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Z U S A M M E N FA S S U N G

In der vorliegenden Dissertation werden verschiedene Kontroll- und
Bestechungsprobleme mit Hilfe der klassischen und parametrisierten
Komplexitätstheorie untersucht, die sich aus dem Kontext von Wahlen
ergeben. Dabei zeichnet sich ein Kontrollproblem dadurch aus, dass
der Wahlleiter einer Wahl deren Ergebnis durch Veränderung der
Wahlstruktur ändern möchte. Bei Bestechungsproblemen wiederum
geht man, wie zu vermuten ist, davon aus, dass einzelne Wähler mit-
tels Bestechung durch einen externen Agenten dazu gebracht werden,
ihre Stimme nach dem Willen des Agenten zu ändern. Bei Beste-
chungsproblemen sind die Präferenzen also variabel, während diese
bei Kontrollproblemen fest sind und sich lediglich die Struktur der
Wahl verändern lässt. Für die Wahlregeln Veto und Maximin untersu-
chen wir mit Hilfe der klassischen Komplexitätstheorie zwei Gruppen
von Kontrollproblemen. Während in der ersten Gruppe Probleme zur
Partitionierung der Wählermenge betrachtet werden, werden in der
zweiten Gruppe Probleme zur Partitionierung der Kandidatenmen-
ge betrachtet. Je nach Gruppe teilt der Wahlleiter die Wähler bzw.
Kandidaten in zwei Gruppen auf. Um als Sieger aus einer solchen
Wahl hervorzugehen, muss sich ein Kandidat in einer Vorrunde und
einem Finale gegen die Gewinner der anderen Vorrunde bewähren.
Wir zeigen, dass die untersuchten Kontrollprobleme für die Wahlregel
Maximin NP-vollständig sind. Für Veto teilen sich die Ergebnisse in
NP-Vollständigkeitsresultate und effiziente Algorithmen auf.
Danach widmen wir uns der Wahlregel Plurality und betrachten ein
Kontrollproblem aus Sicht der parametrisierten Komplexitätstheorie.
Bei diesem Kontrollproblem nehmen wir an, dass der Wahlleiter die
Möglichkeit hat, weitere Kandidaten an der Wahl teilnehmen zu lassen.
Wir analysieren dazu einen fehlerhaften Beweis aus der Literatur zur
W[1]-Härte und können mit Hilfe eines neuen Beweises die W[1]-Härte
nachweisen.
Im Anschluss untersuchen wir für insgesamt acht iterative Wahlregeln
das Bestechungsproblem Shift-Bribery. Bei diesem Problem gehen
wir davon aus, dass der eingangs erwähnte Agent mit einem gewis-
sen Budget zur Bestechung der Wähler ausgestattet ist. Dabei darf
der Agent nur die Position eines ausgewählten Kandidaten relativ zu
den anderen Kandidaten verändern. Die Kosten für die Veränderung
der Stimme eines Wähler ergeben sich hierbei über einen individuell
festgelegten Preis, der für jede paarweise Vertauschung zweier Kandi-
daten veranschlagt wird. Dabei stellt sich heraus, dass dieses Problem
für alle untersuchten Wahlregeln NP-vollständig ist.
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1
E I N L E I T U N G

