks exist that impose fertbonstraints on the agenda set,
such as for instance that it is closed under deduction. Tpessibly are contexts in which
one framework version is better than another, but these matvieeen studied or specified in
the literature.

We define a general framework for judgment aggregation irclvkttie agenda can contain
non-atomic issues, but also additional constrains oveidtiges can be specified. In this
framework, for binary and three-valued judgments, we caress the judgment sets in a
dual fashion: as sets of propositions and as sequencesloiaiues. We use the logic-based
framework of (Dietrich and List, 2007b; Dietrich and MongR010; Endriss et al., 2010a)
for defining the rules based on minimization, but for the sid@ned for hierarchical groups
we need the general framework.

The few judgment aggregation rules have been proposed litafature, most of which were

not compared among each other. Comparing two-judgmentggtion rules means deter-
mining the relation between the judgments sets producedhbly eule. Depending on the
structural properties of the collective judgment sets poedl, we can define different rela-
tions between rules. By comparing rules we primarily arer@sgted in establishing whether
two given rules select the same collective judgments orjuely sets for all profiles. We are
also interested in which rule selects more judgments omety sets for the same profile.

The first collection of judgment aggregation rules, as welttee relations that hold among
them and existing rules, were developed as a joint effort Wardme Lang, Gabriella Pigozzi
and Leendert van der Torre. Part of this work was publishetiénjoint paper (Lang et al.,
2011). The full work is a manuscript in preparation for a jralrsubmission. The complexity-
theoretic analysis of the second category of rules was & édiiart with Wojciech Jamroga.
This analysis, together with the rules themselves, and alysis of the relationship between
these rules and known judgment aggregation rules, wasghaulias (Slavkovik and Jamroga,
20171). An extended version of this paper, including soméefgdroperties of the rules, was
submitted to AAMAS 2012. Other published work related testbategory of rules and the
properties they satisfy, is the joint paper with Gabrieligad2zi and Leendert van der Torre
(Pigozzi et al., 2009).

This thesis is one of the first efforts to develop and impletsenial choice rules specifically
for use in multiagent systems. The difficulty in threading tirection of computational
social choice lies first in the lack of unified formalisms imlgiment aggregation. Judgment
aggregation properties are defined for a particular coctitruof judgment aggregation rules
that does not allow for many rules to be specified, see Figie The reputation of social
choice theory is that of the theory of impossibility. As iisiful and important as the im-
possibility results are, they do not render the use of sathalce rules neither trivial nor
impossible.

Algorithmic approaches to applying social choice rulesrare, even in work of computa-
tional social choice. Two examples of models for reachirgugrconsent based on judgment
aggregation have been developed here, which show how gangent based on judgment
aggregation can be implemented. The first example we presardonsent-reaching model
for hierarchical groups. It models reaching consent in tlageenvironments. This model
was constructed by lifting a known cognitive model from adiwdual agent to a team level.
This work is an extension of a paper that was published jpintth Guido Boella, Gabriella
Pigozzi, and Leendert van der Torre (Boella et al., 2011b).

The second example we present is a consent reaching modelfsensual groups. It models
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reaching collective intentions in the non-summative dagiéstemic sense. This model is de-
veloped based on the concepts proposed in (Gilbert, 198z, 2007, 20C9). The existence
of models such as this has been foreseen in (Dunin-Keplidx/arbrugge, 2010, Section
3.9). The model of collective intentions has been publish&the joint article with Guido
Boella, Gabriella Pigozzi, and Leendert van der Torre, (Bast al., 2011a).

Additional work published work related to this thesis, bot mcluded since it falls outside
of the outlined scope of the thesis, is (Pigozzi et al., 2(l)3arossi et &l., 2009).

1.5 Thesis layout

The thesis is structured as follows. In Chapter 2 the rulegdb@mn minimization are pre-
sented, as well as the relationships between these rulegbamdles that already exist in the
judgment aggregation literature. This chapter includes extends the Sections one, two,
three, four, five and seven of (Lang et al., 2011).

In Chapter 3 we present the family of weighted rules for tgrpjadgments based on dis-
tances as well as specific examples of family members. Mastesk rules are based on the
semantic belief merging operators presented in (Konieexay., 2004), but some new rules
are introduced as well. The novelty from the belief merginlgs is in the introduction of
weights for the judgments. We also give a complexity-theoemnalysis of the rule class as a
whole. Portions of this chapter were publishec in (Slavkarid Jamroga, 2011).

In Chapter 4 we introduce and study properties for judgmegtegation rules. This chapter
includes the Section six of (Lang et al., 2011).

Chapters 5 and 6 present the examples of models for hiecatcdmd consensual groups
correspondingly. Chaptzr 6 predominantly consists of (Ba al., 2011a), while Chapter 5
is a considerably extended version of (Boella et al., 2011b)

In Chapter 7 we give an overview of related work.

Chapter 3 contains a summary of the thesis and an overvieesolts. This chapter also
includes related work on implementation of judgment aggtieg on robots and a set of
directions for future work.
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Developing judgment aggregation
rules based on minimization

Abstract. Collectively binding decisions by consensual groups, fissvin-
ners of democratic elections, need to adhere to the will@fthjority, or at least
minimize the discrepancy with the opinions held by a majooit the agents.
Many voting rules are based on minimization or maximizapionciples. Like-
wise, in the field of logic-based knowledge representatimhr@asoning, many
belief change or inconsistency handling operators makeofiseinimization.
The aim of this chapter is to develop and study rules for juelghaggrega-
tion based on minimization. We distinguish four familiesrafes. The rules
of the first family first compute the issue-majoritarian jotent set and then re-
store consistency to this set, when it is inconsistent,giso/me minimal profile
change principle. The rules of the second family proceedsmalar way but
take into account the strength of the majority on each is3inese of the third
family consist in restoring the consistency of the majoida judgment by re-
moving or changing some individual judgments in a minimayweinally, those
of the fourth family are based on some predefined distancgeest judgment
sets, and look for a consistent collective judgment miningzhe overall dis-
tance to the individual judgment sets. For each family wepse a few typical
rules. While most of these rules are new, a few ones corresfmrules that
have been defined in the literature. We study the inclusiatioaships between
these rules to show that they are distinct rules.

2.1 Introduction

In voting theory and in computational social choice, a langdy of work focuses on spe-
cific voting rules: how their winner sets compare to each mtieir social choice-theoretic
properties; the computational and communication compledi winner determination; the
theoretical and experimental study of manipulability andteol; the amount of information
necessary to determine the outcomie;, The focus on specific rules, or families of judgment
aggregation rules has been the topic of few papers. We gieeemiew of these rules.

e The premise-basegrocedure has been introduced in (Kornhauser and Saget) 199
under the name “issue-by-issue voting and studied in (Breand Mongin, 2010;
Mongin, 2003). For this procedure, the agenda is assumed patiitioned into two

21
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subsetspremisesaandconclusions The premises are logically independent. The indi-
viduals vote on the premises and the majority on each premissed to find the col-
lective outcome for that premise. From these collectiveanes on the premises, the
collective conclusions are derived using either the |dgidationships among, or some
external constraints regarding the agenda issues. Onltkelwnd, in theonclusion-
based proceduteindividuals decide privately on the premises and expregsigy
only their judgments on the conclusions.

e The more generadequentialprocedures (List, 2004a; Dietrich and I_ist, 2007b; Li,
2010) proceed this way: the elements of the agenda are evadidequentially, fol-
lowing a fixed linear order over the agenda (correspondimgrfstance to temporal
precedence or to priority) and earlier decisions constedér ones. Collective consis-
tency is guaranteed by definition. Of course, in the genase cthe result depends on
the choice of the orderg. it is path-dependenPremise-based procedures are specific
instances of sequential procedures.

e Quota-basedules (Dietrich and List, 2007 0; Dietrich, 2010) are a clafssiles where
each proposition of the agenda is associated with a quoththenproposition is ac-
cepted only if the proportion of individuals accepting ibisove the quota. For exam-
ple, uniform rules take the same quota for all elements ofatjenda. The majority
rule is a special case of quota-based rules. In Dietrich as1d(R007h) sequential
quota rules are also considered.

¢ Distance-basedules (Miller and Osherson, 2009; Pigozzi, 2006) assumedsgined
distance between judgment sets and/or profiles and choas®lastive outcome the
consistent judgment sets which are closest (for some noficfoseness) to the indi-
vidual judgments.

Even if a few families of judgment aggregation rules havenbe®posed and studied, still
the focus on the research is more on the search for impadssitieorems and axiomatic
characterizations of families of rules, which contrastwbting theory, where voting rules
are defined and studigzr se

In voting theory, quite a number of rules are based on somémigation (or maximiza-
tion) process: for instancéemeny Dodgson Slater, ranked pairs maximinetc. (We
shall not recall the definition of all these voting rules; teader can refer, for instance,
to (Brams and Fishbuir., 2004) for a survey.) Minimizatisraiso a common way of defin-
ing reasoning rules (such as belief revision operatorgrigistency handling procedures, or
nonmonotonic inference rules) in the community of logicéx knowledge representation
and reasoning: typically, one deals with inconsistencydnking for maximal consistent
subsets of an inconsistent knowledge base. Belief revisftan amounts to incorporating
a piece of information to a knowledge base while minimizing information loss from the
initial knowledge base. Similar minimization processesaiwork in reasoning about action,
belief update and belief merging.

In contrast, with the exception of distance-based rulesjmikation has rarely been consid-
ered for judgment aggregation. Our rules maximize the portif a profile we wish to keep.
The way such maximization is defined depends on the specific Tlaus, the maximization
operated by our aggregation rules is equivalent to minimgizhe portion of a profile we wish
to remove. In other words, we call our rules “based on minaidn”, but we could as well
say that our rules are based on maximization. Most of thesnukeintroduce here are new,
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while a few of them correspond, up to some minor details, tigjoent aggregation rules
already proposed in the literature.

From the definitions of two rules, it is sometimes difficultietermine if those rules select the
same collective judgments for each profile, if the collesjiwvdgments selected by one rule
are always also selected by the other. Therefore, when piroga rule, we need to establish
theinclusion relationghat hold between the new rule and each of the rules alreagoped.
Not only is this analysis necessary to prove that the rulensalefininig is really new, but it
helps in selecting rules for a decision-making problem. les are such that they can select
several collective judgment sets for one profile. There areescontexts in which more is
better, and other contexts, particularly in multiagentesys require that a unique, or as little
as possible, judgment sets are selected.

This chapter is structured as follows. In Section 2.1.1 wduce the necessary definitions.
In Sectior 2.2 we present the four families of judgment agatien rules, give examples of

specific rules in each family and relate these new speciféstal similar rules in voting theory

and/or knowledge representation and reasoning. In Se2tibrwe analyze the inclusion

relationships between each pair of introduced rules. Ini@ee.Z we make our conclusions
and some directions for future work.

2.1.1 General definitions

Let Lprop be a propositional language built on a finite set of propwmsél symbolsCq. Cn
denotes logical closur€n(S) = {a e L | S a}.

Definition 1 (Agendas, judgment sets, profiles)

e anagendsas a finite setd = {¢1, ~91, ..., pm, ~Pm} of formulae ofL prop, cONsisting
of pairs of propositionsp;, —¢;, where——¢; = ¢; and ———¢; = —¢;. A does not
contain tautologies nor contradictions. Tipee-agendal associated with4 is A =
{¢1,...,¢m}. Asubagendaf A is a subset of an agenda that also contains pairs of
propositionsg, —¢, where¢ € A.

e ajudgment set] overA is a subset ofl. A judgment set J isompleteif for every
pair {¢,—¢} < A, J contains eithepp or —¢. A judgment set J isonsistentf it is a
satisfiable set in terms of classical propositional logihieTsetd (A) is the set of all
consistent non-empty judgment sets that can be constrogtatl. The setd(A) is
the set of alcompleteand consistent judgment sets that can be constructed/éver

e an nwvoter profileover A is a collection P= (J,...,dn) where eachJis a consistent
and complete judgment set.

We now define judgment aggregation rules. We W&itehortly forA(ﬁ) and® shortly for

®(A) to improve readability.

Definition 2 (Judgment aggregation rules)

e A deterministic judgment aggregation rigea function INT[ 10" @. Namely, 37[
associates with every profile P (J;,...,J> a consistent and complete judgment set

fn,fl (P).
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e anirresolute judgment aggregation ryler judgment aggregation correspondeyise
a function Ea ®" — P(A), associating with every profile P a nonempty set of con-

sistent, possibly incomplete, judgment sg\tﬁEP).

Often in the judgment aggregation literature, a judgmemfregation rule is defined as a
function whose co-domain is the full séd,1}™, wherem is the agenda cardinality. The
requirement that the rule produces only consistent juddgreets is additionally specified

as a property, calledonsistencyof the judgment aggregation function. Here we opted for
the definition that specifie® as a domain, as consistency is not a property that we can
compromise on while applying judgment aggregation in ragkint systems. This point will

be further clarified in Chapters 5 and 6.

Most of the time, when referring to judgment aggregatiorswie will keem and.A implicit
when they are clear from the contekg., fnfl (resp. FMT[) will be simply denoted ad

(respectivelyF). Also, by a slight abuse of languageAf= (J;,...,Jn), then we will write
f(J1,...,dn) @andF(Jq,...,Jn) instead off ((J1,...,Jny) andF ({J1,...,dn)).

As in voting theory, a rule can be obtained from a correspoodesing a tie-breaking mech-
anism, such as a priority over judgment sets, or over agdntshis chapter we focus on
irresolute rules, unless we state the contrary.

There are two different views of aggregation rules: eithersee the output as a mere collec-
tion of consistent judgment sets, or we see it as a closeddbtjieory.

Definition 3 (Logical theoryTe (P)). Given ajudgment aggregation rule F, and a profile P,
we define the logical theorntTP) = ({Cn(J) | J e F(P)}.

Definition 4 (Rule equivalence) Let F and F be two aggregation rules. F and’Fre
theory equivalentdenoted F=1 F’ if for every profile P we haverTP) = Tg/(P). F and F
areequal denoted F= F’, if for every profile P we have that(P) = F(P').

Definition 5 (Rule inclusion) Let F and F be two aggregation rules. F iat least as dis-
criminantas F if for every profile P we haverT(P) < Te (P). F and F are incomparabléf
there exist two profiles P and Q such that{P) & Te/(P) and T (Q) & T/ (Q).

A formulaa is in Te(P) if and only if it can be inferred from every judgment setRiiP).
Note thatTr (P) being the intersection of consistent closed logical themiis itself a consis-
tent closed theory. Intuitivelf is at least as discriminant & if, for every profileP, all
judgments included in every set(P) are necessarily included in every $gP).

Definition 6 (Majoritarian aggregation)Let ¢ € A. The issue-majority aggregation rule m
is a functionm " x {¢,—¢}"— {¢,—¢, I} defined as:

{ ¢ iff #{i|¢p € J} > 3
m(P.¢) = —¢ iff #i|-¢ € J} >3

& it #i|g € J} = #{i|—¢ € I}
M(P) is a judgment set defined ag/®R) = {m(P,¢) | ¢ € A}.

M(P) is theissue-majoritarian judgment sassociated witt. Note thatM (P) is not neces-
sarily an element o, nor of A.

In the remainder of this chapter we call the BEP) the majoritarian set.
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Definition 7 (Majority-preservation) A profile P ismajority-consistenif M (P) € A. Ajudg-
ment aggregation rule F isnajority-preservingf, for every majority-consistent profile P,
F(P) = M(P).

If nis odd therM(P) is necessarily a complete judgment set.

Example 2.1.1.Consider the pre-agendé = {pAr,pAS,q,p A q,t} and a profile P of 17
voters, presented in Taktle 2.1.

Voters{ par, pAs q paqQ t}
Jx6 + + + o+ o+
Jo x4 + + - - +
J3 x 7 - - + - -
M(P) + + + - +

Table 2.1: The profile P

We obtain MP) = {pAr,pAas,d,—(pAQ),t}. M(P) is an inconsistent judgment set, there-
fore P is not majority-consistent.

We end this Section by defining distances between judgmenaed between a judgment set
and a profile. A distance between judgment sets ovéris a functiond : ® x ® — N such
that for allJ,J’,J" € &

(@) d(J,J)=0ifand only ifJ =J',
(b) d(J,J)=d(J,J), and
(c) d(J,J") <d(3,7) +d(J,J").
A distance function between profiles is defined similarlyafly, theHamming distancée-

tween judgment sets and between profiles (Miller and Oshe2G09; Endriss et al., 2010b)
is defined as follows.

Definition 8 (Hamming distance between complete judgmentdgjs Given two complete
judgment sets J and Jover the same set of agents and the same agenda), the Hamming
distance ¢ between J and’Js defined by

dn (3,0) = [\I'|+ [3"J]
Now, the distance between two profiles is the sum of the Hammistances between their
individual judgment sets.

Definition 9 (Hamming distance between profilBg;). Given two profiles P=(Jy,...,Jn)
and Q= (J,...,J)), the Hamming distance between P and Q is defined by

n
H(P.Q) =Z (3,3)

Instead of the sum, another algebraic aggregation fun&tioan be used as well, such as for
instancemin, maxor 1, under the condition&) — (c) are observed bp.
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2.2 Four families of aggregation rules

In this section we present four different families of minkaiion-based judgment aggregation
rules.

2.2.1 Rules based on the majoritarian judgment set

Definition 10 (Rule based on the majoritarian judgment set)

A rule R isbased on the majoritarian judgment Behere exists a function g mapping every
judgment set (consistent or not) to a nonempty set of cemsigidgment sets, such that for

every profile P, RP) = g(M(P)).

This family can be viewed as the judgment aggregation copateof voting rules that are
based on the pairwise majority graph, also known as tournaswutions. Being based
on the majoritarian judgment set means that knowing the mtajan judgment set of a
profile is enough to determine the outcome of the rule. Edemtdy, two profilesP and
Q whose majoritarian judgment coincid®(P) = M(Q)) will lead to the same outcome
(R(P) = R(Q)). We naturally expect these rules to be majority-presexwirhich is equivalent
to saying that the restriction gfto consistent judgment sets is the identityd i6 consistent,
theng(J) = {J}; such a condition can be seen as the counterpart, for judgamgegnegation,
of Condorcet-consistency.

WhenM(P) is not consistent, we look for a minimal way of restoring dstency by remov-

ing some elements from the agenda. Given a judgmerdt, se¢ define the set afonsistent

sub judgment sets of dlenoted byCongJ), asg(J) = {J = J | J € ®}. Defining a rule

consists in defining a minimalism criteria for the set of fotas removed frond. There are

two obvious choices, consisting in choosing consistentjsdgment sets oM (P) that are

maximal for, respectively, set inclusion or cardinalityhish corresponds to the following
choices fomg:

e g(J) =maxCongl),<);
e g(J) = maxCongJ),|.)

Equivalently, these rules consist in looking for a minimathset of formulas ird to remove
such that the profile becomes majority-consistent. We gif@ermal definition that corre-
sponds to this alternative characterization.

In the following we use the abbreviatiomaxcardfor of maximal cardinality

Definition 11 (Maximal sub-agendaruRysa). Given a profile P=(J;,...,J,y on an agenda
A, A the preagenda associated with and a sub-preagend¥| < A, the restriction of P to
Y is PY =(J;nY,1< j <n). Let MSAP) be the set of all maximal sub preagenfiésof A
(with respect to set inclusion) such that'As majority-consistent. Theaximal sub-agenda
judgment aggregation ruleygamaps P to Risa(P) = {M(P*Y) | [Y] € MSAP)}.

Example 2.2.1. Consider the same agenda and profile as in Example 2.1.1. Yaeadbat
{par, pas, q t}

Rusa(P) =< {pAr,  pAs —(pnaaq),t},
{qa_'(p/\q)a t}
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Instead of looking for maximal majority-consistent suteadas with respect to inclusion we
may instead look for maxcard majority-consistent sub-dgenwhich leads to the following
judgment aggregation rule.

Definition 12 (Maxcard sub-agenda ruRycsp). Let MCSAP) the set of all maxcard sub-
preagenda$Y] of A such that P¥ is majority-consistent. Thmaxcard sub-agengadgment
aggregation rule Rcsamaps P to Ricsa(P) = {M(P*Y) | [Y] e MCSAP)}.

Example 2.2.2.Consider again the agenda and profile from Example 2.1.1 stibepreagenda
Y which gives a majority-consistent'Pand is maximal is obtained for either¥ {pAr,p A
s,g,t}orY={pAar,paspaq,t}. We obtain

_ {p/\r,p/\S, q’t}’
Rwicsa(P) _{{DAL prs —(pAq), t}}'

TheRwcsarule corresponds, up to some minor details and for a spedifitce of a distance
function, namely the Hamming distandg, to the ENDPOINT judgment aggregation rule
defined in (Miller and Osherson, 2009). According to #xeDPOINT rule, the collective

judgment sets foP are the consistent and complete judgment sets that are amienahi

distanced from M(P).

We show that the ruleRysa andRycsaare based on the majoritarian judgment set.
Proposition 2.2.3. Let CongM(P)) be the set of all consistent subsets diyl

e Rusa(P) = maxCongM(P)),<).
e Rycsa(P) = maxCongM(P)),[.]).

Proof. We give the only the proof foRusa The proof forRycsa(P) proceeds exactly in the
same way.

Let[Y] e MSAP). We haveM (P*Y) < M(P) andM(P!Y) is consistent. Assume thist(P*Y)
is not a maximal consistent subsetM{P). There exists a consistent sub-age#daf A
such thatM(P!Y) = Z < M(P). Since bothM(P!Y) andZ contains at most one af, —¢
for every¢ e A (otherwise they would not be consistent), there must hesach that either
peZor—¢peZ andg ¢ [Y]. Butthen[Y]u {¢} < Z < M(P) andZ consistent implies
thatM([Y] u {¢}) is a consistent subset M(P), contradicting[Y] € MSAP). Therefore,
M(PYY) e maxCongM(P)),<).

Conversely, leZ € maxCongM(P)),<). Y = {¢ € A | ¢ € Z or —¢ € Z} is a preagenda of
A, and becausg is a consistent subset M(P), Z contains at most one @f, —¢ for every
¢ € A, thereforeM(P)!Y = Z.

Assume there is &’ Y such thatM(P!Y') is consistent. TheM(PY') > M(PY) = Z,
contradictingZ e maxCongM(P)),<). ThereforeY is a maximal consistent sub preagenda
of P. O

We note that even when is odd, Rusa(P) and Rucsa(P) may contain incomplete judg-
ment sets. Take for instanée= ({a,b,a b},{a,—b,—(aA b)},{—ab,—(aA b)}); then
Rusa(P) = Rucsa(P) = {{a,b},{a,~(aA b)},{b,—~(a b)}}. However, whem is odd, ev-
ery judgment set ifRysa(P) anda fortiori in Rycsa(P) is equivalento a complete judgment
set: here{a,b}, {a,—(ax b)} and{b,—(a b)} are equivalent to, respectiveljg,b,a » b},
{a,—b,—(aA b)} and{—a,b,—(aA b)}.
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Proposition 2.2.4. 1f n is odd then for every d Rysa(P) and every E Rucsa(P), there is a
complete judgment set duch that the deductive closures of J andrk equivalent.

Proof. LetJ € Rysa(P) and assuma is not equivalent to a complete judgment set. There is
a@ € A such that neithed |= ¢ norJ = —¢. Because is odd,M(P) is a complete judgment
set, and contains eithgr or —¢. Without loss of generality, assume it contais Then
Ju{g} = M(P)andJu {¢} is consistent, contradictinhe Rusa(P). The proof forRucsa
follows from the fact thaRycsa(P) < Rusa(P). O

While, as far as we are awarBysa is new, Rycsa coincides with theEndpoi nt 4 rule
defined in (Miller and Osherson, 2009). We repeat the dedimitiere using our terminology.
Recall that® is the set of all complete and consistent judgment setglfor

Definition 13 (Endpoint rule) Let d be a distance function between judgment sets. The
judgment aggregation rulendpoi nt 4 is defined as:

Endpointy(P) = {Je ® | d(J,M(P)) < d(J',M(P)) for all J’' € &}

Proposition 2.2.5. Rucsa=T Endpointy,.

Proof. A judgment setl € ® extends a judgment séte A, alternativelyd is an extension
of A, when if ¢ € A, then¢ € J. We claim that for everyP € ®" and everyA e A, we

haveA e MSAP) if and only if for everyJ € ® extendingA, and evenyd’ € ® it holds that
dn (I,M(P)) < dn(J,M(P)).

We show the fist direction. Assume thats a consistent subset bf(P) and letJ € ® be an
extension ofA. We have thaty (J,M(P)) < m— |A|. We need to show that for evedye ®
it holds thatdy (J,M(P)) < duy (3, M(P)).

Assume the contrary, namely that there exdsts® such thaty (J',M(P)) < du (J,M(P)) <
m—|A]. |J nM(P)| > |A| andJ n M(P) is a consistent subset bf(P). As a consequence
A¢ MSAP). We conclude that for eveye ® extendingA it is the case thady (J,M(P)) <
dn (I, M(P)) for everyd’ € ®. ThereforeTenapoint (P) = TRycsa(P)-

We show the second direction. Assume that ® and A = Jn M(P). We have
that dy(J,M(P)) = m—|A| andA is a consistent subset M(P). We need to show that
Ac MSAP).

Assume the contrary, namely that¢ MSAP). If A¢ MSAP), then there exists a con-
sistent subsef’ of M(P) such that/A’| > |A]. But now, anyJ’ € ® extendingA’ is such
thatdy (J',M(P)) < m— |A'| < m—|A| = dn (J,M(P)), which implies that we do not have
du (I,M(P)) < dn (J,M(P)) for everyd’ € d. Thereforedy (J,M(P)) < dn (J',M(P)) for ev-
eryJ e ® implies that) n M(P) e MSAP). We conclude thalr,,.s,(P) = Tenapoint (P). O

2.2.2 Rules based on the weighted majoritarian judgment set

We first define theveighted majoritarian judgment sef a profileP as

W(P) = {(§,N(P.¢)). ¢ € A}
whereN(P, ¢) = #{i, ¢ € J}.
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WhereadM(P) keeps only the information about which one, of the two préjms ¢ and
—¢@, is supported by a majority of votens(P) keeps much more information, since it stores
the number of voters who suppdrtand—¢. The setM(P) can be recovered from(P), but
notvice versa

Definition 14 (Rule based on the weighted majoritarian judgment set)

A rule R isbased on the weighted majoritarian judgmentfsitere exists a function g map-
ping every judgment set (consistent or not) to a nonemptpfsednsistent judgment sets,
such that for every profile P,(R) = g(w(P)).

This family can be viewed as the judgment aggregation copateof voting rules that are
based on the weighted pairwise majority graph, such as naxianked pairs, or Borda.

The first rule of this class we consider is tiiaxweight sub-agenda rule

Rwvsa andRycsaconsider the judgments on the agenda subset as a unit tloabéskept in
its entirety or got ridden of. A finer way of defining a judgmeule consists in looking for
maximal or maxcard majority-consistent subsets of the Setementary pieces of informa-
tion consisting each of a pair (element of the agenda, judgmentaicited from an agent).
Equivalently, this comes down to weigh each element of tlendg by the number of agents
supporting it, and then to look for maxweight sub-agendas.

Definition 15 (Maxweight sub-agenda ruRuwa). For any sub-agenda ¥- A, the weight
of Y with respect to P is defined by @) = > ,.y N(P.¢). Let MWAP) be the set of
all consistent sub-agendas Y .f maximizing w. The maxweight sub-agendadgment
aggregation rule Rywa maps P to Rwa(P) = {Y | Y e MWA(P)}.

Example 2.2.6. Consider the agenda and profile of Example 2.1.1. We obtain:

N(P,pAr)=10 N(P—(par))=7
N(P.pAs) =10, N(R—(pArs) =7
N(Pa) =13 ~ N(P—q) =4
N(P.prdg)=6 N(P.—(prq)=11
N(Pt) = 10, N(P,—t) =7

Ruwa(P) = {{pAr,pAsd,paqt}}, duetow({pAr,pasa,padgt})=49is maximal
with respect to all other complete and consisternt Wi.

The intuition behind this rule is that we look for a minimalmber ofelementary information
itemsto remove fronP so that it becomes majority-consistent. An informatiomitie an el-
ement fromA approved by an agent. The set of information items assabveitd P, denoted
by Z(P), is the multiset containing as many occurrenceg af agents approvingin P. E.g,
if A= {a,b,c,arb}andP={{ab,c,an b},{—ab,c,—(ar b)},{a,—b,c,—(anr b)}),
then X(P)=1{a, b, c,anb, —a b, c, —(anh),a —b c —-(anb)} and Z(P)=
{a,a,—a,b,b,—b,c,c,c,anb,—(arb),—(anrb)}.

Let MaxCardZ(P)) be the set of all maxcard consistent subsets XP). If
S € MaxCardZ(P)), then for everyp € A, Scontains either all occurrences ¢fin Z(P)
or all occurrences of-¢ in Z(P). Let Js be the judgment set containifg if S contains
all occurrences ofp in Z(P) and —¢ if S contains all occurrences of¢ in X(P). Then

Ruwa(P) = {Js| MaxCard Z(P))}.
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Although it looks entirely new, we will show that this naturale corresponds to a rule
already defined, in a different way, in (Endriss et al., 2()10b

Proposition 2.2.7. Rywa IS majority-preserving.

Proof. Let P be a majority-consistent profile. We claim tHgwa(P) consists of all com-
plete consistent sub-agendas extendih@). Whenn is odd, thenM(P) is a complete
sub-agenda, so in this caBgwa(P) = M(P). However, ifnis even therM(P) might be in-
complete. For instance, iif= 2, A = {p,q} andP = {{p,q}, {p, —q}) thenM(P) = {p} and
Ruwa(P) = {{p,q},{p,—q}}. LetJ be a complete consistent judgment set extent¥iB).
If J ¢ Ruwa(P), then there exists a consistent judgmentXesuch thaty,,.y N(P.¢) >

Z¢EJN(R ¢). This implies that there must be ¢ae A such thatg € J, —¢ € J', and

N(P,—¢) > N(P, ¢). The latter implies thap ¢ M(P), which contradicts the assumption
thatJ extendM(P). O

The following rule is inspired from the ranked pairs rulesating theory (Schulze, 2003). It

consists in first fixing the truth value for the elements ofagenda with the largest majority.
It proceeds to iterate, considering the elements of thedmyénthe decreasing order of the
number of agents who support them, and fix each agenda iskiestod@he majoritarian value.

It proceeds iterating as long as this is possible withoudlpeing an inconsistency.

Definition 16 (Ranked agendRgrp). LetY = {¢ € A|N(P,¢) > J}, and let>p be the
complete weak order relation on Y defineddoy>p @ if N(P¢) = N(P, ). Rra(P) is
defined as follows: & Rra(P) if there exists a linear orderp on A refining > such that
RA(>,P) = J, where RA>,P) is defined inductively by

o order the elements of Y using the relatiepi.e., such thats (1) > ... > ¢po(m);
e D:=¢;

e fork:=1tomdo: if DU {¢s} is consistent then D= D U {¢s i) };

e RA>,P):=D.

Rra is based on the weighted majoritarian judgment set. This igib special case of the
sequential aggregation rules defined by (List, 2004b), e/tte rule is defined without spec-
ifying a particular order of aggregation.

Example 2.2.8.Consider the same profile as in Example 2.1.1. We havgl¥ A r,pA s,q,
—(pa Q),t},andg>p —(pPA Q) >p PA I ~p PA S~p t (Where~p and>p are respectively
the indifference and the strict preference relations iretlitom>). We obtain

Rra(P) = {{a,~(PA a),t,~(pAT),—(PA )}

Every judgment sel in Rra(P) is complete; if not, there would begae A such that neither
¢ not—¢ isin J. SinceJ is consistent, eithefu {¢} or Ju {—¢} is consistent. But then,
either¢ or —¢ would have been incorporateddnwhich contradicts the assumption tldat
contains neithe$ nor —¢. More generally, when the number of voters odd, each of the
collective judgment sets obtained from any of the rulesoihticed so far is equivalent to a
complete judgment set.
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Proposition 2.2.9. Rra is majority-preserving.

Proof. In >, the elements d¥1(P) are considered before the elementglolM (P). Therefore,
when an elemenp of M(P) is considered, the current judgment Bets a subset oM (P)
andD u {¢} = M(P), thereforeD u {¢} is consistent, which implies thélt is incorporated
into D. Since this is true for ang € A, we get that any element &a(P) containsM(P).

Now, letJ be a consistent, complete extensiorMfP). Take> such that all elements of
M(P) are considered first, then all elementgofM (P}, then all elements ofi\J. This order
refines>p, because iy e PM(P) thenN(P, ¢) > 3, if ¢ € J\{M(P} thenN(P,¢) = 5 and if
¢ € A\J thenN(P,¢) < 3. Lastly,RA(>,P) = J, which proves thal € Ra(P). O

2.2.3 Rules based on the removal or change of individual judgents

The principle at work, for this family, is that we look for a wified profile, as close as
possible to the original profile (with respect to a givenaligte), such that the resulting profile
is majority-consistent. Different rules will be obtainediwdifferent distance functions.

This family can be viewed as the judgment aggregation copateof voting rules that are
based on performing minimal operations on profiles with thgppse of obtaining a profile
for which a Condorcet winner exists. Such are the Young (¥pd895) and Dodgson rules
(Dodgson, 1876). See (Elkind et al., 2009) for a generallfaafivoting rules of that kind.

The first rule we consider is called tNeungrule for judgment aggregation, by analogy with
the Young rule in voting, which outputs the candidai@inimizing the number of voters to
remove from the profile so thatbecomes a Condorcet winner.

Definition 17 (Young rule for judgment aggregati®ty).

Given a profile P= (J1, ...,Jn) and a subset of agents"c {1,...,n}, the restriction of P to
N*is P~ = (Jj,j € N*), and is called asub profileof P. Let MSRP) be the set of maxcard
majority-consistent sub profiles of P for which(RI") is a complete judgment set. Then the
Youngjudgment aggregation rule Y maps P to(R) = {M(P~) | P~ e MSRP)}.

Intuitively, this rule consists of removing a minimal numlé agents so that the profile
becomes majority-consistent. Or, equivalently, we mazéhe number of voters we keep
of a given profile. If the profild® is majority-consistent, then no voter needs to be removed
andY(P) = {M(P)}, henceY is majority-preserving.

Example 2.2.10.0nce again we consider P fot given in Examplz 2.1.1. The result

Ry(P) ={{=(pATr),=(PAS),q,~(pAra)}}

is obtained by removing 3 of the judgment sfgis~r,p A S,q,(p A 0),t}. Removing less
judgment sets, or other 3 judgment sets, does not lead to erityagonsistent profile.

Now, instead of looking for a minimalumberof individual judgments to remove, we can
look for a minimalsetof individual judgments to remove, leading to the followinde.

Definition 18 (Inclusion-Young ruleRyy).
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Let mSRP) be the set of maximal majority-consistent sub profile®PP. Then thénclusion-
Youngjudgment aggregation rule Y maps P to

Ry (P) = {M(P7) | P~ € mSRP)}
Example 2.2.11.The inclusion Young rule applied to the the profile P resuits i

{=(pAr), =(pArs),q ~(pra) 1},
R'Y(P)z{ {pAr,  pAas Qg  pagq, t}}'

Ryy is majority-preserving for the same reasoriRas

If a profile is not majority-preserving then one might looktla¢ problem from a different
view point. The Young rule and the Inclusion Young rule mialip alter the profile by re-
moving agent'’s judgment sets. The profile can be minimatirat also by repeating agent’s
judgment set, extending the profile instead of shrinking ite intuition behind extending is
the assumption that there is confirmation pending for sontleegidgment sets in the profile.
We may ask which is the least amount of confirmatian, what is the smallest super-profile
of the majority-inconsistent profile that is itself majority-consistent. We thus obtain a new
rule, thereversed Young judgment aggregation rwidnich is also majority-preserving.

Definition 19 (Reversed Young rule for judgment aggregatien). Let P=(J;,...,J) be
a profile. Asuper profileof P is a profile P = (J1,...,J), where g n, such that for every
ien+1,....qg there exists a K n such that J=J;. Let MSAP) be the set of minimal
(with respect to cardinality) majority-consistent supeofiles Pt of P. The reverse Young
judgment aggregation rule RY maps P to//P) = U{Rusa(P") | Pse MSAP*)}.

Example 2.2.12.For the profile P of Example 2.1.1, the outcome

Rry(P) = {{=(pAT),~(PAS),q,=(pra)}}

is obtained by adding 3 of the judgment setspAr),—~(pAS),q,—~(p A q),—t}. Adding
less, or other 3 judgment sets, does not lead to a majoritysistent profile.

Comparing Examples 2.2.12 and 2.2.10, we observeRh@®) = Rgy(P). However, this is
not the case for all profileB.

In words,Rgy consists in duplicating judgment setsRrin a minimal way so thalP becomes
majority-consistentRgy is majority-preserving: wheR is majority-consistent, no judgment
set inP needs to be duplicated to restore majority-consistency.

Ry, Ry andRgy consider a judgment set as a unit, which is either selectednooved as a

whole. Instead of removing entire judgment sets, we may fookiner changes in judgment
sets so that the resulting profile becomes majority-cogrsisiVe give two such rules below,
defined on the notion akctangleandco-rectangldor a profile.

Definition 20 (Rectangles and co-rectanglesGiven a profile P= (Ji,...,Jn), we define a
rectanglefor P as a Cartesian produgt = | x Y, where Ic {1,...,n} is a subset of agents
andYc A is a sub-agenda ofl.. Aco-rectangle® for P is the complement of a rectangle for
P.

The restriction of P to rectanglp = | x Y is the profile defined by the set of agents I, the
agenda, and defined by B (J nYl|iel).

The restriction of P to co-rectangi@ = | x Y is the incomplete profile defined by the set of
agents N= {1,...,n}, the agendad, and defined by = (J nY|i € N).
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The intuition forP, is that only the opinionsi, ¢ ) inside the rectangle count, whereasRgr
only the opinions outside the rectandieount.

Definition 21 (Maximal rectangle rul&wr). A rectanglep is maximalP-consistentf P, is
majority-consistent and for every super rectanglef p, P, is not majority-consistent. The
maximal rectangle rules defined by

Rur(P) = {M(P,) | p maximal P-consisteht

Definition 22 (Maximal co-rectangle rul®ycr). A co-rectangle is maximalP-consistent
if P, is majority-consistent and for every super co-rectangleof 8, Py is not majority-
consistent. Thenaximal co-rectangle rulis defined by

Rucr(P) = {M(Ps) | & maximal P-consisteht

Rwvr are andRyicr are majority-preserving.

Note that if we restrict our attention to (co-)rectangleB af the formN x Y, then we recover
MSA(P), whereas if we restrict our attention to (co-)rectanglethefforml x A, then we
recovermSRP). Similar rules can be obtained by maximizing #ieeof the (co-)rectangle.
Before going further, we first establish thjicr coincides with a rules that we already know.

Proposition 2.2.13.For all P € ®", Rysa(P) = Rucr(P).

Proof. We first prove that, for alP € ®", if J € Rycr(P) thenJ € Rusa(P).

LetJ e Rucr(P). As a consequence, there exists a maxinfatonsistent co-rectangle
d = I xY such that) = M(Ps). J is consistent, therefor&~ M(P) is a consistent sub-
set of M(P). Assume thatl n M(P) ¢ Rusa(P). There exists & € Rusa(P) such that
Jn M(P) < J. Let¢p €e I\InM(P)). From¢ € = M(P) and¢ ¢ J we getd €Y.
Consider now the co-rectang® =1 x (Y\{¢}). M(P?) andM(P?') agree on all elements
of the preagenda except Moreover,M(P?) andM(P) agree onp, whereasvi(P?) and
M(P) disagree og. Therefore,

M(PY AM(P) = (M(P® AM(P)) U {¢} (2.1)

Lastly, sinceP” is majority-consistentP‘y is majority-consistent as well, which together
with (2.1), contradicts the maximality @. Therefore,J € Rysa(P).

We now prove that, for alP € @", if J € Rysa(P) thenJ € Rycr(P).

LetY e MSAP). As a consequendd (P) € Rusa(P). Assume thaN x Y ¢ MCR(P). Note
thatN x Y = N x (A\Y) is a co-rectangle that B-consistent, therefore there must exists a
largerP-consistent co-rectangle. Such a co-rectadgleannot be obtained by removing less
agents, sincd x Y does not remove any agent. Consequently we must remove &smal
subset of the agendig., & = N x (A\Z) = N x Z with Z o Y. But then the restriction d®
to Z would be majority-consistent, contradictifige MSA(P). ThereforeY e MCR(P). O

The last rule we define does not remove agenda elements aotios, but looks for a min-
imal number ofatomic change# the profile so thaP becomes majority-consistent. We
consider an atomic change to be the change of truth valueettament of the preagenda
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Votersparpasq paqgt
6x| + + + + +
A< + + - - +
X[ — = + + =
x| = = + = =

MQ)| + + + + +

Table 2.2: The profil&.

in an individual judgment set. Forinstance, J = {p,q,pAq,r,par}, then
J={-p.q, —(prq),r,—(pAr)}is obtained fromJ; by a series of three atomic changes
(change in the truth value @f, of p A gand ofp A r).

This approach is in spirit close to Dodgson’s voting rulejeiiHooks for the smallest number
of elementary changes in a profile with the purpose of turitifigto a profile for which a
Condorcet winner exists. Replacihgving a Condorcet winndyy being majority-consistent
and adapting the notion of elementary change, we get ounjedfjaggregation rule.

Definition 23 (Minimal number of atomic changes ruRynac). Given a profile P, a profile Q
consisting of complete and consistent individual judgreets is a closest majority-consistent
profile to P if Q is majority-consistent, and there is no m#jerconsistent profile Qsuch that
Dn(P,Q') <D (P, Q). Let CMQP) the set of all closest majority-consistent profile to P. The
minimal number of atomic changes rigedefined by

Runac(P) = {M(Q) | Qe CMC(P)}

Rwvinac IS not a new ruleFully, one of the four methods introduced by (Miller and Osherson,
2009), looks for the closest profile of individual judgmethist yields a consistent proposition-
wise majority output, and then take this output. TherefBgyac corresponds to thEullgy
voting rule together with the choice of the Hamming distaasehe distance measude
Miller and Osherson (2009) do not commit to a specific distametric. Another possible
choice would consist in allowing the modified profile to beiindually inconsistent, leading

to the so-calle®ut put rule in (Miller and Osherson, 2009).

Example 2.2.14.Consider the profile P from Example 2.1.1. The profile Q givedable
2.2 is the closest majority-consistent profile to P witfP) = 3.

We obtain Rinac(P) = {pAT,pAsq,pagt}
If Pis majority-consistent then no elementary change is neebeceforeRynac is majority-
preserving.

We could also look for the closest profil€swith respect to set inclusion. However, this
would give a very weak rulR where¢ belongs to some judgment setR(fP) as soon as one
individual judgment containg.

2.2.4 Rules based on distances

Two classes of distance-based rules appear in the judgrggregation literature. The first
one is characterized by the minimization of distances betwyedgment sets and does not in-
clude altering the profile in any way (Pigazzi, 2006; Endesal., 2010k; Miller and Osherson,
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2009). This class is derived from distance-based mergiegadprs (Konieczny and Pino-Pérez,
20121). The second one is characterized by the minimizafidiistances among profiles and
relies on making minimal changes to the profile (Miller andh@&son, 2009). The rules we
consider in this section resort to some kind of minimizatidrdistances among judgment
sets without changing the profile.

Miller and Osherson (2009) propose four distance-based fol judgment aggregation. We
have already discussed three of them, narkelyl , Qut put andEndpoi nt . The fourth
one,Pr ot ot ype, is defined as follows.

Definition 24. Pr ot ot ypeq(Ji,...,Jn) is the set of all judgment setssJ® such that
Yi1d(3,3) <X ,d(J, ),V € @

This rule has also been considered independently in (Endrial., 201Cb). We propose a
larger family of aggregation rule, in the same spirit as [d¢iand Osherson, 2009).

Letd: ® x ®+— N° be a distance function between judgment sets fiwand® : (N°)" — N°
be a symmetric, non-decreasing function such that, foryexey, xi, ...,x, € N° has the
following properties®(X,...,X) = X; O(X1,...,%)) =0ifand only ifx; = ... =X, = 0.

The distance-based judgment aggregation®Rdl€ induced byd and® is defined by:

RYOJy,....dn) = argmin®(d(J,J1),...d(J,In)).
Jed

Definition 25. A judgment aggregation rule iistance-baseidit is equal to B-® for some
d and®.

Here we consider onlg) = > and® = max, and the Hamming distandg. In the case
when® = )} we obtain the distance-based procedure of Endriss et @00 We choose
RAH-2X because it captures the intuition of a majoritarian operatol R%H-™2* because it cap-
tures the intuition of compromise between the individuglsigments (Brams et al., 2007,
Konieczny and Pino-Pérez, 2011). The minimization of treximum distance minimizes
the disagreement with the least satisfied individual, hgpeganteeing some degree of com-
promise.

We show thaR¥ -2 andRywa are equal rules.

Proposition 2.2.15.For all P € ®", R%:X(P) = Rywa(P).

Proof. Given two complete judgment sefsand J’, and ¢ € A, defineh(¢,J,J') = 1 if
¢ € (I\J)u (I"\J) andh(¢,J,J") = 0 otherwise.

For any profileP = (Jy,...,Jny € ®" and anyd € ®, we have
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D 1dH (3. 3)
= Zir]:12¢€7[h(¢a~]v~]i)
= 51 (Xpeah(9.3,3) + Lpesh($,3.3))
=i 2peaN(9.3,3) + 2 ey h(¢7‘]a‘]i))
=2 2peaN(9,3,3) + Xges h(*¢v~]a3i))
= Zd)eJ (Zinzlh((pv‘]a‘]i) + szlh(ﬁ(pv‘]a‘]i))
= 2pea(N=N(P¢) +N(P,—¢))
= 2pea2(n=N(P ¢))
= 2nx |J|—2wp(J)
Thereforezi”:ldH (J,3) is minimum if and only ifJ € MWA(P), that is,wp(J) is maximum.
Since every element dfIWA(P) is a complete judgment sa¥)WA(P) is equal to the set

of all complete judgment sets minimizing’_ , d (J,J;), which allows us to conclude that
Rd+-X andRy wa are equivalent.

O

Comparing Definition 25 and the definition Bf ot ot ypeq we observe that for all profiles
Pe ®", R%:(P) = Pr ot ot ypeg, (P). Consequently, for all profileB € ®", Ruywa(P) =
Pr ot ot ypeg, (P).

As a consequenc®H- is majority-preserving. This is however not the caseRgt ™,
which is the only one of our rules failing to satisfy majorjtyeservation.

Proposition 2.2.16. R%:-MX{s not majority-preserving.

Proof. Consider the agendd = {a,—a,b,—b} andP = ({a,b},{a,b},{—a,—b}). Then
Rd+max(p) — {{a —b},{—a,b}}; howeverP is majority-consistent anM (P) = {{a, b}}.

O

Example 2.2.17.Consider the profile P for agendd of Example 2.1.1. We obtain that
R*HZ — {{pAr,pAsq,paqt}}while

({=(pAT),=(PAS), g —(prq), t},)
{ﬁ(p/\r% p/\S,*q,*(p/\Q), t}a
{=(pAT), pAs d pnrg, t},
RHMXP) = {par, —(pAsS), —q, —~(pPAQ), t},p.
{par,=(pas), a9, pagq, t},
{par,  pas —q,=(paq), —t},
{pArr,  pas—q, pagQ —t}

The full calculations are presented inwards Table 2.3.

2.3 (Non)inclusion relationships between the rules

In this section we consider the equality and inclusion refethips between the rules we
have introduced. This analysis is necessary to establisttticollective judgments derived
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J [[{PAT, PAS O, PAG t}dH (J,320) |dH (Ji, J18) |dH (3, 3) || 22| maX
N - - - - - 5 3 1 49 5
Ll - - - - 4] a4 2 2 |46 4
Bl - - + - | a4 4 0 |40 4
s - -+ -+ 3 3 1 37 3
| - - + + -] 3 5 1 |45 5
Bl - - o+ + + 2 4 2 a2 4
| - o+ - - - a4 2 2 |46 4
Js - - + o+ 2 4 2 42| 4
Ml - o+ - - -] a 2 2 |46 4
Jio - + - -+ 3 1 3 43 3
Jua|| - + + + - 2 4 2 42| 4
Jio - + + + + 1 3 3 39 3
Jall + - - - | 4 2 2 |46 4
Jia + = = s 3 1 3 43| 3
Jis||  + -+ + - 2 4 2 42| 4
Jel| + - o+ + o+ 1 3 3 |39 3
Ji7 + S = = 3 1 3 42| 3
Jig + + - - o+ 2 0 4 40 4
Jol| + o+ + + -] 1 3 3 |39 3
Joo|| + + + + 4+ 0 2 4 36| 4

Table 2.3: The calculations foR%-*(P) and R*M3(P). Recall that}}' ;d(%,Jj) =
6dH (Ji,J20) + 4dH (Ji, 18) + 7dn (i, J3)

from one rule compare to the collective judgments derivechfanother rule. We have the
following diagram (Table 2.4), wher@&c means “inclusion-wise incomparable?, means
thatTg, (P) < Tr,(P) for every profileP € ®", whereR; is the row rule andr; is the column
rule, correspondingly foro. The number next to inc:- or o, denotes the proposition in
which the relationship is proved.

| Rucsa| Ruwa | Rra Ry Riy Rry Rur | Rwnac | RO+-MaX
Rwvsallc,2.3.1<,2.3.2| <, 2.3.3|inc.2.3.5inc 2.3.16.2.3.2]inc 2.3.14 5,2.3.18linc, 2.3.22inc, 2.3.4
Rwvcsa inc 2.3.6 inc 2.3.7|inc/2.3.8inc, 2.3.16,2.3.2{inc 2.3.12 5,2.3.19|inc 2.3.21 inc 2.3.4|
Rvwal inc 2.3.10inc 2.3.8inc, 2.3.21.2.3.1pnc 2.3.12 5,2.3.19 inc 2.3.23 inc 2.3.4|
RRrA inc 2.3.9inc, 2.3.16.2.3.2[inc 2.3.12>, 2.3.2(0inc 2.3.23 inc 2.3.4
Ry 5,2.3.15 |inc2.3.11>,2.3.19inc 2.3.23 inc 2.3.4|
Ry inc2.3.11>,2.3.18inc 2.3.23 inc 2.3.4
Rry inc2.3.13inc 2.3.23 inc 2.3.4
RvRr inc, 2.3.24inc 2.3.4
Rvinac inc 2.3.4

Table 2.4: A summary of the (non)inclusion relationshipsugen the proposed rules.

For every profileP € ®", if a collective judgment is in all the judgment s&gcsa(P), or
Ruwa(P) or Rra(P), then that collective judgment is in all the judgment SRga(P). For
ever profileP € @", if a collective judgment is in all the judgment s&gsa(P), Rucsa(P),
Ruwa(P), Rra(P), Ry (P) or Ry (P), then that collective judgment is in all the judgment sets
Rur(P). This means that the rul&ysaandRur are very “weak” in the sense that they often
select a very large number of judgment sets. In this senseibBy is weaker thariry. For

a decision reaching context in which the rule should seleéttée judgment sets as possible,
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we can choose from seven rules, out of which fRgcsa Rra Ry, Rry and RAH-M2X haye
not been studied in judgment aggregation.

Following are the proofs for these (non) inclusion relasioips.

Proposition 2.3.1. For every profile Re ®", Try,c,(P) < Trycsa(P)-

Proof. If Y — A is a maxcard consistent sub-preagendd ofvith respect td>, then it is also

a maximal consistent sub-preagenda with respeét ttf a e Tr,,c,(P), thena is inferred
in every maximal consistent sub-preagenda, affolrtiori in every maxcard consistent sub-
preagenda, thereforee Try,.c,(P)-

To show thaflr,,.s,(P) ¢ Trysa(P), consider the profilé in Example 2.1.1. As it can be
observed in Example 2.2.25,,.c,(P) = p A 1, but we can observe from Example 2.2.1 that

Trusa(P) £ P A T. O

Proposition 2.3.2. For every profile Re ®", Try,s,(P) < Trya(P)-

Proof. If Y A is a consistent sub-preagenda maximiziggY ), thenM(P*Y) is a maximal
consistent sub-agenda with resped®tdf o e T, ¢,(P), thena is inferred in every maximal
consistent sub-preagenda, anfibrtiori in every maxweight consistent sub-agenda, therefore
a e TRMWA(P)'

To show thafTr,,.(P) € Trysa(P), consider the profilé in Example 2.1.1. As it can be
observed in Example 2.2.8r,,,.(P) = 0, but we can observe from Example 2/2.1 that
TRusa(P) # .

O

Proposition 2.3.3. For every profile Re ®", Try,s,(P) < Trga(P).

Proof. In the construction oRgra(P), letZ be the subset ofl composed of the), such that
O A K is consistentZ is a maximal consistent sub-agenda with respeBt @0 is consistent
by construction, and maximal because every time a formiylas rejected, it is because it
produces an inconsistency with the formulas already ptésén If o € Try.,(P), thena is
inferred in every maximal consistent sub-agenda,afuaitiori in Z, thereforen € Trg,(P).

To show thatTrg,(P) & Trysa(P), consider the profild® in Example 2.1.1. As it can be
observed in Example 2.2.8x.,(P) |= q, but we can observe from Example 2.2.1 that

Trusa(P) # Q. O

Proposition 2.3.4. R%:MaX s incomparable with all the other rules.

Proof. Let R be a majority-preserving rule. Take the profl@s in the proof of Proposition
2.2.16. Thera < —b € T, max(P), Whereasa < —b ¢ Tr(P) (sincea < b e Tr(P)); and
ae Tr(P), whereasa ¢ Trdy max(P). Therefore R%M s incomparable with all of the five
other rules. O

Proposition 2.3.5. Ry is incomparable with Rsaand Rucsa
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aa—(bvc)b ca—-(dve de
+ + + - + + -
+ + -+ + -+
J’_ — —_ — [

Table 2.5: The profil® used in provindRy inc RysaandRy inc Rycsa

Proof. Consider the pre-agendb= {a,a— (bv c),b,c,a— (d v e),d,e} and the profild®
for this agenda for three agents given on Table 2.5.

We have thaM(P) = {a,a— (bv ¢),—b,—c,a— (d v ), ~d, —e}. The minimal inconsis-
tent subsets d¥1(P) are{a,a— (bv ¢),b,c} and{a,a— (d v €),d,e}. Consequentij(P)

has 10 maximal consistent subsets: 9 contairirgd one equal tM(P)\{a}. The 9 sets
containinga contain two of the three formula® — (bv ¢), — b, — ¢} and two of the
three formulaga — (d v e), —~d, —e}. These 10 maximal consistent subsets correspond to
10 maximal sub-agendas. The only maxcard consistent setidagsA\{a}, and in this sub-
agenda ofd, —ais inferred. Thereforelr,,.s.(P) = —a. All sub-profiles ofP of size two are
majority-consistent, and each of them acceptthereforelgr, (P) = a. As a consequence,
Ry andRycsaare incomparable. Fdi, (P) & Try,q,(P), take the same profile as above and
note that e Tr, (P) buta¢ Trysa(P).

To show thallr,,s,(P) & Tr, (P), assume the pre-agendais extended with another agendaitem
¢, on which the agents vote +, + and - correspondingly. We pawdr,,., butp ¢ Tr,. O

Proposition 2.3.6. Rywa is incomparable witfRuycsa

Proof. To show thaRuywa & Rucsatake the following seven agent profike

We obtainrRuwa(P) = {{a,b,a A b}} andRucsa(P) = {{a,b},{a,—av —b},{b,—a v —b}}.
Consequentlya e Try,,A(P) anda ¢ Try,csa(P).

For the converse, th&ycsa & Ruwa revisit the example of Proposition 2.3.5. We have
—a¢ Tryya(P) and—ae Trycsa(P). O

Proposition 2.3.7. Rra is incomparable with Rcsa

Proof. Same profilé® as in Proposition 2.3.5. We have tfiaf,(P) = a. Henceae Try,(P)
and—ae Rycsa(P), see Proposition 2.3.5. O

Proposition 2.3.8. Rywa is incomparable with R

Proof. Consider the following pre-agenda
A={aa—-p,a—>dq,a—(p1 A G1),a— p2,a—0,a— (P2 A G2),a— Ps,
a—0ga—(ps A Og),a— pa,a— g, a— (Pa A Ga)}-

Let the profileP be as given on Table 2.6.
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Voters
Agenda x1 x1 x1|M(P)|N(P, ¢;)
a + + 4| 4+ 3
a— p1 + + - + 2
a—qp + - o+ + 2
a—(paa)|+ - - - | 1
a— p2 + + - + 2
a— 0 + - +| + 2
as(pAg)+ - - - | 1
a— ps + + - | + 2
a— Qg3 + - o+ + 2
a—(ps A W)+ - -| - 1
a— pa + + - + 2
a— 0y + - +| + 2
a—(Panr Q)+ - -| - 1

Table 2.6: The profil® used to shovRywa inc Ry. The judgment sets are the second, third
and fourth column of the table.

We obtain thaRuywa(P) = {{—a,a— p1,a— q1,~(@— (p1 A 01)),a— p2,a— U,

—(a—(p2 A @2)),a— ps,a— s, ~(a— (Ps A U3)),a— ps,a— Ga, —(a— (Pa A a))}}-
HenceTr,,(P) = —a.

The result folRy (P) is obtained when exactly one, either one, of the voters i©weah. For
Ry (P) we obtainTgr, (P) = a. O

Proposition 2.3.9. Rra is incomparable with R

Proof. We haveTr,(P) ¢ Tr, (P) as a consequence of Propositions 2.3.3 and 2.3.5.

To show thaflr, (P) & Tres(P), consider the pre-agenda= {p,q,p A q,r,s,r A s;t}and
the 18 agents profile:

pPpgpAagrsrast
Ix++ + -+ - +
[++ + —+ - -
Ax|++ + +-— — -
e
4x|+— — ++ + +
4x|—+ - ++ + +

The minimal number of agents to remove to make the profile ritgjoonsistent is two.
These two agents are the two agents of the fourth row (lighy ghaded). We obtain
te Tr,(P) andt ¢ Tro,(P). O

Proposition 2.3.10. Rra(P) is incomparable with Rwa.

Proof. Consider the same profile example in Proposition 2.3.8. Waimkhat¢13 € Try,(P)
andﬂ¢13 € TRMWA(P)‘
O
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Proposition 2.3.11. Rgy is incomparable with Rand Ry .

Proof. Consider the pre-agend&= {p,q,p ~ q,r,s,r A st} and the profileP for this
agenda given in Table 2.7.

Votersp qpAaQgr srast
Ixi++ + —+ - +
x|++ 4+ -+ - -
Ax|++ + +—- - -
2x|+ - = 4+ - = =
4|+ - — ++ + +
A4x|—-+ — ++ + +

Table 2.7: The profil® used to showr., (P) = —t.

We obtainRgry(P) = {p,q,p A q,r,s,r A s,—t}, by adding the fourth judgment set six times,
i.e.,asM(P’), whereP’ is the profile given in Table 2.8. Consequerfiy, (P) = —t.

Votersp qpAaQgr srast
Ix(++ + —+ - +
3x|++ + -+ = =
Ax|++ + +- - -
x|+ - — +- - =
4|+ - - ++ + +
4x|—+ - ++ + +

M(P)|+ -+ - =

Table 2.8: The profilé®’ obtained fromP of Table 2.7 by adding the fourth judgment set 4
times.

The Ry(P) andRyy (P) are obtained by calculatini!(P”), the profileP” being given in
Table 2.9 and obtained fromby removing the fourth judgment set (both of them).

Ry(P) =Ry (P)={p,a,p A Q.1r,s,r A st}, hencelr, (P) =t andTr, [=t.

Votersp qpAaQgr srast
Ixi++ + —+ - +
x|++ + -+ = =
A<+ + + +- - =
Ox|+- - +- - -
4|+ - — ++ + +
Ax|-+ - ++ + +

MP)|++ + ++ + +

Table 2.9: The profil®” obtained fronP of Table 2.7 by removing the two judgment sets in
the fourth row.
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O

Proposition 2.3.12. Rgy is incomparable with Rcsaand Rawa.

Proof. Consider the pre-agenda from Example 2.1.1 and the pfijigen in Table 2.1. As
it can be observed in Examgle 2.2.Bky(P) = {=(p A r),—(p A 9),0,—~(p A q),t},
obtained by adding 3 of the judgment séts(p A r),—(p A s),q,—~(p A q),—t}.
HenceTry, (P) = —(p A 1).

For the same profil€ we obtain thatlr,,..,(P) =p A r andTr,,(P) =P A T, see
Examples 2.2.2 and 2.2.6. O

Proposition 2.3.13. Rgy is incomparable with Rg.

Votersp g pAgr srastuvwy
Ixhl++ + ++ + —————
Ixbl++ + +—- — ++—-——+
Ixkl++ + +—- — ++—+-—
Ixdl+— — ++ + +—4+——
IxJksl+- — +4+ + —++++
IxJg—+ — —4+ — +—+++
Ixkl—4+ - —4+ — —++++
Majority|+ + — ++ — +4++++

Table 2.10: The profil® used to provéyr inc Rry.

Proof. Consider the pre-agendd= {p,q,p A q,r,S,r A s;t,u,v,w,y} and the Profilé for

it given on Table 2.10. We obtaRxy(P), by repeating the first judgment set once, namely,
asM(Pry), Pry being given on Table 2.11. We obtain th&ty(P) = {p,q,p A q,r,S,r A S}
and as consequentg,, (P) ¥ tv uv vv wv Y.

Voter§p g pAqr srastuvwy
2xH[++ + +4+ + ==
Ixp++ + +- — ++-——+
Ixghl++ + +—- — ++—+-—
Ixdl+—- — +4+ + +—+-——
Ixkl+—- — +4+ + —++++
IxJg—+ — —4+ — +—+++
Ixyl-+ - —+ — —+4+++
Majority|+ + — ++ — +++++

Table 2.11: The profil&gy constructed from profil® in Table 2.10.

The maximal rectangles are given in Table 2.12. We obfBig.(P) =tvuvvvwvy.
Consequentlfir,r(P) € Trey(P).
Now consider the pre-agenda= {p,q,p A q} and for it the profileP in Table 2.13.

We obtainRgy(P) = {{p,a,p » a},{p,—d,—(p ~ 9)},{—p,q,—~(p A d)}}. Consequently,
Trey(P) = pv 0. The maximal rectangles for this profile are:
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SefRemoved setRkemoved issugs ResultingSets

‘]8 {‘]6} {p7 q, r,s, u }
J9 {J7} {p7 g, r,'S, t }
Jo|  {J1, %, %} { —(pAq), s v, W, v}
Ju|  {d, 5,34} { a—-(prq), s —(r~rs), u, v, Wy}
Ji2| {3} { g—-(prqg), s —(Fnrs,t v, w }
Jiz| {J1,33,J4} { a—-(prq), s—=(~Ars, U vwy
Ja| {J1,33,35} { a-~(prq), s—(nAr9,t v, oy}
J15 {‘]17‘]47‘]5} { q, _‘(r A S)v t7 u vw y}
Jis|  {J2,33,34} { 9 -(pra) s —t v w
J17 {J27J47J5} { q, S, —\(I' A S)v w }
Jig|  {%,33,J5} {p. a, s, =(r n9), -u, v }
Jio|  {J3,34,35} { a n s —(ras), v}
JZO {pvr} { q, S, —\(I' A S)v t7 u, v, w, y}
JZ]— {p,S} { q, r, —\(I' A S)v t7 u, v, w, y}
Jo2 {prAst{ qa rs, t,ou v, wy}
J23 {a,r}|{p, a. s —(ras),t U V,wy}
Joa {a,s}|{p, q, o-(rAS),t U v Wy}
Jos {ar ~ st{{p. a, r,s, t,ou vw iyl
Jos {p ~ ar}{p q, s, —~(ras),t u vwy}
Jor {p ~ ast{p q, o —(rAs,t u vwy}
J28 {p AQr A S} {p7 g IS, t, u v, w Y}
o9 {‘]2} {p} { g, _‘(p A q) r,'S, t, v, W }
Jz0 {Js} { a —(prars t, v, oy}
J31 {3} {at|{{p, —(pAra)rs t, v, wo}
Jz2 {Js} fat{p, —-(prars t, v, )
Ja3 {3} {p ~at{p. q rs t, v, wo}
J34 {Js} {p A dt{p q rs, t, v, v}
J35 {‘]4} {r} {p7 q, S, _'(r A S) u, W, y}
J6 {Js} {r}|{p, a, s, =(ras) t }
J37 {‘]4} {S} {p7 q, r, _'(r A S) u, W, y}
Jzg {Js} {st{{p, q, o —(ras t }
Jz9 {Ja} {r ~n st{{p. q, rs, u Wy}
J40 {‘]5} {r A S} {p7 q, r,s, t }

Table 2.12: Maximal rectangles for the profile in Table 2.10.

Votersp q pA ¢
Ixql++ +
IxP|+—- -
Ixd—+ -
M(P)|+ + —

Table 2.13: The profil®, counter-example fdRgy(P) € Ryr(P).

o p; = {J,J3} x Adgiving rise to{—(p A )},

o P ={J,J3} x A giving rise to{q},

e p3={J1,X} x A giving rise to{p},

e ps=Nx{qg,p A g} givingrise to{q,—(p A g)},
e ps=Nx{p,p A g} giving rise to{p,~(p » a)},
e ps =N x {p,q} giving rise to{p,q},
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Dueto{—(p A )} € Rur(P) we obtain thalr,z(P) # p v d. HenceTry (P) € Trys(P).
O

Proposition 2.3.14. Ry is incomparable with Rsa.

Proof. To prove thaflr,,s,(P) & Trsy (P) We consider the profil® from Example 2.1.1, and
Examples 2.2.12 and 2.2.1. We obtain thgj,(P) =t, butTre, (P) K t.

To prove thatTrs, (P) & Trysa(P) We consider the profilé® from Table 2.7. We obtain
Trey (P) = —t. HoweverTg,,.,(P) # —t.

O

Proposition 2.3.15. For every profile Re ", Tr, (P)  Tgr, (P).

Proof. If Y — A is a maxcard consistent sub-preagenda (wk).of A then it is also a
maximal consistent sub-preagenda with respe®.tdf a € Tr, (P), thena is inferred in
every maximal consistent sub-agenda arfdrtiori in every maxcard consistent sub-agenda.
Consegeunetly € Tr, (P).

To show thaflr, (P) ¢ Try (P) consider the profile from Example 2.1.1. For this profile we
obtain:

e Ry(P)={{—(p A 1),—(Pp A S),0,~(P A Q)}}, see Example 2.2.10;

e Ry(P)={{=(p A 1),=(p A 9,0,—~(P A D}, {p A I,P A S0,p A Ql}}, see
Example 2.2.11.

It holds thatTr, (P) = —(p A r), whileTr, (P) ¥ —(p A ). O

Proposition 2.3.16. There exists a Pe ®" such that &,(P) ¢ Tr,(P) for
Ze {MSAMCSAMWA RA RY,MR,MCR MNAC}.

Proof. Consider the pre-agendb= {p,q,p A q,t1,t,t3,14,t5,1s,t7,tg} and for it the profile
P given on Table 2.14. We obtaRy by removing any two voters:

VotersSpgp A qtitotatatstgtytg to
Ix [++ + + - - -+ ++ - -
bLx [++ + ++ - - -+ -+ -
JI3x [+- - +++- - -+ -+
Jax |+ - - -+ ++ - -+ - -
Bx |-+ - - -+++--++
Jx |-+ - - - -+++-++
M(P) [+ + -

Table 2.14: The profil®.

e removingJ; andJ, we obtain{—(p A q), —t1,t3,t1, —ts,to}

e removingJ; andJ; we obtain{g, —~(p A q),—t1,ts, —t7,ts}
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e removingJ; andJ; we obtain{g,—~(p A q),—t7,tg,tg}

e removingJ; andJs we obtain{p,—(p A q),t2,—ts}

e removingJ; andJs we obtain{p,—(p A q),tz,t3, —t5, —ts}

=
=
=
e removingJ, andJ; we obtain{g, —~(p A q), —t1, —to,t4,t5}
=( )
=(

e removingJ; andJs we obtain{g, —(p A ), —ty,15,t0}

e removingJ, andJs we obtain{p,—(p A Q),t7, —tg}
e removingJ; andJs we obtain{p,—(p A Q),t3, —ts,t7, —tg}
e removingJs andJ; we obtain{q, —t,—t3,t5,ts, —t7,ts}
e removingJs andJs we obtain{p,q, —ts, ts, —tg}

e removingJs andJs we obtain{p,q, —tg}

e removingJs andJs we obtain{p, q,t1, —ts, —ts,ts}

e removingJs andJs we obtain{p,q,t, —ts}

e removingJs andJs we obtain{p,ty,ty, —ts, —t5,t7—tg, —to}

We have thaRy (P) = Ry(P). Let us denote witler the formula—t; v —to v —tg3v —tg v
—t5v —tgv —tyv —tgv —tgand withf the formula; v to v t3v t4 v ts v tg v t7 v tg v to.
We obtain thatr € T, (P), butf3 ¢ Tr,, (P). For the rest of the rules we obtain:

o {{p}.{a},{p ~ q}} = Rz(P), whereZe {MSAMCSAMR,MCR} hencea ¢ Tr, (P).

e Observe thaN(P, p) = 4,N(P,—p) = 2,N(P.q) = 4,N(P,.~q) = 2,N(P,p A q) =2,
N(P,—(p A Q) =4,N(Pt) =N(P,—tj) =3, fori € [1,9]. Observe that a judgment
set that include either one ¢p,q, p}, {—p,q,—~(p ~ q) or {p,—q,—(p ~ q) and any
consistent subset dfi, —ti}, i € [1,9] will have the maximum weight of 37. Conse-
quentlyRuywa(P) contains the judgment sets:

{P,a,p A Q,t1,t2,13,14,15, 6, t7, 15, o},
{=p,d,—(p A Q),t1,t2,t3,14,15,16,t7,tg, to},
{p,—09,—(p A q),t1,t2,t3,1a,15,t6,17,18,t0}.
Consequentlfiuwa(P) ¥ a.

o For the profileP we can construct the following order:
P~q~—(P A Q) >ti~-th~th~—ty~tg~ tg~tg~ -ty ~t5 ~ —ts ~ tg ~
—tg~t7 ~ ~ty ~tg~ —tg~tg~ —tg > —p~—Qq~Pp A Q.
Correspondingly, we obtain, among others, the followirdgjment sets ifRga(P):
{P. 0,0, 12,13, 14, 15, 16, 17, 8, Lo},
{p,—(P A 0),t1,t2,13,14,15, 1, t7,1g, to},
{0, —(p A 9),t1,t2,13,14,15, 16,17, g, to},
{p,q,—t1, ~t, —t3, —ts, —ts, —te, —t7, —tg, —to},
{p, —~t1, —to, —t3, —tg, —ts, —te, —t7, —tg, —to},
{q, ~t1, —tz, —~t3, ~tg, —t5, ~tg, ~t7, —tg, —to},
{p.a,ta, —to, —t3, —tg, —ts, —te, —t7, —tg, —lo},
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{ p)tla _'t27 _‘t37 _‘t4a _'t57 _‘t67 _‘t7a _'t87 _‘tg}'
{q)tla _'t27 _‘t37 _‘t4a _'t57 _‘t67 _‘t7a _'tga _'tg}'
etc.

Consequentlyr ¢ Tro,(P).

e Runac={{pP,—=(p A @)},{a, (P » a)}}, hencea ¢ Tryyac(P)-

Proposition 2.3.17. There exists a profile P such that:

1. Trysa(P) & Try (P),
2. TRycsa(P) & Try (P),
3. Truwa(P) & Try (P),
4. Trea(P) & Try (P).

Proof. This relationship follows frorir,, (P) < Tr, (P), Proposition 2.3.15, and: Proposition
2.3.5, foritems 1 and 2, Proposition 2.3.8 for item 3, andoBsition 2.3.9 foritem 4. [

Proposition 2.3.18. For every profile Re ®", T,z (P) < TrysA(P) and Rryr(P) < Try (P).

Proof. Removing only voters, as we do Ry, corresponds to a rectangle in the form of
I x A, while removing only votes on a subset of the agenda, like ovia Ry sa, corresponds
to a rectangle in the form df x Y.

To show thaflr,s, & (P)Tryx(P), consider the profil® from Example 2.1.1. For this profile,
we obtain:

e Rusa(P) ={{p A ,p A sqt},{p Ar,pAs—(pnaQ),t}{g—-(p A q)t}}, see
Example 2.2.1; and

e Ry(P)={{=(p A 1),—=(P A 9,0,~(P A~ Q},{P A ILP A S0,p A Q,t}}, see
Example 2.2.11.

We obtainTRMSA =t, TRusa 7 O TRy E=q andTRMSA # t. SinceRusa(P) u Ry (P) < Rur(P)
we obtain thaillr,  t andTr, # Q. O

Proposition 2.3.19. For every profile Re @

® TRyr(P) < Trycsa(P),
o Tryr(P) < TrRywa(P). and

[ TRMR(P) (= TRY(P).

Proof.
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o Tryr(P) € Trycsa(P) is @ consequence Gk, (P) < Try,g4(P), Proposition 2.3.15, and
TRusa(P) < Trycsa(P), Proposition 2.3.1.

* Tryr(P) = Trywa(P) is a consequence Gkyz(P) = Trysa(P), Proposition 2.3.15, and
Trusa(P) S Trywa(P), Proposition 2.3.2.

* Tryr(P) = Try(P) is a consequence dir,z(P) = Try (P), Proposition 2.3.18, and
Try (P) = T, (P), Proposition 2.3.15.

To show thaflry,x(P) & TrRyr(P): TRuwa(P) & Trys(P) andTr, (P) ¢ Trys(P) consider the
profile P from Example 2.1.1.

o As it can be observed from Example 2.2.2, hefige..,(P) =t and we showed in the
proof of Proposition 2.3.1.8 thdk,,, ¥ t.

e As it can be observed from Example 2. 2ywa(P) = {{p A ,p A S,,p A qQ,t}},
henceTr,.(P) EtandTry F t.

e Asitcanbe observed from Example 2.86(P) = {{—=(p A r),—~(p A 9),0,—(P A O)}}
henceTr,,.s,(P) = g and we showed in the proof of Proposition 2.3.18 igf; # .

O

Proposition 2.3.20. For every profile Re ", Try,z(P) < Trga(P).

Proof. This inclusion is a consequenceT,;(P) < Trysa(P), Proposition 2.3.18 and
Trusa(P)  Trea(P), Proposition 2.3.3. 0

Proposition 2.3.21. Rynac is incomparable with Rcsa

Proof. To show that there exists a profiesuch thafTry,cs.(P) ¢ Tryyac: CONSider the pre-
agenda and profile in the proof of Proposition 2.3.5 in whighhave thallr,,.;,(P) = —a.
There are 23 profileQ at a minimal distanc®(P,Q) = 2. We obtainTgy,,.(P) # —a
because

Runac(P) ={ {a,a— (bv c),—b,c,a— (d v e),—d,e},
{a,a— (bvc),—b,c,a— (dve),d,—e},
{a,a— (bvc),b,—c,a— (dve),—d,e},
{a,a— (bvc),b,—c,a— (dve),d,—e},
{a,—(a— (bvc)),—b,—c,—(a— (dve),—d,—e}
{—-a,a— (bvc),—b,—c,a— (dve),—d,—e}}.

To show that that there exists a profifesuch thafTr,, . ¢ Trycsa(P), consider the profile

P from Example 2.1.1. We havig,,,,.(P) = 0, see Example 2.2.14, bilig,,.,(P) # g, see
Example 2.2.2. O

Proposition 2.3.22. Rynac is incomparable with Rsa.
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Proof. To show that there existsRisuch thaflry,g,(P) & Trynac(P), COnsider the pre-agenda
A={p,a,p A 0,p A —0,01,02,0 A —P, 03, s}, where

a1 =pA—QqAa—q,

0z = PA=QA =qA G,

G3=0qAr—pAr—p,

g =0QqA—=pPA—pPA—P.

A profile for this pre-agenda is given in Table 2.15.

VotersSpgqpA qp A —qog 02 gA —pO3 da
1x [++ + - - - - - -
Ix [+- - + + + - - -
1x |-+ - - - - + o+ +

MP) |++ - - - - - -

Table 2.15: The profil®, counter-example fofr,,s,(P) < Trynac(P)-

We obtain

Rusa(P) = {{g,—(p A @),~(p A —Q),—a1,—02,=(q A —p), —03, ~0a},
{p,—(p A @),—(p A —Q),—0a1,—a2,~(qA —p), ~03, ~04},
{ﬁ(p A q)7ﬁ(p N _'q)vﬁalvﬁazﬁ(q/\ﬁp)a_'a3a_'a4}}

Consequentlyir,s,(P) = p v q.

VoterpqpA qp A —qoy 02 A —p a3 Og
1x [-- - - - - - - -
Ix [+- - + + + - - -
Ix |-+ - - - - + o+ +
M(P) |- - - - - - - - -

Table 2.16: After changing the first three judgments of thet figent.

To obtainRvnac(P), we need to change the first three judgments of the first voléaining
the profile given in Tabla 2.16. This is the minimal changegsiif either the second or the
third agent change either their judgment pror their judgment org, they have to change
additional other three judgments. We obtBiinac(P) = {—p,—aq,—(pA q),—(p A — q),
—ay,—02,—~(qA — p),—03,—0s}. We observe thalr,,,,.(P) ¥ pv a.

To show that there exists R such thafTr,,,,.(P) & Trysa(P), consider the profilé from
Example 2.1.1. We haveg,.(P) = 0, see Example 2.2.14, bilig,s,(P) ¥ g, see Exam-
ple 2.2.1. O

Proposition 2.3.23. Rynac is incomparable with R Ry, Rra, Rry and Rawa.

Proof. Consider the pre-agendea= {p,q, p A g} and the profilé® from the proof of Propo-
sition'2.3.11, given on Table 2.9. SinBginac(P) = M(P") u M(P”), whereP’ andP” are
as in Tables 2.17 and 2.18, we obtain th&p A q) € Tryyac(P)-

On the other hand, we obtain:

e Ry ={{p},{a},{—~(p~ 9)}},
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Votergp q pA @ \Votergp q pA g
Ix[++ + Ix|++ +
Ix|- - - Ix|+- -
Ix|-+ - Ix|-- -

M(P)[- + - M(P)|+ - -

Table 2.17: The first profile?’, used to prove Table 2.18: The second profil®’, used to
Rvinacis incomparable witlRy, Ry, Rra, RrY prove Rynac is incomparable withRy, Ry,
andRywa. Rra Rry @andRywa..

e Ry = {{p}.{a},{—=(p ~ a)}}

e Rey ={{p,q},{—a,—~(p ~ @)}, {—=p.~(p ~ O)}}

* Rra={{p,—0q,=(p A @)}, {p,—a,~(p ~ @)}, {pP.a, P » a}},
* Ruwa={{p,—a,=(p A @)}, {p,—a,~(p ~ @)}, {pP.a,p ~ q}}.

Consequentl§firy,c(P) & Tr, (P) for Z € {Y,IY,RY,RA MWA}.

To show thafTr, (P) ¢ Trynac(P) consider the profilé® from Example 2.1.1. As it can be
observed from Example 2.2.1%,, ..(P) = p A r, but we can observe in Example 2.2.10
that for this profileTr, (P) = —(p A r). Furthermore, we can observe in Example 2.2.11
thatTr, (P) ¥ p A r; in Example 2.2.12 thalr,, (P) = —(p A r) and in Example 2.2.8 that
Trea(P) == (P A T).

To show thatTry,,A(P) ¢ Trynac(P), consider again the pre-agenda of the proof of Propo-
sition 2.3.22 and its corresponding profffegiven on Table 2.15. For this profile we get
thatRuwa(P) = {p,a,p A 0,—(p A —Q),—a1,—02,—~ (g A —Pp),—03, ~04a}, Since for this
judgment set the weight is 17, and for the remaining threergtlessible judgment sets the
weights are: 14 for the set of the judgment sets of the seamdithird agent and 16 for the
judgment se{—p,—q,—=(p A Q),~(p A —0),~0a1,—~02,~(qA —p),~0a3,—0as}. Conse-
quently, Tryws = P Vv 0. In the proof of Proposition 2.3.22 we show tfiaf,,,.(P) # pVv q

for this profile. O

Proposition 2.3.24. Rynac is incomparable with Rg.

Proof. To showTry, (P) & Trynac(P) consider the first part of the proof of Proposition 2.3.22.
To show thatTryy.c(P) ¢ Trys(P) consider the profile given in Table 2.13. We obtain

Trunac(P) = —(p A @) sinceRunac(P) = {{p.—a,=(p ~ @)}, {—p.a—(p A @)}. However
Trur(P) £ —(p A ), see the second part of the proof of Proposition 2/3.13. O

2.4 Conclusion

In this chapter we design judgment aggregation rules baserinimization. For a consen-
sual group, a collective decision has to be such that it adésowith the view of the majority
of the agents in the group. A consistent issue-majorityiseshich each judgment is sup-
ported by a strict majority of agents, does not exist for gyeofile. The profiles for which
such a set exists we call majority-consistent. We desiggeht aggregation rules that
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minimally change the profile into a majority-consistentfjjeo When the profile is majority-
consistent, no change is necessary. As a consequencetbanisgority set is always selected
by our rules, when it exists. Each concept of minimal charigesgrise to a new judgment
aggregation rule.

We define ten judgment aggregation rules based on miniraizagirouped in four families.
We analyze how these rules relate to similar voting rulesakso to the judgment aggrega-
tion rules proposed in (Miller and Osherson, 2009). The dirthis chapter is to generate
a large selection of concrete judgment aggregation rulasahe majority-preserving and
can be applied to any profile. Judgment aggregation theomnalty follows the reverse
methodology, studying the minimal sets of properties thaatloe simultaneously satisfied by
a non-dictatorial or non-oligarchic rule or, such as themsvork of (Nehring et al, 2011,
Nehring and Pivato, 2011), the characterization of rulegkvbkelect from a desirable collec-
tion of judgment sets.

To determine if two judgment aggregation rules are distiwet study the inclusion relations
between the collective judgments selected by pairs of folethe same profile. One purpose
of the inclusion analysis, summarized in Table' 2.4, is tdfyewhether two rules select
different collective judgments for the same profile. Anetparpose of this analysis is to
qualify the rules to be able to distinguish them. Our anaysgews that the ruldysaand
Rvr are very “weak” in the sense that they often select a verelatgnber of judgment sets.
In this sense the rulgy is weaker thary.

The inclusion analysis enables us distinguish betweerutignient aggregation rules based
on the number of judgment sets they select. A consensuapgrsually needs only one
collective judgment set to be selected by the judgment agdien rule. Therefore the rules
Rwvsa Ry andRyr are a bad choice for aggregation rules in consensual centeldwever
we still need to be able to distinguish between the remainites and pair them with partic-
ular problems of decision reaching in consensual grouphi$end we return to these rules
in Chapter 4 where we develop other properties for judgmggtemation rules and study
how they are satisfied Bycsa Rra Ruwa Runac, Ry, Rry andRAH-Max

Since the aim of application for our rules are computatieoakexts, one can also distinguish
between rules by considering the complexity-theoretipprties of the rules. While we can
reasonably expect that for some rules suclag finding the collective judgment sets can
be done in a computationally efficient way, for other othershsas the young rules we can
expect that this task is not a problem of low computationatglexity.

That the group decision minimizes the loss of informatiamfrthe profile is only one way to
interpret adherence to majority. What we considered indhépter is the utilitarian perspec-
tive of minimizing loss of information. Another way is to niiize the loss of information
from each individual judgment set in the profile, namely tketan egalitarian perspective.
The ruleR%-MaXjn particular embodies this concept. An interesting cldssles can be con-
structed that minimally change each judgment set in thelprtofbbtain a majority-consistent
profile. These types of rules would be of interests to grotigsif-interested agents that need
to reach a consensus on how to share a resource, the sofealléidision problemssee for
instance (Brams and Tavlor, 1996, Introdcution).
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Developing weighted ternary
distance-based judgment aggregation
rules

Abstract. Unlike in consensual groups, in hierarchical groups theseglice
of the group decision to some majority is not the most relecancern. The
agent responsible for the decision in a hierarchical graegus to use the ex-
pertise of each agent that contributes opinions. Judgmeighis can be used
to represent the expertise of an agent regarding a giver.isg¢hile in con-
sensual groups each agent can be expected to give a judgmeathb issue, in
hierarchical groups this is not necessarily the case. Timeodithis chapter is
to develop judgment aggregation rules for hierarchicalpso We extend the
distance-based rules of the previous chapter into a clgaslgfnent aggregation
rules that aggregate three-valued judgments with assaciaeights. We give
specific examples of rules and show the inclusion relatimsshetween each
pair. For this class of rules we also consider the computaticomplexity of the
winner determination problem.

3.1 Introduction

Consider as an example of a hierarchical group a touristmewender agent that needs to
find the best hotel for you, provided your demands and canrditi This agent assembles
information from various sources. While the hotel web pagghtrbe highly reliable on the
issue of Wi-Fi being available in the rooms, the web page @n esperience is the one with
higher reliability than the hotel page when it comes to tiseésof how silent the room is at
night. There would be certain information that the tourggtiat would disregard, for instance
the quality of the bacon served for breakfast assessmenttfre vegetarian tourist blog. Also
the agent is not going to be able to find information on all dedsand conditions from every
source. Consequently, the tourist recommender agent need® a judgment aggregation
rule that aggregates judgment sets in which some agen@imlost some issuesg., allow
for three-valued judgments, and have different weightanmgigg the issues.

In many aggregation contexts for hierarchical groups,rioisfeasible or desirable to request
all the agents to vote on all the issues. In these contexXfsrelit agents may have differ-
ent levels of expertise on different issues and consequéwir judgments should have a

51
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higher bearing on the collectively binding decisions. Takes introduced in Chaptar 2 are
defined for binary and unweight judgment sets. The problerayad in this chapter is the
development of weighted three-valued judgment aggregatiles.

Aggregation frameworks that allow for three-valued andnewailti-valued judgments have
been considered in for instance (Gardenfors, 2006; Pauwan Hees, 20085; Dietrich, 2007;
Dokow and Holzman, 2010b; Li, 2010). Of these, only (Li, 2Pp@esents an actual rule,
the sequential rule, for aggregating such judgments. Challrules introduced in Chapter
2, the rules based on the weighted majority graph and the hdsed on distances can be
extended to handle weights on judgments. From the rulesllmasthe weighted majoritarian
graph, we defined the rulkza andRuywa. A weighted three-valued extensioni®ga can be
easily constructed following the definitions and analy$i(t.t) 2010). The ruleRywa, as we
showed, is equivalent to the distance-based Rgles. Therefore, it is the class of distance-
based rules the one we extend in this chapter. More preciselgeneralized further the
family of Ry . The generalization approach we take can be directly appiiggeneralize
Rwvinac into a weighted three-valued rule. Observe that if we watdexbnsider only weights
associated with agenda issues, we would be extending tee baked on the majority graph.
If we wanted to consider only weights associated with an gdka rulesRy, Rry andRyy
are the best candidates for extending.

The challenge in distance-based aggregation is not in ggting multi-valued rules, but
rather in aggregating rules in which weights are assignéteéqudgments. A judgment is
specified by a pair (agent, issue). Distance-based ag@gyegates originate from belief
merging (Konieczny and Pino-Péraz, 1999, 2002; Konieetral., 2004). Given a set of be-
lief sets and a set of constraints, belief merging theorgliskihow to merge a set of belief
bases in such a way that the resulting belief set, or seterpocate as much as possible
from the individual beliefs and satisfy all the given coasits. In belief merging, con-
sidering weights for an agent is not uncommon; see for icgtRevesz, 1995). Weights
assigned to an agent are also recently considered in judgrmggregation, (Nehring etal.,
2011; Nehring and Piveto, 2011), however in neither field @cewcounter weights assigned
to an (agent,issue) pair, and weights assigned to issue®tcensidered in judgment aggre-
gation. We solve the challenge of assigning weights to juglymby observing that some-
times a distance measure can itself be expressed usinglametic aggregator.

As in Chapter 2, here also we study inclusion relations betwgairs of specific rules to
verify that these rules select different judgments for orafile. The example scenario of a
hierarchical group we consider in Chapter 5 is an examplgefts making group decisions
in uncertain environments. Since these agents are sevesdyrce bounded we make a
complexity-theoretic analysis for the family of aggregatirules we develop in this chapter.

This chapter is structured as follows. In Section 3.2 wepithiice the necessary definitions.
In Section 3.3 we design the family of weighted distancestasles for aggregating ternary
judgments and also give examples of specific rules in thislyarm Section 3.4 we define

an inclusion relation between judgment aggregation rubelsamalyze this relations between
pairs of the specific rules introduced. Although we want a thht aggregates ternary judg-
ments, having only binary collective judgment sets setbbtethe rule can be desirable. In
Section 3.5 we show how the family of weighted rules can bth&rrmodified to allow the

decision-making agent to control structural propertiethef selected (collective) judgment
sets. The binary value of the collective judgment sets i @tiuictural property. In Sec-

tion 3.5 we also show how known judgment aggregation rulesbeadefined and extended
when represented as a weighted distance-based rule. liois8dh we show the computa-
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tional complexity of determining whether a judgment setrimag the ones selected from a
distance-based merging rule. In Secfior 3.7 we make oulsiogos.

3.2 Preliminaries

In this section we prepare the ground for building our fanufyextended distance based
judgment aggregation rules. We construct a general judgeggregation framework for
representing three valued judgments. We also present firétidas of the family of rules
we start from.

3.2.1 A dual framework for representing judgment aggregaton problems

The problem of aggregating judgments was formulated by érisl Pettit, 2002) using logic
representations. This problem, under the namesbstractor algebraic aggregatiorhas
precursors in (Gilbaud, 1966; Wilson, 1975) and (Rubimségid Fishburn, 1986).

To represent an aggregation problem in a logic-based framgwne needs to specify a
non-empty setl of well founded logic formulas and a binary (consequencejaticn
E < P(L) x L, whereP(L) denotes the power set 8f. £ is called alanguageand its
elementgpropositions Propositions are not necessarily atomic formulas.

Definition 26. A set of formulas § £ islogically interrelatedf there exists at least onfe S

such that either §¢} = ¢ or S\{¢} = —¢.

Definition 27. A judgment aggregation problem is specified by a set of issalied an
agendaA < L. Issues are the propositions on which the judgments are G&st issues are
interdependent, meaning that they share sub-formulasoaradé subject to an additionally
specified set of constraint®, < £. The setd u R is logically interrelated.

A (binary)judgmenton issuea € A is usually defined, see for instance (Dietrich, 2Z007), as
the choice of one element from the $af—a}. Pauly and van Hees (2006) construct a multi-
valued logic framework in which a judgment is a valuationA — T, whereT is a set of
values associated with gradient degrees of truth.

In an abstract framework no agenda is given, instead, the@sghoose from a set of allowed
binary sequences. For example, if the agenda of the aggvagabblem in propositional
logic were{p,p — q,q), then the corresponding set of allowed sequences in anaabstr
framework would bg(0,1,0),{0,1,1),{1,0,0),{1,1,1)}.

A dual framework for judgment aggregation with abstentioas be constructed: the judg-
ments are represented both as propositions and as valsiaflanthis end, a ternary logic
languagels is used. We do not discuss here the possible logigghat can be used to
represent the judgment aggregation problems and we do noeoo ourselves with partic-
ular ternary logics. The choice of logic depends on the paldir decision-problem that is
modeled.

L3 is the set of well formed formulas of propositional lodigrop (in BNF):

pu=T[LIp[—¢|¢rd[dved[d—¢|¢—9,

wherep € Lo, Lo being the set of atoms.



54 Chapter 3 Developing weighted ternary distance-based judgent aggregation rules

The formulas ofL 3 are assigned values from the Jet {O, 5,1}. A valuation is a function
Vo : Lo +— T, where the truth-values 0 and 1 are interpreted as in ckddsigic, vo(L) =0
andvp(T) = 1. The intermediate truth—valL%is interpreted depending on the semantics of
the particular ternary logi€3 used. The semantics df; also determines how the function
Vg is extended to a function: L3 +— T.

A judgment sequender an agendad, with cardinalitym, is the sequencae {0, 2,1}"‘ of
judgments assigned to each of the issues.itVe writeA(a) to denote the judgment assigned

to ae A according to sequende A judgment sefor an agenda is the sefA e %A where
A=Au{—alaeA}. Ajudgment sequench corresponds to a judgment sktandvice
versa if and only if, for allae A the value ofa according toA is:

e Oifandonly if ~ac A,
e lifandonlyifac A, and

o lifandonlyifa¢ Aand—a¢ A.

A consequence relation for a ternary logfes, is defined in the standard way (Urquhart,
2001). Given a set of formuldsc £3 and a formulap € L3, we say thatp is entailed by,

if and only if all assignments that makd™ true, also make true. A formulay for which

& =3 Y is a tautology ofl3. A formula g is satisfiablein L3, if and only if there exists
at least one valuatiomsuch that/(y) = 1. A set of formulad” is inconsistentn L3 if and
only if I = L, andconsistentdenoted™ i L otherwise. Observe thatis consistent if there
exists a valuation such thaw(AT) =1 orv(ATl) = 5

A judgment setA is completewhen there exists na € A for which a¢ A and —a ¢ A.
Correspondingly, a judgment sequerces complete when there exists a@& A for which
A(a) = 3.

Example 3.2.1(Judgment sets and sequencespnsider an agend# = {c;,¢; — S1,S1),

R = and agents N= {1,2,3,4,5}. Let the judgment set for this agenda assigned byd

2 beAl 2 ={C1,c1 — s1,51}. The corresponding sequence erz is A1p =(1,1,1). Letthe
judgment set aSS|gned By4 and5 beA3 45={—C1}. The correspondlng sequence Ry4 5
iSAgas= 0,1 55 2> The judgment set and sequencefand?2 are complete, while those for
3,4 and5 are not complete.

A judgment sef and its corresponding sequentareconsistenfor logic L3, when

AU R L. Given an agendd and constraint&®, we can generate the set of all consistent
judgment sets and corresponding sequences. The set ofralistent sequences with
respect tak, is A(A, R, |=3), while the set of all corresponding consistent sefi(id, R, =3).

To ease reading, we write simply and A whenever it is understandable from the context
what A, R and =3 are used. We denote bylProP and by A'PoP, the subsets of and

A correspondingly, which satisfy the propeRyop. For exampleProp can be the subset
of all judgment sequences frof0,1}™; the subset of all judgment sequences in which the
judgment on issua is % etc.

Example 3.2.2. For agendaA = {aj,a; A ap,ap} andR = ¢J the setsh and A are:

A={(0,00) (300,003, (305, (10,0, 001, (105,
<270 1> <1 : 1> <0 0> <27%’O> <Oa2a2> <l 3 l> <152a >
0,3,1,1,3%. 3D, AL}
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A={{—a, (a1 Aap),~a},{—(a1 A a2), ~a2},{—a1, —(a1 A &)}, {—(a1 A @)},
{ag,~(a1 A @), —~ap}, {a1, (a1 A @), —az}, {a1, —~(a1 A @)}, {—(a1 A &), —ay},
{a17a2}7 {_'a17 ﬁaZ}v {_'aZ}a {ﬁal}v {}7 {ala _'aZ}a {ﬁala aZ}a {al}a {aZ}a
{a1, (a1 A @), a2}}

In judgment aggregation, a judgment profile is a structua¢ dontains all the judgments
made by agentdl over the agenda items iA. We give a dual definition of a profile: as
a matrix of judgment and as a multiset of judgment sets. Thélprdefined as a matrix
corresponds to the definition of a profile in abstract aggiega

We definerr to be an x m matrix, wheren = |N| andm = |A|. The elements oft are
judgments: each row of the matrix is the judgment sets of @emtfromN for all issues
from A, while each column contains the judgment sets of all of treneggfromN for one
issue fromA. We define an operator to retrieve a given row, and the operatoto retrieve

a given column from the matrix. Thug>i returns the sequence of all judgments made by
agent andmtva returns a sequence of all values assigned to agendadssue

Definition 28 (Profile matrix) Let N be a set of n agents antian agenda of m issues. A
judgment profilerre {0,1,1}"™™ is a |N| x |A|-matrix 1t = [p; ;] where p;j = vi(a;), and
ieN.

The operators> : {0,3,1}™Mx N — {0,3,1}Mand v : {0,3,1}"Mx A — {0,3,1}" are
defined as:

m>i={pij|je{l,...,m},and
mva; ={pijlie{l,....n}).

Since the judgment sequence can be seen as i fnatrix, Ava = A(a) denotes the value
assigned to issugaccording to the judgment sequercé/Ne use the notatiod; = rm>i, and
pi.j to denote the judgmenin>i)V j.

Example 3.2.3.Consider the crew of cleaning robots-N{r1,r»,rz} that renders judgments
on agendaA = {px, P2, p3,g} where:

p1: The meeting room is empty.
p2: The floors in the meeting room are dirty.
ps: There is garbage in the meeting room.

g: The group should clean the meeting room.

The constraint is that the group should clean the meetingrd@and only if the room is empty
and the floors are dirty or there is garbage in the roare,, R = {(p1 A (p2 v p3)) < 0}.
One possible profile of judgments is:

P1P2P3g
1111
n=r{01 3 o]
rsl 10 00

The judgment sequence of the robpts m>r, = (0,1, %,O>. The sequence of all judgments
for psis mvps = (1,3,0).



56 Chapter 3 Developing weighted ternary distance-based judgent aggregation rules

Alternatively we define a profile to be a multi-set of judgmeeitis, multi-set since more than
one agents can submit the same judgment set.

Definition 29 (Profile set) Let N be a set of agents antlan agenda. A judgment profile P
for A and N is a non-empty multiset of n judgment setsAl.

Example 3.2.4. The profile P corresponding to profii from Example 3.2.3, is
= ({pla P2, p37g}) {_‘ P1, P2, _‘g}7 { P1;, = P2, —Ps3;, _‘g})

3.2.2 Binary unweight distance-based judgment aggregatiorules

A judgment aggregation function is typically definedfd#y, ..., An) € {0,1}", Ay,...,Ane

A, whereA is the set of all consistent and complete judgment sets. Atraati aggregatlon
function is instead defined ds: {0,1}™" +— {0,1}™. In the judgment aggregation literature
it is always assumed, and we assume it here alsoPthat " and that the allowed co-domain
of f should also bé\.