In einer Gesellschaft wird das Leben immer direkt oder mindestens
indirekt von Wahlen geprägt. Die Wahl über das künftige Reiseziel
innerhalb der Familie, die Wahl für einen Arbeitnehmervertreter im
Beruf und die Wahl der Abgeordneten im Bundestag, welche später
wieder stellvertretend für uns wählen, stellen nur eine kleine Auswahl
an Wahlen dar, die unser Leben beeinflussen. Durch diese Bedeutung,
die Wahlen für unser Leben haben, ist es von besonderer Relevanz,
dass jeglicher manipulative Einfluss von außen verhindert wird, um
eine gerechte Wahl zu garantieren. Angriffe auf Wahlen können dabei
nicht nur von außen stattfinden. Bereits das Design der Wahlstruktur
birgt die Gefahr, ein Ungleichgewicht in den Chancen für den Sieg
einzelner Kandidaten bei einer Wahl zu produzieren. Ein bekanntes
Beispiel dafür ist das sogenannte Gerrymandering. In regelmäßigen
Abständen wird in den deutschen Medien über Gerrymandering
in den Vereinigten Staaten berichtet, so z.B. von Heinzelmann [36],
Middelhoff [58], Misteli [59], Steffens [71] und Müller [60].
Das Problem des Gerrymandering ist aber durchaus auch ein Pro-
blem in Deutschland. So berichtet beispielsweise Riemenschneider
in der Zeitung Westfälische Nachrichten [66], dass im schwarz-gelb ge-
führten Nordrhein-Westfalen für die nächste Landtagswahl 2022 die
Wahlkreise in und um Münster neu zugeschnitten werden müssen.
Die aktuellen Pläne sehen dabei vor, das besonders grün geprägte
Zentrum Münsters auf drei Wahlkreise aufzuteilen. Die so neu entstan-
denen Wahlkreise würden dabei auch jeweils das ländlichere Umland
Münsters mit beinhalten. Damit wäre es sehr wahrscheinlich, dass alle
drei Wahlkreise an die CDU gehen und das grün geprägte Zentrum
keine Gefahr für die CDU in einem der Wahlkreise darstellt. Dadurch,
dass es in Deutschland kein direktes Mehrheitswahlsystem gibt, ist der
Einfluss von Gerrymandering sicherlich weniger schwerwiegend als in
den Vereinigten Staaten. Trotzdem ist dies kein zu vernachlässigendes
Thema. Besondere Vorsicht ist geboten, je nachdem, wie eine neue
Regelung für die Überhangmandate ausfällt.

gliederung der arbeit

Diese Arbeit umfasst Ergebnisse zur Komplexität von Problemen aus
der Wahlkontrolle und der Bestechung für verschiedene Wahlregeln.
Kapitel 2 liefert uns eine Grundlage für das Verständnis der Komplexi-
tätstheorie. In Kapitel 3 umreißen wir grob die historische Geschichte
der Sozialwahltheorie. Kapitel 4 ist in drei Teile gegliedert. Im ersten
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2 einleitung

Teil wiederholen wir Definitionen und Grundlagen bezüglich Wahlen
in der Computational Social Choice und betrachten das Problem der
Manipulation und der Gewinnerbestimmung. Im zweiten und dritten
Teil befassen wir uns mit der Wahlkontrolle bzw. Bestechung. Dabei
stellen wir die Modelle vor, welche wir in einem späteren Teil der
Arbeit untersuchen. Zusätzlich schauen wir uns noch weitere Modelle
an, welche in der Literatur untersucht werden. Kapitel 5 und Kapitel 6

umfassen eine Komplexitätsanalyse zu verschiedenen Problemen der
Wahlkontrolle. Genauer werden wir in Kapitel 5 die Wahlregeln Plu-
rality und Veto betrachten und in Kapitel 6 die Wahlregel Maximin
untersuchen. In Kapitel 7 analysieren wir das Problem Shift-Bribery

hinsichtlich iterativer Wahlregeln. Schließlich resümieren wir in Ka-
pitel 8 die Ergebnisse dieser Arbeit und richten unseren Blick auf
mögliche Fortsetzungen in der Forschung.



2
K O M P L E X I TÄT S T H E O R I E

Das Ziel dieser Arbeit ist es, Entscheidungsprobleme, die aus dem Kon-
text der Sozialwahltheorie kommen, hinsichtlich ihrer Komplexität zu
klassifizieren. In diesem Kapitel werden wir dafür die grundlegenden
Konzepte der klassischen und parametrisierten Komplexitätstheorie
wiederholen. Präzise Definitionen und eine umfassende Einführung
in die klassische Komplexitätstheorie sind in den Büchern von Rothe
[67] und Papadimitriou [63] zu finden. Für eine Einführung in die
parametrisierte Komplexitätstheorie sind die Bücher von Cygan et al.
[17] und Gurski et al. [35] zu empfehlen.