A judgment aggregation rule can be defined=asA" — P(A), where?P denotes the non-
empty power set. Thdistance-based procedy®BP defined in (Endriss et al., 2010b) is a
judgment aggregation rule. We give the definition of thignusing our notation.

Let A% denote the subset @f which includes only the sequences fr¢f1}™.

n
DBP(71) = argmin » | & (A, m>i).
AcAYO =1

TheDBP chooses the collective judgment sequences in the followang First theHamming
distancesdy between a judgment sequende A'°! and each ofm>i are calculated. A
Hamming distance between two binary sequences is defined as

m
M(AA) = Z —A(q)]-
The rule selects thosee A0 for which 3" ; &4 (A, rr>i) is minimal.

3.3 The judgment aggregation rules

The distance-based belief merging rules developed in @my and Pino-Pérez, 1999) are
constructed by specifying a metric function (called a distain the work in belief-merging)
and an arithmetic aggregation function. In one directiomg&neralize thBBPin the fashion
of the operators of (Konieczny and Pino-Pé&rez, 1999), msiciering a general aggregation
function instead op " ; and a general distance measure instead;of

If a judgment has assigned weightwe can see it as an unweighted judgment appeaving
times in the profile, as ifv agents gave the same judgment. Consequently, the aggtegate
judgments oDBP can be viewed as multiplied by a unique weight 1. We use thieola-

tion to generalize th®BP in another direction: before being aggregated the judgsar
multiplied with their assigned weights.
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3.3.1 Aggregation functions

Aggregation functions are defined in (Grabisch el al., 2p@9). Since we use aggregation
functions extensively, we give this definition here.

Definition 30. LetlI be a non-empty real interval. An aggregation function ismction
O:I"—I
that satisfies the following properties:

o if X<y, then®(X1,...,%..., %) < O(X1,...,Y,...,%n) (hon-decreasing);
e ( satisfies the boundary conditions:

—inf @=inf I;
—sup®=supl.

For example, the is an aggregation function defined for the interyaloo, +o0) since
lim >, % = +oo.

We also include here the definitions of the most common ptigseof an aggregation func-
tion, as given in (Grabisch et l., 2009).

Definition 31. An aggregation function is:

e symmetricif and only if®(x) = ©([X]s), for everyx € I" and permutationo
(Grabisch et al., 2009, pg.22);

¢ associativef and only ifO(x) = x for all xe T and®(x,O(x’),x") = ©(x,x’,x") for
all x,x’',x"” € |Jneno I (Grabisch et al., 2009, pg.22);

e idempotentf and only if®(x,x...,x) = x for all xe I (Grabisch et al., 2009, pg.24).

In (Konieczny and Pino-Pérez, 1999) thnimality of aggregation functions is considered.
We give here the general definition of this property.

Definition 32. An aggregation functio® satisfies minimality whe@(x) = inf Tif and only
if x=0(nf L,...,inf T).

As a consequence of the infimum boundary conditio@@nd the property of non-decreasing
we have thatik = ©(inf L,...,inf I) then®(x) =inf L. Therefore® satisfies minimality
when ifO(x) =inf Ithenx =O(inf L,...,inf I).

We give the definitions of some common aggregation functiohise functions)., Max,
and an operatdBmaxare considered in (Konieczny and Pino-Pérez, 1999; Kanieet al.,
2004);>",M, maxandAM are presented in (Grabisch et al., 2009, pg.6). The ariilcmmetan
AM defined aAM(Xq,....,X1) = 2 33(xq,...,%,). Observe that, while it holds thatvi(x) >
AM(y) if and only if >3(x) = > (y), the functionAM is idempotent, whil&’ is not.
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Definition 33. For x € I", the following functions are defined

Z(X) =X1+ ...+ Xn;
maxx) = maxXxy,...,%);
AM(x) =30 x;

|_|(X) =X1-...-Xn;

Gmaxx) = {(y1,.--,¥n) |[Yiexand y = --- = yn}.

The functionsZ, max AM, Il andGmaxare aggregation functions. Ti&maxis also called
aleximaxoperator. Thé_, max AM andGmaxsatisfy minimality on the intervdl = R* =
[0,400), while I satisfies minimality on the intervdl = [1,+c0). To see thatGmaxis

an aggregation function, observe tiamaxsorts the input vector in a descending order.
There is a one to one correspondence between the naturalensimbd the sorted vector
Konieczny et al. (2004).

All aggregation functions we present here are symmetricsaidfy associativity. Only the
aggregation function8M andmaxare idempotent.

3.3.2 Distance functions

Konieczny and Pino-Pérez (1999) define “distances” whaelxad Deze (2009) define to be
a “metric”. Here we follow the nomenclature and definitiofig@eza and Deza, 2009), pri-
marily because we want to use a type of metric, not consider#&bnieczny and Pino-Pérez,
1999), that would enable us to construct weighted distdrased judgment aggregation rules.
We present the definitions frorn (Deza and Deza, 2009, pge8yd)(Deza and Deza, 2009,
pg.45) that we use.

Definition 34. Let X be a set. A functiod : X x X — R™ is calleda distanceon X if the
following properties are satisfied for everyyxze X:

e J(x,y) = 0 (non-negativity),
e 5(x,y) = 5(y,X) (symmetry), and
e 5(x,X) = 0 (reflexivity).

A distanced is called ametricon X when for every,y,ze X:

e J(x,y) = 0if and only if x=y (identity of indiscernible);
e O(x,y) < 0(x,2) + &(zy) (triangle inequality).

The setX, d) is called a metric space whehis a metric.

Definition 35. Let (X1,ds), (X2,dz),. .., (Xm,dm) be a finite, or countable, number of metric
spaces. A product metric d is a metric on the Cartesian produs X, x - x Xy =
{X=(X1,X2,..,Xm) : X1 € X1, ...,Xm € Xm} defined as a functio® of 9, ..., om.

Theorem 3.3.1.1f X3 = Xp = ... Xy = X, (8, X) is a metric space an@ is an aggregation
function forl € [0, +00) that satisfies minimality, then(®, x’) = ®{_,5(x;, /) is a metric.
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Proof. Assume tha® is a metric. As a consequenééxy,xz) = 0 if and only if x; = X,
O(X1,X%2) = O(X2,X1) andd(x1,X2) + O(X2,X3) = 0(Xy,x3) for anyxg, Xz, x3 € X. We need to
show thatd satisfies identity of indiscernible, symmetry and triarzguhequality.

Identity of indiscernible
Since® satisfies minimality, thed(x,x) = ®[_,0(x,x/) = 0 if and only if 5(x;,x) = O for
eachi. Therefored satisfies the identity of indiscernibledf satisfies this property.

Symmetry

From the definitiord(x,x") = ®[_,0(xi,X/), while d(x’,x) = ®_;3(x,X). We obtain that
d(x,x) = d(x’,x) if 8(x,x) = &(X/,x) for eachi. Therefored satisfies symmetry id satis-
fies symmetry.

Triangular inequality

Sinced satisfies triangular inequality, we have tidk!, x?) + 6( % ) = (x,l,x,?’) for each
i€ {1,...,m}. Consequently®™,d(x',x?) + @M ,5(x? x3) 100, %) since both®
and+ are non-decreasing. O

The well known functions, the Hamming distance anddtestic distanceare both product
metrics that can be defined for ay We will give their definitions, as well as introduce
some other product metrics and distances. Some of theséidos@re defined only for
X ={0, %, 1}, since we are interested in three-valued judgments.

Definition 36 (Hamming product metric)

The Hamming metric is a functiody : X x X — {0,1}, which indicates if two judgments
differ. It is defined as:

0 whena =a

O (ay,8) = {1 whena #ay

The Hamming product metricydis a function ¢ : X™ x XM — NO, which indicates the
number of judgments on which two sequences differ. It isetbfs:

a'|(Xivxi’)'

s

dn (X,X") =
1

Example 3.3.2.Consider the agend4 = {ay, a2, a3} and the sequences for it A= (1, %,O>,
Ar=(3,1,0), As=(1,3,0).
The Hamming metrics between these sequences are:

du (A1,A2) = 2 because the judgments in And A differ on issues aand &,

du (A2, A3) = 2 also because the judgments ip @nd A differ on issues aand &,

du (A1,Ag) = 0 because the judgments in And A; are the same on all issues.

The drastic distance between to sequences is one if therssepiare different and zero if
they are the same.
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Definition 37 (Drastic product metric)
The drastic distance is a functiomd X™ x XM+ NO defined as:
db (X, X) = max( 8 (X1,X1), O (X2, X2), - - -, O (X, X))

Example 3.3.3. Consider the sequences, A, and A for the agenda from Example 3.3.2:
AL =(1,3,0), Ay =(1,1,0), As = (1,3,0).

The drastic metrics between these sequences are:

do(A1,A0) = 1,
do(Az,A3) = 1,
d (A1, Ag) = 0.

The Hamming distance does not make a difference by how mualutggments differ, but
whether they differ or not. WheK = {0,1}, this is not a problem, but foX = {0, 3,1},
we might want to consider by how much do two judgments difténe way to capture this
concept of distance is by thkaxicab metrica measure introduced by Hermann Minkowski
(1864-1909). The Taxicab metric between two judgment secgeeis the sum of the absolute

values of the difference between each judgment pairs indeences.

Definition 38 (Taxicab product metric)

A taxicab metric is a function
1 :{0,3,1} x {0,3,1} — {0, 1,1}, which indicates by how much do too judgments differ. It
is defined as:

Or (X1, X2) = |X1 — X2|.

The Taxicab product metric is a function d{0, 3,1}™ x {0,1,1}™— N° defined as:

dr(x,x') =

Ot (%, %)

s

1

Observe tha}_ is an aggregation function that satisfies minimality on titerivall = N°.

Example 3.3.4.Consider A, A; and A; for the agenda from Example 3.3.23 A (1, %,O>,
Ao =(1,0,0), As = (3,1,0).

The Taxicab metrics between these sequences are:
dr (A, A2) = |1— 1|+ |3 -0/ +[0—0| = 1,
dr(Az,Ag) = [1— 3| + 10— 1] + [0 - 0] = 13,
dr(A,Ag) = |1 3| +[3 -1/ +|0-0] = 1.

Observation 3.3.5.1f A;, Ay € {0,1}™ then dy(A1,A2) = dr (A1, A2)

The Taxicab metric does not make a difference whether thgnjigeht is determined, 1/0 or an
abstention. With choosing the metric the designer choosesth treat the abstentions with
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respect to judgments “yes” and “no”. By choosing the Hamnonghe drastic metric, the
abstentions are treated as equal to the “yes” and “no” juadgeneT he “distance” functions
can be defined to treat the abstentions differently.

The distanceng assigns the distance zero from any judgment to an abstethias consid-
ering an abstention to equal to “yes” when compared to a “y@$ment and “no” when
compared to a “no” judgment.

Definition 39 (Optimistic metric)

The optimistic distance is a function
Mo : {0,3,1}Mx {0,3,1}™— {0,1} defined as

mo(X,X') = > |81 (%, %))
i=1

Observation 3.3.6. The function rg satisfies non-negativity, symmetry and reflexivity, but it
does not satisfy identity of indiscernible. The functifx) = (3> 0| |)(x) does not satisfy
minimality.

Example 3.3.7. Consider the agenda from Example 3.3.2 and the judgmenfsefs and
Ag for this agenda: A= (1,3,0), A, = (3,3,0), As = (0,3,0).

The optimistic metrics between these sequences are:

mo(Al,Az) =0+0+0=0,
mo(Az,Ag) =0+0+0=0,
Mo(A1,Ag) =1+0+0=1.

In all the metrics we presented, the number assigned to aopd@irdgment sequences is
always obtained by comparing only the two sequences in tine(Baiddy and Piggins, 2011)
introduce a more complex metric for complete judgment sets functiong : A9t x A'0L,

that is not a product metric. Their metric is defined in théoiwing way. Let§G = (Awl, &) be

a graph where the vertices are the judgment sequence¥in The set of edges € A ‘01 x

AL consists of pairgA;,Az) € € for which there exists né.e A'01 such thatly (A1, Ap) =

du (A, A) +du (A Az). Ametricg(Ag,Az) is the number of edges in the shortest path between
Aq andAz.

We can extend the metric of (Duddy and Piggins, 2011) to irglete judgments by using a
graphgs = (A, &) and allowing for an edge to exist betweknandA; if an only if there exists
noAce A such thaty (A, A2) = dr (A, A) + dt (A, Az). We call this metriadg. We calculate
0(A1,A2) as the number of edges in the shortest path betweeamdA,. However, whether
this metric is meaningful depends on the semantics of theatgrogics. For instance, for
the logics of Kleeney or tukasiewicz, and a classieal, there is a judgment sequence at
a Taxicab distancé or at a Hamming distance 1 for each judgment sequende ifhis is
because a judgment skis consistent wheA U R 3 L is false or unknown to be falsee.,
evaluated tc}.

Other distances and metrics can be defined.
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3.3.3 Weights

Different agents may not be equally competent, or able, e gidgments on all agenda is-
sues. Enriching the judgment aggregation problem reptaenwith a collection of weights
captures this variety. There are three possible types gfivethat can be considered: weight
associated with an agent, weight associated with an agesda and weight associated with
a judgmentj.e., with a (agentissug pair. All types of weights can be represented with a
weight matrix Given a set of agentd and an agendd, a weight matriX\V is a[wi j]nxm
matrix. The elements o/, w(i, j) € R*, are the weights assigned to the judgments given by
i e NforanajeA.

One interpretation of the judgment weights is that of thegherepresenting reputation or
perceived accuracy of an agemregarding issu@ at a given time. The reputation can be
defined simply as the ratio between the number of times art é&gasked to make a judgment
on issuea; before time moment and the number of times, untilhas his judgment been
confirmed. Assume thati, j,t) € [0,1] is the normalized reputation of agentegarding
aj € A. Weights can be constructed from reputatidi j,t) asw; j(t) = 1+r(i, j,t), thus
maintaining that; j > 1. When the reputation of the agentis 0, namely none of higijuhts
is confirmed, his weight is 1, because the opinion of this agihneeds to be considered.

The cases when no weights are supplied, when weights assbeidah an agent are supplied,
or when weights associated with an agenda issue are suppéiadll be represented as a
special case dN. If no weights are given, thew = U, whereU is such that for eachand
jowij=1.

If the weights associated with an agent are given then fon ga® 1 = Wi2 = -+ = Wim.

In judgment aggregation problems that use this type of visjghe reputation of the agents
is set beforehand and does not depend on the agénhdafor a set of three agents and an
agenda of three issues the matfikis a possible agent weight matrix.

111
W= (121212
020202
If the weights associated with agenda issues are giventineathj, wy j =wo j = --- = W j.

This type of weights distinguishes between the relevanaeefissue over another. These
weights do not depend on the agent who renders a judgmemt.iskaea is more relevant
then issuea’, then the difference in judgments @nis more severe than the difference in
judgments or@'. E.g.,for a set of three agents and an agenda of three issues thg Was

a possible issue weight matrix.

1215
W=]1215
1215

Consider the so called “truth-functional” agendas, whieln &e partitioned into a set of
premises and a set of conclusions. Based on this partitioa,can distinguish between
premise-based rules, which place higher importance onrdipes and conclusion-based
rules that place higher importance on the conclusions. Atieg to the premise-based ag-
gregation rule defined in (Dietrich and Mongin, 2010), thkemive judgments on the issues



3.3 The judgment aggregation rules 63

from the set of premises are the judgments supported byd stdjority. We can use the
weights to force a rule aggregator to be premise-based, drngasing the weights on the
premises, or conclusion based, by increasing the weightiseooonclusions.

In this thesis we work under the assumption that the weight¢ are specified by the agent
who aggregates the judgments. The presence of judgmertttséigan aggregation problem
implies that one pre-established agent or service aggretla judgments centrally. This im-
plication is due to the collective judgments selected ddpenon who assigns the associated
weights.

Lastly the weights can be used to represent aggregatiotgongbn which not all agents are
allowed to give judgments on all agenda issues. If the aggiregagent is not interested in
the judgment ora; of agenti, then he should sat(i, j) = 0. The zero weight can also be
used in the case when the agents fail to report a judgment ivea igsue due to for instance
technical difficulties in communication.

3.3.4 Distance-based rules, the generalization

We can now "“lift” the definition of the premise-based procedalong the two directions and
construct a new family of weighted distance-based judgraggtegation rules.

Definition 40. LetA = {as,...,am} be an agendaR a set of constraints, N a set of agent
names, and\(A, R, =3) the set of all consistent three-valued judgment sequences &nd

R. Let® be an aggregation function, and d a product metric. The roetis constructed from
an aggregation functio® that satisfies minimality and a distanée A weighted distance-
based aggregation rule is a functidd¥® : A" x (R*)™M . P(A), defined as:

MO (W) = argmin Oy @y (i, }) - 8(A(;), 7).
AcA

Example 3.3.8. Consider the profilet from Example 3.4/1 for agents N {1,2,3}. Let the
weight matrix be W.

a aga3 a,aras
{133 11%2
m=2|100 w=2|1%22
3000 31%?1

We use® = ® = >, and d = or. The sum of weighted distances betwegr=Am>1, and
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each sequence of, when® = Y is:

ZI 12] 1W(, ) - or(Acvay, Aivaj)
= 21 (w(i,1)- &7 (A1vas, Avay)
+W(I 2) 5T(A1V82,A.V82)
(|,3) Or(A1vag, Aivag))
= (w(1,1) - or(Arvas,A1vay) + wW(1,2) - or (ArVay, A Vag) + W(1,3) - or(ArVag, A1 vVas))
+ (W(2,1) - 01 (Arvay,AxVay) +W(2,2) - Ot (AVay, Apvay) +W(2,3) - ot (ArVag, Axvag))
+ (W( ) (Alval,Agval)Jr (3,2) 6T(A1va2,A3va2) ( ) 5|'(A;|_V&3,A3V&3))

(1-11-2+3-]3-31+2:[3— 3]

+1-|1_1|+‘§‘-|%—0|+§ |%—1|
+1 |1—0|+§~|%—0|+Z |%—1|
=0+0+0+0+2+3+5+3+
= 3.66

If the weight matrix contains weights associated with annagee can define a weighted
aggregation rule without the requirement thds a product of distances. L¥tbe a weight
tupleV = [w],x1 containing the weight of each agent.

Definition 41. An agent-weighted distance-based aggregation rule is actiom
ASC AN x (RT)" — P(A), defined as:

AS’@(TI,V) =argmin O(wy - d(A, m>1),...,Wy-d(A, 1>n)).
AcA

The co-domain of the rule& must be a power set agf. However, we can define the rules
A for a profilerr e {0, 2,1}”Xm instead ofrre A", without much modification. This means
that the distance-based judgment aggregation rules cguptiecdto sequences which are not
consistent for the chosen logic. Miller (2008) studied theecwhen each agent is allowed to
use his owrsubjective rulesk; for the judgments he produces. In addition to this varigtion
one can also conceive the case when each agent uses intlisidhjective semanticsOur
rulesA%© can be applied to both of these two cases. The definitidd-6fdoes not explicitly
consider the ternary logic semantics. This concern is vesoby defining the sed. The
difference between aggregating sequences consistent instance Post logic (Post, 1921)
and Kleeney logic (Kleene, 1938) is that the co-domain®®P is different for each of these
logics.

3.4 (Non)Inclusion relationships between specific rules

Each combination of),® andd gives rise to another aggregation rule, however not all of
these rules are meaningful. We call a roleaningles# for every profile, except the profile

in which m = ™ = --- = 1R, each judgment set that is in the profile is also selected as a
collective judgment set. Namely, a rule is meaningless wheall e A" and for alli € N,

m>i € AYO(m,U). For instance, combiningl with any distance function gives rise to a
meaningless rule, since for eacte A" we obtain thatA®™(7,U) = . Combiningmax

with dp gives rise to a meaningless rule as well, since unigss 7 = --- = T, we obtain

AT (U) = A.
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Combiningmaxwith d, or d; we obtain a rule that behaves as a plurality voting rule, hgme
it selects the judgment sequence that is supported by thedanumber of agents, regardless
of how big this number is with respect to the total number afragn. When such a sequence

does not exist, the entire profile is selected.

To usell we need to use a function whose domaifilis+ ) instead of[0, +c0). One such
function ismp : {0,1}™ x {0,1}™ — N defined as:

mp (X, X') = MM, 2% (X))

We can then obtain an operaib"". However, for every profilet, A™ ™ (71, W) selects
the same judgment sets A%-2 (7, W): it is enough to observe that for any three judgment
sequences, A; andAy, from {0, %, 1}™Mit holds

D iwi - B (AG),Ac(i)) < Dlwai- S (A(), Aq(i)
i=1 i=1

if and only if

m

m
[ [y - 24000 < [Ty, - 2% A0 A2l
i=1 i=1

We can construct a judgment aggregation function for theruall = [1,+c0) as
M*(x) = ML (% +1).

UsingM* =M og, whereg(x) = x+ 1, we can obtain meaningful judgment aggregation rules.

We can illustrate the specific rules that can be obtained thighmetrics and aggregation
functions that we introduced through an example.

Example 3.4.1. Consider the agendd and corresponding set from Example 3.2 2, and
the profile:

1353
m=|(100
000

Table 3.1 gives the results fafH©(r,U), Table 3.2 gives the results fafo-©(7,U), Table
3.3 gives the results fak%-©(mr,U), and Table 3.4 gives the results #Fo-O(m,U). The
pink fields are the minima in each column corresponding toggregation rule. For thig,
all rules select1,0,0). However this is not the case with all profiles.
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A du (AL, 3, )[dn (A (1,0,0))|dH (A, (0,0,0)[ > [Max| Gmax [T*]AM
{0,0,0) 3 1 0 4] 3](3,1,0) 8(1.33
(3,0,0) 3 1 1 5| 3 |(3,1,1)|16|1.66
(0,0,3) 2 2 2 6| 2 |(222)]27| 2
(3,03 2 1 2 5| 2 |(2,22,1)|18]1.66
(1,0,0) 2 0 1 3| 2106 1
(0,0,1) 3 2 1 6| 3 |(321)|24| 2
(1,0,%) 1 1 2 4| 2 ((2,1,1)12|1.33
(3,0,1) 3 2 2 7| 3 1(3,2,2)|36/2.33
1,31 1 1 3 7| 3 ](3,3,1)16/2.33
(0,3,0) 2 2 1 5| 2 |(2,2,1)18/1.66
(3,10 2 2 2 6| 2 |(222)27| 2
<o,g,%> 1 3 2 6| 3 |(3,2,1)24| 2
(3,33 1 3 3 7] 3 |(3,3,1)32]2.33
(1,%,0) 1 1 2 4| 2 ((2,1,1)|12(1.33
<o,i,1> 2 3 2 7| 3 1(3,2,2)36/2.33
(1,3.3 0 2 3 5| 3 |(3,2,0)12|1.66
1,10 2 3 3 8| 3 |(3,2,2)48|2.66
1,1, 2 2 3 7| 3 1(3,2,2)36/2.33

Table 3.1: The Hamming metric between the sequencasind the elements df.
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A |do(A{1,3,3))|do(A,{(1,0,0))|dp(A,(0,0,0))| > [Max] Gmax|M*| AM
(0,0,0) 1 1 0 2| 11](,1,0) 4 0.66
(3,0,0) 1 1 1 311 /@11)8] 1
(0,0,3) 1 1 1 3|11 /@11)8] 1
(3,0,3> 1 1 1 3/1 (1118 1
(1,0,0) 1 0 1 2| 11(,1,0)| 4 0.66
(0,0,1) 1 1 1 3| 1|@11|8] 1
(1,0,3) 1 1 1 3|11 /@11)8] 1
(3,0,1) 1 1 1 311 /@11)8] 1
(1,3, 1 1 1 31 1/@11)8] 1
(0,3,0) 1 1 1 311118 1
(3,10 1 1 1 3/1 (1118 1

11
T (O I | (e M
27272 by
(1,3,0) 1 1 1 3|1 /@11)8] 1
0,1,1) 1 1 1 311 /@11)8] 1
(1,35 0 1 1 2| 11((,1,0) 4 |0.66
3,11 1 1 1 3/1 (@118 1
(1,1,1) 1 1 1 3/ 1|@11|8] 1

Table 3.2: The drastic metric between a sequengeand the elements df.

If a rule is not meaningless, how can we determine if it seldué same collective judgment
sequences as another rule? In Chapter 2 we defined the emngeadnd set inclusion of

judgment aggregation rules through the logical theory efrtiies. The majority of the rules

based on minimization select incomplete judgment setslddieal theory based comparison
is adequate there since it compares the collective judgsetected by the two rules that are
being considered.

The distance-based judgment aggregation rules always stleast one collective judgment
for each agenda issue, therefore a more adequate relatidysmnbetween the rules is one
that considers which judgment sequences as a whole ar¢esbéetd not the individual judg-

ments. We introduce a variant of rule relations, consideanule to be more discriminant
than another rule when the set of sequences selected bystheliralways includes the set of
sequences selected by the second rule, under the same anafileeight matrix. We define

this rule relations concept formally.

Definition 42 (Rule Relations) Let i, and F, be two judgment aggregation rules defined as
Fi:9'x (RT)™M P(S)and K : S x (RT)™M— P(S).

We say that rule Fis included in rule |, denoted Fc R, if for everyrre S" and

W e (RT)™Mit holds that it (1T,W) < Fo(m,W).

A rule R is incomparable with rule & denoted I % F, if there exists a paimre S' and
W e (R*)™ M such that if(r, W) ¢ Fo(rr,W) and R(T,W) ¢ F1 (1T, W).

Arule R is equal to rule B, denoted F= F, if for everymre S" and We (R*™)™™M it holds
that R (T, W) = F(1T,W).
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A Jdr(A (L3, 5)]dr(A{1,0,0)[dr(A0,0,00)[>[Max] Gmax [ N* [AM
(0,0,0) 2 1 0 3] 2] (21,0 6 | 1
100 11 11 1 31112 | @ity |o. :
Gop| 1 7 t Bl 1l |afR %) |sarsie
<’ ’2> 2 2 2 2 2 ( 1202
(3,0,3 1 1 1 3/ 1] (111 | 8 |1
(1,0,0) 1 0 1 2| 1| (11,0 4 06
(0,0,1) 2 2 1 5|2 | (221 | 18 |16
1 1 1 1 1 1 111
Tov| A iy (ﬁ 33 oo 15
295 2 % % % % ) 2’ 2 e
<1,%,1> 3 1? 25 2 2? % % %) 13.125 1.5
0,3,0) 13 13 3 35| 15 13,3)|9.375|1.16
1,10 1 1 1 3|1 (111) 8 |1
0,%,3) 1 2 1 41 2| (211 | 12 |13
%%% % 11 1% 3% 1% (13,11,1) ] 9.375/1.16
<1,?,o> 3 3 17 25| 13 (1%,%,% 5.625|0.83
<o,-,1> 13 23 15 53| 23 |(23,13,13)|21.8751.83
<1 .3 0 1 2 3| 2| (21,0 6 |1
2,2,1> 1 2 2 5/ 2| (221) | 18 |1.66
(1,1,1) 1 2 3 6| 3| (321 | 24 |2

Table 3.3: The taxicab metric between a sequenceasand the elements df.

A |mo(A (1,3, 5))|mo(A,(1,0,0)|mo(A,(0,0,0))]>[Max| Gmax|M*| AM
(0,0,0) 1 1 0 2| 1 ](1,1,0) 4 |0.66
<%,oo> 0 0 0 0| 0 [(0,00)1]| 0
<00 15 1 1 0 2| 1 |(1,1,0) 4 |0.66
(3,0 ,% 0 0 0 0| 0 [(0,00)1]| 0
<1oo> 0 0 1 1| 1 |(2,0,0) 2|0.33
(0,0,1) 1 2 1 4| 2 (2,1,1)12]1.33
(1,0,%) 0 0 1 1| 1 |(1,0,0) 2|0.33
(3,0,1) 0 1 1 2| 1 |(1,1,0) 4 |0.66
1,11 0 1 2 3] 2 (210 6| 1
<0 i ,0 1 1 0 2| 1 |(1,1,0) 4 |0.66

o> 0 0 0 0| 0 [(0,00)1]|0

1 1 0 2| 1 |(1,1,0) 4 |0.66

<2éé 0 0 0 0| 0 [(0,00)1]| 0
(1,%,0) 0 0 1 1| 1 |(1,0,0) 2|0.33
<o,i,1> 1 2 1 4| 2 ((2,1,1)12]1.33
1,3,%) 0 0 1 1| 1 |(2,0,0) 2|0.33
4,31 0 1 1 2| 1 ((1,1,0) 4 |0.66
(1,1,1) 0 2 3 5| 3 |(3,2,0)12|1.66

Table 3.4: The optimistic metric between the sequencesand the elements af. Note
that since the sequence in which all judgments%ma’ll always be closest to any judgment
sequence, we can disregard it.
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We show the inclusion properties of the distance-basedegggjon rules built upon the spe-
cific aggregation functions we considered.

Proposition 3.4.2. A%X = AYAM for d such thaty = 3 .

Proof. Forn>1

D> w(i, j)-8(Ava), Avay) < > > w(i, ) 8(A'vay, Ava))

i=1j=1 i=1j=1
if and only if
1 n -m 1 n m
HZZW AvaJ,A.vaJ)<EZZW( j)-0(A'vaj,Aiva;)
i=1j=1 i=1j=1

Proposition 3.4.3. AdMaX — Ad.Cmaxgng Ad.Gmax - Admaxfar d such thate = 3.

A~ [d4(A,(1,0,00)[dn (A (L, 1, 1)) dn (A, 0, 0,0y) [Max] Gmax
{0,0,0) 1 3 0 3 | (3,1,0)
(0,1,0) 2 2 1 2 | (2,2,1)
(1,0,0) 0 2 1 2 | (2,1,0)
(1,1,1) 2 0 3 3 |(3,2,0)

Table 3.5: The Hamming metrics between the sequencesaind the elements of. The
pink fields are the minima in the corresponding column.

Proof. For xq,...,Xn,Y1,-..,¥Yn € RT if Gmaxx,...,X,) < Gmaxy,...,yn) then the first
element ofGmaxXxy, ..., Xn) is smaller or equal to the first element®@maxys, ..., yn). Since
the first elements dBmaxx, ..., Xn) is maxXy,...,X,) and the first element of
Gmaxysi,...,Yn) ismaxyi,...,¥n). Consequently, if

m
Gmax_ Z 5(Avaj,Ava;) < Gmax_ lZW )-3(A'vaj,Ava;)
=1 j=1

then

NgE]

max_; > w(i, j)- 5(Avaj, Avay) < maf; > w(i,j)- 5(A'vaj,Aivay).
j=1

1

To show tha\d:Cmax¢ Admax it is sufficient to give an example af. Considerd = dy and
W =U. LetA = {a1,a,a3}, R = {azg < a1 A ap} and

100
=(111}.
000
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As it can be observed in Table 34 ™ U) = {(1,0,0),(0,1,0)}, while
A% U) = {(1,0,0)}. O

Proposition 3.4.4. A%CMax AdY for d such tha® = ).

Proof. We give a counter-example.
Let A = {a1,ap,a3}, andA = {(0,0,0),(0,1,1),(1,0,0),{1,1,0>},d = dy, W =U and
110

m=(110].
000

As it can be observed in Table 3&)C™3(,U) = {(1,0,0)} while
A U) = {(1,1,0)}.

A~ [dn(A,(L,1,00)]dn (A (L, 1,0%)[dn (A, {0,0,0%)] Gmax |3,
{0,0,0) 2 2 0 (2,2,0) 4
0,1,1) 2 2 2 (2,2,2)| 6
(1,0,0) 1 1 1 (1.1,1) 3
(1,1,0) 0 0 2 (2,0,0)| 2

Table 3.6: The Hamming metrics between the sequencesaind the elements of. The
pink fields are the minima in the corresponding column.

O
Proposition 3.4.5. A% % A4M* where d is such tha® = 3.

Proof. We give a counter-example.

Let A = {a1,a2,a3,a4,8s,3s,a7,ag, a9, 10, 811, 812,813,814} be an agenda. The set of all
consistent judgment sets fordtis given in Table 3.7.

| A= {a1, &, as, as as, as a7, 8 ag, &0, a1, a2, &3 a4} |
Al = {a;, —a, —as, a4, —as, —as a7, —ag, —ag, A0, —a11, ~A12, A3, A4}
AZ:{ﬁal, ap, —ag, —as, as, —ae, —ay, ag, —ag, —ao, &11, —ai2, A3, A4}
A A ={—ay, ~a, az —as, —as 8, —ay, a8, Ay, —aio A1l 12, M3 N4}
At = {—&, —ay, —~ag, —as, —as, —ap, —ay, —ag, —ag, —a1g, —a11, —a12, —A13, A4}
A = {—a&, —ay, —~ag, —au, —as, 8, —ay, ag, —ag, —ajo, —a11, —a12, —a13, —d4 }

Table 3.7:The setA of consistent judgment sets for agendia

Let the profilert be such thatr>1 = A, ri>2 = Ay and >3 = Ag. As it can be observed in
Table 3.8A% 2 (,U) = {AL, A2 A3}, while A% (T,U) = {A%}.

([l
Proposition 3.4.6. A%GMaxx AdN for d such thatd = 3.

Proof. Consider the same examplemfs in the proof of Proposition 3.4.5;
A% Cm{( 7 ) = (AL, A2, A%}, while A% (U ) = {A%). O
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Ae Aldy (A AD[dH (A, A2)[dy (A Ag)[X[0*
Al 0 8 8 |16/ 81
AZ 8 0 8 |16/ 81
A3 8 8 0 |16]81
A? 5 5 5  |15/216
A° 8 6 4 |[18]315

Table 3.8:The sum and product of Hamming metrics from an element in ¢hé\ g0 each of the
agent’s judgment sequences.

3.5 Representational abilities ofA%®

In this section we discuss the expressivenegs'ét in terms of judgment aggregation prob-
lems it can be applied to. We show how the co-domain can bealtat to obtain desirable
properties for the collective judgment sequences. We disa siow one can emulate the
premise and conclusion based procedures using%ferules.

3.5.1 Co-domain restrictions forA%©

A desirable property of an aggregation rule is to aggregatemplete judgment sets but
select a complete collective judgment set. This means wé avardgment aggregation rule
that has incomplete judgment sets in its domain, but onlypteta judgment sets in its co-
domain. The co-domain of th&%© rules is the set of all consistent judgment sequences
A. As a consequence, this property of completeness of theatiwit judgment sets is not
satisfied by theA%® family. However we can extend the definition 8% to include the
co-domain as an additional parameter of the function.

Definition 43. Let X< A be the subset of judgment sequences that satisfy a certgierty.
A X-restricted distance-based judgment aggregation mitbé rule
AFO T AN RMM 5 P(A) > P(P(A)) defined as:

AYO (1T, W, X) = argr)’r(ﬂn@{‘:l(@rj“:lWH -S(A()), pij))-

To ensure that the selected judgment sequences are conpiet@eeds to set = A0,
Restricting the co-domain can also be used to engineerltitallactive judgment sets adhere
to the view of the majority on particular agenda issues. Akn@v from the impossibility
results in judgment aggregation such as (Dietrich, 200@hRand van Hees, 2006), for most
logics, the issue-majoritarian set is not always a consigtelgment set. However, for some
subset of agenda issuBs— A, majority-adherence can be consistent and guaranteed. Thi
subseB must be such that for adle B and any valuatiorB\{a} u R £z a.

3.5.2 Emulating other judgment aggregation rules withA4®

The first two judgment aggregation “rules” are the premiaeenl and conclusion-based pro-
cedure presented in (Kornhauser and Seger, 1993), undeathes “issue-by-issue voting
and “case-by-case voting” respectively. These rules gpicgble to agendad that can be
partitioned to a set of premiseg®’ and a set of conclusiom’.
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Of the two procedures, the premise-based one has been ntersigely studied in, for in-
stance (Dietrich and Mongin, 2010; Mongin, 2008; Endrisal et20100). According to the
premise-based procedure, the collective judgment on aipeeis the judgment supported
by a majority of agents. According to the conclusion-basext@dure, only the collective
judgments on the conclusions are derived, by selectingjtidlgiment for each conclusion
that is supported by a majority of agents. Due to the “mangaiocompleteness of the
selected judgment sets, this procedure is not much comsiderthe literature. We extended
the conclusion-based procedure with a distance-baseéquoe in (Pigozzi et al., 2009) to
obtain collective judgments on the premises as well. Herbuwild on the work presented in
(Pigozzi et al., 2009).

When the judgments are three-valued, there are two waysfiiedthe majority function.
One is them function which is used when aggregating binary profiles ia@ar 2.

Definition 44. Let Ny ={i|m; =1} and N ={i|m; =0} The  function
m: A" x (RT)™™M x A — {0,1} is defined as:

!ff Dieng Wi > Dlieng Wi,
iff D ieny Wi < Dieng Wi
iff otherwise

ml(na aJ) =

Nk O

Themy function undefined whei;\, wij = Xjicn, Wi,j and biased against the undecided

judgment, namely thé is only selected if the number of agents who render judgmest 1
the same as the number of agents who render the judgment hbAased majority function
can be defined as well.

Definition 45. Let Ny = {i | 7i,j = 1}, Ny = {i | 7j = yand N = {i | mj=0}. The

unbiased, or absolute, majority functionp,mA" x (RT)"™M x A s {0, 1} defined for & A
as:

T Dieng Wij > Dieng Wi + Dieny , Whij
i Dieng Wij > Dieny Wi + ien ), Wi
iff otherwise

mz(rr,aj) =

Nk O -

Maj(rmr,W) = (mp(mv1,W),..., mp(mvmWw))

The functionm, is undefined when there is no one judgment that is supportedrbgjority
of agents in a pair-wise compartment (with the other two judgts). For ternary judgment
profiles we can define as many premise-based proceduregasthenajority functions that
can be defined.

Definition 46. Given a profilerre A", an agendaA = {af,...,af} u.A® andR. The biased
premise-based procedure-BPBP and the unbiased premise-based procedure RBP is
defined as

B—PBP(P) = {my(m,aP) |aP e AP} U {a®| a®e A, {my(m.ay),...m(maf)} U R =3 8°);

U —PBP(P) = {mp(,aP) |aP e AP} U {a° | a®e AS, {mp(m,al),...mp(mal)} U R =3 &°).
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Another way to view the premise- and conclusion-based phaess is as rules in which
the adherence to majority is guaranteed for the set of pesniar the set of conclusions
correspondingly. We can represent and extend the premmidesanclusion-based procedures
through a distance-based aggregation Afl€.

The premise-based procedure is only applicable for thosélgs P for which the set of
premises is logically independent. The premise sub-prafilés the matrix obtained from
the sub-sequences containing only judgments on the premiistuitively, 1P is the matrix
obtained when from by removing the columns corresponding to the element&‘of

E.g., let agendad be such thatl® = {p, p — q} and AP = {q}. If mis a profile forA, then
m° is the premise only sub-profile.

100 10
m= 1313 m=13
011 01

We can extend the biased and unbiased premise-based presBduPBP andU — PBPto
weighted distance-based judgment aggregation rules ifotlogving way.

Definition 47 (Extended premise-based procedurdst X%,, and X,, be co-domain restric-
tions defined as:

Xpp: A € Xpp if and only if Aa) = my(r1,a) for allac AP

Xup: A € Xypif and only if Aa) = mp(m,a) for allae AP.

The biased and unbiased premise-based weighted aggredatiotions are defined as:
b— pbmnvw) = Ad7®(nvwvxbp) and
u— pbp(1,W) = A%O(1,W, Xyp).

If the agenda is such that the judgments on the conclusi@naraquely determined by the
judgments on the premises, then the choice afd® are irrelevant. Otherwise there will be
as many premise-based procedures as ther@agg pairs.

In the similar manner we can define two extended conclusaseth procedureb,— cbpand
u—cbp

Definition 48 (Extended conclusion-based procedurdst the restrictions ¥ and X,c be
defined as ¥: A € Xy if and only if A| a corresponds to atrr,a) for all a € A°
Xuc: A € Xy if and only if A| a corresponds to g{r,a) for alla e A°.

We can define the extended conclusion-based procedures as:

b— cbp(r,W) = A%O(11, W, Xpe) and
u—cbp(rt W) = NSO (11,W, Xyc).

We can go about another way to extend the premise-basedjurese by usinddr2. Let A
be an agenda containing only one isslI&® = ¢ andrt a profile for this agenda. We obtain
thatA (A, R, =3) = {(1),(5),{0)}.

i1 Ava = [N_| +|Nol,

Y110~ Aval = N,| +|No| and

Sitallz —Avall = [Np |+ N-|.
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Thev selected byA%-2(11,U) corresponds to the unbiased majority(7t,a). WhenA has
more issues, theAd" % (7P, U) returns the sequence corresponding to the{setP,aP) |

aP e AP} because ' ; & (AVj, i, ) are minimal for the judgments that correspond to the
unbiased majority, due to

ZP=1dT (AaAi)
= szlzm:lér(Avjva)
= ZT:lZi:léT(Avjv 7Ti, J)
Therefore, we can define an unbiased premise-based)iRBP also as follows. LeAP =
A% (1P, U). We concatenate to the sequed®ethe sequence of judgments on the conclu-
sions obtained by deductively closin@ﬁ. We write

UPBP(m) = APu(Vv(a) |ac A°andA’” U R 3 v(a)).

Another judgment aggregation rule frequently consideretheé literature is theequential
judgment aggregation procedu(kist, 2004a; Dietrich and List, 2007b; Li, 2010). This rule
pre-supposes that there exists a total otd@ver the agenda issues. The agenda issues are
ranked according to some parameter as for example, relewartbe issue. The sequential
procedure consists in applying the majority functionto a subset of the agenda, starting
from the issue ranked highest according=t@nd continuing down the order until the judg-
ments on the remaining issues are determined bynilie, a) already calculated. If the order

is not total, then we can apply thé'® rules to ensure that the collective judgments on the
preferred issues correspond with(T,a). We can usen, as well.

3.6 Computational complexity of winner determination

Determining the complexity of theinner determination problerfor social choice rules is
one of the fields of research in the focus of computationabsatoice (Chevaleyre et al.,
2007). The winner determination problem in voting theohesproblem of deciding whether
a particular candidate is selected as the winner for a givefilg of votes when a particular
voting rule is used. The computational complexity of the m@ndetermination problem is
used as an indication of how difficult it is to determine thepat from a particular social
choice rule in the “worst case” profiles.

Endriss et al. (2010b) define the winner determination mnobfor judgment aggregation
rules in terms of collective judgments instead of collesjudgment sets. Given a num-
berK, a profilert, an agendal and a judgment for agenda issaiethe winer determination
question is whether there exists a judgment sequArca ‘°! such thatA(a) = v(a) and the
distance fromA to the profile is smaller or equal thaq Endriss et el. (2010b) show that
this winner determination problem, fdr= dy, ® = > and binary profiles, is solvable by a
non-deterministic Turing machine in polynomial time.

In judgment aggregation, the winner determination probdéam be defined as the problem
of deciding whether a given judgment set is selected as thhective judgment set when a
particular judgment aggregation rule is applied to a givesfile of judgments. This is the
approach we take because the distance based rules gerslatéve judgments for each
issue. When the judgment aggregation rule is resolute, fenddllective judgment sets are
necessarily complete, it is a good choice to define the wide&rmination problem as in
(Endriss et al., 2010b) since by checking for each judgméether it is selected as collective
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or not, once can compute the entire collective judgment $étsvever, when the judgment
aggregation rule is irresolute, or the incomplete judgnsetd can be selected as collective,
this approach of checking judgment by judgment does not teambmputing a collective
judgment sets.

We define thgudgment rule winner determination probleand state it for an instance of an
agendaA, set of rulesk, and a judgment aggregation ride A" x (RT)™M — P(A)in
the following way.

Definition 49 (WinDetfor F).

Let F be a judgment aggregation rule:FA" x (R*)™™ — P(A). We consider an agenda
A of cardinality m, set of rule®, and a set of agent n names N. The WinDet problem for F
is specified by the following input and output.

Input: Profilerre (A(A, R, =3))", sequence AA(A, R, |=3) and weight matrix W& (R* )M,
Output: true if and only if Ae F (1T, W).

We show the computational complexity of thénDetproblem forA%® andW = U without
fixing the® andd.

Proposition 3.6.1. If ©® and d are computable in polynomial time then WinDet8f is in
5P,

Proof. Zg is in the second level of polynomial-time hierarchy, seauFé13....

Figure 3.1: The polynomial time hierarchy, under the commassumption thaP-NP. The
arrows denote inclusion.

zg is the class of all decision problems that can be solved bynad@terministic Turing ma-
chine in polynomial timei.e.,NP Turing machine, that has access to a non-deterministic ora-
cle that takes polynomial time to respond to problems sdhtite., NP oracle (Papadimitriou,
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1994, pg. 425). Each levebf the hierarchy is determined according to the followingva-
las, where the exponent is the class of the oracle:

° Aip = Pzip—l
P P
o IP = NP*-1
e MNP =coN Pt

We prove the proposition by showing an algorithm\émDetfor A%©,
Algorithm: WinDet(r1, A)

1. guess a valuationv for the atoms inA;

2. if vis a model forA and not ExistBette(r, A)
then return(true) else return(false);

Oracle: ExistBette(r, A)

1. guess A’ € {0, 3,1}™
2. guess a valuationv’ for the atoms inA;

3. ifV isamodel foA” and ©(d(A', ), ...,d(A,m)) > O(d(A, mm1),...,d(A, 1)) then return(true)
else return(false);

A distance from a judgment sequent¢o a profilert is the output of>!_,d(A, r>i). The
algorithm proceeds as follows. Recall ttdatan contain both atomic and non-atomic formu-
las. First, a valuation for the atoms.his guessed. We check that the valuation is a model
for A, i.e.,such that for its corresponding judgment 8t holdsA U R t L. Then we make

a call to theNP oracle who returns a Boolean answer to the question of whathelgment
sequence exists that is closer to the profile thati such a sequence is founfljs not among
the selected collective judgment sets.

The oracle determines its answer in the following way. Fargudgment sequenc® is
guessed and then a valuation for the atom&’iis guessed. We ensure thitis consistent
and then we compare the distance frAhto the profile and the distance frofyto the profile.
The algorithms and the result can be easily adapted for tightesl case oAf,j\’,@.

O

The assumption we make f@y andd is that they are computable in polynomial time. The
distances and aggregation functions we introduced in @&&ti3 are computable in polyno-
mial time, with the possible exception of the distamgeproposed in (Duddy and Piggins,
2012).

To calculateds(A1,A2), one has to determine the shortest path between the vectices
sponding toA; andA; in the un-weighted bidirectional gragh= (A‘°%,&). Finding the
shortest path in a graph with non-negative weights can hedalsing the Dijkstra’s algo-
rithm (Diikstra, 1959) in quadratic time over the number eftices. However, complexity is
added by constructing the gragh The set is the set of edges defined @s;, Ay) € £ if and
only if there exists nd\ e A'9? such thatly (A1, A2) = dy (A1, A) +dn (A, A2). Consequently,
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to constructG one has to check, for eadky andA; that there is ndA between them. We
conjecture that this problem is not solvable in polynomnirakt

In the weighted case, a weight matvikis also a part of the input.  andd are computable
in polynomial time with respect to the size afandW, then so igd, and the above result can
be easily adapted.

Let us define acoreof aA € A, with respect to a weight matriW/ and a profilerr to be the
distance from A tat.

S(A, W) = OfL; @i j-8(Avay, 11 ).

Depending oW andd, the number of possible scores can be known. For instance, fo
a weight matrix in whichw; j = 1 for all i and j, and the Hamming distance, the number
of possible scores is exactly the cardinality of the agemdalus one. If the number of
possible scores faA%® is known in advance and bounded by a polynomiahjm then
computingWinDetfor A%® is in ©5. ©5 = PNPI°g Nl js the class of problems solvable by a
polynomial-time deterministic Turing machine asking atstid(log n) adaptive queries to
anNP oracle)!

The (conditional) membership i®; can be demonstrated by the following variation of the
algorithm.

For an ordered seX, let med X) denote the median of, X* denote the subset of from
med X) up, andX~ the part belowmedX). LetVal be the set of possible scores.

Algorithm: WinDet(r, A)

. Poss:=Val;
repeat
k:= medPoss;
if Exist( 11, Poss™)
then Poss.= Poss™ else Poss.= Poss';
5. until |Pos$ = 1;
6. if s(A, ;W) = med Posg
then return(true) else return( false);

P wDdPR

Oracle: Exist(, Posg

1. guess A’ € {0, 3,1}™ and a valuation;
2. if vis a model forA” and s(AP"™Me 11, \W) e Possthen return(true) else return( false);

According to this algorithm, we do a binary search to find theimal scores(A’, T, W) that
can be assigned to soréc A. The binary-search algorithm can be executed in logarithmi
number of steps, with respect to the siz&/af and that is why there are logarithmic number
of calls made to the oracle. If the score of the candidaig this minimal score theA is
among the sequences selected\B{ (1, W).

Endriss et al. (2010a) show that their winner determinagimyblem for the premise-based
procedure is decidable in polynomial time. The complexigsinot change when we con-
sider ouWinDetfor the B — PBP(P) andU — PBP(P) rules.

1] would like to thank an anonymous reviewer for the workshbBacial Choice and Atrtificial Intelligence held
in conjunction with the 2% International Joint Conference on Atrtificial Intelligenfsr hinting the property and
sketching the proof.
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Proposition 3.6.2. The WinDet problem for B PBP(P) and U— PBP(P) is in P.

To prove this proposition, it is sufficient to give a desdoptof an algorithm that decides if
Ae B—PBP(P) orAc B—PBP(P). Firstwe check whether the candidatis consistent. This

is a model checking problem for ternary logic which can beaoin polynomial time. Then,

for each judgment foa; in AP we check whether it corresponds to the biased or unbiased
majority of 1°va;. This can be done i@(m- n) time.

The complexity of a winner determination problem only irad&s how difficult it is to ver-
ify that a judgment sequence is selected. In judgment agticey it would be of interest
to determine the complexity of theearch problem In a decision problem, we look for a
confirmation whether a given output can be produced by ailumcin a search problem, we
instead look for the output that a function produces for &giargument.

TheWinDetproblem forA9T-X while W = U is (still) in NP. This can be proved by slightly
modifying the proof presented in (Endriss et al., 2010a).

Theorem 3.6.3. The WinDet problem foA% % while W = U is in NP for Kleene and
tukasiewitz logic.

Proof. Endriss et al. (2010b) reduce their winner determinatiabfam to the well known
NP hard problem of integer programming, see for instance {ati;, 2009, Chapter 2). We
can do the same. We write a varialjes {0,1,2} for eachae A andx € {0,1,2} for each
element ofr € R. The constraints fox; is x, > 0 for eachj. The constraints fox; depend
on the ternary logic used. We show the constraints for themdeand tukasiewitz logic.
The Kleene logic observes the relations between the comesco we can give only the
constraints for- and A:

a=—a. Xo=2—X1
az=ai Ay X3 < X,X3 < Xo, X1+ X2 < Xg+2
B=aro A X +Xo<X3+2X1+az<Xo+2
X >0 (3.1)

For the Lukasiewitz logi®@ — ¢ = —(—¢ A ¢) does not hold, hence we need to specify the
constraints fox; for all of the connectives:

a=—a: Xo=2—X1
ag=ayAdy: X3 < X1,X3 < Xp, X1+ Xo < X3+ 2
az=ava. X3 = X1,X3 = Xp, X1+ Xo = X3 + 2
az=a—a: <2,X3<2—X1+ X2, X1+ Xo < X3+ 2
a=ar—a:Xg+X < X3+2x1+a3 Xo+2,X0+X3< X1 +2,2< X1+ a2+ X3
X >0 (3.2)

We omit the requirement in the proof of (Endriss €t al., 2()XBht a for particular judgment
a;, the constraink; = 1 is added because we are not interested if one particulgnjadt is
selected as collective or not. We set the s¢Otte be the score of any of the sequences in the
profile. The rest of the proof can be used unchanged.
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Letre A", W =U, andAe A. Let

M(A(}), 117 ) = #{i | 8(A(j) — 11,5) = %
1

Mo (A(]), v j) = #{i | 6(A(]) — mm,j) = (3.3)
Ford = dr it holds that
Didr(Amei) = 31 &r(A()), 1)
i=1 i=1j=1
= Z Z IA(] i J|
i=1j=1
= D (M(A()), ) + 2mp(A(j), 7TV ) (34)
j=1
Ford = dy it holds that
Z (Am>i) = > o (A()), 7 j)
i—1 i=1j=1
= Y D IAG) — ]|
i=1j=1
= 2 n2(A(]). 7v))) (35)

I
=

To compute a winner underA%TX  we need to find a sequencé e AA,R =), or
A e A(A,R,}=3k) correspondingly, characterized by variablgs . ., xm that minimizes the
sum

Ny (X1, VL) + 2 Np(Xg, V1) + - - - + Ny (Xm, TTVM) + 2+ Np(Xm, TTVM).

For the caselr we need to minimize the sum

Np(X1, VL) + - - - + Np(Xm, TTVM).

To this end we introduce an additional set of integer vaeisjgl > 0 for j € [1,m]. We ensure
thaty; = ny(xj, mvj) + 2- ny(xj, TV j) by adding the constraints :

(Vi <m) ny(xq, V1) +2-np(Xj, MV ) <Yj
(Vi <m) my(xq, V1) +2-Mp(X}, TV ) >y (3.6)

or the constraints

(Vi <m) m(xq, V1) +2-np(Xj, MV j) <j
y (3.7)

(Vi <m) ny(Xq, V1) +2-np(Xj, TV ]) >y
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correspondingly.

Now we need minimize

s

yis<K

j=1

subject to constraints (3.1) and (3.6) for Kleene logic dndto constraints (3'1) and (3.7)
for Kleene logic andly, to constraints (3/2) and (3.6) for Lukasiewicz logic ahkd and to
constraints/(3.2) and (2.7) for Lukasiewicz logic aig This integer program is feasible if
and only ifAis a winner forAd, > (r,U).

O

3.7 Conclusions

Judgment aggregation rules used by hierarchical groupddéhbe able to aggregate incom-
plete judgment sets into complete judgment sets regardfebe number of agents or type
of agenda. The rules should also be able to aggregate wdiglitgments. In this chapter we
develop a family of weight-sensitive distance-based jueiginaggregation rules that satisfy
these requirements.

A distance-based judgment aggregation rule is fully spetifiy specifying a paifd, ®) of
product metricd (specified by another aggregation functi@nand a metricd) and aggre-
gation function®. We present examples of distance functions and aggregiimtions.
While the Hamming and Drastic distances have already beed ussjudgment aggrega-
tion, the Taxicab distance is a new option. From the five agagien functions we pre-
sented,>, maxand Gmaxhave been already introduced in the literature of beliefgimer
by (Konieczny and Pino-Pérez, 1999), M andM* are new. When applied to the same
profile, AM gives the same results &3. The rulel*, however, gives rise to truly new
aggregation operators. We summarize the (non) inclusieultebetween the families of
distance-based aggregation rules in Table 3.9.

Ad,Z Ad,AM Ad,max Ad,GmaXAd,I'I*
AE | = 2 #  #
AV = = 2 # #
Ad;max + £ _ c £
Ad:Gmax + £ > = #

Table 3.9:The summary of the (non)inclusion results tbbeing a product metric constructed using

®=Y.

In this chapter we also discuss the computational compl@fithe winner determination
problem for the distance-based aggregation rule. For apeaifiedd and® the complexity
is =5, which can be considered as high si&gin the second level of the polynomial time
hierarchy (Papadimitriou, 1994, pg. 425). This compleistjowered to®5 when certain
distances and aggregation operators are used, sutih asd>. In Sectior 3.5.2 we intro-
duced the extended premise-based procedure. The conypiétite winner determination
problem for this procedure is considerably lower, but thenpise-based procedure is not ap-
plicable to all agendas. Endriss et al. (2010a) show thatkthg whether an agenda is “safe”
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is a problem in the complexity clasﬁ;';, which is in the same level in the hierarchyzgs
Consequently, checking if the premise-based procedurbeapplied safely is more difficult
than using the procedure (Endriss €t al., 2010a). The distbased aggregation rules have a
higher complexity, but they can always be applied.

Based on the complexity analysis in Section 3.6 we can makedhclusion that extending
a distance-based rule from binary to ternary judgments doemfluence the complexity of
theWinDetproblem for the rule. However, extending the rule from urgh¢gd to weighted

judgments can influence thginDetcomplexity.

Compared to Chaptar 2, here we do not generate as many speleiicHowever, we do give
a “template” for many weighted distance-based rules, epebified by a pair of aggregation
functions and a metric. Therefore we need to be able to digiiim among all possible specific
rules that can be generated using this “template”. This mézat we need to know how to
select the aggregation functio@sand®, and a metri® so that the resulting rule is adequate
for a given decision-reaching problem.

In part we answer the question of selectidg® and d by the complexity analysis of the
WinDet problem. For well-behaved rule in terms of complexity of @& Det problem,©®,

@ and d should be computable in polynomial time and the co-domainsoth ©® and®
should be enumerable. However this characterizatian,@b and? is still very general. In
the next chapter we define various structural and relatiorgderties that enable us to further
specify®, ® andd and distinguish further among weighted distance-based rul
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Selecting judgment aggregation rules

Abstract. We need a way to distinguish between the judgment aggregatio
rules we constructed. To accomplish this we qualify the jodgt aggregation
rules by the properties they satisfy. In the judgment aggjieg literature such
properties have been studied from a combinatorial, whidp@uties are mutu-
ally consistent, or characterization point of view. Oneitgfly studies which
minimal set of properties can be satisfied by a judgment Aliernatively one
studies the properties that characterize all rules thatsebllective judgment
sets from a desirable set of judgment sets. Compared withepties studied in
voting theory, not many properties in judgment aggregdtiave been consid-
ered for judgment aggregation rules. In this chapter wetcocisproperties for
judgment aggregation rules and we study which of our rulésfgahem.

4.1 Introduction

In Chapters 2 and 3 we introduced many judgment aggregaties producing distinct judg-
ment sets for the same profile. How can we choose which rulsddar a given multi-agent
system group decision problem? A judgment aggregationisuéefunction that assigns a
non-empty set of collective judgment sets to a profile ofvidiial judgments. How good is
a specific judgment aggregation rule for a particular pnoisle

The conventional approach to qualifying aggregation rulesocial choice theory is a theo-
retical analysis of properties; one conceptualizes, definel studies (un)desirable properties
for the rules. In this chapter we take the theoretical apgrda qualifying judgment ag-
gregation rules. In social choice theory, one studies whiatimal set of properties can be
satisfied at the same time by a non-dictatorial or non-otigiarjudgment aggregation rule,
such is the work of (Dietrich and List, 2008a; Nehring and #242010b), or the properties as
a way to characterize the rules that select from a specifiectan of judgment sets, such as
(Grandi and Endriss, 2010, 20211; Nehring et al., 2011; Mehaind Pivato, 20211). This gives
rise to impossibility results along the line of the Arrowsebrem (Arrow, 1963, Chapter 3).
In this chapter we are interested in constructing desinadglperties for judgment aggregation
rule and in analyzing which of the rules introduced in Cheggeand 3 satisfy the constructed

properties. Each aggregation context gives rise to its atroEnecessary, desirable, and
undesirable properties for a rule.

The properties of a judgment aggregation rule can be cledsifitwo large groupsstructural
characteristicsandrelational properties The structural characteristics are the properties that

85
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are satisfied by the profile being aggregated and by the tiokesets that are the aggregate,
i.e.,these are properties of the domain and co-domain of the jedgaggregation rule. The
relational properties are the properties that hold betwhberinput profile and each of the
assigned judgment sets. It is mainly the relational pragethat have been considered in the
judgment aggregation literature.

The first desirable properties considered for judgment egggion are universal domain,
anonymity and systematicity (List and Pettit, 2002), dise¢imported” from the prefer-
ence aggregation conditions of Arrow (Arrow, 1963, Cha@®gr Further properties have
been considered: independence of irrelevant informatidietfich, 2006a), monotonicity
properties (Nehring and Puppe, 2010a; Dietrich and Lisb52Qist and Puppe, 2009), and
(Dietrich and List, 2008a) as well as unanimity propertigddy instance (Dietrich and List,
2008Db; List and Puppe, 2009).

In the judgment aggregation literature (List and Polak,C30but also in the abstract and
binary aggregation literature (Dokow and Holzman, 2010&n@i and Endriss, 2011), one
considers a judgment aggregatimmctionto be a function which associates a profile of bi-
nary judgments to a unique complete set of binary judgme¥itgjre 4.1 a). The listed
properties, universal domain, anonymity, systematitiitg, monotonicity and the unanimity
properties, are defined for such judgment aggregation ifumet In Chapter 2 we defined
judgment aggregation rules which are functions that aaseei profile of binary judgments
to set of a possibly incomplete judgment seigure 4.1 b). In Chapter 3 the judgment aggre-
gation rules are extended to functions that associate appiofiles, of ternary judgments
and associated weights, to a set of sequences of ternampprdg, Figure 4.1 c).

P q pAgq P q pAgq p g pAg
1[-p g -(pAqg) 1[-p ¢ -(pAq) 10 1.0
2(p —q =(pAg) 2|p —q ~(pAg) 2(3 00
3Lp ¢ pAg 31lp g pAg 31 1 1
b i 3 iE A
{p,a,p A g} g q}q (pAQ)} 0,1,0
’ (ﬁr 17 E)
a) Judgment aggregation b) Judgment aggregation c¢) Judgment aggregation
function rule from Chapter 2 rule from Chapter 3

Figure 4.1: lllustration of the different ways to define judgnt aggregation functions.

The structural properties of judgment aggregation, paldity those referring to the domain,
can be considered without drastically adapting the defimigivailable in the literature. How-
ever, for studying relational properties one needs to coastefinitions for judgment ag-
gregation rules that correspond to the properties defingddgment aggregation functions.
The main culprit for these difficulties is theesolutenes®f judgment aggregation rules. A
judgment aggregation rule issolutewhen for every profile, and every weight matrix in the
case of a weighted rule, the aggregate is a singleton setrrasdlute otherwise.

Consider for instance the unanimity principle which states if all agent rendered the same
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judgment for issua € A then this is the judgment farin the collective judgment set. Since
we have more collective judgment sets, is the unanimitygipie satisfied if the unanimous
judgment is contained in at least one, most of, or all of tHeective judgment sets? We need
to define the relational properties for the generalizedahae version of judgment aggrega-
tion rules. We construct these definitions by first definingwhdoes a property of a resolute
rule corresponds to a property of an irresolute rule. Asduiriity the example of the unanim-
ity property, there can be several versions of an irresoluteproperties that correspond to
a given resolute rule property. We consider the most commopeasties encountered in the
judgment aggregation literature.

A common concern when constructing a social choice rulesiseisponse to manipulative
agents. An agent is manipulative if he choses the informatiosubmit (opinions, judg-
ments, preferences, votes, etc.) instead of being honilstthe purpose of ensuring that the
aggregate is one he prefers. A social choice rukriategy-proofvhen none of the agents
can benefit by being manipulative. Manipulability of judgme@ggregation rules is more
difficult to study compared to that &.g, voting theory, since the agents are not modeled
to hold preferences over the judgment sets. The researctanipaiability of judgment ag-
gregation function, by Dietrich and List (2005) and Endessal. (2010b), is conducted by
making the assumption that the smaller the distance betaeagent’s judgment set and a
collective judgment set, the more that agent “prefers” tudiective judgment set. The same
approach is taken by Everaere et al. (2007) for studying theipulability of distance-based
belief merging operators.

Apart from the properties considered in the judgment aggjieq literature, there are many
interesting properties that can be imported from votingtiie These are of interest for
judgment aggregation rules as well, both from social-teBorand computational viewpoint.
In particular we can outline the propertys#parability(Smith, 1973), also callecbnsistency
by (Young, 1975) and thindependence of clongsoperty (Tidemer, 1987). The property
of separability in voting theory states that, given two pesfiof votes for the same set of
candidates, if a candidate is among the winner of the botfilgspthen the same candidate
is among the winners of the profile obtained by combining tbih Iprofiles. This property
is desirable from a computational point of view. Aggregatimaller profiles of judgments
is more efficient than aggregating large profiles. If a rubg gatisfies separability is used, a
very large group of agents can be split and their profilesegaied separately. Comparing
the winners from each profile can eliminate the need to agdedfe joint profile of all the
agents.

The property of independence of clones in voting theorestdtat when a candidate is added
to the set of candidates, and this candidate is identicald@ndidate already in the set, the
winner of the election does not change. There are no carmdidfajudgment aggregation, but

the independence of clones can be defined for agenda itedeednif two agenda issues are
logically equivalent, then the collective judgment on tleérbequivalent issues should be the
same, regardless the profile. We define the separabilityratggpendence of clones properties
in a judgment aggregation framework.

The manipulability of a social choice rule is an importarsuis when the outcome of the
rule constrains in some way the behavior of the agents. Fample, a person in a group of
friends, choosing a restaurant for dinner by voting on actiele of restaurants, is expected
by social norm to go to the restaurant that is selected by atiag/rule, even if he does not
particularly preferit. In an agreement reaching settimgpgent is constrained to abide by the
results of the judgment aggregati@ng, participate in solving the problem once a solution is
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agreed on. However, we made the assumption that the agemsamanipulative and thus
we are not concerned with this aspect of the judgment agtioegales.

In some aggregation contexts it is possible to evaluateehf@pmance of a judgment aggre-
gation rule experimentally. Consider Example 4.1.1.

Example 4.1.1. A group of three agents needs to agree on whether there is @nfifee
building they occupy. They consider the following set aféss

o fire is observed (f),
e smoke is observed (s),

o the alarm went off (a).

The agenda isA = {f,s,a} and the constraints ar® = {s— f,(ar s) — f}. The robots
interpret their perceptual data to construct an opinionaeding the truth-values of f, s and

a. Since the perceptual data can be inconclusive or evengwiue to sensor malfunction,
the robots may observe aneaA as true even when a is false, or observe a as false even
when it is true. However, regardless of what the robots olesethere is a unique factual
truth-value assignment of f, s and a that corresponds to tteah state of the world.

Truth-trackingis the process of establishing these unique truth-valwstrrespond to the
actual state of the world (Hartmann et al., 2010). How goodidginent aggregation rule is
can be measured with respect to how good the rule is at trathihg, namely how often it
is the case that the collective judgment set assigns vaha¢sorrespond to the actual state
of the world.

If the aggregation context is such that truth-tracking is gfoal of the collective decision
then a good judgment aggregation rule is one that is gooditt-tracking. To ascertain the
truth-tracking quality of a rule, one needs to constructnaugation or experiment in which
one can compare the number of total aggregations with théauof aggregations in which
the collective judgment set produced by said rule are falitiaf the truth. The experimental
approach to qualifying judgment aggregation rules in teofrtsuth-tracking is addressed in
(Ganesan, 2011).

This chapter is structured as follows. In Section 4.2 we givdefinition of an aggregator
rule that generalizes the aggregators considered in Qlsabtencd 3. We also define when
a property defined for one type of rule corresponds to a ptpjefined for another type of
rule. In Section 4.3 we define and analyze the structuralgtigs considered in the judg-
ment aggregation literature. In Sections 4.4 and 4.5 we elefid analyze the first relational
properties studied in judgment aggregation: independehiceelevant information, neutral-
ity and anonymity. In Section 4.6 we define and study majeaithrerence properties, in
Section 4.7 unanimity adherence properties, in SectionmbBotonicity properties and in
Sectior 4.9 separability properties. In Section 4.10 we tfiee definitions of properties that
can be desirable for a judgment aggregation rule, but we tistndy how these properties
are satisfied by the rules we considered in Chapters 2 andsilylia Section 4.11 we give
an overview of which properties are satisfied by which rules @late aggregation contexts
with structural and relational properties that are advgexas for rules used in these contexts.
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4.2 Preliminaries

We begin by constructing a general definition of a judgmemgjfregation rule. The rules
introduced in Chapters 2 and 3, but also judgment aggregatitctions in other literature,
e.g, (List and Polak, 201.0; Dokow and Holzman, 2010b; Grandilandriss, 2011), are a
special case of this general rule. Using this definition we @afine properties of rules that
are applicable for all categories of rules.

Definition 50. Let N be a set of n agent names, T a finite enumerable set ofvalties,

t a T-valued logic with an entailment operatpsr, A < £ an agenda of m elements and
R < £ aset of constraintsA (A, R, =1 ) is the set of all sequences from*™ that satisfy the
constraintsR and are consistent with respectfter. LetR™ be the interval of real$0, +o0)
and §,5 € A(A, R, =L). A weighted judgment aggregation rule is a function

F oS x (RT)™M s P(S)).

We have so far worked with three types of sgtands .

Example 4.2.1. Let the set $be the set of all consistent and complete (binary) judgment
sequences. Namelyy S A(A, R, =) < {0,1}™, wherek= is the classical propositional logic
entailment operator. A judgment aggregation function #pjnaggregation rule, abstract
aggregation rule) (List and Polak, 2010; Dokow and Holzr2@10bh; Grandi and Endriss,
2011) can be defined as

f: S x {1}™M— S,
Example 4.2.2.Let § = A(A, R, |=3) < {0, %, 1}™M, wherel=3 is a classical entailment op-
erator for some three-valued logic. The rules in Chapter 8 ba defined as

Ad’GZ % % (R+)n><m — 93(33)

Example 4.2.3.Let § = A(A,R,}=3.) < {0, %,1}”1 be the set of all ternary judgment se-
guences consistent with respect to the ternary tukasiel@iz semantics (Lukasiewicz,
1920; Urguhart, 2001). We can define the rules based on miaitioin in Chapter 2 trough
Definition50 using Sas a co-domain.

Recall that most of these rules in Chaptar 2 are such thatdhexted collective judgment sets
are incomplete. Each judgment set A incomplete on a judgfoemte A can be replaced
with two complete judgment sets Aand A~ such that a&= AT and —ae A™; the resulting
judgment sets being consistent under ternary tukasiew@iz kemantics.

According to the semantics of the Lukasiewicz ternary lagie can think of the truth-values
as sets of classical truth-values, nam@k {F}, 1= {T} and1 = {T,F}. The third value is
in a sense interpreted as a variable that can be replaced &ittier true or false. Therefore,
the co-domain of the aggregation rules from Chapter 2 is eajent toP(S.). The rules in
Chapter 2, can be defined as

R: S x {1}™M— P(]).
Observe that §S < A(A, R, FaL).
The relational properties of judgment aggregation rulas ¢n be encountered in the litera-
ture are defined for functions that are resolute. How canadioslal property defined for res-

olute rules be “lifted” to irresolute rules? Moreover, if Wwave a definition of relational prop-
erty for irresolute rules, how does this property relate poaperty defined for resolute rules?
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To answer this question we introduce the conceliiftiig between properties. Observe that,
when restricted to the (possibly empty) domaih= {rr| me A and|F(m,U)| =1}, Fisa
resolute rule. Recall that was the weight matrix in which all weightg(i, j) = 1. We con-
sider the unweighted ca%® = U only since the resolute rules considered in the literature,
and the properties defined for them, are unweight.

In addition to the difference in output cardinality, thealkse rules defined in the literature
are defined for binary judgments, while the rules defined iapféx 3 are defined for ternary
judgments. Therefore, when constructing a definition diflif, we also need to consider the
relation between the se®for which the aggregators are defined.

Definition 51. Let the function f. S'— S be a resolute rule and ley) be a property for
such defined functions. Let:i§' x (R*)™™M— P(S,) be a judgment aggregation rule that
satisfies some property). The sets S,;%nd § are suchthat & § and Sc S, . A property
(x) lifts a property ) if (y) is satisfied by F for everre S" such thatF(r,U)| = 1.

For a relational property, there will always be more than possible §) property that lifts
the samey() property due to the irresoluteness of the judgment aggjeegaules. In the next
chapters we construct properties by lifting the most comproperties for resolute rules.

4.3 Structural properties

Once we have the definition of a rule, we can consider its stratproperties. The type
of judgments being aggregated characterizes the imjgutthe domain, of a judgment ag-
gregation rule. We can distinguish between two orthogoyed: thevalue-typeand the
weight-type The value-type specifies the values that the judgmentseiptafile can take.
We have considered binary and ternary judgment profilestiMalued profiles are consid-
ered in (Pauly and van Hees, 2006) and (Li, 2010). The wdigtg-specifies the weights
that can be associated with the profile. We considered umweigfiles, agent-associated
weights, agenda issue associated weights and judgmertitseig

One structural property considered in the judgment aggicglterature isuniversal domain
defined in (List and Pettit, 2002) for judgment aggregatiamctions. The universal domain
is satisfied when the judgment aggregation function is déffoe all profiles of complete
and consistent judgment sets. Universal domain is simpigeteeralize, since it only refers
to the rule’s domain. All introduced judgment aggregatioles satisfy universal domain by
construction.

Definition 52. A judgment aggregation rule F from Definition 50 satisfies timéversal
domainif and only if, for everyd, R andj=., S < A(A, R, |=1).

Collective rationality(List and Pupre, 2009) is another structural property atersid in the
literature. Collective rationality states that only ra#b collective judgments are admissible
as outputs. This means that the judgment aggregation més/alselects consistent judgment
sets. This property is also easy, when compared to otheepiesp, to define for the judgment
aggregation rules of Definition 50.

Definition 53. A judgment aggregation rule F from Definition 50 satisfiedlective ratio-
nality if and only if, for everyre §¥ and We (R*)™™ F(mm,W) € A(A,R, =L).



4.4 Independence of irrelevant information 91

The judgment aggregation rules of Definitior 50 satisfyexdilve rationality by construction.

The outputj.e.,the co-domain, of a judgment aggregation rule is also charized by value-
type as wellge.g, binary in the case of, Lukasiewicz ternary in the case Bf ternary in the
case ofA. The value-type of the output is expressed trough a propaitgd completeness
(List and Puppe, 2009). A judgment aggregation functioisas completeness if it always
selects complete judgment sets. We give a formal definitonuies.

Definition 54. Let A ‘%! be the binary restriction of the sét(A, R, = ). A judgment aggre-
gation rule F from Definition 50 satisfiesompletenesi and only if, for everyrme SV and
W e (R)™M F(m,W) < A0

Most of the rules we defined do not satisfy completeness. Xteptions are the ruldRywa
andRI+:MXin Chapter 2.

Additionally, the output is characterized by the cardityaliamely how many sequences are
included in the output. According to cardinality, we digfirish between resolute rules that
are also referred to as functions and always select a unigigejent sequence, and irresolute
rules. All the rules we introduced in Chapters 2 and 3 arsdrge by construction. As mul-
tiple impossibility results in judgment aggregation shoegolute rules that satisfy some min-
imal desirable conditions can only be defined for restrictethains (List and Polak, 2010;
Dietrich and List, 2010). We refer to resolute rulesfasction aggregatorand irresolute
rules agule aggregators

4.4 Independence of irrelevant information

One of the first properties considered in judgment aggreqditiist and Petiit, 2002) is the
property of systematicity. An unweight function aggregdty binary judgments satisfies
systematicity if it satisfiexdependence of irrelevant informatibandneutrality. The prop-
erties of systematicity and in particular independencerelévant information have been
among the most debated in the judgment aggregation litexatith (Dietrich and List, 2005;
Nehring and Puppe, 2005) deeming this property desirabte(@hapmen, 2002) discussing
its controversies.

In voting theory, the property of neutrality states thatahger of the candidates in the candi-
date set has no bearing on who is selected as the winner.gmjit aggregation, if it is to be
a counterpart of the one in voting theory, then the propdrtyenitrality should state that the
collective judgment selected for a collection of individjumlgments does not depend on the
particular issue for which those judgment are rendetedthe order in which the issues in
the agenda are given, does not influence the collective jedfjset obtained. In judgment ag-
gregation neutrality, when considered together with irsheience of irrelevant information,
is taken to mean that each issue is aggregated using the ggmagation rule for each issue.
Indeed, this latter view on neutrality is a consequence efting counterpart neutrality in
the presence of independence of irrelevant information.

We illustrate the voting counterpart neutrality with an exde. Consider the following two
profiles for some agendéa = {a;,ay,as} andA’ = {ay, a1, a3} correspondingly:

lindependence of irrelevant information is also sometinadled independence of irrelevant alternatives.
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100 010
m = 010 o = 100
111 111

Observe that the judgments fat in 1Ty are the same as the judgmentsdgiin 1,. Assume
that a rulef is applied to bothrm, and mp, Ay = f(m) and Ay = f(mp). If f is neutral,
then necessarilp (1) = Ax(2), A1(2) = Ax(1) andAz(3) = Az(3). None of the rules we
defined considers the order of issuedlinvhen selecting the collective sequences, therefore
by construction our rules satisfy neutrality.

The property of independence of irrelevant informatiotestdhat the collective judgment on
each issue depends only on the individual judgments foiigeag, and not on the judgments
rendered for the other issues in the agenda.

We call two matrixedVl; andM, j —equalwhenM;Vj = MyVj. Two profilesm; and i,
over the samé, A andR areaj-equalwhenmVj = mpvj for aaj € A. We illustrate the
property of independence of irrelevant information usingd;-equal profilesty andm, of
three agents for agendba= {aj,ay,as}.

100 100
m=1]010 m=[000
111 111

ItholdsmVa; = mvVay andm Vay # myvay. Let f(mm) = A andf () = Ay, If f satisfies
the independence of irrelevant information, tharva; = Ayvas.

There are many ways in which we can lift the function aggregagfinition of the indepen-
dence of irrelevant information property. The first one iscoysidering a bijective relation
between the outputs of the aggregator on ayw@qual profiles.

Definition 55. A judgment aggregation rule F satisfies (IlI-1) when for eagkequal
profiles and weight matricesy;, ™ and W,W, correspondingly there exists a bijection
bt : F(m, W) — F(m,Ws) such thatif h (A) = A, then Avj = A’V .

Another way to lift the independence of irrelevant inforioatis by assuring that a collective
judgment fora;, assigned according to some collective sequence for tHéeprg, is also
included in some collective sequence fox.

Definition 56. A judgment aggregation rule F satisfies (I11-2) when for eg@gual profiles
and weight matricesir, > and W, W, correspondingly, if &j = x for all Ae F(mm) then
Avj=xforall A eF(m).

When (11I-2) is satisfied, (IlI-1) may not be. Considér= {p,q,pAq,r},R= 5, N = {1,2,3},
and the following-equal profiles:
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papaqr
Agent111 1 0 Paprqr
Agent100 O O

Agent201 0 1
Agent200 0 1

Agent310 0 1
Fm,0)01 0 1 Agent3oo0 0 1
10 0 1 F(m,U)[00 0 1

In this case (l11-2) is satisfied, but (llI-1) is not becaudgijaction cannot exist between sets
of different cardinality. If (11l-1) is satisfied, then (H2) is necessarily satisfied. Consider
these other-equal profiles, now foN = {1,2,3,4}:

papnaqr papaqr
Agent110 O O Agent100 O O
Agent210 0 O Agent200 O O
Agent301 0 1 Agent300 0 1
Agent411 1 1 Agent400 0 1
F(m,U)[10 0 O F(m,U)[00 0 O

01 0 1 00 0 1

Inthis case, (l11-2) is the one that is satisfied. The propglt-1) is trivially satisfied since the
condition thatAv j = x for all Ae F (1) fails. Other lifting of the independence of irrelevant
information can be constructed as well. We do not dwell fairtbn the independence of
irrelevant information since the construction of our rukesuch that we can expect none of
them to satisfy the introduced (111-1) and (111-2). As aru#itration, consider an example for
A%-X, Consider the the sét = {(1,0,0),(0,1,0),(0,0,0),(1,1,1)} and the profilest and

000 100
m=|000 m=]010].
111 111
We have thatlj va, = A* vag, for alli € {1,2,3}. HoweverA% X (m,U) = {A} = {(0,0,0)},
while A% X (1% U) = {A%, A}, A5} = {(0,1,0),(1,0,0),(1,1,1)}.

4.5 Anonymity

Another property considered among the first in judgmenteggtion is that of anonymity.
The property of anonymity states that the outcome of thetfanaggregator does not change
regardless of how one permutes the order of the judgmenirstts profile. Since this prop-
erty does not hinge on the cardinality, input and output tyaleie of the function aggregator,
we can construct the most simple lifting. We begin by defimitngn a matrix is a permutation
of another matrix.

Definition 57. Let Myxm and M,,,, be matrices, lex = ( M>1,... ,M> n ) and
X' = (M1l ..., M>n) M isa permutationc of M, denotedM], if and only if
X' = [X]q, for a permutationo.

Definition 58. A judgment aggregation rule F from Definition/50 satist@®nimityif for
everyrre §\W e (RT)™™, and every permutatioa, F(m,W) = F([11]g, [W]g).
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The rules based on minimization are anonymous becausewherder of the matrix is not
considered when selecting the collective output (fui\l}; = U for everya). In the case of
the rules from Chapter 3, whether the rule is anonymous abep@mthe aggregation function
used to construct it.

Proposition 4.5.1. If @ is a symmetric aggregation function (see Definition 31)nth&®
satisfies anonymity.

Proof. Assume that® is symmetric function. A functior® is symmetric if and only if
OX) =O([x]o) for everyx € I" and permutatiow. It follows that®(xa, ..., Xn) = O(Y1,---Yn)
for any two sequences of rational numbeéxs, ..., xn) and(yi,...,yn) such thaty is some
permutatioro of x.

Consider aire A" andW € (R*)™™ and a permutatiow. Let Ae A and lets(A, T,W)
denote the score @& with respect tam>i andW calculated as

s(i) = @Lawi j - 6(A()), Tm,j>1).

The scores fofr); and[W], are denoted?(i). The sequences( s(1), ..., s(n) ) and
(?(1),...,5°(n)) are permutations of each other. Therefore, it follows frbe symmetry
of ® that

O(s(2),...,s(n)) = O(s?(2),...,s7%).
ConsequentlyA e A%O (W) if and only if Ae AYO([1] g, [W]s). O

4.6 Adherence to majority

In Chapter 2 we already introduced one relational propdiney, majority-preservation. A
judgment aggregation rule satisfies majority-presermdfia judgment aggregation rule al-
ways selects as a collective set the issue-majoritariantsebever this set exists and is con-
sistent, with respect t&.

There are two possible ways of qualifying a collective judgnset in terms of majority

in individual judgments. The first way is to look at the indiual judgment sets as atomic
information. In this case, a collective judgment set adh&vehe majority if more than half

of the agents have this judgment set as their individuallsehe literature of distance-based
belief merging (Konieczny and Pino-Pérez, 1999, 2002E280ch majority-adherence rules
are callednajoritarian. More-precisely, an operator is defined to be majoritariaemthere

is a numbek, such that whetk agents have the same belief base, the result of the merging
includes that belief base.

The second approach is to consider the judgment set as &tivand the individual judg-
ments as the atomic information. In this case, a collectidginent set adheres to the majority
if, for each judgment in it, there are more than half agents vémdered that judgment. This
is how we defined the property of majority-preservation intiem 2.1.1.

The majority-preservation property in binary judgment ggtion, as we define it in Sec-
tion2.1.1, corresponds to a well-known property in votimgdry, theCondorcet winner prop-
erty. In this section we begin with a discussion on the relati@ie/ben majority-preservation
in binary judgment aggregation and the Condorcet winnepgnty in voting theory.
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In the presence of abstentions there are many differerdm®df majority on a single issue.
For each of these notions we can define an issue-majoritaeiaand study if a distance-
judgment aggregation rule selects it as a collective judgrset. In this section we dis-
cuss different majority notions and consider two majorith@rence properties, majority-
preservation and majoritarianism, for a rule aggregatdéinde in Definition 50. We study
which of the rules from Chapter 3 are adherent to majority.

4.6.1 Condorcet winner property and judgment aggregation

A voting rule satisfies the Condorcet winner property if iiests as a winner the candidate
that defeats every other candidate in a pairwise comparishenever such candidate ex-
its (Condorcet, 1785; Young and Levenglick, 1978). Whahis ¢ounterpart of Condorcet
winner in judgment aggregation?

In a judgment aggregation context, the Condorcet winngpgnty cannot be directly consid-
ered since no preferences between judgments or judgmanaesupplied. However, the
translation of a voting problem to a judgment aggregatiatf@m used in (Dietrich and List,
20074a) can be used to “translate” the Condorcet winner ptyppEhis translation is for judg-
ment aggregation in which only binary judgments are allovkeat each pair of optionsand

b we use a propositiop that is true wher is preferred td and false whetb is preferred to
a. In this manner only strict preference orders can be tréadla

Votes Votes

Pair Pair
Agent 1 *>.>. *>. 2 *>. 1
renszl @ >H>W |O>H 2 | @>W
Agent 3 .>*>. .>* 2 | | H>@| :

No Condorcet Winner Exists

Pair | Votes Pair
Agent 1 *>.>. *>. 2 *>. 2
Agent 2 . >*>. .>. 2 .>* 1
agenss| [ >*>. .>* 1 .>. 1

* is a Condorcet Winner

Votes

Figure 4.2: lllustration of a Condorcet winner.

Consider as an example three agents that choose from amggdhtions: the star, the
square and the circle. In this case we need three propasitidghe agendgp; to denote that
the star is preferred to the squape,to denote that the star is preferred to the circle psatb
denote that the square is preferred to the circle. For instahe rejection op, denotes that
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the circle is preferred to the star. In color (on the left-¢haide), is the profile of individual
preferences. Figure 4.3 illustrates how the preferenoas frigure 4.2 are transformed into
a judgment aggregation profile using this translation. &/for the top profile no Condorcet
winner exists, the Condorcet winner of the bottom profilenis star. In gray, on the right-
hand side we give the pairwise comparisons. As it can be ebdén the figure, the judgment
set that contains all the majority-supported judgmentsesmonds to a preference order in
which the top ranked alternative is the Condorcet winner.

Voting Problems Judgment Aggregation Problems

Agenda: P q r

Agent 1 * > . > . Agent 1 + +
agent2| @ > > * Agent 2
Agent 3 . > * > . Agent 3 + - +

Majority +

Agenda: P q r

Agent 1 * > . > . Agent 1 + +
Agent 2 . > * > . Agent 2 A -
Agent 3 . > * > . Agent 3 + g +

Majority + +
p:*>. q:*>. r:.>.

Figure 4.3: Transforming the voting problem into a judgmaggregation problem. The
Condorcet winner corresponds to the proposition majagitgudgment set.

The majority-preservation property in Definition 6 is thelgment aggregation counterpart,
for binary judgment aggregation problems, of the Condondéener property, as it was also
observed by Nehring et al. (2011).

4.6.2 Majoritarian rules

Let us consider a judgment sequence to be an indivisibleavi#otule aggregator is majori-
tarian when it necessarily selects, as a collective judgseguence, the sequence supported
by the majority of agents, when such a sequence exists. Wedmfine the majoritarian
property for underweighted judgments, namely wkié¢rs- U. WhenW = U then the notion

of majoritarian rule is difficult to define if the weights aretragent-associated. To define
when a rule is majoritarian for weighted judgments, the Wwisghould be associated with
an agent. When weights are associated with issues or wignjadts, then these should be
transformed into agent associated weights. It is not dithigvard how this transformation
should be done. Simply summing up the weights on the judgmeon the issue could be
one way. Another way is to find the average of the judgment isiépr one agent. Yet a
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third way is to consider the maximum weight assigned to arfjuelgt made by an agent. The
minimum of the judgment weights can also be considered a gandidate, etc.

We can consider at least two notions of a sequence being gegdry a majority in a profile.
The first is theabsolutemajority and the second is tlsmple majority

A sequencd\ is supported by an absolute majority, in a profileticagents, if there are more
than half of the agents that select#&than any other sequencedn We define this formally.

Definition 59. Let me A". An absolute majority is a partial functionM A" — A defined
as
e n
Ma(7) = A o ftHimi = A > 3] +1
undefined otherwise

A sequencé is supported by a simple majority, when there are more agernte profile
supportingA when compared to any other sequerncsd in the profile.

Definition 60. Letre A". A simple majority is a partial function M A" — A defined as

A iff #{i|7m>i = A} > #{ijm>i = A’} forallA’e Ast. K#A
Ms(11) =

undefined otherwise

If a sequence is supported by an absolute majority, thenatsis supported by a simple
majority, but the reverse does not hold.

Example 4.6.1. Consider the profilesr;, @, and 113 on Figure 4.4.

EEaiaéagal“is a; ap ag a4 as a; ap ag a4 as
2200011 E,,E,[0 0 1 0 1 E;,E5,E3[0 0 1 0 1
n1=Ej011;1n2=E3,E400011n3=E4 00011
2 2 Es |0 £ 11 1 Es 0ol1111

Es [0 0100 2 2 2 2

Figure 4.4: Examples for different notions of majority.

The sequencél,0,0,1, 1) is supported by a simple majority i, while the absolute major-
ity is undefined for this profile. For the profife, both majorities are undefined. The sequence
{0,0,1,0,1) is supported by both the simple and the absolute majorityzor

From Example 4.6/1 we can observe that it does not take magytador a sequence to
be supported by a simple majority, in fact two are enough. Jilgple majority is a very
weak notion when the number of available sequences is cahlydarger than the number
of agents. Therefore we define the property of majoritasianiising the absolute majority
notion.

Intuitively, a judgment aggregation rule is majoritaridridar every profilerr it selects as a
collective sequence the sequemdg 1) wheneveiM,(m) is defined. Consider the property
of majority-preservation we give in Chapter 2. If a rieis majority-preserving, then it is
necessarily majoritarian. Therefore we give the formalrdédin of majoritarianism for the
distance-based judgment aggregation rules.
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Definition 61. A judgment aggregation rulA%® is majoritarian when for allire A", if
Ma(77) exists, then M(rr) € AY©,

A weaker form of majoritarianism can also be defined by réngiM, (1) = A% instead of
Ma(11) € AYO,
Not all aggregation function® give rise to majoritarian rules.

Proposition 4.6.2. If d is a metric, them\%X is majoritarian.

Proof. Assume, without loss of generality, singeis symmetric, that for the firdt= 5 + 1
agentd it is the case thatr>i = Ay = A, while Aj # Afor j # i. We need to show that, for all
A e A,

n n

D) dAA) < (5+1)-dA A+ ) dALA). (4.1)
i—k+1 i—k+1
; d(A,A;)<2d(A/,A)+(271)~d(A’,A)+l2 d(A,A). 4.2)
i=k+1 i=k+1

Sinced is a metric, for every it holds that

d(AA) <d(A',A) +d(A',A), and consequently

n

i d(AA) < i d(A’,A)+_Z d(AA).

i=k+1 i=k+1 i=k+1
The inequality 4.2 can be rewritten as follows:

n n

3 d(AA) <2d(A’,A)+(g—1)-d(A’,A)+ 3 d(ALA). (4.3)
i=k+1 i=k+1
Observe that N
n /
(5-1)-dA.A) = > d(A A fork=5+1.
i=k+1
Sinced(A',A) > 0, the inequality 4.3 is satisfied. O

Proposition 4.6.3. If d is a metric, them\d™* is majoritarian.
Proof. Whenx,y,ze R*, if x<y+z thenx+1< (y+ 1)+ (z+1) andx+ 1< (y+1)-(z+1).
Therefore, the proof of Proposition 4.5.2 can be used toetioig proposition as well.

Assume, without loss of generality sinCE* is symmetric, that for the firdt= 5 + 1 agents
i itis the case thady = A, while Aj = Afor j #i. We need to show that, for a € A,

ﬁ (1+d(AA)) <-(1+d(A,A)ED. ﬁ (1+d(A,A)) (4.4)
i=k+1 i=k+1

Sinced is a metric, for every it holds that

d(AA) < d(A,A) +d(A',A)),but also, since the metrics are positive non-null numbers
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(1+d(AA)) < (1+d(A,A)-(1+d(A"A)),and

[] @+dam) < ] @+d@A)- [] @+dA,A)).

i=k+1 i=k+1 i=k+1

The inequality 4.4 can be rewritten as follows:

[] @+dAA) <-1+dA,A)?- [ @+dA,A)- [ @+dA,A))  (4.5)

i=k+1 i=k+1 i=k+1
O

Proposition 4.6.4. A%™{s not majoritarian.

Proof. Consider the profile in the proof of Proposition 3.4.4. Twa ofthree agents select
the sequencél, 1,0, howeverA%-"X(,U) = {(1,0,0)}. O

Corollary 4.6.5. AYCMaxjs not majoritarian.
Proof. A consequence ak® M3 11, W) < AY™M3X( 1, W). O

The propositions we show are unsurprising since they hage sleown to hold for distance-
based belief merging operators, see for instance (Konjeazd Pino-Pérez, 2002).

4.6.3 Majority-preservation

It is straightforward to extend the majority-preservatwoperty from unweight to weighted
binary judgments. Instead of counting how many agents stippgiven judgment, we need
to consider the sum of the weights of the agent who supporp#ncular judgment. The

challenge is in defining the majority-preservation propést ternary, and in principle multi-

valued, judgment profiles. The reason for this challengeiliethe many possible ways in
which majority on an issue can be defined in the multi-valusesbc

Consider for instance the judgmentsifia; andrtvas in Figure 4.5. Two judgment majority
functions we define in Section 3.5. The finsty: is the biased-majority from Definiticn 44.
This majority considers only the number of agents who aceegtreject an issue but not
those who abstain on an issue. It is defined for everyternary vector of judgments. Using
this majority on the issuea; anda, from Figure 4.5, one accepts both anda,. This
majority is biased against the judgm%ﬁtAnother way to define judgment majority s,
from Definition 45: a majority supports a judgment on an isétieere are more agents that
select this judgment then any other for that issue. Usirgjjtidgment majority on the issues
a; anday from Figure 4.5, one accepés but abstains regardingy. This majority is not
biased against the judgmeglx but it can be considered biased in favor—%ofsince both the
judgment% and 1 fora, are supported by an equal number of agents. This majoritigds a
defined for everytvi vector of ternary judgments.

More versions of total judgment majority functions can bastaucted. For instance, a func-
tion can be defined to combine the biased and unbiased nyaj@sied on the numbé&rof
agents that abstain on the issue in question:



100 Chapter 4 Selecting judgment aggregation rules

a; a»
i1 [ |
211 |1 1 #H{ilmie = 1} > #{i|m; o = 0}
301 1 mi(rva) =q 0 #{ilmie =1} < #{ilmq =0}
HE 3 #lilmie =0} = #{ilm.. =1}
50|32 1 #H{ilmia =1} > #{ilmsa = 0} + #{ilmq = 1}
6 0 i mz(ﬂ'va) = 0 #{ilﬂz,a = 0} > #{ihri,a . 1} i #{i‘rz,a . 5}
2 1 #H{ilmi o = 0} = #{i|mi o = 1}
G LA
my(nva) 1l 1
mo(nva) 1 4

Figure 4.5: lllustration of the different ways to define mritjpon a single issue.

mu(va) iff #{i|ma= 3} <k

”b("va):{rnz(rrva) iff #{i|ma=5}>kK

Themg can also be considered to be a quota rule (Dietrich and LG§X713).

We can also define the simple and the absolute majority fayrjuehts on an issue. The
intuition behind these two majority functions is the sam@dke previous section, where we
define them for judgment sequences. A judgment is suppostedsimple majority when it
is supported by more agents than any other judgment in axpséreomparison. A judgment
is supported by an absolute majority when there are strintlye than half of the agents
supporting it. The un-biased majority can be obtained frobmdbsolute majority Wheé

is assigned to all profiles for which the absolute majoritynslefined. The simple majority
supported judgment is the same as the absolute majorityosiggjudgment, whenever both
are defined. All these different notions of majority collajsto one when the judgments are
binary.

If a judgment is supported by a simple majority, then it ismanped by an absolute majority,
and also by an un-biased majority. The judgment majoritgfiams are voting rules applied
to choose from the set of optio##, %, 1}. The judgment supported by a simple majority is
in fact a Condorcet winner. For these reasons we use, andhgivdefinition of, the weighted
simple majority on a judgment.

Definition 62. Letre A", N a set of agentsd an agenda, a set of values= {0, %, 1} and
x e {0,3,1}. We define the setd) = {i | 71j = x} and the value \(j) = Dieny(jy WA, J)-
The simple judgment majority, o @A, is a functiong: A x A" x (RT)™™M {0, %,1}
defined as:

X iff Vi(j) >V (j) forany ye {0,3,1}, x #y
undefined otherwise

- |

For each judgment majority function, we can define a cornedjpg issue-majoritarian se-
guence and also a majority-preservation property.
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Definition 63. Let m be a judgment majority function. Given a profitefor an agendad
and weight matrix W, the issue majority set MajW) = (m(a, ;W) | ae A). If there is
nv j such that nfa;, T, W) is undefined, then M&jr, W) does not exist.

We can further distinguish between strong and weak majpirigégervation. A rule is strongly
majority-preserving when it selects the b j(71, W) as a unique collective judgment set for
rmandW, wheneveMa j(T,W) is consistent and exists. A rule is weakly majority-presegv
if itincludesMa (1T, W) among the collective judgment sets, whenévesj(7r,W) is consis-
tent and exists.

Definition 64 (Weak and strong majority-preservation) A judgment aggregation
rule F:§' x (RT)™™M— S, is strongly majority-preservingthen, if Maj 1, W) exists and
Maj(rm,W) € S|, then i, W) = Maj(rr,W). The rule F isweakly majority-preserving
when, if MajmT,W) exists and Ma(r,W) € S, then Majm,W) e F(r,W).

As implied from their definitions, the weak majority-pregation is satisfied whenever the
strong majority-preservation is satisfied, but the revemgglication does not hold. The
rules we defined in Chaptar 2, with the exceptionR3f ™ satisfy the strong majority-
preservation property. In this section we show which ofAR€ aggregators satisfy the weak
and strong, majority-preservation, with respect to thesihgle judgment majority function.
From the specific aggregation functions and metrics we densd, we obtain rules that are
either strongly majority-preserving or do not satisfy thisperty at all.

We first prove tha\%-2 andAdT-2 are strongly majority-preserving. The proof presented is
more detailed than needed, but we construct it in this matorige able to use it later to build
a conjecture regarding what characteristicoaindd give rise majority-preserving®©.

Proposition 4.6.6.1f ©® = ® = Y thenA%© satisfies the simple strong majority preservation

for &4 and or.

Proof. We first prove that simple strong majority-preservatiordsdbr single issue agendas
and than generalize to arbitrary large agendas.

Let us first consider an agenda with one isgue {a;}. Letx,y,ze {0, 3,1} such thak # y,
y# zandX # z

If (x) = AX9(1r,W) then (4.6) holds.
DI =1"w(i, i) 8% pi ) 221—1"“ j)- (. pij)) (4.6)
i=1

Note that (4.5) holds also wheris used instead of. We can simplify (4.6) as (4.7).

D w(i,1)-8(x,pia Z 3(y,pi1)) 4.7)

i=1

Since} is an associative function, we can rewrite (4.7) as (4.8).
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Z(Z (W(Ivl) ’ 5(X,X)), Z (W(Ial) ’ 6(X7y))a Z (W(Ivl) ’ 5(Xa Z))) <

ieNy ieNy ieNz

(D (W(i, 1)-8(y,%), > (w(i,1)-8(vy)), Y (w(i,1)- 8(y.2))) (4.8)

ieNy ieNy ieN;

We can rewrite (4.8) as (4.9).

Vy(ag) Vz(ay) Vx(a1) Vz(ag)
10,8(xy)- > w(i,1),8(x,2)- > w(i,1)) < Y (0,5(xy)- > w(i,1),8(y,2)- > w(i,1)) (4.9)
ieNy ieN; ieNy ieN;

If & = du, thend(x,y) = 0(y,2) = d(x,2) = 1 and (4.9) becomes (4.10).
2(0.Vy(a1), Va(@a)) < Y (0, Vi(@a), Ve (@1)) (4.10)

From (4.10) (and non-decreasingXf) follows (4.11.).
Since (4.10) holds if we swapandy, (4.12) also follows from (4.1.0).

Vz(al) < Vx(al) (4.12)

If the inequalities'(4.11) and (4.12) hold, thita (1T, W) exists andMa j(iT,W) = {X).
Considerd = dr. We have the following cases:

(casel.l)x=0,y= 3 andz=1

(casel.2)x=0,y=1andz=3

(case2.1)x=1,y=1andz=0

(case2.2)x=3,y=0andz=1
(case3.1)x=0,y=1andz= 3
(case3.2)x=0,y= 3 andz=1

We apply each of these cases on (4.10), obtaining (4.13h léze corresponding to each
case.
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1 1 1

Vy(ag) + % Vy(a1)) < Vk(ag) + % V(&)

V(@) + 5 Ve(an) < 5 Vadan) + Vefaa)

V(@) + 5 Ve(an) < 5 Vadan) + Vefaa)

Vy(a) + 3 Vafan)) < i(a) + 5 Vo(an)

(@) +Vo(an) < 3 Va(an) + 5 Valan)

NI NI

(4.13)

We can simplify (4.13) inta (4.14).

(4.14)

In all cases except (case2.1) and (case2.2), we can usentkasasoning as in the casedgf
to conclude thax is supported by a simple majority mif defined.

The case (case2.1) gives the same inequality as (case2nZp \Be can swap andz, for
(case2.1) and (case2.2) we obtain that

Vy(an) < W(aq) + Vz(a1)
Vz(a1) < Vx(ar) +Vy(as)
(4.15)

The [4.15) are possible whéf(a;) = W(a1). We can have/(a1) = Vx(ar) or Vy(a1) <
V(ar). If W(a1) = Vx(a1) thenmg(ag, W) is undefined and/(rr,W) does not exist. If
Vy(a1) < Vx(a1) then alsov,(a1) < Vx(a1) andms(ag, T, W) = x. ConsequentliMaj(rr,W) =
0

Now let us assume that hasm elements. Assume thdt (T, W) exists andM(rr,W) = A*,
A* € A. From the proofs foA| = 1 we obtain that, for anyA € A, A = A*, and every
je{1,...,m}, (4.16) holds.

ZMU% ),Pij) ZW i).pi) (4.16)
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From (4.16) and the non-decreasingness pfve obtain (4.17).
n
D=1 w(i, ) 6(A*(j), pij) <ZJ—1"‘ZW D.pij)  (4.17)
i=1
Inequality (4.17) is equivalent to (4.18).

DT =1, ) 5(A*(j), pij) ZZJ—lmW -S(A(j),pij)  (4.18)
i=1

From [4.18) we can conclude thatM (1, W) € A, thenA%X = M(r,W), for d = dy and
d=dr. O

We show that the rest of the examples of distance-basedwelesnsidered do no satisfy the
weak, and with that neither the strong, majority-preseovgtroperty. For the non majoritar-
ian rules this result is implied.

Proposition 4.6.7. A%MXgand A%CMaX gre not (weakly) majority-preserving.

Proof. It is sufficient to observe that if a sequence in the profilaiigo®rted by an absolute
majority of agents then each judgment in that sequence isrggby a simple majority.
Therefore, the counter-examples that show ffsf® and A9-CMax gre not majoritarian, are
also counter-examples that show that these rules are notitygjreserving. O

More interesting is the case @f = M* andA%-X, These rules are majoritarian, but not
majority-preserving.

Proposition 4.6.8. A% and A% are not (weakly) majority-preserving.

Proof. One binary counter-example suffices for bdthanddy. Let A = {a1,ay,a3,a4} and

4 [(11,1,1),(0,0,0,0),(1,1,0,0),
{<0011> (1,0,1,0) }

Consider the profile

[1111]
1111
0000
m=({0000].
1100
0011
1010

We have thaMaj(m,U) = {(1,0,1,0)}. However there exists anA e A such that

n n
[ [+ dn(A m>1),... 1+ du(A mm>n)) < [ [(1+du(A™, m>1),... 1+ dn (A", m>n)).
i=1 i=1
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Namely

(1+dH(Am,rr>1),...1+dH(Am,7T>7)) ~3.3.3:3.3:3-1=729 but

L~

,
[]@+du(m=1,m>1),...1+ dn(m>1,m>7)) =1-1-1-5-3.3-3= 675 and
i=1

7
[ [+ du(m>3,m>1),... 1+ du (>3, m>7)) = 675
i=1

Proposition 4.6.9. A%-X js not (weakly) majority-preserving.

Proof. We show that there is a profile such thaMa (7, W) ¢ A%:% (7, W)  maj(m) but
Maj(m,W) e A. LetA = {a,a— (b c),b,c}. The setA for A is

4 _ [€0.1,0,0),(0.1,0,1),(0,1,1,0), (1,0,1,0),
~1¢0,1,1,1), (1,0,0,0), ¢1,0,0,1), (1,1,1,1)

Consider the following profileg; denotes the expressian— (b A ¢):

aabc
110100
m=2|0111].
3[1 11 J
TheMaj(mU) = {(0,1,1,1)} is an element ofy, however it is not among the outputs of
A%-2(7,U), as shown on Table 4.1. O
Ac A Jdp(A A)|db(A A2)|dp(A As)[>
{0,1,0,0| © 1 1 2
0,1,0,1)| 1 1 1 3
{0,1,1,0)| 1 1 1 3
0,1,1,1)| 1 0 1 2
(1,0,0,0) 1 1 1 3
{1,0,0,1)| 1 1 1 3
{1,0,1,0)| 1 1 1 3
1,1,1,1)| 1 1 0 |2

Table 4.1: The sum of Hamming metrics from an elemeniito each of the judgment
sequences\® % (m,U) = {(0,1,0,0),{0,1,1,1),¢(1,1,1,1)} .

The simple judgment majority function is not defined for guewlumnrv j in a profile. How
can we define a total judgment majority function and not t®lkle majority-preservation
of the distance-based rules that satisfy it? To form thisstiae differently, which default



106 Chapter 4 Selecting judgment aggregation rules

judgment should be assigned when the majority is undefinede% distance-based merging
rule selects the judgment that minimizes distances, theeuttgidgment should be the one in
the set of valuation$ which is at a minimal distance from each other judgmerit.inn the
case ofor the default judgment should k% while in the case ofly, both 0 and 1 together
should be the default judgment.

Example 4.6.10.Consider for exampfethe single-issue profiler and weight matrix W .

) -

The simple majority is undefined for this We obtaim\ (7, W) = (3), whileA% 2 (1, W) =
{<1),€0)}.

We can define the median ©fwith respect to a distana®

Definition 65. Let T be a set of values and I@8t T x T — R* be a metric. The median of
T with respect t@ is the set megl T) = {x|xe T andforallyze T,d(x,2) < d(y,2)}.

We can now define a total simple judgment majonity function as:

i - i 1
mis(ay, W) — {x iff Vi(j) > VWy(j) foranyx,ye {0, 3,1}, x;«éy)

medg;(T) otherwise

An inevitable question to ask at this point is what are thepprties of®, ® and d that

give rise to a majority-preservird®9. It can be conjectured that all majority-preserving
. / / .

distance-based rulés’-© are such thah®© = A%X for some product metrid constructed

using® = >..
Let us start with an associative aggregation functipthat satisfies minimality. We obtain
(4.19) by re-writing (4.8) usin@® instead of} .

O] (GiENx(W(iv 1) : 5()(5 X))7®i€Ny (W(i7 1) : 5(Xa y))7®i€Nz (W(i7 1) : 5(Xa 7)) <
O(Oieny (W(i, 1) - (¥, X)), Oieny (W(i, 1) - 8(y,Y)), Oien, (W(i,1) - (v, 2)))  (4.19)

Inequality (4.19) is equivalent to (4.20).

O (Gien, (W(i, 1) - 3(x,Y)), Gien, (W(i, 1) - 8(%,2))) <
O(Oieng (W(i, 1) - 6(X,Y)), Oien, (W(i, 1) - 6(y, 2))) (4.20)

To derive any relation between (4.20) and the simple mgjotitere must be a relation
between® and ) . More precisely, there must be an order-preserving mappétgeen
®(x) and > (x). If such an order-preserving map exists, tl@fx) < ©(y) if and only if

3(x) < Y(y). Butin this casepA® selects the same judgment, on an single-issue agenda,

2| thank an anonymous reviewer for providing me with this eplem
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asAZd. As an example, consider the distamog(x,x’) = MM 2% (1X) we defined in Sec-
tion3.4. This function hag = . Selecting® = N we do obtain a majority-preserving rule
AN = A% (T W),

To do the extension from a single-agenda to an arbitraritydagenda, namely to go from
(4.17) to (4.13), we need tha commutes with®. The only functions® that commute
with Y’ are such tha@®(x) is a linear transform op(x). Such a function, for instance, is
the arithmetic meaM. In principle, we can always tak® = © to ensure that® and®
commute.

The conjecture can be proved by showing the following: tiigr® majority-preserving®©
for not commuting® and®.

Although the search for majority-preserving rules is digeging, the observation made here
can be used to construct other distance-based rules. dnstemgregating row by row, we
can design a distance-based rule to aggregate column bynolthis is what we accomplish
when we swap the order betwegrand@®, when they commute. The judgment majority rules
use the)’ to aggregate the judgments in the column. For instancegipttbsence of weights
we can use® = maxto obtain the judgment on an issue that is associated withititeest
weight. Using® = sumthe distance-based rule aggregator will return the secuwith the
highest weighted judgments, whenever such sequence aritis consistent.

4.7 Unanimity adherence

Unanimity is one of the most natural relational propertiesocial choice stating that if
all agents submit the same individual information to be aggted, then the aggregate is
precisely that information. As in the case of majority-acimee, the judgment sequence can
be seen as a whole and agents are unanimous when every dget #ee same judgment
sequence. For instance, a sequence-unanimous profile isethse is:

1001
m=(1001].
1001

Unanimity is a property satisfied by a function aggregate$ined ine.g, (List and Puppe,
2009), when for every profile sequence-unanimous én f (11) = A.

The judgment sequence can also be seen as a partitionaleletionl of judgments and una-
nimity can be considered in the case of profiles in which thenégare unanimous in their
judgments on a given issue. For instance, a judgment-urarsiprofile in this sense is:

1101
m=({0001].
1001

The judgment-unanimous profiles are considered by a prppalted unanimity principle
(Dietrich and List, 200&b). The unanimity principle coresigl whether the unanimously se-
lected judgment is included in the collective judgment .séter function aggregators, the
unanimity principle is defined in (Dietrich and List, 2008b)the following way. For every
profile (Ay,...,An) in the domain of the aggregation functiérand all¢ € A, if ¢ € A for

all individualsi, theng € f(Aq,...,An).
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The unanimity principle is a stronger property than unatynsince all functions that sat-
isfy the unanimity-principle are also unanimous. We lifttb¢he unanimity and unanimity
principle and study when they are satisfied by the rules wedtced.

4.7.1 Unanimity

Unanimity is a relatively weak property in voting theory gmekference aggregation, satis-
fied by virtually all rules. In judgment aggregation, thiperty is still weak enough to be
satisfied by all the rules we introduce.

Definition 66. A judgment aggregation rule F (Definition 50) is unanimougwfor every
W e (RT)™Mif mis such thatm>1 = --- = m>n = A, then {r,W) = {A}.

A profile such thatr>1 = --- = r>n = A is majority-consistent, therefore all the majority-
preserving rules defined in Chapter 2 are unanimous as wedlrileR M2Xjs a special case
of the rule aggregatak®-m3 This aggregator is unanimous as a corollary of the follgwin
proposition.

Proposition 4.7.1. If

1. ® satisfies minimality (Definition 32);

2. inf ®=0O(x) =kifand only ifx = 0;
thenA-© is unanimous.

Proof. Recall that if® satisfies minimality, then it has a unique minimkm= 0 for x; =

Xp ==X, =0. WhenA; = Ay = --- = A, = Aand® satisfies minimalityd(A,A;) = 0. If

@ satisfies minimality, the®(d(A,A;),...,d(A,Ay)) = 0 . Every other judgment sequence
will have a score higher than 0. The aggregation fundfidrhas a unique minimum k=1,
but since the only values for whidi*(x) = 1 whenx e (R*)" arex; = --- %2 = 0, the rule
A%M* is unanimous as well. O

4.7.2 Unanimity principle

We lift the unanimity principle of (Dietrich and List, 2008to two properties which we call
theweakand thestrong unanimity principle

Definition 67. Let W be some weight matrix. A judgment aggregation rule 5fsad:

o weak unanimitfWU) when, for everyrsuch thatrm j = --- = 1, j = x fora g € A,
there exists a & F (1, W) such that Aj) = x;

¢ strong unanimitySU) when, for everyrsuch thatrry ; = --- = 1, j = x for a g € A,
forall Ae F(m,W), A(j) = x.
If (SU) is satisfied byF, then so is (WU).

We show which of the rules based on minimization from ChaBtend the distance based
rules from Chapter 3 satisfy (WU) and (SU). We consider tHestuRysa (Definition 11),
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Rvcsa (Definition 12), Ruwa (Definition 15), Rra (Definition 16), Ry (Definition 17), Rry
(Definition 19) andRynac (Definition 23). The ruleRH-MaX (defined in Section 2.2.4) we
consider as part of the distance based rules. We do not anlgzuleRy (Definition 18)
andRyr (Definition 21) since these rules are very weak. Namely thekss select a very
large number of collective judgment sets and are more (wipect to their theories) general
than most rules.

Proposition 4.7.2. Rysa satisfies weak unanimity but not strong unanimity.

Proof. LetP be a profile on an agend and¢ € A on which all agents give the same judg-
mentx. There always exists a maximal consistent sub-agenda esfhect to set inclusion,
that containg. Consequently there exists a judgment séRjiza(P) that contain.

As a counter-example fddysa(P) satisfying strong unanimity, consider the profilef the
proof of Proposition 2.3 SRusa does not satisfy strong unanimity, becaaseTr,,c,(P).

O

Proposition 4.7.3. Rycsadoes not satisfy weak (or strong) unanimity.

Proof. Consider again the profilE of the proof of Proposition 2.3.5. The only maxcard
consistent sub-agendaBfcontains—a (and does not conta). ConsequentlfRycsadoes
not even satisfy weak unanimity.

O

Proposition 4.7.4. Rywa does not satisfy weak (or strong) unanimity.

Proof. See again the counterexample that can be found in (Pigoati &009), which we
presented in the proof of Proposition 2.3.8.

O

Proposition 4.7.5. Rra satisfies strong (and weak) unanimity.

Proof. LetP be a profile andfp < A be the subset of the agenda consisting of all elements on
which there is unanimity among the agents. Because indivjddgment sets are consistent,
the conjunction of all elements of is consistent. Now, when computifga(P), the ele-
ments ofY are considered first, and whatever the order in which thegamsidered, they are
included ind because no inconsistency arises. Therefore, far allVp and allA € Rra(P),

we havea € A. O

Proposition 4.7.6. Ry satisfies strong (and weak) unanimity.

Proof. Observe that itr is unanimously accepted by all agents in the\sdt is consequently
unanimously selected by all consistent subsets.of O

Proposition 4.7.7. Rgy satisfies strong (and weak) unanimity.

Proof. Similar as the proof of Propositions 4.7.6.dfis in all judgment sets for a profile,
thena is in all judgment sets for any super-profile®€onstructed by repeating the judgment
sets fromP. O
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Proposition 4.7.8. Runac does not satisfy weak (nor strong) unanimity.

Proof. Again consider the agenda and profitein the proof of Proposition 2.3.8. Since
Runac(P) = Ruwa(P), this example of a profile is a counter-example Ry ac satisfying
weak unanimity as well. O

Not all A%® satisfy unanimity. We consider thiegiven in Section 3.3 2 and tf@ given in
Section 3.3.1.

Proposition 4.7.9. A%-© satisfies the strong unanimity principle.

Proof. Recall that the drastic metric is definedd(&, A’) = 0 if A="andd(A, A") = 1 oth-
erwise. As a consequence of this definition and the non-dsitrg of®, Ae A% (1, W), if
and only if there exists ansuch thatA = 13, i.e., Ais necessarily in the profile.

O

Proposition 4.7.10.A%X does not satisfy the weak unanimity principle far fdr, dy }.

Proof. It is sufficient to give a counter-example ff = U. We consider the same example
as in the proof of Proposition 3.4.5. As it can be observedainld 3.8, although the agents
are unanimous oA; Va3 = 1, the only value fogyz is A4va;3=0. O

Proposition 4.7.11.A%M does not satisfy the weak unanimity principle for ¢, dy }.

Proof. As we did in the proof of Theorem 4.7.10, here also it sufficegite the counter-

example foW = U. Consider the agendé = {a;,ay,a3,a4,8s5,85,87}. The set of consistent
judgment sets\ is given in Table 4.2, first column. Let the profile consistlod judgment

sets:

A = {a1, ~ap, —ag, a4, ~as, —as, ~ar};

Az = {—ay,a, —ag, ~a4,as, —a6, ~ar};

Az = {—ay, —ap,as, ~ay, —as,ap, ~az}.

It is the case that-ay € Al, —ay € Az and—ay e A3. However, as it can be observed from
Table 4.2, the rul&% ™2 selects a unique judgment set that does not contain

Ac A dH (A,Al) dy (A,Az) dy (AA;;) max
{a1, —~ap, —a3, a4, —as, —ag, —ay} 0 4 4 4
{—~a, ap, —ag, —a4, as, —ap, —ay} 4 0 4 4
{—&, ~ap, a3, ~ay, a5, as, —ay} 4 4 0 4
{—a1, —ap, —ag, ~a4, —as, —as, ay} 3 3 3 3

Table 4.2: Thenaxof Hamming metrics from an element in the geto each of the agent’s
judgment sets. The judgment set chosen by theAtHé"® does not contain the unanimously
selected-az.

O

Proposition 4.7.12.0%7" does not satisfy the weak unanimity principle far {dr,dy }.
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Proof. We give a counter-example fé&d"* whenW = U. Consider an agenda. The
set of all consistent judgment sequences,Aors given in the first column (from the left) in
Table 4.3.

Ac A
A; = (1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,1
A, = (0,1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,1

( )

( )
As = (0,0,1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,1)
A, = (0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,1)
As = (0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,1,0,1)
As = (0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0,1,1)
A; = (0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0)

Table 4.3: The set of consistent judgment sentence4 for

Consider the profilat whererm>i = A for i € [1,...,6]. All the judgment sequences are
unanimous on the last issue, assigning it a judgment 1. Herves it can be observed from
Table 4.4, the judgment sequence selected"dy)"* is A7 which assigns a judgment 0 to the
last sequence.

A€ A |dy (A A1) |dH (A A2) |dH (A Ag) |dH (A Ag) |dH (A, As) |dH (A As) | TT*
Ay 0 8 8 8 8 8 59 049
A 8 0 8 8 8 8 59 049
Az 8 8 0 8 8 8 59 049
Aq 8 8 8 0 8 8 59 049
As 8 8 8 8 0 8 59 049
As 8 8 8 8 8 0 59 049
A7 5 5 5 5 5 5 46 656

Table 4.4: Thd1* of Hamming metrics from an element in the deto each of the agent’s
judgment sequences. The judgment sequence chosen by enadndl™ is A; for which
AzVazs = 1 although in the profilé; vazs = 0 for all i.

We can observe that in general, whether the unanimity-jplieés satisfied by a distance-
based rule does not depend on the propertied afd©®, but rather on the ratio between
the cardinality of the agenda on one side, and the numberesftagind associated weights
for each judgment, on the other side. Ixebe the judgment supported by all agents dor
in a profile . Unanimity-preservation will be satisfied always when thieimal value of
O w(i, j)o(y, m) fory +# X, is larger than the minimal value ofi_ 1®a ~aW(i, ])o(y, m).
These conditions for unanimity-preserving are very sttluerefore they are not included as
a proposition.
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4.8 Monotonicity properties

In voting theory monotonicity is a standard property coasédl for voting rules. When a
voting rule is monotonic, an improvement in the ranking af tinning alternativeceteris
paribus does not diminish that alternative’s likelihood of beingsianer. When the purpose
of aggregation is to select an alternative that is represeatof the individual input, then it
is desirable that additional support for an input shouldmake that input less likely to be
the aggregate (Nurmi, 2004).

In judgment aggregation monotonicity has also been coresithes a desirable relational prop-
erty. There are three versions of monotonicity defined focfion aggregatorsnonotonicity
on an agenda issugs a property imposed on an aggregation function (List amb®w2009),
monotonicityas a property imposed on a subset of the agenda (to addregsutabiity is-
sues) (Dietrich and List, 2005), amdonotonicity on a judgment sby (Dietrich and List,
2008a). The first property is the strongest, subsuming ther divo.

The monotonicity property defined for function aggregatoi&ist and Puppe, 2009) can be
lifted to monotonicity for rule aggregators in the followimvay.

Definition 68 (Monotonicity) A profile P is called an i-variant of profile P when for all
i J,0,je[1,m], AJ— e Pifand only ifAj eP’. A judgmentaggregation rule F is monotonic
when, for every PP’ e §'such that P= (Ay,...,A,...,A)) and P = (Ag,...,A,..., Ay

its i-variant, and a We (R™)™ ™M if there is an & A such that

o ag A
° aeA,—';

e acTg(P);
then ae Te (P’) and F(P',W) = F(P,W).

The monotonicity property defined as above is a very stroogenty. There are no con-
straints imposed of\,—' with respect tod;, therefore it can happen théé.m&; = ¢ and for
rules that do not satisfy independence the collective juzlgnset can be affected on more
issues than jusp. We can define a weaker monotonicity property and we consitiether
our rules satisfy it. The intuition behind our new propegyioser to the intuition behind the
monotonicity property as studied in voting theory. Nam#ig ceteris paribusmprovement
in the support for a judgment that is already included in allective judgment sets, should
not diminish that judgment’s likelihood of being in all cettive judgment sets. This is the
property of insensitivity to reinforcement of collective judgments

First we define when a profile is ana-improvement of another profile for the case of
T c {0,3,1}.

Definition 69. Given two profilest, m' € A", a € {0,1} and g € A, the profilert’ is called
an a-improvemenbf rrwhen

o forallk #iandforallr # j m, = 1 ,;

o TN #Q;
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For binary judgments, the conditiam ; # o implies thatr; j = —a. We do not consider
reinforcements for the judgmest

Consider for example the agenda= {a;,ay,a3}, R = {(a1 A a2) < az}, =31 (Lukasiewicz
logic) andN = {1,2,3}. The profilesrt and i’ are correspondingly a O-improvement and
1-improvement oft for a;.

300 000 100 300
m= 01! m=1010 n=[010 n = 01-
111 111 111 111
22 22 22 22

The profiler” is not a improvement oft since it is not inA2.

As with the other relational properties, many versions egimsitivity to reinforcement prop-
erty can be defined. We construct two versions.

Definition 70 (IR-s). Let a be a judgment for & A. F satisfiesstrict insensitivity to
reinforcement of collective judgements for all a-improvement profiles’ € §' of rre §' if
[forall A € F(mr,W), A(a) = a] then F(r, W) = F (1T, W).

Definition 71 (IR). Leta be ajudgmentfor & A. F satisfiesnsensitivity to reinforcement
of collective judgementsif for all a-improvement profilest’ € §' of me §' if [for all A
F(mW), A(a) = a] then [for all A’ e F(,W), A'(a) = a] .

If a rule F is monotonic, then it satisfies (IR-s).Hfsatisfies (IR-s), then it satisfies (IR).

We show which of the rules based on minimization from Che@tatisfy (IR-s). We do not
consideRy andRygr. The rules from Chapter 3 we analyze with respect to (IR).

Proposition 4.8.1. Rysa and Rycsasatisfy (IR-s).

Proof. We consideRysa Assume thatr € Tg,,¢,(P) andP” ana — reinforcemenof P.

LetY < A be a maximal agenda for whiéh" is majority-consistent. Becauses TRusa(P)s
we must havexr € Y. P'YY must be majority-consistent as well due to the conditions of
Definition 69. Moreover

M(PYY) = M(PY). (4.21)

From (4.21) itis infered that

all maximal majority-consistent sub-agendasmPbcontain some maximal
majority-consistent sub-agendaf®r  (4.22)

LetY < A be a maximal agenda for whi¢H'" is majority-consistent. l&r ¢ M(P'*Y) thena
fortiori a ¢ M(P'Y), which contradicts: (4.22). Thereforee M(P'Y), and because cf (4.22),
it is also a maximal majority-consistent sub-agendafowWe have shown that the maximal
majority-consistent sub-agendas ®andP’ coincide, therefor®usa(P) = Rusa(P’). The
proof for Rycsacan be generated in exactly the same way. O

Proposition 4.8.2. Rra satisfies (IR-s).
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Proof. Let a € A and assume that € Tg.,(P). Then all sub-agendas iRra(P) contain
a. LetP’ be ana-improvement ofP. ThenN(P’,a) > N(P,a), N(P',—a) < N(P,—a),
whereas for alp # a,—a, N(P,¢) = N(P,¢). Note that in>p/, a appears either at an
earlier position or in the same position as#p. Therefore, if>’ is an order refiningzp/,
whena is considered in-, otherwise there would be an orderrefining >p resulting in a
sub-agenda not containirmg Thereforea belongs to all sub-agendasRAP’).

O

Proposition 4.8.3. Rywai.€., A% satisfies (IR-s).

Proof. LetP be a profileP = (Aq,...,Ay,...,A,). Let thea-reinforcement o be a profile
P = (An...Au. A) = (A,... A...,Ay). Let A be the set of all consistent and
complete judgment sets over an agerida et us defind(A,P) = 37" dn (A A).

We have the following assumptions:

o a¢h,
° aeA:,
o forall e A, ¢ {a,—alitholdsy e A iff ye A,

e acA forall Ae R&Z(P).

We first show that all the judgment séts R (P) are such thab e R%Z(P') and that there
exists noA e A such thata e A’ A ¢ R (P), butA' e RhZ(P).

Let the score of the winner judgment sétéor P be ¢, namely lec = >, dn (A A)), for all
Ae RhZ(P). We have that, for alk’ € A, when the cardinality of the pre-agendanis

dn (A, A) =m— A A,

o (A A) =m— A A A

LetA e A be such thatr € A'. Sincedy (A Af) =1, we have thap;&kmA/| — A m&'| =1.
Hencedy (A", Ax) = 1+ du (A, Af) and
D(A,P) = 1+D(A,P). (4.23)

For all the winnersA for P, we obtain thaD(A,P) = 1+ D(A,P'), hence

DAP)=c—1 (4.24)

If an A’ ¢ RA(P), thenD(A",P) > ¢ and due to 4.23D(A",P’) > c— 1. We can conclude
that there is nd\ € A such thatr ¢ A" andA’ ¢ R&Z(P) but A’ € Rb=(P).

We now show that there exists A€ A such thatr ¢ A" andA” ¢ R (P) butA” € RIZ(P/).
We construct a proof by contradiction, starting with theuasgtion that there exists such a
A’ e R Z(P),

SinceA” ¢ RZ(P), we obtain
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DAA",P) > c. (4.25)

Sincea € A; anda ¢ A, we obtaindy (A", A) < dy (A", Af) and consequently
D(A",P) <DA",P). (4.26)

Putting together inequalities 4.25 and 4.26 we obtain

DA" P)>c (4.27)
However, the inequality 4.27 and inequality 4.24 are calittary with the assumption that
A" ¢ Rt (P). This completes the proof thefh* is insensitive to reinforcement of collective
judgements.

O

Proposition 4.8.4. Ry does not satisfy (IR-s).

\Votersp q pAqQr \Votergp q pAqQr

2x[++ + 4+ 2x|++ + +
2x |+ - - + 2x|+ - -+
Ix|+- - + Ix|-- - +
4x|-+ - - 4x |-+ -

M(P)|++ - + M(P)|- + - +

Table 4.5:P on the left, and the~p-reinforcemen®’ on the right used to show thRy does
not satisfy (IR-s).

Proof. We use a proof by counter-example. Let the agend4 be{p,q,p A q,r}. Consider
the profileP in Table 4.5.P is not majority-consistent, but removing any voter who pas
her judgment set suffices to restore consistency, ther&di) = {q,—(p » 0)}.

Consider the-p-reinforcement profil®’, Table 4.5 right-mosRy (P) = {—p,q,—~(p A q),r}.
Observe that althoughp e Ty (P) and—p e Ty (P'), Ry(P) #T1 Ry(P').
O

Proposition 4.8.5. Rry does not satisfy (IR-s).

Proof. Consider again the profile given on Table 4.5. We obtaiRry(P) by adding the
fourth judgment set once, so that it appears five times in thafilg instead of four.
Rry(P) = {q,—(p A q)}, henceTr., (P) = —p and Try (P) ¥ t. Consider the
—p-reinforcemenP’ given on Table 4.5Rry(P') = M(P') = {—p.q,—(p A 0),t}. Itcanbe
observed thaRry(P) # Rry(P). O

Proposition 4.8.6. Rynac does not satisfy (IR-s).
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Votersp q pAgPATPAS Votersp q pAg PATrpAS
IxA|++ + - - IxA|++ + - =
IxApl+— — + — IxAp|+ - — - -
1><A37+ — — + 1><A37+ — — +
MP)|++ — — - MP)++ - - -

Table 4.6: The profile® (left) andP’ (right), an example thaRynac iS not insensitive to
reinforcement of collective judgements.

Proof. Consider the agendé= {p,q,p A g, p AT,q A s} and the profilé® given in Table 4.6.

There are 6 profileB such thaD (P, B) = 2, see Table 4. Runac(P) = {{p,a,p A 9,—(p A I),
—(PAShAP, A —(PAa),~(PAT),~(PA}L{=p.d—=(PAraA),~(PAT),=(PAS}H
We have thallry,(P) = —(pAT).

P'isa—(px r)-reinforcementoP, butRunac(P’) = {{—=p,a,—~(p A q),—~(p A I),— (P A 9)}},
sinceD(P',P3) = 1.

Votersp q pAqpPArpas Votersp q pAqQpPArpas
Ix(+- - - = Ix|++ + - =
Ixj+—- -  + = Ix++ + + -
Ix[-+ - - + Ix|-4+ - - 4+

M(P) |+ — — - - M(P) |+ + + - -

votersp q pAqpPArpas votersp q pAqpPArpas
Ixl-+ - - - Ix|[++ + - -
Ix|l+- - + = Ix|(+- - + -
Ix|—+ - - + Ix|—— - — -

MBI+ - - - MPs[+— = — -

votersp q pAqpPArpas votersp q pAqQpPArpas
Ixl++ + - - Ix|++ + - -
Ix|(—— - - - Ix|+- - + -
Ix|—+ - — + Ix|++ + — +

MP)|—+ - — - M(Ps)|++ + — -

Table 4.7: The profileR, i € [1,6] for whichD(P,R) = 2. Note thaD(P’,P;) = 1.

Proposition 4.8.7. R%-MaX does not satisfy (IR-S).

Proof. Consider the agendé = {p A 1,p A ,0,t}, the profileP for three agents:
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VoterypArpagq t

Ix | — + —+
Ix | + - —=
Ix | = — ++

and its—(p A g)-reinforcement (in the first voter's judgment sBt)

voter§pArpaqgq t

1 |- - —+
2 |+ - —--
3 |- - ++

As it can be observed from Table 4:8(p A q) € Ty max(P), SinCeRIHMX(P) —

{{_'(p A r)v_‘(p A q)v_‘qa_'t}v{_'(pA r)a_'(pA q)a_'qvt}v{pA ra_‘(p/\ q)a_'qvt}}
However, as it can be observed from Table BY,™P') = {{—(pAr),—~(pAQq),—q, —t},
{=(pAr),=(pra),~at}{pAr,~(pra),—qt}{=(pAr),~(pAq),q—t}}. Thus,
—(pAQ) € Taymax(P’) @ndREHM(P) 52 RAH-MXPY) Furthermore, sinceq e Ty max(P),
but =0 ¢ Ty max(P’), We obtain thaRH MaX(P) ¢ RAH-Maxpr),

Aec A dH (A,A5) dH (A,Ag) dH (A,A4) max
Ar {=(par),—=(prq),—q,—t}] 2 1 2 2
A, {=(par),—(prq),—qt} 1 2 1 2
As  {—=(par),—(pra),q-t}| 3 2 1 3
Aq {=(pAr),—~(pra)qt}| 2 3 0 3
As {=(par),prg,—qt}| O 3 2 3
As {-(pAr),prg,q, -t} 2 3 2 3
A7 {—=(par),prqgat} 1 4 1 4
As {par,—(prQ),—q,—t}] 3 0 3 3
Ag {par,—(prq),—qt} 2 1 2 2
A1o {par,prqg,q,—t}| 3 2 3 3
A1 {parprgat} 2 3 2 3

Table 4.8: The max of Hamming metrics from an element in thé\ge each of the agent’s
judgment sets in profile.

We now consider thA rules.

Proposition 4.8.8. If d € {dr,dy } thenA%© satisfies (IR).

Proof. Consider a profilet for A, a8 € A, a profile ™ which is aB-reinforcement ofrr.
Thek-th row is the row on whicht and ' differ. Observe that, foff € {b,—b} orb= -
(m'>k)vb = v(b), v(b) € {0,1} and(rm>k)vb € {0, %, 1}. LetAe AYO(m,W), Avb = v(b).
We need to show that al\’ e A%® (77, W) are such that’'vb = v(b). We construct a proof
by contradiction.
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AcA dr (A, A7) |di (A, Ag) [di (A, Aq) [max
Ar {=(par),—(prq),—q,—t}] 2 1 2 2
Ay {=(parn),—(pra),—qt}| 1 2 1 2
As  {=(parn),—(pra),q-t}| 1 2 1 2
Aq {—-(pAr),—(prq)qt}] O 3 0 3
As {—~(pAr),prg,—qt} 2 3 2 3
As {-(pAr),prg,q -t} 1 3 2 3
A7 {—~(pAr),prqg,qt} 1 4 1 4
Ag {par,—(prQ),—q,—t}| 3 0 3 3
Ag {par,—(prq),—qt} 2 1 2 2
A1o {prr,pnrq,q,—t} 2 2 3 3
A1 {prrprgat} 1 3 2 3

Table 4.9: The max of Hamming metrics from an element in théige each of the agent'’s
judgment sets in profilg”.

We use the notation

NgE!

dw(AA) = > W(i,j)-0(Avaj,Aiva)),

=1

whered € {dy,0r}.
FromA e A%O(7,W) it follows that

O 1 dw(A, Tr>1) < O 10w(A, I>i). (4.28)
Sincedy (A, ri>K) = dw(A, T'>K) it follows, from the non-decreasingnessof
O dw(A Tm>i) = O 1dw(A, TT>i). (4.29)

It follows from (4.28) and (4.29) that:

Oy du(A, 1) < O, dw(A, T1>1). (4.30)

Assume that there isA e A%®(17,W) such that vb # v(b), and as such’ ¢ AYO(r,W).
It follows that

O, (A, 1) < Oy dw(A, 7). (4.31)

From (4.30) and (4.31), it follows that

O dw(A, i) < O 10w(A, Tr>i). (4.32)
From (4.32), sincer >i = ro>i, for all i # k, it follows that

Qu(A, TK) < dy(A, T1>K). (4.33)
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Recall that

NgE]

dw(A, k) = Y wik, j)- 8(A'vay, 1 ;)

1

and

NgE!

dw(A, m>k) = » w(k,j)-6(A'Vaj, ;)

1

Sincer, ; = pxj, for all aj # b It follows that (4.33) holds, if and only if

5(A/Vb, Tlf(,b) < 5(A’Vb, nk,b) (4.34)

For oy, the inequality (4.34) holds only whe¥X{A'vb, nf(,b) = 0, however that would imply
thatA’vb = m , which is a contradiction with the assumption téavb = v(b).

For dr, the inequality (4.34) holds only when it is possible tdh' vb, ) = % or
S(A'Vb,mp) = 1. If 3(A'Vb,m ) = 3, thenA'vb = 3 due tov(b) € {0,1}. How-

ever, ifA'vb = % thend(A'vb, (rm>k)vb) € {0, %} and we reach a contradiction again]

Proposition 4.8.9. A%-© satisfies (IR).

Proof. We make the same assumptions as in Proposition 4.8.8. Gorssigrofilert for A,

a B e A, a profile ' which is aB-reinforcement ofi. Thek-th row is the row on which
mandr differ. Observe that, foff € {b,—b} or b = —f (17'>k)vb = v(b), v(b) € {0,1}
and (r>k)vb e {0,%,1}. Let Ae ADO(r,W), Avb = v(b). We need to show that all
A e A%DO(1, W) are such that'vb = v(b). We construct a proof by contradiction.

We use the notation
Ow(A,A) = maxwi 1- on(A(L),A(1)),...,Wim- On(A(M),A(mM))).
FromAe A%-© () it follows that
O dw(A i) < OL1dw(A, TTvi). (4.35)
Sincedp (A, mvKk) = dp (A, 7' VK) it follows, from the non-decreasingnessof
OlL1 aw(A, Vi) = O 1dw(A, T Vi). (4.36)

It follows from (4.35) and (4.36) that:

O, Aw(A, TTVI) < O 0w(A', TTVi). (4.37)

Assume that\' e A%-O (17, W) andA’ ¢ A%D-O (7, W). It follows that

O dw(A, Vi) < O 1dw(A, T Vi). (4.38)

From (4.37) and (4.38), it follows that
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O dw(A, Vi) < O 1dw(A, Vi) (4.39)
From (4.39), sincer Vi = mvi, for all i # k, it follows that

do(A', TVK) < dp (A, TvK). (4.40)

The inequality/(4.40) is only possible whdp(A’, T vk) = 0, however that would imply that
A'vb = (1'>k) Vb which is a contradiction with the assumption thavb # v(b). O

4.9 Separability

In addition to the relational properties that are consid@rgudgment aggregation, and which
we lifted in the previous sections, we can also introducatiahal properties inspired by
properties of interest studied in voting theory.

In voting theory, the separability property states thatrifadternative is a winner under a
voting rule, for two distinct profiles under the same set afdidates, then that alternative
is a winner, under the same voting rule, for the profile olediby combining the two pro-

files. The property of separability is defined in (Smith, 19&8so defined as consistency in
(Young, 1975), and it is sometimes called reinforcementels Whis property is best known

as one of the conditions, together with neutrality and angty used by Young in his char-

acterization of scoring social choice rulas (Young, 1.9T5)e voting rules that do not satisfy
the separability property are subject to occurrencesimpson’s parado{Blyth, 1972).

In judgment aggregation, the separability property is téiiest as well. One reason is that
the separability property is a natural requirement to mékejudgment set is among the col-

lective judgment sets for profilg; and for profilerr,, then it should be among the judgment
sets for the combined profile.

Since the judgment aggregation sequence can be consideeesiadid piece of information
or as divisible collection of judgments, we can define attléas versions of a separability
property in judgment aggregation: sequence-separafflitg) and issue-separability (S-i).

Definition 72 (Horizontal merge) Let M be a n x m matrix and M a np x m matrix. The
matrix M is called a horizontal merge of Mand M if Mr>i = Ms>i for all i € [1,n;] and
Mp>(j+n1) = M>jforall j € [1,ny].

Definition 73 (S-i). A rule F satisfies issue-separabilitywhen for every e S”l,
W, e (RY)"*Mandm e §2, W e (R*)™*M and their horizontal merger € §*™,
W e (RT)Mm+m)xmif [for all A e F(m,Wi), A(j) = a]and [for all A’ € F (1, W),
A'(j) = al,then[forall A” € F(T,W), A’(j) = al.

Definition 74 (S-s) A rule F satisfiessequence-separabilitywhen for everyrme S”l,
Wy e (RY)™*Mandme §2, Wo e (R*)™2*™ and their horizontal merger € §*™,
W e (RT)(MH+2)xMif E (1 Wh) N F (152, We) # &, then R, Wa) n F(12,We) € F(T,W).

The issue-separability states that if a judgment is in tl®th of the rule on a profiler;

and it is in the theory of profiler,, both being profiles on the same agenda and constraints,
then the same judgmentis in the theory of the horizontal mefgr; andm. The sequence-
separability looks at whole sequences instead of judgmefita sequence is selected as
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collective by a rule forrr; and the same sequence is selected as collectivafahen that
sequence is among the collective sequence selected byléferthe horizontal merge ofy
andrn.

Unlike with unanimity and unanimity principle, majoritariism and majority-preservation,
and (IR-s) and (IR), one of the separability properties dugsimply the other. We study
issue-separability for the rules based on minimizatiorai@got consideringry andRvRr)
and sequence-separability for the weighted distancedbastes.

For the rules in Chapter 2 we study (S-i) by establishing agamesuft which shows that
majority-preservation and rule (S-i) are incompatibleisTesult can be seen as the judgment
aggregation counterpart of the result that states thayyé¥endorcet-consistent voting rule
violates reinforcement, see Theorem 9.2 (Moulin, 199123).

Proposition 4.9.1.1f a rule aggregator is majority-preserving then it violatissue-separability.

Proof. Let Rbe a majority-preserving rule, and assume furthermoreRksatisfies (S-i). Let
A ={p,q,p v q}, andP the 10-voter profile as follows:

voters |p g pvq
12 |++ +
34 |-+ +
56 |+— +
7,8,9,10- — -

Consider the two sub-profildy consisting of voterg1,3,4,7,8} andP, consisting of vot-
ers{2,5,6,9,10}. P, andP, are majority-consistent, witM(P,) = {—p,q,pv g} and
M(P) = {p,—q,p v q}. SinceRis majority-preserving, we hal(P;) = {{p,—q,pv q}}
andR(P.) = {{g,—p,pv q}}; thereforep < — g € Tr(P1) andp < —q € Tr(P.), from
which, by (S-i),

p < —qe Tr(PLuP2) = Tr(P). (4.41)

Consider now the two sub-profil€5 consisting of voterg1, 2,3} andP, consisting of vot-
ers 4 to 10. The profileB; and P, are majority-consistent, witM(P;) = {p,q,p A q}
andM(P;) = {—p,—q,— p A — @g}. SinceR is majority-preserving, we have(P;) =
{p,q,p ~ q} andR(P4) = {—p,—0,— p A — g}. As a consequence
p< geTr(P3) andp < —qe Tr(Ps). (4.42)
From (4.42), by separability,
P<Qqe TR(P]_ ) Pz) = TR(P). (4.43)

The equation (4.43) is in contradiction with (4.41). O

As a corollary, all the rules based on minimization exd@pt™2 violate issue-separability.

Corollary 4.9.2. The aggregation rules\R Rusa Rucsa Ruwa Rra, Rry, and Runac do
not satisfy (S-i).

3This theorem was proved by Jeréme Lang.
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The only one of our rules which is not majority-preservindfs-™®. However, this one
does not satisfy (S-i) either, which shows that it seemsexgly difficult to find a reasonable
judgment aggregation rule that satisfies (S-i).

Proposition 4.9.3. R%-MaX does not satisfy (S-i).

Proof. Let A = {p,q,r,p— (g A )}, and the 5-voter profil®:

votergp q r p— (qAr)
123+ +—- -
45 |+ + + +

Consider also the two sub-profil® consisting of voters 1, 2 and 3, afy consisting of
voters 4 and 5. Observe thatH™(Py) = {{p,q,—r,—(p — (qAT))}} andRHMXP,) =
{{p.ar,p—(qar)}}, thus p e Tpgyma(P1) and p € Toa,ma(P2). However,

RMM(P) = {{p,q,—r,—~(p — (a A 1))}, {P.a,1,p = (A A N} {=p,a,—1,p— (AT}
{p,—a,r,=(p — (q A r))}}, thereforep ¢ Teay max(P). O

Regarding sequence-separability and the weighted disthased rules, there are more posi-
tive results.

Proposition 4.9.4. If ® is associative (see Definition 31), thah® satisfies (S-s).
Proof. Lets(A,A) = @1 w(i, j)3(A(j),A(j)). Due to associativity

®(§(Aa Al)a e 7S(Aa Akl)vf(Aa Akz)a e 7S(A5An)) = @(@(X(A)),@(y(A)))

x(A) Y(A)

Due to the non-decreasing @f, if
X(A) < x(A') andy(A) < y(A'), (4.44)

then®(x(A),Y(A)) < O(X(A),y, (A)).

Letrme A™, e A, Wy e (RT)™ andWs e (R*)™2. If A € A%O (11, Wh), A € A% (11, W),
then (4.44) holds for eaoN € A and consequenthx e A%O (7, W) for the horizontal merges
mandW. O

The function* is not associative, however it satisfies sequence-setityabi

Proposition 4.9.5. A%M* satisfies (S-s).

Proof. The proof can be constructed similarly as the proof of Thex4ed.4. Observe that
[ [(s(A m>1)+1,....s(A m>ny) + 1, S(A, 0> (0 + 1)) + 1,....S(A, Tm>n2) + 1)

can be written as

[[sAme1)+1,... (A men)+1)-] [(SA m>1)+1,... (A m>np) +1). (4.45)

Forxi,Xo,y1,¥2 € RT if X3 < X and y; < ys, then X;-y1 < x2-y,. Consequently,
if A e AST* (7, Wh) andA € AT (715, Wh), thenA e AYT (T, W), 0
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4.10 Other properties for judgment aggregation rules

In addition to separability, we can construct other prdpsrthat might be desirable for an
aggregation rule to satisfy, inspired by properties stidievoting theory. In this section we
give their definitions.

Tideman (1987) introduced tleone independence criteridor voting rules. This property
states that when a candidate is added to the set of candidatkthis candidate is identical
to a candidate already in the set, the winner of the electiimet change.

There are no candidates in judgment aggregation, but thepenttience of clones can be
defined for agenda items. Indeed, if two agenda issues areallygequivalent, then the
collective judgment on the both should be the same. An icedltle rule should be insensitive
to agenda clones already appears in (Dietrich, 2006b),edsimilar property is defined as
logical agenda manipulatianT he difference between our definition and the one in (Diktri
2006D) is that in (Dietrich, 2006b) one speakseftled issugesamely issues whose truth-
value is determined by any judgment set (consistent and lste)p

Cariani et al. (2008) define a property for function aggregatalledranslation invariance

A function aggregator is translation invariant if the cotige judgment set does not depend
on the particular language used to model the agenda. Naihglg agendas are semanti-
cally equivalent and two equal profiles, each for one of trendgs, are aggregated, then the
collective judgment sets selected for each profile shoulthbesame. Cariani et al. (2008)
prove that whether a function is translation invariant aejson the atoms in the agenda.

We define clones as issues in the agenda that are logicaliyadept. All clones are settled
issues, but not all settled issues are clones.

Definition 75 (Clones) Given an agendal, issues aa’ € A are cloneswhenforall & S,
A(a) = xif and only if X&) = x.

Let M be an x mmatrix andY < [1,m] a set of columns. The sub-matrixM‘Y is
the n x (m—|Y|) matrix obtained by removing the columns¥rfrom M. Consider as an
example the X 3 matrixM , Y = {2} andM*Y:

100 00
M=|010 MY =110
111 11

Definition 76 (IAC). LetA be an agenda containing the clones a apdand let Y= {k}. A
judgment aggregation rule F isdependent of agenda clonghen for every profiler € §',
ifA e F(rmU)and A e F(pYY, W), then for all g # ax A(j) = A'(j).

Example 4.10.1.Let A = {p,q,p A q,p A p}. We can observe that p andapp are clones.
Consider the profiles P and the reducediR Table'4.10. On this profile the ruleyRs
insensitive to clones, while the rulg,Bsais not.

There are aggregation contexts in which a group of agentdsneemake judgments on the
same agenda in various moments in time.

Example 4.10.2. Consider a group of agents that develops and maintains acftwThe
group needs to make decisions regarding the resources spatgveloping and maintaining
the software. Let the issues be:



124 Chapter 4 Selecting judgment aggregation rules

N
PgpPAQpPAP —W
+- - +
-+ - - -t -
++ o+
+4+ o+ + T
Ry + +
+ +
- R + +
Rvcsa + + + MCSA+ i
+ - + .

Table 4.10: The profil® containing the judgments on the clones (left) and the sulfilpP’
without the judgments op A p.

¢ release new version (p),
o fix known bugs (q),
e improve the user interface (s) ,

e advertise the product (t).

Let the relations between these issues be  q— p and gqv s*.

As long as the software is maintained, the group would neexdake decisions on the same
or some of the agenda issues. At a given moment, after edjditie group opinions on the
full agenda, the group might need to use the decisions régaup, g and t but determines
that s is not really of interest.

In Example 4.10.2, how should a collective judgmentparhange if the agenda, and profile,
is reduced bys? It is intuitively undesirable that the decision prshould change since. We
call this propertyinsensitivity to agenda shrinking

Definition 77 (IAS). LetA be anagenda,ac A andY= {k}. A judgmentaggregation rule
F satisfies thestrong insensitivity to agenda shrinkimgien for allmr e §', W e (R*)™™M

if [forall A e F(rr,W) and for all k# j, A(j) = X], then [for all A' ¢ F(ri*Y,W!Y) and for
allk # j, A'(j) =x].

Example 4.10.3.ConsiderA = {p,q,q — p,p — t,s,qx s} , the profile P for it, and the
profile P for A shrunk for s, given on Table 4.11. As we can observe from thie,ta
Trucsa(P) & P but Tryesa(P') # P, hence the rule fksadoes not satisfy the property.

When a rule is based on minimization, we can expect that iteikensitive to the shrinking
of the agenda for an arbitrary issue, since the removed isggiet share sub-formulas with
otherissues, as it was the case in Example 4.10.3. We caideoti®e insensitivity to agenda
shrinking when the issues removed are atomic and not pathef tssues. This property we
callinsensitivity to atomic agenda shrinking

4The connective is the exclusive or, defined gsv @y = (—¢ A @) v (¢ A —).
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Pgg—pp—tgqys
pPgg—pp—-tsqys - -+ + +
- - 4+ + 4+ + -+ - + -
-+ - + - - ++ 4+ - +
++ 4+ - -+ Ry +
Ry + - + +
+ + - +
- +
Rvcsa + + + +
Rvicsal + + + -+ -+ + +
- + + +

Table 4.11: The profil® containing the judgments on the full agenda and the sublpRfi
without the judgments on

Definition 78 (IAAS). LetA be an agenda and let ¥ A be the set of the indexes of each
atomic formula pe A thatis not a sub-formulafor any formufae A\Y . Ajudgment aggre-
gation rule F is insensitive to atomic agenda shrinking wfemall 7 € §', W e (R*)"™M

if [forall A e F(rr,W) and for all k# j, A(j) = X], then [for all A' € F(rt*Y,W!Y) and for
allk = j, A'(j) = x].

Another aggregation property regarding the agenda iageada separatianiVe first define
what it means for an issue to be independent in an agenda.

Definition 79 (Independence of an issue)An issue a isndependenin an agendaA, when
for any consistent judgment setAA andé € {a,—a}, A\{a} # aand A{a} i —a.

Another way to define independent agenda issues is as cendiicta does not belong to any
minimal inconsistent subset ¢f. When an agenda contains an independent iastheen it

is reasonable to expect that, regardless of what the judigroarthe other agenda issues are,
the collective judgment oa always coincides with the majority of the judgments regagdi
a.

Definition 80 (AS). LetA be an agenda, andjac A an independent issue. A judgment
aggregation rule F satisfiesgenda separatioshen for everyt € §,W e (R*)™™M if for
allA € F(r,W), A(j) = m(nv j,W).

Example 4.10.4.Consider the agend#d = {p,q,p A q,r} and the profile for this agenda
given in Table 4.12.

Although this example satisfies the agenda separabilitpgnty for both the R and Rynac
rules, this is not always the case. Finding a counter-exarfgal R, is fairly simple.

The agenda separation property is desirable since it afloigrofiles to be split into a part
of judgments on dependent and part of judgments on indep¢rsbeies, with only the judg-
ments on dependent issues to be aggregated.

One property considered in voting theory is the propertynetilnerability to a no-show
paradox Fishburn and Brams (1983) define the no-show paradox astitli¢ion of identical
ballots with candidat& ranked last may change the winner from another candidate Tthe



126 Chapter 4 Selecting judgment aggregation rules

pgpaqr

- - +

S+ -+

+4+ + -
Ry | +
+

-+

Rvnac|- + -+

e

Table 4.12: The profilé® containing the judgments oA = {p,q,p A q,r} and the corre-
sponding outputs frorRy andRynac.

no-show paradox occurs when a group of voters is better ofidiyoting than by voting
according to its preferences (Nurmi, 2004). Moulin (1988)ws that when there are at least
four options (candidates), every voting rule that eleces@ondorcet winner must generate
the no-show paradox.

Are judgment aggregation rules susceptible to the no-sharadox as well? We can define
when a rule is invulnerable by the no-show paradox.

Definition 81 (INS). A judgment aggregation rule F satisfies the invulnerabitityhe no-
show paradox when, for everye §, W € (RT)™Mand A* € S,V € (R")™ such that
A*(j) =xifforall A e F(mW), A(j) =X, thenforall A € F(17,W’). The profilerr and
weights W are the horizontal merge of with A* and W with V correspondingly.

Example 4.10.5.Consider the agendd = {p,q, p A g} and the profiles P and’Ryiven in
Table 4.13. We can observe thatp A 0) € Tryac(P) @and—=(p A q) € Tryuac(P’), hence
for this profile Rynac is invulnerable to the no-show paradox.

Pgpnaq PgpaqQ
+- - - -
S+ - -+ -
++ o+ ++ o+
Rvnaclt - - - - -
-+ - Rvnac -

Table 4.13: The profil® (left) and an its extensioR’ (right) with {—p,—qg,—~(p A q)}.

4.11 Conclusions

In this chapter designed rule aggregator properties arlgzath with respect to these proper-
ties, the rules we defined in Chapters 2 and 3. We intend tchese properties to distinguish
among the rules from Chapters 2 and 3 correspondingly.

Properties in judgment aggregation have been defined fatibmaggregators and binary
unweight judgments. We first defined the correspondencedegtywon one side, a property
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defined for weighted rule aggregators and ternary judgmantson the other side, a prop-
erty defined for an unweight binary function aggregator. Bu¢he irresoluteness of the
rule aggregators, there are multiple rule aggregator ptiegecorrespond to each function
aggregator property.

There are not many properties considered in judgment aggoegtheory. For each of the
known property we defined at least one corresponding rulpgstg and analyzed which of
our rules satisfies it. The following rule aggregation pmigs have been included: universal
domain, anonymity, neutrality, independence of irreléwaformation, collective rationality,
majority-preservation, majoritarianism, unanimity, nimaity preservation and monotonic-
ity. In addition we considered separability, a rule aggtiegeproperty corresponding to a
(separability) property in voting theory.

All the families of judgment aggregation rules we introddisatisfy the structural properties
of universal domain, anonymity, neutrality, and colleetrationality. None of the introduced
rules satisfies the independence of irrelevant alterrafiveany of the defined versions). The
relational properties we considered were majority adher@noperties, unanimity properties,
monotonicity properties and separability properties. Témults are summarized in Table
4.14.

Majority Weak Strong IR-s S-i
Preservation |Unanimity  |Unanimity
Ry |V v v no no
Rvsa |V v no v no
Rvcsal|v’ no no v no
Rvwa [V no no v no
Rra |V v v v no
RAH-Max o no no no no
Rry |V v v no no
Runac |V no no no no

Table 4.14: Summary of the results for the social theoretperties of the judgment aggre-
gation rules.

We considered the same properties for the examples of desteand aggregation functions
we introduced. In Table 4.15 we summarize the results. Wjithhen no index is specified,
we denote any product metric and withany aggregation function.

Whether a property holds for a distance-based rule somgtitapends on the properties of
the choserd and(®, as was the case with anonymity and separability. On ther dited,
e.g, whether unanimity-principle is satisfied depends on thi® taetween the cardinality
of the agenda and the number of agents. Unanimity holds wke@gis a function that
satisfies minimality. Majority-preservation holds only #H-~ andA%-X. The sequence-
separability (S-s) holds for all aggregation funct®mwhich are associative, however, as the
example with the non-associativieshows, there exist non-associative arithmetic aggregatio
functions that satisfy (S-s).

The literature of judgment aggregation, see for examplg @mnd Polak, 2010; Pigozzi, 2006),
discusses the anonymity and independence of irrelevaoriivation for distance-based rules,
but does not formally define or prove these properties siniserather simple to show that

they hold, and not hold respectively. The belief-mergingragpors are analyzed with re-



128 Chapter 4 Selecting judgment aggregation rules

Property Satisfied Not satisfied
Unanimity (d,%)
(d,max)
(d,Gmay
(d, %)
Weak unanimity principle(dp,®) (di,%)
(di,max)
(di,Gmay
(di, )
di € {dH,dT}
Strong unanimity principlgdp,®)
Majoritarian (d,%) (d,max
(d,n*) (d,Gmay)
Majority-preserving | (dy,Z) (dp,X)
(dr,%) (d,max
(d,Gmay)
(d,11*)
IR (d,®)
S-s (d,%)
(d,max)
(d,Gmax
(d, %)

Table 4.15The summary of the properties which holds for thend® examples we introduced.

spect to unanimity and majoritarianism (Konieczny and Hi@oez, 1999). In addition to the
aggregation functions and distances considered therdsavééroduce thé&l*, which is ma-
joritarian but not majority-preserving. The rest of theedies, to the best of our knowledge,
have not been previously considered for judgment aggragaties or functions.

Which properties should a rule aggregator satisfy? Thetstral properties are desirable in
all the settings, as is the property of unanimity. In all camsgual groups it is required that
the adherence to majority properties are satisfied, as weleunanimity principle at least
in its weak version. The properties of insensitivity to feicement are particularly desirable
in contexts in which the agents give judgments on the sanuessseveral times, irrelevant
of weather the group is consensual or hierarchical. A rudernsitive to reinforcement can
save the agents from executing unnecessary aggregatibagprdperties of separability are
particularly desirable for aggregators used by distributensensual sub-groups. If a rule
satisfies separability, then the smaller sub-group of agesm aggregate its judgments and
send the result. The whole group may not need to aggregatetibke profile, but just
consider these sub-results.

For group decision problems, ideally one would prefer nesotules. However, from the

impossibility results in judgment aggregation, see (Ligl olak, 2010) for an overview,

and social choice theory in general, we can conclude thatfontestricted domains resolute
aggregators can be constructed. If the domain cannot bécted and usually this is the

case, then irresoluteness must be dealt with by tie-brgakiechanisms. If resoluteness
is not feasible, then the rules should at least select a smatber of collective judgment

sequences as possible. For this reason, rules sukk #8vr andA® ™ are undesirable.
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The rules we consider are in principle all desirable ruless we can observe from Ta-
bles 4.14 and 4.15, the properties we considered are insuffio fully distinguish among
the rules. To this end more properties need to be developedndde the initial efforts along
this path in Section 4.2.0 where we discussed and defined fiveuie aggregator properties.
The family of interesting rule aggregator properties i stit large enough and the search
for these properties is an open question in judgment agticegheory.

In the third part of the thesis we consider instances of hitieal and consensual groups
in multi-agent systems and give judgment aggregation basmtels of decision-making for

these groups. We pair rules from Chapters 2 eind 3 with eadtes&tdecision-making prob-
lems using the properties we developed in this chapter.
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5

Recognition-primed group decisions
for hierarchical teams

Abstract. In this chapter we give an example of a hierarchical group de-
cision problem in a multi-agent system context. When ojygah uncertain
environments, agents cannot rely on negotiation to reacbeatents since the
state of the world might change while they negotiate. We psepa model for
reaching a group decision without negotiation. Our modisl the Recognition-
Primed Decision (RPD) model, constructed in an experini@siachology, from
a single agent to an agent group. The lifting is executed Hyeelding judgment
aggregation as a tool for amalgamating individual infoliorat The RPD model
models adaptive behavior. While it executes its actioresgtioup may adapt the
decisions it acts upon in light of new information. We comsicevision strategies
for our group.

5.1 Introduction

Groups of agents need to be able to reach collectively bjndieisions in order to coordinate
and cooperate. We consider a hierarchical team of agentsucim a team, there exists one
agent that is responsible for producing the group decisionteach the group decision this
agent needs to consider and combine the opinions of thefrdst team members. How can
a hierarchical team reach collectively binding decisignan uncertain environment?

According to traditional theory of decision-making, seedgample (Peterson, 2009, Chap-
ter 1), making decisions is driven by the concept of ratibpalssociated with the decision-
maker. A rational agent chooses, given his knowledge abeutbrld, those options that are
optimal in the sense that they maximize the agent's expeadiéty. Optimizing is difficult
when the agents’ resources are limited, as initially paimet by (Simon, 1955, 1956). Fur-
thermore, rationality is a concept associated with a deisiaker (an individual) and itis not
simple to apply this concept to groups, see for instancenhdysis of (Stirling and Nokleby,
2009).

People are not good rationalizers (Hardy-Vallée, 2007,ix)g however groups of people
are able to function successfully even when all adequaterimdtion is not available, when
their goals are unclear and the procedures they have tawfalie poorly defined, consider
for instance firefighters and other emergency rescue teantife-threatening situations and
dangerous environments it is desirable to replace humanstedth artificial agents. Can

133



134 Chapter 5 Recognition-primed group decisions for hierarclical teams

artificial agents be endowed with such skills of decision mgland adaptation that people
possess? This question begets another question. How dtepeage collectively binding
decisions under time pressure, in dynamic conditions anthgertain environments? Can
we use a model of human decision-making to build a procedhatecan be used by artificial
agents?

Using computational modelinge., multiagent based simulation of group-decision making
theories built and studied in experimental psychology,seduto validate and analyze hu-
man decision-making models (llgen et al., 2005; Hulin agénl, 2000). The less explored
direction is the use of experimental psychology models titdliecision-making or agree-
ment reaching procedures for artificial agents. One reagpthfs might be found in the
non-simplicity and high non-determinism of the experina¢ntodels.

Compared to studies of consensual groups, the hierardbimal decision-making is far less
studied in experimental psychology and social sciencestwey et al., 2002). A summary
of theories on how hierarchical team-decision making isedam should be done, is given
in (Humphrey et al., 2002). A well known model is theulti-level theory of team decision-
makingof (Hollenbeck et al., 1995). This theory however is ratimtricate and it would be
difficult to translate into a group-decision making modelddtificial agents.

How firefighter commanders make decisions under extreme piragsure was studied by
Klein et al. (2010). They found that, when a commander has prperience with a problem,
which is usually the case, he acts according tad¢ivegnition-primed decisiofRPD) model,
summarized on Figure 5.1.

Goals
Implement
Current Perceptual Cues L s
Sngtion ?roltotype » Evaluation )EMod.lfy
Causal Factors ;
Reject

FEP P » Expectations

- » Action Queue
Figure 5.1: The recognition-primed decision model (Kleialg 2010, pg. 203).

According to the RPD model, a commander tasked with a prolfilssmassess the current
situation and then matches the current situation to a pnoitdl solution based on similarity
of goals, perceptual clues, causal factors and informatimut them.

As arunning example we consider the overpass rescue exgimgtein [Klein, 1999, pg. 18).

Example 5.1.1. The overpass rescue(Klzin, 1999, pg. 18).

“A lieutenant is called out to rescue a woman who either fejumped off a
highway overpass. She is drunk or on drugs and is probabilydrp kill herself.
Instead of falling to her death, she lands on the metal suigpadra highway sign
and is dangling there when the rescue team arrives.

The lieutenant recognizes the danger of the situation. Tévaam is semi-
conscious and lying bent over one of the metal struts. At asment, she could
fall to her death on the pavement below. If he orders any ofd@is out to help
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her, they will be endangered because there is no way to getd ly@ace against
the struts, so he issues an order not to climb out to secure her

Two of his crew ignore his order and climb out away. One hold®der
shoulders and the other to her legs.

A hook-and-ladder truck arrives. The lieutenant doesn&aéheir help in
making the rescue, so tells them to drive down to the highwesgmband block
traffic in case the woman does fall. He does not want to chdmetetihe young
woman will fall on a moving car.

Now the question is how to pull the woman to safety.

First, the lieutenant considers using a rescue harnessstaedard way of
raising victims. It snaps onto a person’s shoulders andhbkign imagining its
use, he realizes that it requires the person to be in a sighogjtion or face up.
He thinks about how they would shift her to sit up and realthes she might
slide off the support.

Second, he considers attaching the rescue harness fromatiie blowever,
he imagines that by lifting the woman, they would create gdgressure on her
back, almost bending her double. He does not want to riskqutter.

Third, the lieutenant considers using a rescue strap-agiottay to secure
victims, but making use of a strap rather than a snap-on hesnélowever, it
creates the same problems as the rescue harness, requigdhghe be sitting up
or that it be attached from behind. He rejects that too.

Now he comes up with a novel idea: using a ladder belt - a stioely
that firefighters buckle on over their coats when they climtadgers to rescue
people. When they get to the top, they can snap an attachmehédelt to the
top rung of the ladder. If they lose their footing during tlescue, they are still
attached to the ladder so they won't plunge to their death.

The lieutenant’s idea is to get a ladder belt, slide it under voman, buckle
it from behind (it only needs one buckle), tie a rope to thepsaad lift her up to
the overpass. He thinks it through again and likes the idedesorders one of
his crew to fetch the ladder belt and a rope, and they tie ibdrer.

In the meantime, the hook-and-ladder truck has moved toigtenay below
the overpass, and the truck’s crew members raise the laddes.firefighter on
the platform at the top of the ladder is directly under the vamnshouting, ‘I've
got her. I've got her’ The lieutenant ignores him and ordeis men to lift her
up.

At this time, he makes an unwanted discovery: ladder be#sbailt for
sturdy firefighters, to be worn over their coats. This is ag@rwoman wearing
a thin sweater. In addition, she is essentially unconscidben they lift her up,
they realize the problem. As the lieutenant put it, “Shénslied through the belt
like a slippery strand of spaghetti”

Fortunately, the hook-and-ladder man is right below her.ddéches her and
makes the rescue. There is a happy ending.

Now the lieutenant and his crew go back to their station torégaut what
had gone wrong. They try the rescue harness and find out tedightenant’s
instincts were right: neither is usable.

Eventually they discover how they should have made theee3diey should
have used the rope they had tied to the ladder belt. They dwawé tied it to
the woman and lifter her up. With all the technology avaitatdl them, they had
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forgotten that you could use a rope to pull someone.”

The recognition-primed decision model captures the behafithe lieutenant in Example
5.1.1. After arriving to the scene, the lieutenant first asse the situation. He observes that
the problem is ¥..a woman who either fell or jumped off a highway overpag® iS drunk

or on drugs and is probably trying to kill herself. Insteadfaliing to her death, she lands
on the metal supports of a highway sign and is dangling therg and “... The woman is
semiconscious and lying bent over one of the metal strutanpAmoment, she could fall to
her death on the pavement belbow.

The lieutenant matches the current situation to a protdbgsed on similarity of goals, per-
ceptual cues, causal factors and information about themmdWa he is ‘talled out to rescue
awomari, “ he does not want to chance that the young woman will fall onamgacar’ The
matched prototype genera®gectancieand a set of options for a course of action. The ex-
pectancies are a mean of confirming that the selected pptddyadequate. The options are
generated sequentially, with the most typical option bejagerated first and other options
only being generated if the previous one is rejected. In tleggass rescue example, the first
generated option by the lieutenant is to use a rescue hamestandard manner. The second
generated option is to attach the rescue harness to thenictin the back. Once a course of
action is generated, the commander proceeds to evaluateigiusibility and implements it,
modifies it, or rejects it. In the overpass rescue exampéelj¢latenant evaluated the use of a
rescue harness and rejected it becaitseuires the person to be in a sitting position or face
up and that is not the case. If an option is rejected, the next mm@slable, representative,
and similar one is selected for evaluation.

The RPD model is a relatively simple model and it was deveddpelescribe the behavior of
human resource limited teams. Decisions in conditionsthiksones in which the firefighters
operate must be made fast. Furthermore, the team that madesrhust be able to adapt
easily. This is precise the quality of group decision-mgkhat we search for and that cannot
be accomplished by traditional optimization based denisiaking. However, there are two
problems in using the RPD model to build a group decisioningagrocedure for artificial
agents. The first problem is that the commander in the RPD husgés his experience and
associations to match a possible solution and cues thdyveds an adequate solution.
This task is more difficult to perform by an artificial agenathpeople since people can
use a small number of cases and associations to find soldftoresgiven problem. The
second problem is that although firefighters operate as teaamRPD is a model of a single
agent. Consequently, a team decision-making proceduedllas the RPD model will be
only applicable to groups that solve problems on which treetprior experience.

We want to replace the agents on the ground with artificiahtsgléke robots and drones, but
we can use a person, let us call this perapinitiator, to perform the task of the commander.
This way we circumvent the first problem. Since the initiasomo longer on the scene of the
event, he or she would not be able to assess the situationeaiig the expectancies. We
need to lift the RPD model from a single agent to a hierardigicaup model. In this chapter
we address this lifting problem.

We consider a mixed human-robot team in which there is oneanygallednitiator, which
has a role similar to the firefighter commander’s role. Thé oéshe agents are artificial
agents, calleéxecutorsUnlike the commander, the initiator is not on the ground laasito
fully rely on the executors for the following processes:
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1. situation assessment,
2. verifying expectancies, and

3. evaluating potential courses of action.

The challenge in raising the recognition-primed decisicakimg model to the team level
lies in raising these processes to the team level. An adeawudiective decision process, or
processes, needs to be specified to accomplish this task.

The recognition-primed decision approach is very fastjiKestimated that the fire-ground
commanders make around 80 percent of their decisions irthessa minute (Klein, 1999,
pg.4). Inevitably, the decision-making can be expectedke tonger when there are opin-
ions from various sources to be merged. Collective decisianmultiagent systems can
be reached by argumentation supported negotiation (Rabtan 2003) and social choice
(Chevaleyre et al., 2007). Negotiation requires sevenathds of exchanges (of arguments)
between the agents before a decision is reached. It can Hénuseftware agents, but not yet
for robotics. Unlike software agents, embodied agents heedsess the environment, pro-
cess their sensor input and form an opinion. A robot thattésrin the opinion, not just pull

it out of his knowledge base, would find itself in “no time tank’. The agreements reached
by embodied agents under time pressure must be done witltl@#liormation exchange as
possible. The executor needs to be able to get all, or atteast, of the information from
the agents at once and deduce the courses of action from it.

Social choice methods such as voting (Nurmi, 2010) and juedmggregation (List and Puppe,
2009) require only one round of exchange of information. itator can apply a social
choice rule to aggregate the executors’ opinions. In the c&she situational assessment,
the agents need to express a judgment whether the cue isypoeseot. However, not all
executors would be in a position to make a judgment on all.clibs opinions on the cues
entail the opinions on the solution that can be applied, iieijdtdgment made on some cues
may logically constrain the judgments that can be made obtthers. Therefore the initiator
should use judgment aggregation rules, in particular weihules for ternary judgments
like the ones we developed in Chapter 3.

This chapter is structured as follows. In Section 5.2 we psepa group decision-making
model based on the recognition-primed decision model. ti&@&5.3 we focus on the prob-
lem of reaching collective decisions by judgment aggregatiithin our model. In Section
5.4 we revisit the overpass rescue example and show how adelroan be applied to it. In
Section 5.5 we study the problem of revising the emerginggstaith new information. In
Sectior: 5.6 we present our conclusions and discuss posgghkralizations of the proposed
model to teams with no initiator.

5.2 A conceptual model of reaching recognition-primed grop decisions

We construct a conceptual model of recognition-primed giecisions for the mixed human-
robots team. The model works under the assumption that alitagre able to communicate
with each other. We begin by describing the possible rolefénteam and the presumed
capabilities of each role.

The model we present here is a prescriptive model for a teawgration-primed reason-
ing for collaborative problem solving in uncertain envineents. The recognition-primed
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decision-making model of (Klein et al., 2010) is a presivpmodel of a single agent decision-
making in uncertain environments.

5.2.1 The team
The initiator

We define the initiator as an agent who is able to use his expegiin matching a given
problem to a pair of sets: set of goals and a set of correspgrdies for each goal. The cues,
corresponding to one matched goal, identify when this googbod enough to be adopted in
response to the given problem. For example, given the pmobferescuing the unconscious
woman, the goal to lift her to safety using a rescue harnemsldtbe pursued if the woman
is facing up or is in a sitting position. It is not sufficientdaly enlist the cues for a matched
goal. The relational structure between the cues and thengeals to be specified as well.

The initiator is able to match a problem with the trigtgoal, cues relational structure. In
the remainder of this chapter we will mean both cues and tla¢ioral structure when we
speak of a set of cues.

Once a goal is matched, and verified as good enough by evajudiiz cues, the initiator
constructs a plan for that goal. We assume that the initiatan agent able to generate plans.

The executors

An executor is an agent who is able to generate an opinion ffiven cue based on his
own knowledge, beliefs and percepts. He is able to evalbatedie assigned to him by the
initiator’s plan and identifies the constraints that wouldibit the successful execution of the
tasks assigned to him. The executors are able to pass messdgeen each other in order
to successfully execute a plan. For instance, during thpdtietical) execution of the plan
for rescuing the woman by a rescue harness the agent thas si@harness needs to signal
the agent that lifts the woman that he can start lifting.

5.2.2 The process

The left side of Figure 5.2 represents the recognition-pdmgroup decisions (RPgD) model
for the initiator. The right side depicts the model for thegess for the executor agent.

The process begins once the initiator recognizes a proloeinitasked with one. He contacts
the executor agents who are already on site or on stand-lugtesmine who is available

to participate. If the initiator finds sufficient agents, hegeeds to establish a course of
action. He first identifies the team goal(s) by using his eiepee to find the closest match
of the problem at hand with a goal. The initiator also matdhesrelational structure and

corresponding cues to the proposed goal.

Situational assessment

The next step is the situational assessment with the puigfogeal verification. This step
comes only after the executors arrive at the problem sitihely are not already there. The
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initiator assesses the situation by eliciting the exe&itpinions on whether the cues are true
or false, present or not. The cues are thus treated as ptiopsgd which an executor assigns
true or false. The executor can also abstain from assignivajue. Based on the reported

cue value assignments, the initiator assigns correspgraie true/false values which he

uses to establish whether the corresponding goal is goaagénar not and adopted or not

correspondingly. We propose that the initiator uses a juglgraggregation rule to aggregate
the reported information. If negotiation were to be useddseas the situation, then the
executors would first reach the agreement of each cue vatuebr them and then report

this agreement to the initiator.

The initiator verifies the adequacy of the matched goal,dasdhe corresponding cue values
obtained by aggregation. He can request only the opinionth®iues to be aggregated, or
he can consider also the aggregation of the individual emimhs on whether the goal should
be adopted.

Example 5.2.1. Consider the problem of to pulling the woman, from the ovesp@scue
example, to safety. Assume that there are five exec{lgr&y,, E3, E4, Es}. The initiator first
considers the goal

S use arescue harness.

Based on his experience, the initiator deema satisfactory solution if and only if at least
one of the following cues are the case:

c2: the victim is in a sitting position,
c3: the victim is in a face-up position,
c4: the victim can safely be shifted in a sitting up positionmaiface-up position,

cs: the harness can be attached from the back without hurtiegrttim.

The initiator further specifies that the cues are subjecht®donstraint{c; v c3) — c4. The
constraints encodes the “obvious” information that if atiic is already sitting or facing
up, then g is trivially the case. The judgments of the executors, meigarthe cues, and the
individually entailed judgments regarding are given in Table 5.2.1. The “?” denotes the
case in which the agent has not provided a judgment.

Agents|c; C3 ¢4 C5|Sp
{E1,Ez}||no no no nono
{Es,E4}|{lnono ? 7 ?

{Es}{inonono 2 ?

Table 5.1: Contributed judgments regarding cueson

In Example 5.2.1 the individual judgments regarding thel gdaquacy can be deduced. An
opinion of a goal given explicitly by an executor carries iéiddal information. Assume,
for example, that in the situational assessment for ggahgents{Es, E4} give an explicit
opinion “yes” ons,. The relation structure is still verified. However, addii@ information
is conveyed. Namely these agents are of the opinion thaasit éme o, andcs must be the
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Figure 5.2: The process of making recognition-primed grdegisions.

case, but they are unsure which one. If the initiator waniadtude these “unsupported by
cues” opinions, then he should elicit opinionssprexplicitly.

If a goal is not adopted, then the executor generates angtia(and corresponding cues)
and elicits the opinions of the agents for this set. If the @&l shares cues with a goal

previously considered, then there is no need to elicit tdgfoents of the executors on these
cues anew. The initiator keeps generating goals and cangjdéem one by one until a goal

is adopted, as long as the problem persists. If the initiatos out of ideas for a possible

solution, then the project can be abandoned, or the iniatan remain on scene expecting
for the situation to change. In the firefighter examples ctdie by Klein, the commander

always has an all-contingency solution. Thus, for examfpdefire cannot be extinguished,

and no rescue is deemed possible, then the firefighters tikasto ensure that the fire can
be left to burn itself out safely. Similar all-contingenayltions can be designed for each
problem domain.
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Plan evaluation

Once a goal is deemed adequate, the initiator proceeds o dgplan. The initiator has

information about the scope of capabilities of an executot,he does not know the exact
position or state of every executor at a given point in timenszquently, the initiator makes
a tentative plan based on the information of executor céipabe has. He proposes this
tentative plan to each executor.

An executor has two options. One option is to acknowledgglée, and the role assigned to
him in that plan. By this action he commits himself to execgthis assignments. The second
option is to object to the plan. An executor objects by infngthe initiator of the constraints
due to which the proposed plan cannot be executed. We obibertvéhe mental simulation,
which is done by the commander in the model of Klein, is, in madel, externalized from
the initiator to the executors.

The initiator considers all constrains given as an objediioa plan in order to devise a new
plan. A plan is approved if and only if there are no objectifnosn any of the executors.
If the constraints are such that no plan can be devised fogdhéin question, the initiator
attempts to matches a new goal to the problem.

During plan evaluation, an agent evaluates the portioneeptan, which he is expected to
execute. The plan may contain both individual and jointadithat are to be executed. When
the action is individual, no conflict of constraints can @risince the agent who is intended
to execute the action is taken to have a veto on evaluatingl#mefor that point.

When the action is joint, all agents involved need to apptbeetentative plan, for the plan
to adopt. An agent is allowed to objects on an action that tsemecuted by him. There
are two types of objections that can be raised. The first @bjecs due to a conflict in the
execution of the assigned actions. The second is an ohjectibie abilities of another agent.
In the case of the latter objection type, the initiator caprapch the objection acting an
cautious moder on aa brave mode In a cautious mode he will never approve a plan as
long as there is an objection to it. In a brave mode, the toitiean consider the agent who
executes the action to be the ultimate authority regardiagbilities, and disregard these
types of objections.

Once a plan is approved, the executors proceed with the thaksre assigned to them.

After the plan is executed, if the problem still persistgrttihe initiator attempts to match

the problem with another goal, and verify it based on itsesponding cues. A decision to

adopt or refute a goal, values assigned to cues, or a plamecegconsidered as long as the
problem persists.

5.2.3 Group recognition-primed decision-making and satificing

Simon (1955, 1956) addressed the question of how a resomaeded agent makes de-
cisions. He argued that a resource-bounded agent shouleardmize expected utilities,

but select the first option that is good enough. An option isdgenough when a sufficient
number of indicative criteria are satisfied. This processeabécting the first good enough
option he called “satisficing”. In contrast to satisficingditional decision-making, see for
example (Peterson, 2009, Chapter 1), is the process offfinsherating all possible solutions
for a problem and then selecting from them that solution Wihgcoptimal in the sense that
it maximizes the expected utility of the decision-makemc®i its inception, satisficing has
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gathered considerable attention and many variations efdbncept have been developed
(Radner, 1975; Matsuda and Takatsu, .979; Shinzo and Takb®80; Wierzbicki, 1982;
Haller, 1985; Kaufmen, 1990; Brown, 1990; J. anc L., 199(bhéfistein, 1998; Greiner et al.,
2006; Guth, 2010). There is not much study on satisficinggimups, an exception be-
ing (Stirling and Nokleby, 2009). It is not our intention toayze all these models and
approaches, but highlight the advantages of satisficindicpéarly for decision-making in
groups, and the satisficing aspects of the recognitiongaimodel.

A satisficing solution is not necessarily an optimal solufiothe utilitarian sensée.g. there

is no evidence that suggests that the solution to use thetodgethe victim into safety, in
the overpass rescue example, is necessarily the fastesipest, or safest solution possible.
The lieutenant did not exhaust all the options for savinguheonscious victim; she could
have been pushed on an inflatable trampoline, lifted by ateter, etc. The advantages
of pursuing optimal decisions are evident, however in $ibug in which there is no time
to generate all options and evaluate them, satisficing idtar&rategy. Because a course
of action is determined fast, satisficing allows the teamdariore adaptive to changes in
its environment. Simon proposed the concept of satisficutghb did not propose a formal
model.

Another argument for using satisficing instead of optingdinsome multi-agent systems set-
tings is that of problems that arise with the concept of rality. Decision-making is driven
by the concept of rationality associated with the decisitaker. Rationality is a property
of an individual, regardless of whether that individualagen to be one agent or one team
of agents. In the case of group decision-making, it might fedlematic to identify how to
apply the concept of rationality (Stirling and Nokleby, 200For the concept of rationality
to be successfully applied to the team members as indigdtred agents must be assumed to
be perfectly competitive. As Arrow (Arrow, 1986, pg. S38Bserved:

“rationality in application is not merely a property of thedividual. Its use-
ful and powerful implications derive from the conjunctidiimdividual rational-
ity and the other basic concepts of neoclassical theoryilibqum, competition,
and completeness of markets. [...] we need not merely puteydrfect com-
petition before the rationality hypotheses has their follvpr. [...] When these
assumptions fail, the very concept of rationality beconieedtened, because
perceptions of others and, in particular, of their ratiitgddecome part of one’s
own rationality.”

For the concept of rationality to be applied to the team asita tine agents in the team must
be in perfect cooperation, in the sense that none of them ¢wds that are not goals of the
team. Observe, for instance, that the safest way of resaubdovictim is not necessarily
the safest way of rescuing the victim for the firefighters. M/he team is cooperative, the
members of the team must maintain some level of self-intevben it comes to ensuring
their own safety.

Satisficing, as a concept, can be seen as predominantlyiassbwith the course of action
itself, rather than with the agent who selects the coursetiafra The solution for the prob-
lem of rescuing the unconscious woman is the one that meetsithimal conditions to be
adopted: it gets the job done and it can be done by the firefighte rescue solution that is
optimal needs to maximize both the utility of the team, wtdeln be seen as predominantly
cooperative, and the utility of the unconscious woman, whdsgity can be seen as competi-
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tive with respect to the firefighter. Applying satisficing tmgps, regardless of whether they
are cooperative or competitive, is not more problematio thpplying it to individuals, as
long as the groups have a way of determining what are the ufficonditions and whether
they are satisfied. In a hierarchical group, such as the firiitfig team, the initiator makes
this decision.

5.2.4 Team adaptation and recognition-primed reasoning

The main characteristic of the firefighters studied by Klsithat they constitute highly adap-
tive teams. Being adaptive is a necessary property of tehatoperate in an uncertain en-
vironment. Burke et al. (2006) define team adaptation as agehian team performance, in
response to salient cues, that leads to a functional outéontbe team. It is further spec-
ified that “team adaptation is manifested in the innovatibnew or modification of exist-
ing structures, capacities, and/or behavioral or cognijival-directed actions” (Burke et al.,
2006, pg.1190).

The adaptive cycle of the team adaptation model present{®Lirke et al., 2006) is charac-
terized by four core constructs:

1. situation assessment;
2. plan formulation;
3. plan execution, via adaptive interaction processes;

4. team learning.

The adaptive cycle is further characterizeddmyerging cognitive statesuch as shared men-
tal models, “which serve as both proximal outcomes and mputhis cycle”, (Burke et al.,
2006, pg. 1192).

The recognition-primed agreement model we propose vetifieseam adaptation model
of Burke et al. (2006). The emerging states in the case of mdeinare the agreements
regarding goals, value of cues and the adopted/refuted pldre verification of expectancies
and the valuation of plans are the way in which the emergiaigstare reconsidered. In the
context of our recognition-primed model, the actions oftideem are based on the emergent
states and the team adaptation is a result of the adaptatimgonsideration, of the emergent
states. In Section 5.5 we discus the reconsideration ofrttezging states.

The process we do not explicitly consider in our model isr@ay, since we focus on giving

a conceptual model of reasoning and not of learning. Howewecan observe that from the
aspect of improving team performance, learning is an ingmaiirocess both for the initiator

and the executors. The initiator can improve his accuracydiching a problem with a goal

and cues, while the initiators can learn to improve thein@aaluation and cue observation
accuracy.

The recognition-primed decision model of Klein does notlieity include the process of
learning either, as it can be observed even on the more eig@dpiction of the model given
on Figure 5.3.

However, in the original overpass rescue example, aftguithiglem is solved, e.,the woman
is rescued, the lieutenant analyzes the situation anewt¢ordime that the best course of ac-
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tion was to use arope to lift the victim. This is when the lenaniearnsfrom the experience
by accommodating this new experience with the old ones.

5.3 Collective decision-making problems in the RPgD model

In this section we consider the collective decision-malgngplems that occur in the scope
of the group recognition-primed decision-making model.e Tasult of the group-decision
making are the emerging states which are the decisions othett® adopt a given plan and
the decision regarding the situation assessment.

5.3.1 Emerging states and reaching agreement on a plan

In our model the initiator depends on the perceptions andiops of the executors to assess
the situation, verify the expectancies and evaluate atteatplan. Each executor can have
different knowledge, beliefs and perceptions of the wonltlich give rise to the possibility
that the executors will give different values to differenes, different opinions on whether a
goal is to be pursued and different views regarding whetlpdairais executable. The initiator
needs to “reconcile” the different opinions to be able tordawate the activity of the team.
The emerging statese.,, the presently established collective cue values, adapiats and
approved plans, are obtained as an end product of this “cd@iion” process.

The information requested and submitted regarding the aneshe goals is of different na-
ture than the information exchange regarding a plan. The,@rel the goal they correspond
to, are binary questions to which an executor answers widls";ywhen he thinks the cue
is present, “no”, when he thinks that a cue is not present,ithr @bstaining from giving a
“yes” or “no”. The tentative plan evaluation is an infornmatirequest to which two types of
reply are possible: either an approval of the plan or a caimgtwhich indicates the plan’s

unsuitability.

All agents who are tasked with giving a cue, or opinion on a,ga@ expected to produce
an answer, and “yes” and “no” have different meanings frostaihing to reply. Even if the
agents are divided regarding whether a goal should be adiopte initiator may conclude
to adopt the goal. In contrast, the plan evaluation opegatesrding toqui tacet consentire
videtur®. The constraints from all the agents are taken into accohetwhe initiator forms
the next plan. As long as there is at least one person whotshgplan cannot be approved.
Due to the latter, the decision to approve a plan is rathepleimA decision on a situation
assessment poses more of a challenge. In the next sectiaeugedn the problem of reaching
these group decisions.

5.3.2 Situation assessment as a judgment aggregation preioh

How can the initiator form the decision on whether a goal iscachte or not? The initiator
can first inform the agents of the relational structure thais how an opinion on a goal
can be deducted and then ask the agents to deduct their ogmgmds on the goal instead
of assessing the situation by eliciting judgments on the clibe judgments on the goals can

1A legal expression used to state the convention that in isigots, the one who has noting to say is taken to be
in agreement with what is proposed.
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then be pooled to determine whether a goal is to be pursuest oHbwever, this approach is
not an option for adaptable teams. If agreements on the cae®areached, or known, then
it is difficult to update the goal when the state of the worldpes.

When the world changes, it may not be obvious how that affénissgoal adequacy. The
cues act as criteria for evaluating the adequacy of the jgexbgoal for the problem at hand.
When the decisions on cues are reached, the changes intihefdtae world can be deemed
relevant when the decisions on the cues are inconsistenttivéim. Not only do the cues
show when a goal should be reconsidered, but also how to basigered. This is why it is
important to reach decisions on the cues as well as on the godl why we use judgment
aggregation to determine them.

A judgment aggregation problem is specified by an agenda, &f senstraints and a finite
set of agent namds. The representation of the situation assessment agre@madaieém in
judgment aggregation is straightforward.

The judgment aggregation problem is represented usingi@4ognd an entailment relation
for that logicl=c £ x £. The agenda and the constraints are sets of well formed fasmu
from this logic.

Since the goals are considered for adequacy sequenttalyadenda will contain one goal

and arbitrarily many cues. An exception is the case when dlaésgienerated are concurrent
and non-conflicting, in which case they will be generatechatdame time and considered
both in the same agenda.

For example, the agreement problem for ggatan be represented in propositional logic
with agendaA = {cy,c3,C4,C5,5} Where the cues and goal are represented by propositions,
andR = {(cz v ez v € v C5) — S}. We need a ternary logic to represent the judgments. The
profile rT of individual judgments ford, according to Example 5.2.1, are

C2 CG3 C C
E;,E,[0 0 O
Es,E4|0 O 1
Es |0 0 O

Which ternary logic semantics should we use for represgraggregation problems in the
RPgD model? Many ternary logics have been presented intdratlire, see for example
(Urauhart, 2001) for an overview of the ones consideredbasia ternary logic, in addition
to the values assigned to “true” and “false” there is a thatle between them. The differ-
ence between the different ternary logics is in the mathigadatnd philosophical semantics
attached to the intermediately value. In representingrjuelggs on cues, we use the third
value to represent the following cases:

e when an agent abstains from making a judgment on a cue,

e when an agent abstains from sending an opinion whether asoald be adopted or
such opinion is not deducible from his judgments on the eelaties,

e when a collective judgment on a cue, or goal adoption canaatetermined by the
aggregation rule used.

We consider the basic ternary logics and discuss their adgdor use as a representational
language for judgment aggregation for situation awarergss logics we consider are:
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the logic of Post (1921),

the logic of Bochvar (1938),

the logic of L.ukasiewicz (1928) and

the logic of Kleene (1938).

Post (1921) was one of the first to introduce a many-valueid.ldg hist-valued system, the
propositions are assigned values frdm= {0,...,t — 1}. The lowest value corresponds to
the lowest degree of truth and the highest to the highesegeafrtruth. Post constructed his
logic in a purely mathematical manner and did not attributehilosophical analysis to any
of the intermediate values. The semantics of the propositiogic operators is given as:

v(—=y) = V(@) + 1(mod t)
V(¢ A ) =min(v(¢),v(y)).

For the case of = 3 we obtain a ternary logic in which, 0 denotes “false”, 2 desdtrue”
and 1 is assigned to the intermediary value.

Post’s is not a good logic for representing judgments in theason assessment context.
Observe that a negated intermediate proposition is agsifpeevalue “true” and the negation
of a “false” proposition is assigned the value “intermeeliaConsider the Example 5.3.1.

Example 5.3.1. An executor is asked to give judgments on the propositions:

a; the victim is conscious,

a, the victim is in a safe location,

and then, based on these judgments, uding {(—a1 A a2) < s} the initiator deduces this
executor’s opinion on

s send for a ladder-truck.

Assume that the executor from Example 5.3.1 reported thgnpecht sequenca = (0,2, 1),
namely that he finds the victim unconscious and in a stabkgilmet. According to the seman-
tics of Post, the value assigneddds 1, meaning that the executor recommends abstaining
from a course of action even though he did not abstain on athegéidgments that determine

if a course of action is to be adopted.

Recall that a judgment sequence is consistent in propoaitlogic, if for the corresponding
A it holdsAU R K L. We can extend the definition of consistency for a classialary
logic entailment operatde; (Cadoli and Schaerf, 1996), straightforwardly. Obsenat th
an agent assigned a value 1 to an issaighena¢ A and—a¢ A

In ternary logic, we can havA U R =3 L being true, false or undecided. A judgment se-
quence is inconsistent if and onlyAu R =3 L is false. This means that, if such=s; is
used, the executor could have submitted the judgment set0, 2,0) as well, since it would

2See (Borkowski. 1970) for an English translation end (Uary-2001) for a summary.
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be consistent. This possibility makes it difficult for theeextor to determine what is the
decision regarding the goal.

The negation semantics according to Post is incompatitite the intuitive meaning of ab-
stention, and as consequence, all ternary logics that has/edgation semantic are unsuitable
for the representation of judgment aggregation problems.

Bochvar (1938) defended the stance that the intuitive nmegganésigned to the third, or inter-
mediate, value is “meaningless”.

According to the Bochvar logic semantics, a value “mearmsg]lis assigned to every formula
that contains a proposition that is assigned the value “ing&ss”. Consequently, when the
executors are not asked to explicitly state their opinioth@ngoal, Bochvar logic cannot be
used. Consider again Example 53.1, but now assume thateleater reported the sequence
A= (0, %>. According to the semantics of the Bochvar logic, the seqeénis consistent
regardless of which value is assigneditsince the value assignedte A ay is % For any
value assigned tethe value assigned {0-a; A az) < Sis % When opinions about the goal
are not directly elicited by the executors, the agents catadewhichever value for the goal.

Bochvar logic may still be used to represent the individudgjment sets, in the case when
the initiator does not care about the individual valuesgaeesi to the goal and the cues are
logically not related between themselves, as is the casexample 5.3.1. However, using
Bochvar logic to represent the collective judgment set-adliised since, as soon as there is
an abstention in the collective values of the cues, theatoitiwill not be able to determine
whether a goal should be adopted.

tukasiewicz (1920) proposed his ternary logic indepergiérdm Post and unlike Post took
the philosophical approach to developing it. Accordingtte semantics he proposed, the
formulas are assigned values frdm= {0, 3,1} with v(T) = 1,v(L) = 0 and the intermediate
value% assigned to propositions whose truth state is “possiblétoobe determined later”.

Unlike in the logic of Post, here the negation of the interraggdvalue is the intermediate
value, while the negations of and L are as in classical logic. This is adequate for repre-
senting “true”/“false” judgments and abstentions. Unlike logic of Bochvar, a value of an
expression that contains a proposition assigned a \éal'rsenot necessaril;%. E.g.,if that

the collective judgments on the cues for Example 5.3.@g = 0 andv(ay) = % then the
consistent collective judgment setAs= (0, 3,0y. An initiator can decide on a adopting a
goal in some cases, even if the collective judgment on sonteeatues i%.

Using the ternary logic of tukasiewicz is adequate for reprging abstentions that occur
when an agent is undecided regarding a cue or a goal. Corfieidetample the case when a
robot has to make a judgment on whether an object is red offeado so he has to sample
several readings from his wave length sensor and make a jrnigiyes” if the average value
of the readings is greater than 621 It can happen that his sensors give contradictory
readings in the samples taken and as a consequence therbtitecannot set a judgment
(without making further analysis). However, if after someripd he is asked again for a
judgment on the same cue, the robot might be able to produciganent.

The ternary logic proposed by (Kleene, 1938) is another gmodlidate for representing
judgments in the situation assessment context. Kleengraesss the meaning of “unknown”
to the intermediate value. The difference between the séowdrihe Kleene logic and that of
tukasiewicz is in the interpretation of the implicatiest while tukasiewicz deem% — % to
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be an expression that is evaluated to 1, according to Klékesame expression is evaluated
toi.

Using the ternary logic of Kleene is adequate for represgrabstentions that occur when
an agent has no means to determine the judgment regardirg@ eugoal. For instance, a
robot that has no microphone cannot determine the valuedoe 8sound is coming from the
room” and will report a valué. If after some period the need for a judgment on the same
cue arises, provided he repaired his sensors, the robdtevdble to produce a judgment.

It is not strictly necessary that all the agents use the sammaity logic semantics, but the
k=3 for the collective judgment sequence must be set so thatethefsll consistent judg-
ment sequences(A, R, =3) can be determined. However, using different semantics snake
the reasoning process more complex since the agents haspdrd the semantics they use.
Furthermore, for different cues the agents may have difterasons for abstaining.

In many scenarios it can be expected that an executor is dentpsith respect to some

cues and not so competent with respect to others. For irstamobot can be better able to
determine the position of the victim if he is closer to thetmc The added accuracy can be
due to some particular expertise of the executor. A roboipgga with an infrared vision can

be more precise in estimating whether an immobile victinreiadlor alive that a robot making

the same opinion based on movement recognition. A weighbeaassigned by an initiator,

or it can be provided by the executors themselves. In additidhe profile of judgments, a

profile of weights is also going to be available to the indgrat

5.3.3 Rules for aggregating judgments for situation assesent

Which judgment aggregation rules should the initiator wsaggregate the individual judg-
ments on the cues and the goal?

The situational assessment aggregation problem is sutlathaighted ternary judgment
aggregation rule is necessary, such as the ones we devélofdrpter 3. Since different
goals, cues and relational structure can be specified, dgajant aggregation rule needs to be
able to handle all agendas without constraints. Also, tleegcan submit any combination
of judgments, thus the rule needs to satisfy the universalailo property. Coordinating the
input of the agents towards certain types of profiles reguadditional communication thus
slowing down the agreement process.

Based on these requirements, the initiator needs to uselts\f:© specified by Definition
43 for thisX as a constraint for the co-domain. The best choicalfand® aredt and}’
correspondingly, since these choices allow for many delsirparoperties to be satisfied by
the resulting\97-2 andA%-2 see Table 4.15.

The unanimity-principle is not satisfied B2 andA% %, however this is not a bad thing
in this context. If the unanimity on an issue is not respebtigthe collective decision, this
is due to the rest of the judgments. It is more important thatinitiator selects the “right”
decision than preserve unanimity. For the same reasonrityggoeservation is not a required
property either. However, one nice feature of this propisrtiiat it allows the initiator to fast
determine, in linear time with respect to number of agentsramber of cues, the collective
decision by checking if the majority is consistent. In audif thedy /dr and ). selection
has good computational-theoretic properties, partibulahen no weights are given to the
judgments, which we showed in Secton 3.6.
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Although the agents may abstain on any of the agenda is$sugesollective set of judgments
must contains as little abstentions as possible. In pdatidie collective judgment regarding
the goal should not bé, because this judgment leaves the initiator with no decigibether
the goal is an adequate solution for the problem or not. Gpresgtly, the judgment aggrega-
tion rule used must be such that all the sequences that@tseles from the restricted domain
X < A in which the judgment assigned to the goal is either O or 1.chiese this, the initiator
can use the rulea® -2 andA%-X constraining the co-domain .

If the initiator does not elicit judgments on the goal, he edsb use one of the premise-
based procedures of Definition'46. The biased procedureeiguade for the brave initiator

mode or when time constraints to reach a decision are pkatigsevere, while the unbiased
procedure is for the cautious initiator. The premise-basededures cannot be applied to
every agenda, and for some profiles they will generate a \@fﬂgarding the goal decision.

However, the premise-based procedures do have the low eaityio their advantage.

5.4 The overpass rescue scenario revisited

In this section we revisit the overpass rescue example amg Blow our team can reason
when faced with the same problems following the recognifidmed group decision model.
We use tukasiewicz logic for the judgment aggregation motd.

5.4.1 The sub-goal of securing the victim

The initiator is called to rescue a woman who either fell anjued off a highway overpass,
and instead of falling to her death, had landed on the mepiants of a highway sign and
is dangling there when five executor agents arrive on theesc&he initiator is in remote
communication with the executors. There are two execuBrandE; on the overpass, and
three in a hook-and-ladder trudks, E4, andEs. From the description the initiator got when
called to the rescue, he determines that the team has twaicentgoals:

01: save the woman and
02: prevent the woman’s body from falling on a moving car on tighivay below her.

Example 5.4.1. As a first sub-goal the lieutenant considers:
s: team members climbing up to the woman to secure her.

The initiator will have the team adopt sub-goalitthe cue, (g), at least two agents can get
a good brace against the strigspresent, and if the agents think that-e s is the case.
The cue ¢ — g is the opinion that the;scan be accomplished if @s present. The initiator
assesses the situation, by requesting information froneteeutorsj.e., their opinions on
whether{c;,c; — s1} are the case or not. The replies of the executors are givealife.2.

The initiator uses the profilg and the weight matrix W in which each each agent is assigned
the weight w= 9.3—d fv, where d fv is the distance from the victim. We do not ass&ghts

for the judgments onssince these are deduced. The rationale is, the closer thetagéo

the victim, the more reliable his judgment is.
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Agentg c1 ¢1 — 1| 51 || Distance from victim
{E1,Ex}|lyes yes |yeg|1m, 1.3m
{Es,E4,Es}| no ? ? ||7m, 8m, 8.3m

Table 5.2: Contributed opinions and deduced goal opinieganding cues os;.

111 83831
111 8 81
m=|0%3 W=|23231
oii 13131
o§§ 1 11

The following collective decisions are obtained, with exdio the different rules used. X is
the set of all consistent sequences in which the decision isresther 0 or 1.

ATTX(W,X) = (1,1,1)
b_ pbqnaw) = <1a 1; 1>
u-— pbqnaw) = <1a 1; 1>

Therefore the goalisis adopted.

The tentative plan fog;, the executer proposes is that grabs the legs of the victim arigh
her shoulders, while the rest of the agents execute a traffaking procedure. He informs
the agents about this plan. All of the agents approve it aadritiator informs all that this
is the plan to be executed. The agents execute their comdsmpactions and inform the
initiator when they are done.

5.4.2 The sub-goal of extracting the victim

As a another sub-goal, the initiator considers how to pudl woman to safety. He first
considers the solution

S use arescue harness.

Based on his experience, the initiator deesna satisfactory solution if and only if at least
one of the following cues are the case:

Cp: the victim is in a sitting position,
c3: the victim is in a face-up position,
c4: the victim can safely be shifted in a sitting up positionmgiface-up position,

cs: the harness can be attached from the back without hurtagittim.

The initiator requests the executors opinions regardiegditues, and he further specifies that
the cues are subject to the constrgmtyv c3) — c4. The constraints encodes the “obvious”
information that if a victim is already sitting or facing ughienc, is trivially the case. The
opinions of the executors are given in Table 5.2.1.
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The initiator uses the profile and the weight matrik .

00000
00000
m=1003 3 3
00
00

o NN
NI=NI=NI
NI

The following collective decisions are obtaineX.is the set of all consistent sequences in
which the decision og; is either 0 or 1. For the premise-based proceddtés used as well.

A%TX (W, X) = (0,0,0,0,0),(0,0,0,1,1)
bf pbqn’vw) = <070707070>
u— pbqnvw) = <070707%7%

If the initiator used the rule\dT!Z(n,W,X) he needs to break the tie between the decisions
{0,0,0,0,0) and(0,0,0,1,1). Since the tie is essentially between adopting the goal tr no
he can do so by looking at how many of the deduced judgmentbéagoal are for and how
many are against this goal. In this case he will proceed \tl0,0,0,0>. Using the rule

u— pbp(r,W) it can be deduced that the initiator cannot decid® if a good solution. Let

us assume that the initiator does not want to risk the victith @oncludes thas, is not a
satisfying solution. He generates another possible swlathd now considers

S3. use arescue strap.

The necessary and sufficient conclusionsgpto be adopted are, v cs. He already has
the group decision regarding these two cues and does nottaeesk for them again. He
uses the constraimh v cs and determines thag is an unsatisfactory solution and proceeds
to generate another one. He now considers to

4. use aladder belt.

This new sub-goal is a good solution when all of the followiges are present:

Cs: an agent can climb up the ladder (of the hook-and-laddek}ru
c7: the ladder belt can be sledded under the woman and buckledfehind,
Cg: arope can be tied to the snap,

Co: the woman can be lifted by two agents.

The initiator elicits the opinions of the agents regardingse cues. For the cueg ¢; and

cg he only needs the opinion of the agekts E, andEs, since these are the ones that can
operate the hook-and-ladder truck equipment. The opiniengets are presented in Table
5.4.2.

The initiator uses the profila and the weight matrixV .
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Agent§cs C7 Cg Co|S4
{Ei}| - - - no|_
{E2f| - - - vyeg .-

{Es,Es}|yes yes yes yeges
{Es}|lyesyesyes 7 ?

Table 5.3: Contributed opinions and deduced goal opinieganding cues os;.

111 1
33303 00010
1111 00010
2222

m=[11111 W=[11111
11111 11111
11133 11111

The following collective decisions are obtaineX.is the set of all consistent sequences in
which the decision om, is either 0 or 1.

AITX (W, X) = (1,1,11,1)
bf pbmnaw) = <1a 15 15 15 1>
u— pbmnaw) = <1a 15 15 15 1>

The initiator announces that is adopted. He proceeds to formulate the tentative plagfor
His plan is to ordeEj; to fetch the ladder belt and the rope, and both him Bstb position
himself on the ladder platform. Afterwardt is to lift the ladder. Once the belt is attached
to the woman byEj or Es, the agent'ss; andE; lift the woman. (This way, if the woman
falls he will be attached to the ladder). The initiator pregethis plan to the agents.

AgentE4 object the plan stating that he is not able to operate thesladthe initiator takes

this constraint into account and proposes another teatptan, same as the previous, except
now the roles ok, andEg are switched. The new plan is announced to the agents and they
confirm their agreement to it.

The initiator issues the orders with respect to the apprpled and sets the moment after
the belt is clasped and the rope tied and the woman had be&shfiifr couple of centimeters,
as the time to re-evaluate the goal, cues and plan.

5.4.3 Verifying expectancies

At t;, the agent&; andE;, have relinquished holding the woman and attempted to lift he
by pulling the rope. The agents need to report any perceiifeatehce with respect to the
estimate for the sub-goal they are currently pursuirg, $. All agents signal that all cues
are present, but the sub-goal is not being accomplished $irecbelt slips from the woman.
The initiator revises his cue-goal pattern and includes, @scessary condition for adopting
4, the cue

c10: the beltis tightly clasped around the victim.

The agents are unanimous tltag is not the case and the initiator announces thads no
longer pursued.
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He now comes up with another solution
S5: use a rope tied around the waste of the victim.
The goals; is a good solution if, apart from cueg andcg, also the cue;
C11: arope can be tied to the victim,

is the case. The initiator asks agehts E, andEs for their opinions on whether; is the
case. They unanimously judgg; as true and the initiators announces that adopted (all
of the rulesA%T b — pbp andu— pbp satisfy unanimity). He now devises a plan f&f
which consists of the agents on the ladder platform tyingemof the rope to the waist of
the victim and throw the other end to the agditsandE,. The agents accept this plan and
proceed with its execution.

5.5 Revision of emerging states

“Members of adaptive teams utilize their pooled resourcesknowledge gained from learn-

ing) to adjust their actions according to situation requieats” (Burke et al., 2006, pg. 1190).
The adaptation in our model is executed through verifyingeetancies and through revising
the situation assessment agreements when new informagcamies available.

The collective values assigned to the cues are an estimatdaif the state of the world
is, hence the value can be confirmed or refuted by later ohens. For instance, as the
executors proceed with executing the plan for gaathey confirm the estimate am, namely
they can get a good brace against the struts. If instead #rgsfjnd that; is impossible, the
agreement oie; would be in contradiction with the observation. Informaticontradicting
the agreed value of a cue may lead to the change in the detismnsue a goal.

After a plan is adopted and execution starts, an agent maytragonstraint regarding the
plan. This initiator uses the constraint to adapt the pldhth& executors are informed of the
change. A cause for a plan revision is also the revision irstfoation assessmeig., after
the adopted judgment sequerfchad been revised.

Regardless of whether the update is schedwdagl,, after a task is executed, or caused by
a new observation, there are two types of information thatbmcause for revisiora new
constrainton an agreed plan, oraacue value being determined@ihe revision of agreements
depends on whether the opinions regarding the goal(s) weteidly elicited or reached as a
deduction from the cue judgments. We first consider the césmthe opinions on the goals
were deduced.

Assume that the agendas= A° U AY, whereA® is the set of cues and9 a set of, corre-
sponding, accepted goal(s). L&ebe the sequence of agreed valuesApaccording to which
A(g) =1, and letv(a) be the observed value af The initiator needs to revise the sequence
A so that it contains the observed vair{a) while remaining consistent.

The valuev(a) can be established in two ways.alfs subject to a scheduled verification, then
the executors have an opportunity to re-state their judgsn@ma. The initiator elicits these
judgments and obtainga) by comparingn} (a) with n;; (a). Recall thang; (a) denotes the
sum of weights of agents who judge an issueA to be true, with respect to some profile
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mmand weight matridW; n, (a) denotes the sum of the weights of the agents who judge
to be false. Observe that the weight of an agent regardingsare ican change between two
elicitations. The second way to establigla) is when an executor directly observes it. A
revision of A follows.

The revision is a rulg] that assigns a consistent judgment set to a judgmewt geten the
new value of an agenda issue,,[# : A(A,R, =) x A x T — P(A(A,R,|=)). We can state
the desirable properties fad, motivated by the need to minimize the resources spent en thi
process.

The first property is that a revision should be done only whetessary. LeT = {0, %, 1}
be the set of values Wit% denoting the abstention. The revision does not need to beiflon
A(a) =v(a).

e (A v(a)) = AwhenA(a) = v(a). (Estimates verified)

The revision should berioritized, namely after the revisiomA*(a) = v(a), whereA* is
the revised judgment sequence. The observed value can enap= 0 orv(a) = 1, but
v(a) = % can be obtained by pooling the agent’s opinions. In the caséch = % revision

is not needed sinogc) =  does not increase the knowledge of the initiator and a seguen
cannot be made inconsistent by replacing a judgment in it %vitOn the contrary, the more
abstentions there are in the agreement, the more diffidslfat the initiator to establish the
course of action.

o F(AVv(a) = %) = A. (No increase of information)
e If E(AVv(a)) = A, thenA'(a) = v(a) for v(a) # 3. (Success)

A potentially desirable property of revision can stbility. If the new information can be

consistently embedded in the old agreed judgment sequiherethe reset of the judgment
sequence should not be changed. This is the property oflistabiet & denote the set

corresponding te(a): 4= {a} if v(a) = 1,4= {—a} if v(a) = 0 anda’= & if v(a) = 3.

o If (A\{a,—a}) uAU R K L then®(A,v(a)) = (A\{a,—a}) U & (Stability)

However, this property can lead to the initiator revisintpia sequence that is not construc-
tive, as it can be illustrated through an example.

Example 5.5.1(Revising an agreementiConsider the goal.sand assume that this is the
one the agents agreed on pursuing. The agendb-is{cy,C3C4,Cs5,5} andR = {(Cc2 v C3 v
CaV C5) — S, (C2 v C3) — Cs}; with agreement reachedA(1,0,0,1,1). Let(cy) =0be an
observed new value. If the initiator revises with a rule thatisfies stability, then the obtained
revision is A =(0,0,0,1,1). However, recall thatc, v c3) — ¢s hence it cannot be known
whether the agents, withoug e 1 would have the opinionsc= 1. This information will
surface once the initiator alters the plan and the agentsdrgxecute the specified actions.

Stability is still desirable if the cua on which new information is observed is logically
independent from the other cues. This propertgtability of independent cuesLet A°
denote the sub-sequencefotontaining the judgments on the cues. A eus independent
from the rest of the cues iA® if and only if A%\ {a, —a} i~ 4 is true.
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Assume that the initiator in Example 5.5.2, asked the opmmaf the agents regardicgonly.
The question is how are these new opinions to be integratéd i@ne way is to compare
n;t (cs) with n; (cs) and embed the resulting valueA Another is to ask the agents to apply
the rulex] individually and report their revised judgment sequeniéisen the opinions of the
agents regarding the goal are not deduced, but elicitedo#iplthe agents should be given
a chance to revise them individually as well. The initiatggeegates the new sequences,
using the same aggregation rule as in the first aggregatisa. @nsequence of the stability
of independent cues property, the agents whose initiaimedgs were confirmed by the new
information do not revise their sequence.

Example 5.5.2(Revising by re-aggregationAssume that the original profile of judgments
for goal $ was . Applying the revision individually, agentg E Es do not change their
judgments since they had already judgedhs false. A possible new profile is thas.

C2 C3 C G C2 C3 G CG %
Ei,E.[1 0 0 1 1 Ei,E2[0 0 1 0 1
m=E3Es[0 0 0 1 1 m =E3E4(0 0 0 1 1
Es [0 § 1 31 Es |0 § 1 11

Figure 5.4: The profilerand a possible revision™*.

The revision is a rule that can select several judgment segseas an outcome. In this case,
the A’ that contain a value of the goAlg) = 1 are preferred, since in this case the initiator
does not need to generate a new goal.

5.6 Conclusions

In this chapter we study decision-making for a hierarchigain in an uncertain environment.
We construct a model by lifting the recognition-primed d@m (RPD) model from an indi-
vidual agent model to a group model. According to the RPD maadisficing decisions are
identified by identifying a set of relevant cues and verifyimhether these cues are present
or absent. The RPD model and our extension are applicablerdr@n the agent responsible
for the decision is familiar with the problem to which the téan is related.

In our team, the agent responsible for making the group mecises a judgment aggregation
rule to aggregate the opinions of the members without cenisig his own. We considered
as an illustration a case scenario collected by (Klein, 1999

Given the hierarchical nature of the team, the ternary vatpe of the aggregated judgments
and the presence of weights we propose that the rules of @hajpire used for aggregation
within the scope of the recognition-primed group decisiateal we propose, in particular the
A%-X andAYT-X. In the cases when the initiator only considers the judgswith respect to
cues, but not regarding the goal, he can use the extendedspréased rules. Due to the time
constraints posed on the initiator, the ruleé§-2 andA%-X are a good choice as well, since
they allow the initiator to constrain the domain to permitydninary judgment sequences as
the result of the aggregation.
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In Section 3.5 we studied the winner determination problenttie rulesA% % and A%,
The winner determination problem is a decision problem niydells us how efficiently
can we confirm, for the worst-case scenario of a profile angtenatrix, that a particular
judgment sequence is a result of the aggregation for a p&tiaggregation rule. How-
ever, the important efficiency analysis in the case of resooonstrained agents that use the
recognition-primed group decision model is the searchieersf the winner determination
problem: how efficiently can a sequence that is the resulbh@figgregation for a particular
rule be foun® To answer this question we need to analyze the functiomaptaxity of the
winner determination problem, particularly for the rulés - andA%T 2.

Chapter 4 we studied the properties of tf#-2 and A%TX, however we did include the

extended premise-based rules and the domain-restnét€drules in our analysis. Which of

the social-theoretic properties defined and studied in @napcontinue to apply when the
co-domain is restricted? For which co-domain restrictiaresproperties restored or fail? We
encountered a counter example, the decision on goal Section 5.4.2, that confirms that
althoughA%T-X is majority-preserving, its counterpakf™-2 is not.

We considered a mixed human-robot team in which there is angh, the initiator, which
has the role of a leader. The initiator is not on the groundresttee problem is and coordi-
nates remotely with the ground agerits,, the executors. The model we developed heavily
depends on the experience and creativity of the initiatbiclvis why this agent is human. It
is the initiator who matches the problem with the correspagmdoal and the goal with corre-
sponding cues. He elicits and aggregates the opinionsraesehe plan and implements the
revision. An executor only needs to be able to form a judgmegerding a cue when asked
for one, and evaluate whether a given action sequence igwhith capacities.

How difficult would it be for a group of purely artificial agento reason according to the
team recognition-primed decision model? We can abstraexpearience of a human initiator
to acase A case is the product of learning. The case that the lieatec@nstructs after
he considers the events of the overpass rescue example candsted as on Figure 5.5.
Each case can be modeled as a quadrege= (p,G,C,R), consisting of the encountered
problemp, the set of goal& pursued to solve it, the set of cuésvhich identified the goal(s)
as adequate and the relational structRfer the goal and cues.

A human commander gathers cases from personal experiemcalsb by exchanging ex-
periences with colleagues. A set of cases can be supplied ar#ficial) initiator agent.
However, the power of the human commander is in the abilitgtmgnize cases as similar.
A successful non-human initiator must be able to do the saerdorm a swift search through
the cases and identify the case most similar to the currerdtgin. The similarities can be
found between problem characteristics, but also in cues.
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CASE

problem cues
Unconscious victim trapped c1: victim can be lifted by
in a high unsafe place available agents
c2: rope can be tied safely
solution (goal) around the victim
c3: agents can reach the
Lift using a rope tied around victim (to tie the rope)

vieim

relational structure

all cues must be present for the goal to be applicable

Figure 5.5: The case constructed from the overpass resameps.
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Group intentions are social choice
with commitment

Abstract. In this chapter we consider the problem of forming grouprinte
tions as an example of a consensual group decision-makaiggm. An agent
intendsg if it has chosen to pursue gogland is committed to pursuirgy. How
do groups decide on a common goal? Social epistemologysdffer views on
collective attitudes: according to the summative approagfioup has attitude
if all of the group members have the attitupieaccording to the non-summative
approach, for a group to have attitugét is required that the members together
agree that they have attituge The summative approach is used extensively
in multi-agent systems. The main advantage of this appr@atite simplicity
of determining if all group members have the same attitudee fMain disad-
vantage is that it does not allow for groups that can reacheagent to act to-
gether, which is why it has been heavily criticized in theiabepistemology
literature. We propose a formalization of non-summativeugrintentions, us-
ing judgment to determine the group goals. We use judgmegreggtion as a
decision-making mechanism and a multi-modal multi-agegtd to represent
the collective attitudes, as well as the commitment andsienistrategies for the
groups intentions.

6.1 Introduction

An intelligent agent interacts with its environment andesthgents. This interaction includes
cooperation. In order for the agents to cooperate they reeedtablish what are their group
goals, and subsequently intentions. Of all the collectttieuaes, the formation of group in-
tentions is possibly both most interesting and challenginge an intention is inevitably re-
lated to other attitudes. Cohen and Levesque (1990) arguid#hintention of an agent is the
goal that he chooses to pursue and is committed to pursuidgt bas been argued since that
the goals of an agent are intricately linked with the agdlgefs (Castelfranchi and Pagl eri,
2007; Boella et al., 2007).

How collective attitudes are formed and what is their naisistudied bysocial epistemology
There are two predominant views, the summative and the nonvative view, regarding the
relation between the attitude of the group and the corredipgrattitudes individually held
by the members. According to tlsemmative viewa group has attitudp if all or most of
the group members have the attityal¢Quinton, 1975; Hakli, 2006). According to tmen-
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summative vieva group has an attitude if the membergogether agreghat they have that
attitudep (Meijers, 2002; Gilbert, 20022, 2009).

Within the context of multi-agent systems, the concept dfective intentions is studied

and formalized in (Dunin-Keplicz and Verbrugae, 2010, Gkaf) and also in (Singh, 1990;
Jennings, 1995; Grosz and Hunsberger, 2007). In (Dunifiteand Verbrugce, 2010, Sec-
tion 3.9), we find a detailed overview of the various formatians of group intentions. It can
be observed that all these formalizations follow the sunmreatew on collective intention-

ality. As observed in (Dunin-Keplicz and Verbrugge, 201€ct®n 3.9), collective intentions
and collective commitments appear as central in the workarfgdret Gilbert (Gilbert, 1937,
2002, 2007, 2009), who upholds the non-summative view @hnitions, but whose work is
predominately philosophical.

The advantage of the summative approach is that it is verny teadetermine when a group
goal exists, particularly in hierarchical groups. In thise the agent responsible for produc
ing the group decision only needs to confirm that no-one isdifferent opinion. However, if
a group acts only when everyone in the group is in unanimoreeagent, then the situations
in which the group can act are limited. For one, it is not fkiat a very large number of
agents, or a group of heterogeneous agents, would be alwaysnimous agreement. This
forces the size of feasible groups to be kept small and/ogithep to be kept homogenous.

Under the summative approach, when the goal of the groupableshed there is no am-
biguity regarding what the individual goals of the agents, amplying that the agents are
perfectly cooperative regarding each goal they undertilké all groups are perfectly coop-
erative since often agents undertake group goals whilaimgéndividual goals of their own.
According to the non-summative approach, from the exig@i@ group goad it cannot be
deduced what the individual goals of the agents are. Ttosvalhot only purely cooperative
groups to be modeled.

We can use the concepts devised by the work of Gilbert to fhizmaollective attentions in
a new way. In this chapter we formalize non-summative grotgnitions and joint commit-
ments.

How can a group agree on what its intentions are?

Following the paradigm of “intention is choice with commént” we need to discover how
a group can decide which goals to pursue and also how can ihitdmpursuing them?

A rational agent makes decisions based on what he believes, v knows and what he
desires. Each group member can express whether he is foragrsa@g candidate group
goal, but also how his opinions and knowledge support artdyjuss goal choice. We need
a mechanism for generating group goals that aggregatesdodi opinions into collective

attitudes. A group that jointly decided on a course of acijointly committed to uphold

that decision (Gilbert, 2007).

In practical reasoning, the roles of intentions can be suriz@das: intentions drive means-
end-reasoning, intentions constrain future deliberatiotentions persist long enough, ac-
cording to a reconsideration strategy, and intentions énfte beliefs upon which future
practical reasoning is based (Dunin-Keplicz and Verbrug8&0). A formalization of group
intentions should be completed with a formalization of grantention persistence and re-
consideration strategies. These strategies are diffwdévelop when the decision to pursue
(or not) a goal is devoid from the knowledge and beliefs thtibnalize and justify it. There-
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fore we need a group agreement on not only whether to pursaaldgt also why to pursue
or reject it. In consequence we need the agents to expressilyoif they want the goal to
be pursued, but also the reasons, stemming from their shaivibeliefs and knowledge, that
justify their view on the goal.

Our research question thus breaks down into the followitgauestions:

1. How to aggregate the individual opinions into group Hdelend goals?

2. How to represent individual opinions and non-summatieeig attitudes?
3. How can groups persist in their intentions?

4. How can groups reconsider their attitudes?

The relation between individual goals and beliefs can beifipd and analyzed in modal
agent logics likeBDI 1 (Schild, 2000). The challenge is to find an adequate reptatsem
for the individual opinions and the non-summative beligfsals and intentions into multi-
agent logic. We give an extension logAGHE 1| that fuses existing modal logics to provide
the adequate modalities. We use this logic to representrthggntention and reconsidera-
tion strategies.

We require that the group has a set of candidate group goade\aance order over this set,
as well as a set of constraints, one for each candidate go#igiform of logic formulas,
that express what is the relation between a goal and a giveri sasons. The members are
required to have the ability to form and communicate “yes*r@” judgments regarding a
candidate goal and associated reasons.

We need a mechanism for generating group beliefs and galadigregates individual opin-
ions into collective attitudes. Since the agents expresis tpinions regarding a set of log-
ically related issues, beliefs and opinions on whether d igo@ be pursued, a judgment
aggregation rule, such as the ones we considered in Ch2@decs3 is an adequate bases for
such a mechanism.

A non-summative goal needs the agreement of all agents tstablished. Consequently,
there is no one agent that can be responsible for the grougiai®ecand it can be consistently
assumed that the agents’ opinions are all considered asuaf aeight in the aggregation.
An agreement must be responsive to the opinions of the graapbars and satisfy such
properties as majority-preservation and unanimity whiehpresented in Chapter 4.

Cohen and Levesqgue (1990), proclaim that intentions arieelfof a goal) with commitment.
Judgment aggregation is a social choice mechanism. Foltpttie intuition of Cohen and
Levesque, (a non-summative) group intention is (a group det@rmined by) social choice
with commitment.

The layout of the chapter is as follows. In Section 2 we dis¢usv to choose group goals.
We first summarize the non-summative view on collectivewatés. We then exter8DI 1.
with the necessary modalities for representing these gattitpdes and the concepts from
judgment aggregation. We introduce a judgment aggregtaomework using this logic
extension and, in Section 6.3, show how it can be used. ®c€al and 6.5 respectively
study the commitment and reconsideration strategies t&keork, conclusions and outlines
for future work are in Section 6.6.
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6.2 Non-summative group attitudes formalized

First we discuss how non-summative goals and beliefs asgrdéted and then introduce the
logic AGE 1| which is used for representing these attitudes. The fornealehof judgment
aggregation, using this logic, is given in Section 6.2.3.

6.2.1 From individual opinions to group attitudes

The intention of the group is formalized using the summadipproach, according to exist-
ing theories such as (Levesaue etal., 1990; Jennings, M@%n-Keplicz and Verbrugge,
2010), following (Bratman, 1993) and (Rao et al., 1992):i$ the intention of the group”
is equivalent to § is the individual intention of all the group members”. Urdikhe joint
intention of, for example (Dunin-Keplicz and Verbruggel€® our group intention is not
necessarily decomposable into individual intentions: &dequate account of shared inten-
tion is such that it is not necessarily the case that for eskayed intention, on that account,
there be correlative personal intentions of the indivichaaties” (Gilbert, 2009, pg.172).

Example 6.2.1. Let C= {w;,w,, w3} be a crew of cleaning robots. We denote the group
goal to clean the meeting room with,gand the reasons to adopt this goal with: there are no
people in the room (3), the room is dirty (p), the garbage bin in it is full ().

The individual beliefs of the robots on whetherghould be the group goal are justified by
individual beliefs on p, p2, ps using the constraingps A (p2 v p3)) < 01.

The group goalGg; is not necessarily decomposable into individual gaalsipheld indi-
vidually by the agents. Assume that robatin Example 6.2.1 is a mopper, the rohet is

a garbage collector and the rolwef sprays adequate cleaning chemicals. It can be that the
individual goals ofw; andws, are to clean the room. The goalwf may be others, but the
group agreed to pursug and it, being committed tg; as part of the group, will spray the
cleaner as an act towards accomplisting

We formalize only goals that can be achieved by the group asadew Whether these goals
can be achieved by joint actions or by a combination of irdilial actions is out of the scope.
We define group intention to be the goal, which the memberseatjon, and by that, are
committed to pursuing.

The robots in Example 6.2.1 can disagree on various issues vdaching a decision for a
group goal. Assume that one robot believes the room is oedugid thus, according to i,
the group should not pursgg. According to the other two robots, the group should pursue
g1. The second robot is of the opinion that the garbage bin isfid the floor is clean, while
the third believes that the floor is dirty. According to thenreummative view of collective
beliefs, a group believegif the group members together agree that as a group theywbelie
p. The question is: how can a judgment aggregation rule be tasagigregate the beliefs of
the robots?

To use judgment aggregation for aggregating the opiniortkefobots, one needs to rep-
resent the individual and collective judgments as logierfalas. A logic of belief-desire-
intention, a modal logic with modal operatdss for belief of agent, D; for desire and;

for intention, is insufficient to model these doxastic atli#és. According to Gilbert, “it is
not logically sufficient for a group belief thateither that most group members believe that
p, or that there be common knowledge within the group that nmeshbers believe that”
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(Gilbert, 1987, pg.189). Furthermore, “it is not necesghgt any members of the group
personally believe” (Gilbert, 1987, pg.191). Awv; robots judgment “yes” or-p; is not
implied by nor it implies that robot's belid,, —ps.

Hakli (2006) summarizes the difference between beliefsammgptances as: (1) beliefs are
involuntary and acceptances are voluntary; (2) beliefs atitnuth and acceptances depend
on goals; (3) beliefs are shaped by evidence and acceptapeésnot be; (4) beliefs are
independent of context and acceptances are context-deperad (5) beliefs come in de-
grees and acceptances are categorical. We find that andodhjudgment is closer to an
acceptance than to a belief because like acceptances, @dgm@re voluntary, they depend
on goals and are context-depend. Like beliefs, judgmewetsiso are shaped by evidence.
For these reasons we choose to represent judgments assamzEpt

There is a debate among social epistemologists on whetliectbee beliefs are proper be-
liefs or they are in essence acceptances (Giloert, Z00ZehkteR2002; Hakli, 2006). Since
we use acceptances for individual judgments, we deem mesjuate to use acceptances to
represent the collective judgments as well.

The set of collective acceptances is the agreed upon graaipagd group beliefs. Having
group beliefs in support of group goals is in line with (Céstechi and Paglieri, 2007) who
argue that the goals should be considered together with shpporting belief structuré.
In Example 6.2.1, the constraifpy A (p2 v p3)) < g1 is nothing else but theldelief
structuré for g;. We use the group beliefs to define commitment strategiesdtic 6.4.

6.2.2 The logicAGE 1

The logic we introduce to represent non-summative groufudés is a fusion of twad<-
modal logics (Chellas, 1980), the logic of acceptance fli@i al., 2009) and the linear tem-
poral logic (Pnueli, 1977). As such, it inherits the decitigbproperties of the fused logics
(Wolter, 1993). The syntax AGHE 1| is presented in Definition 82. The semantics is as that
given by (Schild, 2000) foBDlcT .

To model the considered group goals we use a sikgigodal operato6. ThusGg, whereg

is a propositional formula, is to be interpreted gds a group godl. Since we are interested
in modeling the change upon new information, we also needadeithese observations of
new information. To this end we add tkemodal operatoE, readinge¢ as “it is observed
that¢”.

To model the individual and collective judgments we use tloelah operator of acceptance
As, whereSis a subset of some set of agehtsAsg allows us to represent both individual
judgmentsS= {i}, fori € N and collective judgments witB= N.

Definition 82 (Syntax) Let N be a non-empty set of agent names, with!$, and Lp be a
set of atomic propositions. The admissible formulae of AGa&re formulaeyy, Y1 and y»

of languagesL prop, L and Lag, ;, correspondingly, given here in BNF form:

Yo = p| (Yo A o) | o

Yn = Yo | GYio

W2 = Yo | Ast | Egrz | X2 | (P2U4)

The p ranges overdand S ovefP(N). Moreover,0¢ = TU¢, [p = —0—¢, andpR¢’ =
—(—¢U—¢’). X, U andR are standard operators of LTL. We recall the reader of the
semantic of th&X andU later on in this section when we introduce the semantics d&\AG
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Example 6.2.2. Consider Example 6.2.1. Ggepresents that cleaning the room is a group
goal. AcGg, represents that the group C accepts cleaning the room asdtgggoal. Ay, 01
represents that agentaws of the opinion that the group should adopt g p; represents
the observation that there are no people in the meeting ro&mnj—p; denotes that it is
impossible to clean the meeting room.

We use the linear temporal logic to model the change of grttitp@es. By usind-T L we do
not need to distinguish between path formulas and stateulasTBDI 1| uses, for example
B[Jato quantify over traces. We can ugdor that purpose.

We define the intention of the group of agetto be their acceptance of a goal, wh&e
ranges over’® as

I =det AsGY.

Semantics ofAGH 1.

As mentioned, the semantics®BGE 1| follows the semantics @Dl 1 presented ir (Schild,
2000). A Kripke structure is defined as a tuple= (W, R, G, &, A,L). The seW is a set of
possible situations. The s& is a set of pairs identifying the temporal relation over situ
ationsR < W x W. The setS is a set of pairs identifying the goal relation over situatio
G < W xW. Lastly, the set is a set of pairs identifying the observation relation ovtr-s
ations€ € W xW. The elemen# is a mapA : 2N . W xW. The mappingd assigns to
every set of agentSe 2N a relationAs between possible situationis.is a truth assignment
to the primitive propositions dfp for each situatiomve W, i.e.,L(w) : Prop— {true, false}.

Given a structurél = (W, R, G, €, A,L) andse W, the truth conditions for the formulas of
AGE_7(in a situatiors) are:

o M St 1;

e M,sk=pifandonlyif pe L(p);

e M,sk=—¢ if and only if M, st —¢;

e M,sk=¢ A yifandonly if M,s|= ¢ andM,s = y;

e M,sk=As¢ ifand only if M, s |= ¢ for all (s,s') € A(S);
e M,s=G¢ ifand only if M,s = ¢ forall (s,s) € G;

o M,sE=E¢ifandonly if M,s |= ¢ forall (s,s) € €;

e M,sk=X¢ ifand only if M, s |= ¢ forthes, (s,5) e R

e M,sk= ¢Uy if and only if M,sk=¢ ; M,s = ¢ forall 8, i e {1,2,....k} such
that {(s,s'), (s!,5?),... (s 1,)} € R and fors“+! such that(s¢,$*1) € R it holds
M, 4 £ ¢ andM, S = .

A formula ¢ is true in aAGE_t modelM if and only if M, s |= ¢ for every situatiorse W.
The formulag is valid (noted=acg,) if and only if ¢ is true in allAGE_t models. The
formula¢ is AGE 1 -satisfiable if and only if the formula-¢ is notAGE T valid.
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For the purposes of constructing the formal judgment aggreg model, we emphasize that
a set of sentencéd < AGE 1 is called consistent 1 i L and inconsistent otherwise. The
logic AGE T satisfies: for each pa{p,—¢} € AGETL, {¢p,—¢} = L, andz ¥ L.

(C1) For each sefa, —a} € AGE 1 itholds{a,—a} = L.
(Cy) GivenaseM < AGE 1| suchthaAGE 1 1, it holds thatM’ & | for everyM’ c M.
(C3) Forthe empty sefy it holds thatZs £ L.

(C4) For each seM such thatM < AGE T, there exists a superséte AGE 1| such that
T ¥ L and eithe;me T or —a e T for every pair{a, —a} € AGE T|.

Axiomatization of AGE 1|

In our logic we model only acceptances since the private atastates, such as beliefs, are
modeled by th&DI, 1 logic which we extend. We include the axioms and the sems(fuic
LTL, since we uséTL to define the commitment strategies of the agents in Sectén 6

The modal operatots¢g we use is equivalent to the modal operadai¢ of theacceptance
logic of (Lorini et al., 2009) with one syntactic and one semantiception. These excep-
tions do not infringe on the decidability properties of thgit, as it can be observed by the
decidability proof for acceptance logic provided in (Lam al., 2009).

The operatoAsx¢ usesx ranging over a set of labels to describe the context undestwthie
acceptance is made. In our case the context is that of they gnoadi since we deal with only
one group, we have no use of these labels. The context lalaglagrole in the semantics of
the acceptance logic formulas.

On the semantic level, the axioms fagp are all the axioms afgx¢ except two: the axiom
inclusion (nc.) and the axiom unanimity{n.). Dropping Un.) and (nc.) does not affect
the decidability of the logic of acceptancélr()! states that AN @, thenVie N, Agyxo.

In our case, it is the aggregation of individual acceptaribas determines the collective
acceptance and we do not require that the group acceptimgails that all the members
acceptp, a property of non-summative collective belief indicatgd(&ilber:, 1987). The
opposite property,e., all the agents acceptingimplies that the group acceppsis ensured
via the judgment aggregation mechanisrnc() states that if a grou acceptsp, so will
any subgrougB < C. In our case, the judgment aggregation over the input fraoogB can
produce different group attitudes than the judgment aggieg over the input from a larger
groupC.

The axiomatization of th&GHE 1 logic is thus:
(ProTau) All principles of propositional calculus
(LTLTau ) All axioms and derivation rules of LTL
(K-G)  G(¢ — ) — (Gp — Gy)

(K-E) E(¢—y)—(E¢ —EyY)

INot to be confused with unanimity introduced in judgmentraggtion in Section 6.3
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(K-A) A9 — ) — (Asp — Asy)
(PAcces} Asp — AmAsp if M S

(NAcces3 —Asp — Ay—Asp if M S

(Mon) —Asl —» —AyLifMcS

(MP) From - ¢ and - (¢ — y) infer — ¢
(Nec-A) From + ¢ infer - As¢

(Nec-G) From + ¢ infer - G¢

(Nec-B From - ¢ infer - E¢

6.2.3 Agreeing on group intentions as a judgment aggregatiproblem

Our judgment aggregation modelAGE 1| follows the judgment aggregation (JA) modelin
general logics of (Dietrich and List, 2007a) and Chapter 2.

We presume that all the goals which the group considers tptade given in a set of candi-
date group goal§ = {Gg| g€ L prop}. The decision problem of choosing or not a given group
goal is specified by an agenda. The agendas here are preddedimgistent sets of formulas
representing an issue on which an agent casts his judgnm@ntagenda igruth-functional

if it can be partitioned into premises and conclusions. Inaase, the agendas consist of one
conclusion, which is the group gogle S being considered. The relevant reasons for this
group goal are premises.

Definition 83 (Agenda) An agendad < L¢ is a consistent set of formulas, such that=
AP U AC. The setsAP and A® are such thatAP = Lprop, A° € L and AP 1 A® = &

We remark that in judgment aggregation models, as the ori@iefrich and List, 2007a), the
distinction between conclusions and premises is only atdit by the partition but not for-
malized in the language of the agenda. The reason why we rleaed@age more expressive
than propositional logic to represent the agenda issuésiisme want to explicitly formalize
this distinction trough the modal operater

For a given agendd, each agent in the group expresses his judgments by accepting (or
not) the agenda issues. We define judgments formally in Diefin84.

Definition 84 (Judgment) Given a set of agents N and an agendidor each issue a A the
individual judgment of agentd N is one element of the spA;,a,Ag;—~a}. The collective
judgment of N is one element of the §&fja, AN —a}.

The formulaAg,a is interpreted as agenfudgesa to be true, while the formuld;,—a

is interpreted as agenjudgesa to be false. Since the judgments are acceptances, we can
assume that each agent is able to determine whether he aacgpsue or not. Consequently,

a judgment-Ag,a is taken to be the same as judgmégt —a, and the judgmentsAya

the same as judgmemg;—a. In theory, an agent, or a group can also express the judgment
of “do not know whether to accept' via the formula—Ag,a A —Ay—a, or respectively
—Anan —Ay—a
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The goal and the reasons are logically related. Theseapfatire represented by a set of
constraints. In our model, we assume that the constraiata aet of formulag < L. For
each goalGge § there is, provided together with the agenda, a set of cdntdfgy = R. The
setR contains all the constraints that the agent should obsemeawasting judgments. These
constraints contain three types of information: rules dbsw how the goal depends on
the reasons (justification ruIéSé”St), rules describing the constraints of the world inhabited
by the agents (domain knowledgng) and rules that describe haogvinteracts with other
candidate goals of the group (coordination ruRggord). Hence, the constrains for a group
goalg areRg = RSt LRI | RECO',

We want the reasons for a goal to rationalize, not only thecehof a goal, but also its
rejection. Having collective justifications for rejectingjoal enables the agents to re-consider
adopting a previously rejected group goal. To this end, weire that the justification rules
have the schemé&g < I', where{Gg} = Ag andl e Lprop is a formula such that all the
non-logical symbols of occur inflg,J as well.

The agents express their judgments on the agenda issuabglaccept the constrairits

totc?.

Example 6.2.3(Example 1 revisited)Consider the cleaning crew from Example 6.2R1,‘ft

is (pL A (P2 v p3)) < Gaor and Ag, = {p1, P2, P3,Ga1}. Suppose that the crew has the fol-
lowing candidate group goals as well: place the furnitureit® designated location
and collect recyclables from garbage binsjgThe agendas arég, = {pa, ps, Ps, P7, G},
Ags = {Ps, P8, Po, Ggs}. The justification rules ar®},™ = (ps A ps A (ps v pr)) < Gg and
R = (pg A po A P3) < Ggs. The formulas p— pe are: the furniture is out of place @,
the designated location for the furniture is empty)(phe furniture has wheels gp, the fur-
niture has handles (), the agents can get revenue for recyclableg (there is a container
for the recyclables (§).

An example of a domain knowledge couldf]k&l< = —ps — —Ps, Since it cannot happen
that the designated location for the furniture is empty wihiile furniture is not out of place.
Group goal Gg can be pursued at the same time as Gpwever, Gg can only be pursued
alone. Thus the coordination rule for all three goals is

REeord — RN — RO — ((Ggy A —(Gr v G)) v ~Gep).

To ensure that the judgments provided by the agents areeuiabgienerating group goals,
we impose that each of the individual judgments sets is cetapind consistent as defined in
Chapter 3.

Definition 85 (Admissible judgment set)Let¢ = {Aya|a=aora= —a,ac A} be the set

of all judgments from agents M N for agendaA. We define the set of accepted constraints
Rm = {Aur | r € R}. The set of judgments is admissible if it satisfies the following condi-
tions:

o for each a A, either Ayac ¢ or Au—ae ¢ (completeness), and

e ¢ URM K L (consistency).

A profile, as in Chapter 2, is a set of judgment setg,

2The agents accept the constraints as they are, as a whole set.
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1T = {Aqwy} P1, Apwry P2, Apwn} — P35 Apwr } GO, Apwa} — P Agwa) P2, Aws) P3, Agw,} GOt
Agwgy P1, A} — P2, Apws} — P3, Aqwy) ~Ga1} is @ possible profile for Example 6.2.1.

We can also use the matrix notation

p1p2 p3 Gar
w1101
m=w<{0111
w1000

In the judgment sets in Chapler 2, one cannot distinguishivéine judgment set belongs
to one agent or another. Using the acceptance operator teljualgments, we can make a
distinction between the individual judgments. In judgmaggregation, the collective judg-
ment set of a group of agents is obtained by applying a judgaggregation function to the
profile. The judgment aggregation rulesve use here are defined as the irresolute judgment
aggregation rules in Definitior 2.

Let Ag be the agenda corresponding to a ggpabnsidered by a group of agemMsand letrg
be the profile of the members judgment regardigg We define the group attitudes regarding
a goalg, i.e., thedecision to be the collective judgment set of the group.

Definition 86 (Decision) Given a profilerg for a considered goal g and a judgment aggre-
gation rule F, the group I decision regarding g i®y = {Aya | ae f(m)}.

Proposition 6.2.4. Every group member accepts the group decision.

Proof. As a direct consequence of axioPAcces$, when the group has intentidgg, every
agent inN accepts that this is the group’s intention, regardless dadtwtheir individually
accepted regardingg. Also, as a consequence of axioh¥cces$, when the group rejects

a goal,AN—Gg, every agent accepts this group decision. The same holds for the group
beliefs. O

6.2.4 Judgment aggregation rules for agreeing on intentics

Which of the rules we introduced in Chapters 2 and 3 are adedaause by a group that

needs to agree on its intentions? Since the judgments imtéetion agreement problem are
binary and unweighted, we can choose both from the rules apth 2 and Chapter 3. To

select the particular one we need to look at the propertafg)ed in Chapter 4, that the rule
should satisfy.

The judgment aggregation rule we can use for obtaining ggoafs should produce decisions
that are complete and it should satisfy collective ratigpallf F (1) is not complete it is
difficult to revise the group intentions. For example, if thecision contains only a group
goal acceptance, then we do not know why the goal was (noptad@and consequently when
to revise it. For example, the cleaning crew decides for the gz (to collect recyclables),
without having the reasons likg (a container where to put them). If the information about
the world is updated ané pg holds, the robots will continue to collect recyclables. hét
aggregation of an admissible profile is not consistent withdonstraints, we would not be
generating reasons for the group goal. All the rules we megaatisfy collective rationality.
The rules from Chapter 2 do not produce complete judgmest Bethis case, the judgment
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sets can be completed by adding the missing judgments inssuely that the consistency of
the set is not perturbed. For example, consider the preeagér- {p,q, p — g} and assume
that the collective judgment set {®, —q}. This set can be made complete by extending it
into {p, —=q,—~(p — a)}.

Since the judgment aggregation problem is that of produeimgagreement between the
agents, the rules should be such to guarantee that the ated@siesponsive to the accep-
tances of the individuals. This means that the decisionlghueisupported by the majority
whenever that is feasible. Therefore the rule applied shbelmajority-preserving.

There are cases, when the profile is not majority consistémén the rule leads the group
to adopting a goal that neither of the agents endorses dufilly. To avoid this, we need
to aggregate using a rule that satisfies the unanimity pliecif only the weak form of the
property, particularly on issuég. As we can observe in Table 4,14, the rules that satisfy
weak unanimity ar®y, Rysa Rra andRgy.

Another desirable property for consensual group’s degisi@aking contexts is resoluteness.
Since all judgment aggregation rule are by constructicsotute, one can prefer the rules
that produce less judgment set. It can happen®yai generates more judgment sets than
Rrafor the same profile. As it can be observed in Table 8.1.2, dikective judgmentis in all
the judgment sets obtained By, then it will be in all the judgment sets obtained Rysa,

for the same profile, but the reverse does not hold. This méandor the same profile, there
are judgment sets generated Rysa but not byRga. applied to a profile produces strictly
more judgment sets théy applied to the same profile. Therefore we exclBggafrom the
set of choices.

The ruleRgra can be seen as better thBp and Rry since it satisfies one more property,
the strict insensitivity to reinforcement of collectivedgments. In addition, one can easily
construct a linear time algorithm, with respect to the sizthe profile, for calculatindRza,
while Ry andRgy can be expected to be computationally more complex.

The irresoluteness of the rul&y, Rra andRry must be resolved. In Chapter 5 the group
was hierarchical so the agent responsible for the decii@ninitiator, chose between two

possible judgment set. In this context, a tie-breaking raaigm needs to be specified. Ties
can be broken by randomly selecting one of the collectivgioent sets, or by selecting the
judgment set that contains a judgment on a particularly ntambd issue, such as the goal,
supported by the majority. In the case of the rRlgx this last approach is not applicable,
since the collective judgments are selected in order ofgtheof the majority that supports

them.

6.3 The generation of multiple group goals

The mental state of the group is determined by the mentasstaftthe members and the
choice of judgment aggregation function. We represent tbetal state of the group by a set
Y of AGE_ 1. formulas. The seY contains the set of all candidate gogls= L/ L prop for
the group and, for eacBge 9, the corresponding constrairiiy, as well as the individual
and collective acceptances made in the group regardingdagén The setY is common
knowledge for the group members. An agent ugeghen it acts as a group member and its
own beliefs and goals when it acts as an individual.

To deal with multiple, possibly mutually inconsistent giahe group has a priority order
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% x over the group goal§ — Y. To avoid overburdening the language withxg operator,
we incorporate the priority order within the constraiﬂi@St =T; « Gg. We want the con-
straints to capture that@g; is not consistent (according to the coordination ruleshw@me
higher priority goalsGg;,...,Ggm, then the group can accefdtg; if and only if none of
Gai,...,Ggm is accepted. Hence, we replace the justification ﬁ?}&éﬁ € Y with ngiJUSt =
(Ti A /\'J-“(ANﬂng)) — Gg, WhereGgj € G, Ggj xx Gg andGg A Ggj A ngi"ord L.
Example 6.3.1. Consider the goals and rules of the robot crew C from Examme=6 As-
sume the crew has been given the priority orden Gg Gg, >y Ggs. Y contains: § =
{Ga1,Ga, Ggs}, one background knowledge rule, one coordination ruleg¢hjustification
rules, out of which two are new priority modified rules:

{S,—Ps — —ps, (GG A ~(Ga1 v GGs)) v ~Gp, Ga1 <> (P1 A (P2 v P3)),

Gz <> (Pan Ps A (Ps v P7) A Ac—G01),G8s < (P A Po A P3 A (Ac—GCp)}-

The agents give their judgments on one agenda after andtréng with the agenda for
the highest priority candidate goal. Once the prafiland the decisio®q for a goalg are
obtained, they are added Yo To avoid the situation in which the group casts judgments on
an issue that has already been decided, we need to remowedessues frondy before
eliciting the profile for this agenda.

The group goals are generated by execuGegerateGoalgY, N).

function GenerateGoal§yY, S:
for each Gg € §s.t. [VGgj € G: (Ggj = Gg) = (ANGY; € Yor AN—Ggj € Y)]
{ B:=({a]Anyae Y} u{—a|Ay—aeY})nAg;
‘ASi :Z‘AQi/B;
Ty := elicit(S,Ag, Y);
Yi=Yumu f¥(rg);, }
returny.

GenerateGoaldoes not violate the candidate goal preference order aadhinates ielicit
terminates. elicit requests the agents to submit complete judgment setggfer Y. We
require thatlicit is such that for all returned it holds: Yu f(m)) # L andYu m>i ¥ L
for everyi e N. When a higher priority goabg is accepted by the group, a lower priority
incompatible goalsg; cannot be adopted regardless of the judgments on the issugg.i
Neverthelesselicit will provide individual judgments for the agendk, . If the acceptance
of Gg is reconsidered, we can obtain a new decisiorGgy because the profile fdgg; is
available.

Example 6.3.2.Consider ther"sets for the robots given in Example 6.3.1. The followingscal
to elicit are made in the given order. Firsty, = elicit(N, Ag, , Y) with the GenerateGoal¥) =
Y =Yu g u f¥(n,). Secondry, = elicit(N,Aj,Y’), with GenerateGoaly”) = Y =

Y U T, U f3(11(g2)). Last, 1, = elicit(N,Ag,,Y”), with GenerateGoaly”) = Y = Y" U
Ty, U 3(1y;). Since there is no overlapping between agendgsand Ag,, Aj = Ag and
Ag, = Ag,. However, sincelg, N Ag; = p3, thenAg, = {ps, po, Ggs}-

6.4 Commitment strategies

The group can choose to reconsider the group goal in pres#neew information — “a
joint commitment must béerminatedjointly” (Gilbert, 2007, pg. 143). Whether the group
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chooses to reconsider depends on how committed it is to thepgntention corresponding
to that goal. We defined the group intention tolRg = ANGg, i.e. the decision to accept
as the group goal. The level of persistence of a group in ttediective decision depends on
the choice of commitment strategy.

These are the three main commitment strategies (introdug¢dao and Georgeff, 1993)):
Blind commitmentlig — (l;gUB;g)

Single-minded commitmentg — (ligU(Big v Bi(1—Q))

Open-minded commitmentg — (l;gU(Big v —Gig))

These commitment strategies only consider the relatiomdzat the intention and the beliefs
regardingg andGg. In our model of group intentions, a commitment is to a goakatance.
This enables intention reconsideration upon new inforomatin either one of the agenda
issues indg, as well as on a higher priority goal.

The strength of our framework is exhibited in its ability testribe the groups’ commitment
not only to its decision to adopt a goal, but also to its decigb reject a goal. Namely,

if the agents decidethjgi and Ay —Ggj, they are committed to bothy g and A\y—Gg;.
Commitment to rejeag allows forg to be reconsidered and eventually adopted if the state of
the world changes.

Let N be a set of agents with a set of candidate ggalket Gg;, Gg; € § have agendady,
Ag;. We usepe Ag andgi € Ag, qj € 71;.. The profiles and decisions arg and f (1g);
Ggj > Gg, andGg; cannot be pursued at the same timé&gs

We use the formulaéay) — (as) to refine the blind, single-minded and open-minded com-
mitment. Instead of thantil, we use the temporal operatetease YR¢ = —(—¢ U —¢),
meaning thatp has to be true until and including the point whardirst becomes true; ify
never becomes trug, must remain true forever. Unlike thentil operator, theeleaseoper-
ator does not guarantee that the right hand-side formulawalr become true, which in our
case translates to the fact that an agent could be forevenited to a goal.

(1) EGRINGI

(a2) LRAN—GG

(az) (EO—gi v EG)RANG
(a4) AN—QjRANG

(as) Anp — (E—pRANGH)

Blind commitment: aj A ao.

Only the observation that the goal is achievEd;] can release the intention to achieve the
goallngi. If the goal is never achieved, the group is always commitet! If a goal is not
accepted, then the agents do not reconsider accepting it.

Single-minded commitment as.

Only new information on the goal (either that the goal is aehd or had become impossible)
can release the decision of the group to adopt /reject thie jeace, new information is only
regarded if it concerns the conclusion, while informationtbe remaining agenda items is
ignored.

Extended single-minded commitment az A d4.
Not only new information oriGg;, but also the collective acceptance to adopt a more impor-
tant incompatible goabg; can release the intention of the group to achiége Similarly, if
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Gg is not accepted, the non-acceptance can be revised, noif @by is observed to be im-
possible or achieved, but also when the commitment to puegiés dropped (for whatever
reason).

Open-minded commitment az A Os.
A group maintains its collective acceptances to adopt acteq goal as long as the new
information regarding all collectively accepted agendanis is consistent withi (g ).

Extended open-minded commitmentas A a4 A Os.
Extending on the single-minded commitment, a change imtiga to pursue a higher priority
goalGg; can also release the acceptance of the groupgn

Once an intention is dropped, a group may need to recondi&leollective acceptances.
This may cause for the dropped goal to be re-affirmed, but@nséderation process will be
invoked nevertheless.

6.5 Reconsideration of group attitudes

In Sectior 6.3 we defined the mental state of the gr6up/e can now define what it means
for a group to beoherent

Definition 87 (Group coherence)Given a Kripke structuré and situations € W, a group
of N agents is coherent if the following conditions are met:

(p1): M = —(Asa A As—a) for any Sc N and any & Aqg.

(p2): If M,sk=YthenY L.

(p3): M,sE= A\S — —[O—g for all Gge S.

(pa4): Let Gge G and§’ = §/{Gg}, thenM = (A S A E[J—g) — X(—Gg).

(ps): Let pe Af and ge {Gg, —~Gg}. Epa (EpRANG) — XANP

The first condition ensures that no contradictory judgmarggyiven. The second condition
ensures that the mental state of the group is logically stersi in all situations. The third
and fourth conditions ensure that impossible goals canmptint of the set of candidate goals
and ifg is observed to be impossible in situatigrthen it will be removed fron§ in the next
situation. ps enforces the acceptance of the new information on the grexgd,lwhen the
commitment strategy so allows — aftelis observed and that led the group to de-commit
from g, the group necessarily accepts

A coherent group accepts the observed new information oemipe. This may cause the
collective acceptances to be inconsistent with the juatifin rules. Consequently, the deci-
sions and/or the profiles Mneed to be changed in order to ensure thatndp, are satisfied.
If, however[J—g or g is observed, the group reconsid&tby removingGg from G. In this
case, the decisions and profiles are not changed.

For simplicity, at present we work with a world in which theeags’ knowledge can only

increase, namely the observed information is not a fluentevA hore conditions need to

be added to the definition of group coherence for our modektalile to be applicable to

fluents. For example, we need to define which observatiorcispded when two subsequent
contradictory observations happen.
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6.5.1 Reconsideration strategies

For the group to be coherent in all situations, the acceptregarding the group goals need
to be reconsidered after de-commitment. Egtc Y contain the group acceptances for a
goalg, while 1y < Y contain the profile fog. There are two basic ways in which a collective
judgment set can be reconsidered. The first way is to eliciva profile forg and apply
judgment aggregation to it to obtain the reconsid@gd The second is to reconsider only
Dy without re-eliciting individual judgments. The first appah requires communication
among agents. The second approach can be done by each agasideringy by herself.
We identify three reconsideration strategies availabtbéagents. The strategies are ordered
from the least to the most demanding in terms of agent comeation.

Decision reconsideration {-r).

Assume thaka, ac 7[3, ge {Gg,—Gg} and the group de-committed froANg. The re-
considered decisio®; is such thai is accepted, i.eAyae Dg, and the entire decision

is consistent with the justification rules, naméy’**' U Df ¢ L. If the D-r specifies a
unique@é, for any observed information and afy, thenY can be reconsidered without
any communication among the agents. Given the forr:i}igﬂ"st (see Section 6.3), this will
always be the case.

HoweverD-r is not always an option when the de-commitment occurredtdwa change in
collective acceptance of a higher priority ggal Letq' € {Gg,—~Gd'}. Let the new accep-
tance beAy—q'. D-r is possible if and only i = Dg andR§M* L Dy U {Ay—q'} # L.

Recall thatdy g’ was not indg and as such the acceptance/odr —q' is never in the decision

for rg.

Partial reconsideration of the profile (Partial 7r-r).

Assume thaEa, ae ﬁg, Gge G. Not only the group, but also the individual agents need to
accepta. ThePartial -r asks for new individual judgments to be elicited. This is el¢m
ensure the logical consistency of the individual judgmerts svith the observations. New
judgments are only elicited from the agentghich Ag, —a.

LetW < N be the subset of agenits.t. Ajj;—ae Y. Agentsi are s.t. Ag;ae Y when the
observation i€—a. Let rlg" C 11y be the set of all acceptances made by the ageMms e
constructy’ = Y/ng". The new profile and decision are obtained by execuiagerateGoals
(Y, W).

Example 6.5.1.Consider Example 6.2.3. Assume tRgt = {Acp1,Ac—P2,AcPz, AcGt},
Dg, = {AcPa, AcPs, AcPs, AcP7, Ac—~ G} andDg, = {Acps, Acpe, AcGgs} are the group’s
decisions. Assume the group de-commits ofb8gause of E p,. If the group is committed
to Ggs, the commitment on Ggwill not allow for Ay ps to be modified when reconsidering
Ga:1. Since Ayps exists inY’, p3 will be excluded from the (new) agenda for, @lthough

it was originally in it. elicit calls only on the agents in W tmmpleterg, € Y’ with their
judgment sets.
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Full profile reconsideration (Full 7r-r).

The full profile reconsideration is the same as the part@msiderations except naw = N.
Namely, within the full profile revision strategy, each agsnasked to revise his judgment
set by accepting the new information, regardless of whdthdrad already accepted it.

6.5.2 Combining revision and commitment strategies

Unlike the commitment strategies of (Rao and Georgeff, 1.9@3our framework the com-
mitment strategies are not axioms of the logic. We requiat the commitment strategy is
valid in all the models of the group and not in all the model®&fE 1. This allows the
group to define different commitment strategies and differevision strategies for different
goals. It might even choose to revise differently dependingvhich information triggered
the revision. Choosing different revision strategies factegoal, or each type of new in-
formation, should not undermine the coherence of the metdét of the group, the s#t
The conditions of group coherence of the group ensuresdftat, every reconsideratioly,
must remain consistent. However, some combinations of doment strategies can lead to
incoherence oY.

Example 6.5.2. Consider the decisions in Example 6.5.1 . Assume that ligitiae group

is such that it follows the open-minded commitmentdgi land blind commitment fogbs,
with goal open-minded commitment fog AGg. If Eg; and thus ¢g; is dropped, then the
extended open-minded commitment would allew &g, to be reconsidered and eventually
Icgy established. However, since the group is blindly committetgs, this change will
not cause reconsideration and as a result baibpland gz will be in Y, thus makingY’
incoherent.

Problems arise whesub(R§"*) n sub(R§") # &5, wheresub(R§1**) denotes the set of

atomic sub-formulas of some goglandGg;, Ggj € §. Proposition 6.5.3 summarizes under
which conditions these problems are avoided.

Proposition 6.5.3. Leta’ anda” be the commitment strategies selected faryl g corre-
spondingly.Y'u a’ ua” # L (in all situations):

a) if ¢ € SUHREMS) N sUARES) and pe Ag n Ag;, thenas is either in botha’ anda” or

in none;

b) if Gg is more important than Ggwhile Gg, and Gg cannot be accepted at the same time,
thenas e a”.

Proof. The proofis straightforward. If the change in the group (facoeptance dbg causes
the ANGg; to induce group incoherence, then we are able to de-comanit &y Gg;. If

we would not able to de-comit frorANGg; then group coherence would be blocked. If
the change in the group (non)acceptancé&gf is caused by an observation on a premise
pe Ag N Ag; then condition a) ensures that the commitmernfig@sg; does not block group
coherence. If the change @ Ggj is caused by a change in commitment to a higher priority
goal, the condition b) ensures that a commitment regar@ggloes not block group coher-
ence. Condition b) allows only “goal sensitive” commitneetd be selected for lower level
goals. O



6.6 Conclusions 175

Conmmi t nent Rel ease on | Change How

to

AN(—)GY 99 |Gy |Ag Y @99 @ |JA
Blind v

Single-minded |V |V Dr |V

Extended v VY Partial re-r v v
Open-minded v v Full re-r v v
Extended v Wi

Table 6.1:Gg; > Ggand cannot be pursued at the same time Bigh®9gy denotes collective
attitudes forg are reconsidereds 1 denotes the profile (all or some parts of it) is re-elicited.

6.6 Conclusions

We present a formalization of non-summative beliefs, gaals intentions irAGE 1| and
show how they can be generated using judgment aggregatiorm@ti-agentAGE 1| logic
extendsBDI 7. In accordance with the non-summative view, having a grotgntioning

in our framework does not implltj,g for each the member We extended the commitment
strategies of (Rao and Georgeff, 1993) to increase theivimaif the group to new informa-
tion. Now the commitment strategies are not axioms of theasgntation logic; instead they
are a property of a group. Groups can have different levat®wimitment to different goals.
We showed how the group can combine different commitmendiffierent goals.

An advantage of our framework is its ability to allow groupgbmmit to a decision to reject
a goal, thus having the option to reconsider rejected g&althermore, we do not only show
when to reconsider, but also how, by defining reconsidaratiategies. Table 1 summarizes
our commitment and reconsideration strategies.

In our framework, the entire group observes the new infoionat One can also explore
the case when only some members of the group observe the fesmation. The only
assumptions we make regarding the connectivity of the mesnisethat they are able to
communicate their acceptances and receive the aggregesiolt. The problem of elicitation
and communication complexity in voting is a nontrivial o@»fitzer and Sandholm, 2002b,
2005) and in the future we intend to study these propertiesioframework.

In our framework, the group has an intentigif it has agreed to pursugas a group goal.
The agents agree on which goal to pursue by stating theiptantees of a proposed group
goal, and related beliefs that support or justify that gaadi applying a judgment aggregation
rule on these acceptances. Since the judgment aggregaléserves as an agreement reach-
ing mechanism, it needs to satisfy the properties of majgmieservation and the unanimity
principle. Based on these properties we propose that tesRuh, Ry andRgry, developed in
Chapter 2 are used.

The rules from Chapter 2 are defined for judgment aggregatioblems that are specified
by an agenda and a set of agent names. A set of constraintspamof the problem spec-
ification. We use the set of constraints here to describeddedknowledge that the group
needs to take into consideration when choosing its goalsaM/@ble to use the rules from
Chapter 2 anyway since we defined an admissibility critef@nthe individual judgment
sets.
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Although we studied the complexity of winner determinationthe rules of Chapter 3 we
did not make the same analysis for the rules of Chapter 2. dosehfurther betweeRga,
Ry andRgry we need to know their complexity-theoretic properties al. we

In this context of agreeing on group goals we imposed theireguent that the agents are
always able to declare whether they accept a belief or a ggyoapor not. This requirement
was feasible because the agent’s judgments are expressiacseptance, not an estimate of
the state of the world as in Chapter 5. Nevertheless, it nbighdesirable to give the option
to an agent, or a group, to also express express “do not knathehto accepa” via the
formula—Ag,an —Ag;—a, or respectively-Aya A —Ay—a. This option implies a change
in the input value-type of the judgment aggregation problesm binary to ternary. To be
able to allow for this option we need to consider the extemsibthe rules of Chapter 2 to
ternary judgments.

In the work we presented, we do not consider how an individoahstructs his judgments.
We can take thaBi ¢ — Agy¢, butthis is not a requirement for all agents. We would
expect “honest” agents to follow this rule, but we can alsfindedishonest agents for which
Bi¢ — Ayiy¢ does not hold. In the latter case, the agent might deélaré while it does not
believe¢. Given that the group attitudes are established by an agtioegrule that can be
expected to be, as almost all but the most trivial social@hailes, manipulable, the question
is whether there are scenarios in which an agent can havedéetive to behave strategically
in rendering judgments. Furthermore, given that some ofglkensideration strategies call
for re-elicitation of judgments, can an agent have the iticerto behave strategically in
rendering judgments that would lead to sooner re-elicitéti To answer these questions we
need to study the manipulability properties of our rules.
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Related work

The problem of aggregating profiles of yes/no decisions awat of logically related issues
is, with minor variations, studied under different namasdgment aggregation, majority-
voting under interconnected decisions, abstract binagreagtion, aggregation of binary
evaluations. Some comparisons of the differences betweaiframeworks denoted with
the different terms can be found in (List and Polak, 2010;n@rand Endriss, 2010). We
uniformly use the term judgment aggregation, althougletsrspeaking, our rules based on
minimization are judgment aggregation rules and our decstdrased rules are both judgment
aggregation and ternary-evaluation aggregation rules.

To the best of our knowledge there is no work that is relatatiedhesis as a whole. There-
fore we give the related work with respect to our judgmentegation rules, properties and
models of collective reasoning.

7.1 Partl- designing rules

The study of judgment aggregation rufeer seis a rarity in judgment aggregation. The only
exception in this sense is probably the work of (Miller and&son, 2009). Some judgment
aggregation rules do appear in the context of other works.

7.1.1 Rules based on minimization

The premise-based procedure has been introduced in (Kegehand Sager, 1993) under
the name “issue-by-issue voting” and studied extensivel{Dietrich and Mongin, 202.0).
The conclusion-based procedure has been studied in (Pietalz, 2009). These were the
first rules considered in the literature. The sequentiat@dares have been introduced in
(List, 20044a) studied also in (Dietrich and List, 2007b; 2010), followed by quota-based
rules (Dietrich and List, 2007b; Dietrich, 2010). The qubtesed rules are a class of rules
where each proposition of the agenda is associated with tagaed the proposition is ac-
cepted only if the proportion of individuals accepting itabove the quota. The majority
rule is a special case of quota-based rules. Lastly, thardistbased rules are studied in
(Miller and Osherson, 2009) and in (Pigozzi, 2006). We exytlae principles of these rules
in Chapter 2, therefore here we just enlist the relationwéen these rules and the rules we
propose.

The rulesRysa Ruwa andRynac are special cases of three of the four distance-based rules

introduced in (Miller and Osherson, 2009). More precisédy,d being the Hamming dis-

177
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tance,Rysa is theory equivalent wittEnd poing; Ruywa and Rynac are equivalent with
Prototypg andFully correspondingly.

Nehring et al. (2011) and (Nehring and Pivato, 2011) defie€Ctindorcet admissible s&t

be any maximally consistent sub-set of the majoritarian Retall that the majoritarian set
for a profile is the set of all judgments supported by a majasftagents according to the
profile. The Condorcet admissible sets for any profile arévetgnt to the set of judgment
sets that can be produced by applyiRigsa to that profile. Rather then considering a rule that
derives the Condorcet admissible sets, they consider ibeespf judgment sets and study
under which conditions this space collapses to a singlaioa profile. They calCondorcet
determinatevhat we define as majority-consistent profile.

Nehring et al. (2011) introduce two new judgment aggregatites: theSlater ruleand the
Median rule The Slater rule is equivalent to oRycsaand the Median rule to oRywa.
Nehring and Pivaic (2011) in addition introduce ttexiMin rule which we defined aBgra.
The difference betweeRra and Rywa on one side and the LexiMin and Median rule on
the other, is that the LexiMin and Median rules are definedafgent-weighted judgments.
Nehring et al. (2011) and also (Nehring and Pivato, 2011%ictan agent weights, normalized
over|[0,1] so that the sum of the weights of all agents on an issue is alWafhe focus of
(Nehring et al., 2011) is to characterize the conditiong] mtentify the likelihood, under
which Tr,,s,(P) contains a complete judgment set, some particular elenfehe@genda or
the full set of consistent and complete judgment sets.

7.1.2 Distance-based non-binary rules

Distance-based rules for aggregating judgments have hepinéd by thenodel basedistance-
based belief merging rules (Konieczny et al., 2004). The éiistance-based rules for ag-
gregating judgments have been introduced by (Pigozzi, P@06® observed that there are
considerable similarities between the belief merging Aledudgment aggregation problems.

Belief merging theory studies the problem of merging bédefes. Given a set of belief bases
and a set of constraint€, the problem of merging the belief bases is to generate aflixlse
which satisfies all of théC constraints and incorporates a maximal amount of beliei® fr
the bases that are merged. In judgment aggregation thedondhjudgment sets are cast on
agenda issues. In belief merging no agenda is defined.

In belief merging, the primary concern of the merging pracissto maximize the infor-
mation content from the merged belief bases. Rules for mgrbeliefs are constructed
so that they satisfy a set of postulates that are inspired free belief revision postulates
(Alchourron et al., 1985). Judgment aggregation rulesanstructed so that they satisfy a set
of properties that are inspired from voting theory and pesiee aggregation (List and Pclak,
2010). The aggregation properties are not concerned witimizing the information con-
tent from the individual judgment sets.

Pigozzi (2006) applies the model based operator of (Konieeral., 2004), defined for a
Hamming distance an®l,, directly by treating the judgment sels as belief, or knowledge
bases. The agenda is defined as a set of propositional &gis A judgment set is a
consistent set of atomic and non-atomic formulas, comgtat¢he agendad. The set of
constraintdC corresponds to the set of rul®s Each judgment set is consistent with respect
to R. The set of all models foR is the co-domain of the aggregation rule. Endriss et al.
(2010b) also define their procedure in terms of the Hammisgdce and_, but contrary to
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(Pigozzi, 2006), they define the agenda in such a way thatitoatain non-atomic formulas.
However they do not consider additional rules and in theimfeworkR = ¢5. Consequently,
the distance-based rule for the Hamming distance and tlas an aggregation operator are
not equivalent. The distance-based rules we propose atiowdth non-atomic formulas in
the agenda and additional rules to be externally specified.

The use of agent weights in distance-based belief mergintegts has been previously be
considered in (Revesz, 1995). Weights in the context ofjueltt aggregation have not been
considered. The weights assigned to issues, or to (agard)ipairs, have not been considered
in belief merging or in judgment aggregation context. Dists between sequences that
contain more values than binary have been considered iit¢hature (Condotta et al., 2C08;
Coste-Marquis et al., 2007).

There are many reasons for which one would like to relax tlyg@irement of complete-
ness for judgment sets and allow the agents to abstain on msues. That the require-
ment of completeness for judgment sets is too strict, has begusses by (Gardenfors,
2006). Dokow and Holzman (2010b) construct a framework fioaty aggregation in which
abstentions are allowed. The value assigned to the almtastdescriptive, namely a spe-
cial symbol “%”, while 0 and 1 are used for the “no” and “yes” judgments cspandingly.
Pauly and van Hees (2C06) construct a framework for muitellogics in which the judg-
ment sets with abstentions may be seen as a special casech)j2007) constructs a general
logic framework in which some ternary logics are a speciakcalThese authors focus on
proving impossibility results for their respective framaws and offer no particular rules for
aggregating judgment sequences with abstentions.

One might argue that the aggregation of judgments with alistes poses no particular chal-
lenge; namely, if an agent abstains then his input can beéghas if a judgment was not
elicited from that agent. This perceived simplicity disapps once one is reminded that the
agenda issues are logically related and the judgmentsasstg them are logically related.
Abstaining on one-issue influences the judgments that casdigned to the rest of the issues,
by the same agent and on the generation of collective judtgfienall issues. The challenge
in developing judgment aggregation rules that handle ahistes is not in the representation
of the abstentions but in the interpretation of the abstassti When distance-based rules are
used, the interpretation assigned to abstentions hingesthe sef\ and the chosen distance
metric. The sef\ depends on the particular ternary logic used for reprasgiitie judgments.

The distance-based rules we introduced can be applied fratimework of (Pauly and van Hees,
2006) whenA is constructed using the logic of (Pcst, 1921). The rulesbeaapplied in the
framework of (Dokow and Holzman, 2010b), whetis treated a% and either the logic of
(Lukasiewicz, 1920) or the logic of (Kleerne, 1938) is usete Tmpossibility results proved
by (Dietrich, 2007) hold for judgment aggregation problesyzresented by the t ukasiewicz
logic since this logic is a special case of the general lagioduced by (Dietrich, 2007). We
show that this holds.

Dietrich (2007) defines the propertiéd — L3 for (£,}=) and proves his impossibility of
aggregation results for general logics that satisfy- L3 (Dietrich, 2007, pg. 554).

L1  Foranype L it holds thatp = p (self-entailment
L2 Foranype L andS c S c L, if § = pthenS; = p (monotonicity.

L3  The empty sepy is consistent, and each consistentet £ has a consistent super-set
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S < £ containing a member of each pgir—p e £ (completability.

Proposition 7.1.1. The pair (£, =3), where£, is the logic of Lukasiewicz, satisfies self-
entailment_1, monotonicity.2, and completability 2.

Proof. Self-entailment follows directly from the definition of toperatol=3. Namelyl" =3
pifandonly if AT — y.

WhenS, =3 ¢ then for all valuatiory, if v(/\ S;) = 1 thenv(¢) =1 and ifv(A S1) =
v(g) e {1, %}. We prove monotonicity by distinguishing among cases:

1
5 then

VAS) =1 V($)=1 V(AS/S)=1V(S) = henceS, -3 ¢

VAS) =1 v(#)=1 WAS/S)=3vS) =1 henceS; 3 ¢
VIAS) =1 Vv($p)el VAS/S)=0Vv(S)=0hences; =3¢
VNS = % v(¢) e {1,%} VINSI/S) =1V(S) = % henceS; =3 ¢
VIAS) =3 V(#) {1 3N S/S) = 3 V(Sp) = 3 henceS; (=3 ¢
VIAS) =5 V(9) € {13} (A S/S) = 0 V(S) = 0 henceS |=3 ¢

The pair(£', =3) satisfies completability. The empty set is consistent Sirfce) =ges 1.
Whenv(¢) = 1 orv(¢) = 0, eitherg or —¢ can be added t&, but not both. Whersis
valued to3, if v(¢) = 1 thenS = ¢, but it is not true thaS|= —¢, sincev(S) # 0. For
V(¢) = 0thenSk=3 —¢, and itis not true tha® =3 ¢.

O

Apart from the basic ternary logics and the classical emiilt operator, one can consider
ternary paraconsistent logics, such as the ones studigdimdczny and Marqguis, 2002), for
representing judgments. The distance-based operatotxecapplied regardless of the logic,
as long as the sét can be specified.

In addition to the completeness requirement, the judgngregation theory also stipulates
that the judgment sets are consistent, with respect to tee Ruwhen such rules are given.
Miller (200€) considers the case when the constraints abgestive, namely each agent’s
judgment setA is consistent in terms of that agent's constrait A U Ri # L. Miller
(2008) generalizes judgment aggregation to subjectivesidecsituations, implying that the
impossibility results studied in (Dietrich, 2007) persigthout individual agreement on the
set of constraints.

In addition to different constraints, one may considered#ht entailment operatogs; for
each agent, thus haviry U R; i L as the required consistency property for the individual
judgment sets. As long as tieand k=3 are determined for the collective judgment sets, the
A set can be constructed and our distance-based mergingaudse specified.

Benamara et al. (2010) consider the problem of aggregatohgnment sets in which not only
abstentions, but alsteutral judgmentsare allowed. They define an agenda as a set of atoms
corresponding todP and a singleton set of an atot called adecision corresponding to

A°. What we call an abstention here, is called a neutral judgingBenamara et al., 2010),
denoted by “?” and representing the case in which an agemtdeaided on an issue. The
abstentions in (Benamara et al., 2010) are denoted by “X'rapesent the case in which an
agent deems the agenda issue “irrelevant” for the decidibas judgments are assignments
A+ {0,1,?,X}. A decision rule is a formul& (AP) < d, whererl (AP) is a propositional
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logic formula built on literalsA” andd e {d,—d}. The agents can accept, reject or be neutral
regarding the rulei.e.,, assign it a “value” from{0,1,?}. Benamara et all (2010) give a
judgment aggregation procedure for this framework, adogrtb which the “judgment” on
the rule is determined according to a majority rule, theeaiVe judgments on the premises
are determined by ignoring the abstentions and applyinteawhich we defined as majority
m, to the rest. The collective judgment on the decision ishiedas in the premise-based
procedure if the majority accepts the rule and by applyiegtiajority rule over the individual
judgments fod.

We can represent the framework of (Benamara et al., 201@punt framework in the follow-
ing way. Let us denote the decision riléAP) < d by a. The agendal is constructed as
A=APUA®U {a}. We replace each judgment judgment ? \/\éthWe construct a weight
matrix using weightsy; j = 0 when an ageritassigns< to issuea; andw; j = 1 in every other
case. The judgments can be replaced with either one {, %, 1}, since they are assigned
a weight 0. Then the premise-based procedure can be defiosideringa as one of the
premises.

Li (2010) considers the sequential aggregation rules dodslifor continued-valued judg-
ments on thd0, 1] interval. An agent expresses the strength of his acceptanegection
of an issue through the continuous judgments. The judgmenp) of a negated issug
assigned a judgment—¢) = 1—v(¢). The aim of Li's work is to determine decision paths
that maximize the strength of each judgment.

7.2 Partll - properties of rules

Properties for judgment aggregation rules have been stwdit the objective of determin-
ing which set of properties admits a judgment aggregatioctfan or rule. Apart from the
universal domain, anonymity and independence propentiesptonicity and unanimity were
introduced. Grandi and Endriss (2010, 2011) instead stuelgdnnection between the prop-
erties of aggregation rules and the language in which tleecdeonstraintRR are expressed.

The unanimity principle for aggregation functions wasaaiuced in (Dietrich and List, 2008b).
Nehring et al. (2011) define and study, what we define as, to@gtunanimity principle.
They observed that this principle is violated by the Condbatimissible sets for most agen-
das, which is consistent with our observation tRgta does not satisfy this property.

Monotonicity as a property imposed on a subset of the agetodaddress manipulability
issues) was introduced in (Dietrich and L st, 2005), and atonicity on a judgment set in
(Dietrich and List, 2008a). Monotonicity as a property ofigiment aggregation functions
was defined in (List and Puppe, 2009).

Nehring and Pivaic (2011) study two properties that are senflar with our Separability |
and Separability Il. They define separability as we defineaGayility I1l. Our Separability |
corresponds to the reinforcement of (Nehring and Pivatd1PMut it is a stronger property.
The reinforcement property of (Nehring and Pivato, 201)liag to entire judgment sets,
whereas Separability | is applied to propositions. Therefee obtain thaRywa Violates
Separability, while the Median rule of (Nehring and Piv#017) satisfies this reinforcement

property.
What we define as independence of cloned agenda issues,rbadyabeen introduced in
(Dietrich, 2006b) as the sensitivity togical agenda manipulatiarDietrich (2006b) stud-
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ies this property as a justification for imposing the indegmrce of irrelevant information
condition on judgment aggregation rules and functions.

7.3 Partlll - applying rules

To the best of our knowledge this thesis is the first invesibgain applying judgment ag-
gregation for reaching group decisions in multiagent systeWe considered two types of
groups, hierarchical and consensual, that give rise to fffereint aggregation contexts.

In the example of hierarchical group, one agent needs taegatg the opinions of the other
agents to reach a decision. The procedure we proposed fiop gexision-making is one that
produces satisficing decisions. Satisficing is exploredsisgle agent approach to decision-
making, but not for groups.

In the example of consensual group, we model non-summatggntentions, and propose
a method for their generation, commitment strategies avidiom strategies. Group inten-
tions, how they are modeled, generated and revised is aiguékat has been considered
since the advent of multi-agent systems.

7.3.1 Satisficing

As (Zilberstein, 1998) observes, there has been a searasédul techniques from deci-
sion making, since it is widely accepted that optimal decignaking is too computationally
complex. The concept of satisficing (Simon, 1955) offers ter@ative to the search for an
optimal decision, however Simon does not instruct on howottstruct satisficing algorithms
or systems. Zilberstein (1998) argues that optimizing ialternative to satisficing.

Satisficing is little used as an approach to group decisiaking. However, it is in the
case of group decision-making that the complexity of makingptimal decision becomes
high. An exception is the work of (Stirling and Goodrich, £9$tirling and Nokleby, 2009)
who develop satisficing games by constructing conditiotilifies. Their utilities “take into
account the interests of others as well as the self, reprasealternative to the categorical
utilities of classical decision theory.”(Stirling and Neky, 2009, pg.53).

The recognition-primed group decision-making model westartt is a model that allows
for a team of agents to reach decisions that are satisfy af seteorelated sufficient cues.
This model is applicable when at least one agent in the tedamdiar with the decision
context since cues are determined from his experience. \pecexhat, how optimal is a
group decision reached this way depends on the team’syatioiliearn from its mistakes.

7.3.2 Group intentions

Collective intentions are studied and formalized in (Dulgplicz and Verbrugge, 2010,
Chapter 3) and also, among others, in (Grosz and Hunsh2@@7,; Jennings, 1995; Singh,
1990). The dynamics of intentions have been considered an der Hoek et al.,

2007; Grosz and Hunsberger, 2007).

In (Dunin-Keplicz and Verbrugge, 2010, Section 3.9) we firdbtailed overview of the var-
ious formalizations of group intentions. Most of this worte$ not consider the dynamics
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of group intentions. An exception is (Grosz and Hunsbe2@0.7). In (van der Hoek et al.,
2007) the reconsideration of individual intentions andakged plans is considered.

Grosz and Hunsberger (2007) recognize that groups needke graup decisions with re-
spect to many intention related issues such as how to chaagértentions. In (Hunsberger,
2002) they conclude that a specification of group decisi@aking mechanism must include:
(1) the possible inputs an agent can make into the mecha(#3time conditions under which
agents may make those inputs; (3) rules for determiningvbinbinations of agent inputs
establish group decisions; and (4) a method for making the dexision known to all the
members of the group. Although they consider examples ohiar@sms such as unanimous
approval, they make no connection with social choice theory

We assume that the group has an order of importance for itidate goals. Alternatively, the
group can also agree on this order by expressing individe#ences. Uckelman and Endriss
(2010) show how individual (cardinal) preferences overlgoan be aggregated. Intentions
and their role in deliberation for individual agents havebetudied in a game theoretic
framework by (Roy, 2009¢,b). Icard et &l. (2010) considerjdint revision of individual
attitudes, with the revision of beliefs triggering intemtirevision. We allow for both the
changes in epistemic and in motivational attitudes to be#use for reconsideration.
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Summary

People agree on things all the time. They discuss about suessat hand and make col-
lectively binding decisions. Some of these decisions &ltenan history, others alter dinner
plans. Regardless of the context of the agreement, so@aerules have been developed to
serve humanity when it needs to reach consents.

Since its inception, computing continues to grow more andenpowerful, but at the same
time more and more distributed. As a consequence, compptesessors and users, more
precisely artificial agents acting on their behalf, needstich collectively binding decisions.
In this thesis we show that this problem of reaching colexdyi binding decisions can be
solved by “computationalizing” social choice, in partiauthe social choice discipline of
judgment aggregation.

We consider two types of groups: consensual and hierarthithe first, the agents reach a
decision collectively, while in the second there is one ageat makes a decision by consid-
ering the input from others. A consensual group is a reptatien of a distributed system

of agents that need to behave as a whole and make decisidrgotlean their actions and

behavior. A hierarchical group is a representation of amtadecision-maker that needs to
use, not only his own, but the knowledge, opinions and eiggedf many other, possibly

distributed agents. These decisions can be used by thelsgesdlf, by the agents who con-

tribute information or by a wider set of agents within thegeof one institution. For each

of these two types of groups we give an example of a group ideeigaching problem and

show how it can be solved using judgment aggregation. In bbthe examples judgment

aggregation is a consent reaching method, applicable etem W cannot be assumed that
the agents persuade each other on a single position.

8.1 Results

8.1.1 Designing judgment aggregation rules

Judgment aggregation theory is a new discipline of socialocghin the scope of which not
enough effort has been devoted to constructing and anglyspecific aggregation rules.
Therefore, before developing examples of how to use judgmggregation in multiagent
systems, we needed to develop judgment aggregation rutea arethod for distinguishing
among them. The results of this thesis are therefore notiartlye filed of multiagent sys-
tems but also in the field of judgment aggregation theory. tWeedifferent types of groups
we consider pose two different requirements for aggregatites. Consensual groups need
rules that produce decisions, which minimize the discrepavith each individual opinion.

185
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Hierarchical groups need rules that produce decisionsctiztalize on the expertise of the
group members. We therefore constructed two classes &f nulkes based on minimization
and weighted distance-based rules.

In the first class of rules we constructed ten rules that geaeatecisions adherent to the
majority: Rusa Rucsa Ruwa Rra Ry, Ry, Rry, Rur, Rucr and Runac. We compare
the decisions produced by one rule with the decisions predlby another, but in the same
manner we compare our rules and existing rules in judgmegreagtion. A summary of this
analysis is given in Table 2.4.

In the second class of rules we start from the distance-basges presented by (Pigozzi,
2006) and generalize them to rules that handle a richertabeiof judgments, in particular
various types of weights associated with the judgments.rtfpam the sequential aggrega-
tion considered in (Li, 201.0), no judgment aggregationsiiave been proposed for aggre-
gating ternary (or multi-valued) judgments. In (Dokow anolznan, 201Ch; Dietrich, 2007;
Pauly and van Hees, 2006; Gardenfors, 2006) frameworksfdti-valued judgment aggre-
gation are considered, but no rules are proposed. Aggaegativeighted judgments has not
been considered in the literature.

In belief merging weights associated with agents have déyréaen considered in (Revasz,
1995) and merging multi-valued propositions has been densd in (Konieczny and Marquis,
2002; Condotta et al., 2008; Coste-Maraquis et al., 2007k fddwelty of our rules from the
viewpoint of belief merging is in added possibility to agsigeights to beliefs. Namely, the
weight of a belief depends not only on the agent that holdbéfief but also on which belief
it is.

We analyze the complexity-theoretic properties of the Weid-distance based rules we pro-
pose. Much attention has been devoted to various complthétyretic aspects of voting
rules, in particular to the problem of winner determinatidhe winner determination prob-
lem is the problem of determining if a given candidate is angirfor a given profile of votes
when voting ruleF is applied. In judgment aggregation the “winner” deterriora prob-
lem, i.e., given a judgment and a profile of judgments determine if thikgment is among
the selected collective judgments by judgment aggregatilet, has only been consider in
(Endriss et al., 2010b) for two judgment aggregation ruléee complexity-theoretic analysis
of the winner determination problem is used as an indicdttireocomputational efficiency of
a particular rule or aggregation operator. Certain comnipjle¢keoretic aspects, corresponding
to the winner determination problem as definec in (Endrisd £20100), of belief merging
operators have been considered in (Konieczny et al., 2@4)complexity results are usable
in a belief merging context as well.

8.1.2 Selecting judgment aggregation rules

To be able to distinguish among judgment aggregation ruldsmthe same class, we need
to consider which structural and relational propertiessatisfied by these rules. Each au-
thor, or group of authors, that works in judgment aggregetti@ory has proposed their own
framework for judgment aggregation, defining propertiegudfyment aggregation rules in
it. As a consequence, we first needed to construct a genesabhrjudgment aggregation
framework common for both classes of rules and then cortstracorresponding definitions
of judgment aggregation rules within this framework. Otlgrt were we able to analyze our
rules with respect to the common rule properties considierpatigment aggregation theory.
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Tables 4.14 and 4.15 summarize which of our rules satisfglwvproperty. We repeat these
tables here.

Majority Weak Strong IR-s S-i
Preservation (Unanimity  |Unanimity
Ry |V v v no no
Rwvsa |V v no v no
Rvesalv’ no no v no
Ruwa [V no no v no
Rra |V v v v no
RIH.maX{ g no no no no
Rry |V v v no no
Rvinac |V no no no no
Property Satisfied Not satisfied
Unanimity (d,%)
(d,max
(d,Gmay)
(d, ")
Weak unanimity principle(dp,®) (di,%)
(di,max
(di,Gmax
(di, M*)
di € {dH,dT}
Strong unanimity principlg¢dp,®)
Majoritarian (d,%) (d,max)
(d,M*) (d,Gmay
Majority-preserving |(dn,Z) (dp,X)
(dr,Z%) (d,max)
(d,Gmay
(d,r*)
IR (d,0)
S-s (d,%)
(d,max
(d,Gmay)
CHL)

We analyzed our rules mainly for the judgment aggregatiapg@rties that already exist in
the literature. These rules have been designed while sagrfdr a minimal set of desirable

properties that characterize a judgment aggregation anld,consequently it is unsurpris-
ing that these are properties that are desirable in mosextntWe need the properties to
distinguish among rules and to this end we need to develostay more rule aggregator
properties. We commence this line of research in judgmegitegiation theory by defining

five new desirable properties for rule aggregators, Sedtibe.
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8.1.3 Applying judgment aggregation rules

As an example of hierarchical groups we consider a team aftagkat solves problems in
a changing environment. We use judgment aggregation toéx@enodel for reaching satis-
ficing decisions developed in experimental psychology. ddpent decision-maker considers
one option at the time, choosing an option if it satisfies alwioation of sufficiently relevant
criteria, or cues as they are called in experimental psydyol The decision-maker aggre-
gates the opinions of other agents to determine if theseameleriteria are satisfied, but also
if the choosing of a particular option is supported. We psgpour decision-making solution
for incident management teams, however the same approadiecapplied in various other
contexts. One example is a recommendation system that hiseohtent of multiple web
pages and other sources to recommend a product or a sendcsttumers. Based on the
criteria set by the customer, the system considers the esuih@t give information on the
criteria, the reputation of the source and whether the soenclorses the product/service in
guestion.

As an example of consensual groups we consider a group ofsatiext needs to agree on
what its intentions are. We propose a judgment aggregatisadmethod for agreeing on
which group goals to pursue. Our method is intended for gsdligt engage in joint activity
when it is necessary that the group to present itself as desivigple from the point of view
of beliefs and goals. The requirement that the group prestsaif as a rational entity that
has goals justified by the beliefs it holds, and is able tosestese goals under the light of
new information, was held by (Tuomela and Miller, 1992) added in agent theory by
(Boella and van der Torre, 2007) and (Lorini and Longin, 20@8ur proposal to formalize
group intentions as the goals on which the group agrees supw@and is jointly committed to
pursuing, can be applied, for example, in an open-sourgegiravhere several people have
to discuss online to agree on which is their position on issuel which is their goal.

8.2 Other examples of using judgment aggregation

The thesis of (Ganesan, 2011) tests the use of judgmentgajgne for the cooperative an-
choring problem (LeBlanc and Saffiofti, 2008; Coradeschi lanutf, 2008) on NAO robots
controlled by agents written in the GOAL programing langaiddindriks, 2010).

The anchoring, or symbol grounding, problem (Harnad, 199®e problem of assigning
meaning to abstract symbols. This problem is consideredlasd namely that “we now
understand enough to create systems in which groups of agelitorganizes a symbolic
communication system that is grounded in their interastisith the world, and these systems
may act as models to understand how humans manage to satfizegheir communication
systems.” (Steels, 2008). Combining perceptual inforomatiay be used to ground a symbol.
E.g., the symbolp denoting “there is a chair in the room”, can be grounded te tufalse
by considering vision, pattern recognition and sonar megsliLet as call symbols such ps
which can be grounded by using only percepts, a level- 0 symbmbot would also need to
ground more complex symbols, suchcggdenoting “Room E112 is a meeting room”, which
would require fusing not only percepts but also level- O sgtab

Collective robotics is a field of research that is concernétl the development and use of
robotic teams for performing various tasks. A team of robetsds to collectively ground and
share symbols. There are two basic uses for social symbohging: the first is to establish
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grounding that will be used by the team when performing tteesks; the second to be used
by a robot that grounds a symbol for individual use by coméigethe groundings made by
several other robots.

The grounding of symbols higher than what we call here le¥éd-the problem of assigning
valuesto a set of logically related issues. The social gilgof such symbols is the problem
of aggregating the values assigned to the issues by diffevbats. This is a problem that can
be modeled in judgment aggregation. Ganesan (2011) usesarpke of a level- 0 symbol
that needs to be socially grounded based on a set of per@&psmplements the premise-
based and the conclusion-based procedure as describedrimh@(ser and Sager, 1993) and
identifies the premise-based procedure as better at tratkitrg. She also considers the
distance-based procedure, as described in (Endriss 80400b), for the obtained profiles.
The premise-based procedure outperforms the distanestpaecedure one in the case of
level-0 symbols.

8.3 Future work

In computational contexts, as well in (human) society, éhame many problems that require
collectively binding decisions to be generated. Due to tréety of contexts in which these

problems occur in society, social choice theory has beerctiveaand not yet exhausted,
research area for the last three centuries. An essentfalt@teards advancing the use of
judgment aggregation in multiagent systems is to look fopprties that more finely distin-

guish among aggregation rules than the properties thatuarertly considered as desirable
in judgment aggregation theory. Furthermore we need ta@hdar, and characterize, collec-
tive decision problems in multiagent systems and study laiv tharacteristics reflect into

(un)desirable judgment aggregation properties.

In all the similarities between society and computatiomaitexts, the requirements and con-
straints of the collective decision-making in these twoteats are different. How social
choice rules are used in society and multiagent system#eésetit: while people need to rely
on them sporadically and only when consensus fails to emargjéicial agents need to use
them for every single group decisions they need to make.

It is often insufficient to analyze the computational prajgsrof existing social choice rules,
but one needs to design more. This is the first thing we obdemeen starting to explore

the possible use of judgment aggregation in multiagenesyst For instance, the premise-
based and conclusion-based rules are enough of rule opti@adlegiate courts. However,

a recommendation service needs to consider a richer steuofijudgments and agendas
cannot necessarily be partitioned into premises and ceiaeis. The collection of judgment

aggregation rules that we proposed in this thesis is notuestha.

The differences between social and computational contdgtsapply a different approach
to a complexity-theoretic analysis of the aggregationguléhe problem of confirming that a
judgment or a judgment set is selected collective, by a giukerfor a given profile, is relevant
in a human society. Namely, after a consensus starts to efreeggoup casts judgments and
only needs to verify that this consensus is the group degisiith respect to the individual
judgments and the rule used. Artificial agents do not starbagdecision-reaching process
by an informal chatj.e., either argumentation is not combined with voting as its rottee
case in naturalistic settings. In multiagent systems ctsifeis more relevant to consider the
complexity of finding a collective judgment set rather thenfirming that a given judgment
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set is the collective one.

The rules designed and represented here are irresolutensyrection. Designing rules in
this manner is necessary if one wishes to avoid impossilaitid not impose domain restric-
tions. However, a group usually needs only one decisienjudgment set. Creating resolute
judgment aggregation procedures can be done by implenmmntatther than by construc-
tion. How a social choice rule is implemented is an imporgmstion in formal voting
contexts (Dasgupta et al., 1979; Repullo, 1985; Maskin€iBalfrey, 2002; Serrano, 2004).
Implementation of judgment aggregation rules is an imparissue in multiagent systems
contexts. The choice of implementation unveils the amoundtraature of resources needed
for judgment aggregation, but also allows for certain bévesf the agents to be enforced or
discouraged. Answering the question of implementatiohaidlo shed light on the relations
between game theory and judgment aggregation, which as@lored but bound to exist. As
mentioned, committees in society usually discuss befotiagoFor multiagent systems this
discussion segment could be modeled as an argumentatied dedog game and combined
with the aggregation rules proposed in this thesis.

We considered hierarchical groups verses consensual grédupatural option is embodied
agents verses software agents. The thesis of (Ganesan),t28ttljudgment aggregation on a
social symbol grounding problem of a level- 0 symbol for therpise-based and conclusion-
based procedure, but the same experiment can be ran on thendemof the aggregation
rules. To obtain meaningful results one needs to considarged number of robots and a
bigger agenda. The technical challenges made it difficuédtend the experiment into so-
cial symbol grounding for symbols above level- 0. Theselehgles were introduced by the
robot-agent and robot-robot communication that needed te¢hnically solved. Since these
issues are resolved, a natural continuation of this pragetct design examples and test the
performance of judgment aggregation for symbols abovd-l@vén general, social robotics
is an emerging area of research in which one can expect manp gecision-reaching prob-
lems to emerge.
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