2.1 klassische komplexitätstheorie

Hat man es mit einem algorithmisch lösbaren Problem zu tun, so
gibt es im Allgemeinen mehrere sinnvolle Algorithmen, die dieses
Problem lösen. Dies bringt uns zu der natürlichen Frage, wie man
Algorithmen miteinander vergleichen kann. Um einen sinnvollen Ver-
gleich führen zu können, muss zunächst entschieden werden, welche
Parameter miteinander verglichen werden sollen. Zwei besonders in-
teressante Parameter sind der Speicherbedarf und der Zeitverbrauch.
Im Rahmen dieser Arbeit konzentrieren wir uns ausschließlich auf den
Zeitverbrauch. Um nun Algorithmen hinsichtlich des Zeitverbrauchs
vergleichen zu können, muss erst das grundlegende Problem geklärt
werden, wie die Zeit, die während der Anwendung eines Algorithmus
auf eine vorgegebene Probleminstanz vergeht, gemessen werden soll.
Es wäre wenig sinnvoll, die tatsächlich vergangene physikalische Zeit
zu messen, die bei der Ausführung einer konkreten Implementierung
des Algorithmus vergeht. Durch die enorme Diversität von Rechner-
architekturen und Programmiersprachen, hätte ein so konstruierter
Begriff des Zeitverbrauchs nur wenig Aussagekraft. Stattdessen wird
die Zeit abstrakt in der Anzahl der durchzuführenden, elementaren
Rechenoperationen gemessen. So können wir Algorithmen bzgl. ein-
zelner Instanzen miteinander vergleichen. Nun kommt es in der Regel
vor, dass bei verschiedenen Instanzen mal der eine Algorithmus und
mal der andere Algorithmus schneller ist, bzw. weniger Rechenschritte
benötigt. Dies trifft vor allem dann zu, wenn Algorithmen für spezielle
Typen von Probleminstanzen optimiert wurden. Diese Beobachtung
legt nahe, dass es im Allgemeinen nicht ausreicht den Zeitverbrauch
zweier Algorithmen auf einer endlichen Menge von Probleminstanzen
zu vergleichen. Auf der anderen Seite ist es völlig praxisfern, dass
einem alle Laufzeiten bekannt sind, welche bei Anwendung eines
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4 komplexitätstheorie

Algorithmus auf eine unendliche und repräsentative Teilmenge aller
Probleminstanzen anfallen. An dieser Stelle stattet uns die Komplexi-
tätstheorie mit mehreren Möglichkeiten aus um mit dieser Sachlage
umzugehen. Eine solche Möglichkeit besteht in der Betrachtung des
sogenannten worst-case Szenarios, um welches es in dieser Arbeit
geht. Konkret bedeutet dies, dass wir für eine feste Eingabelänge n
die Anzahl der Rechenoperationen, welche im worst-case, also bei
den am schwersten zu berechnenden Instanzen der Eingabelänge n,
benötigt werden, nach oben abschätzen. Für das Wachstum der benö-
tigten Rechenoperationen im worst-case Szenario wird eine Funktion
f : N→ N gesucht, welche dieses Wachstum möglichst genau nach
oben beschränkt. Haben wir für zwei Algorithmen solche Funktionen,
so schauen wir welche Funktion für immer größer werdende Eingaben
weniger stark wächst. Die präzisen Werte f (n) sind hierbei nicht von
Bedeutung. Wichtig ist jedoch, dass f (n) zumindest so klein gewählt
wird, dass sich der tatsächliche worst-case der Länge n im Sinne der
O-Notation nicht von f unterscheidet. In diesem Fall wird f auch
als worst-case-Funktion des Algorithmus bezeichnet. Diese dient uns
als Maß, mit dem wir verschiedene Algorithmen miteinander verglei-
chen können. Um nun die Frage nach der Vergleichbarkeit zweier
Algorithmen A und B zu beantworten, ordnen wir ihnen wie eben
beschrieben ihre worst-case-Funktionen fA bzw. fB zu und vergleichen
anschließend deren asymptotisches Wachstum mittels der O-Notation.
Es sei an dieser Stelle jedoch darauf hingewiesen, dass es durchaus
noch weitere sinnvolle Möglichkeiten gibt, Algorithmen einem aussa-
gekräftigen Vergleich zu unterziehen. So verrät uns das sogenannte
average-case Szenario, wie sich die Laufzeit eines Algorithmus im
durchschnittlichen Fall verhält.
Neben einem Mittel zum Vergleich von Algorithmen stellen worst-case-
Funktionen auch Werkzeuge zur Einteilung algorithmisch zugängli-
cher Probleme in Komplexitätsklassen dar. Eine besonders wichtige
solche Klasse ist die Klasse P aller Probleme für deren Lösung ein
Algorithmus existiert, dessen worst-case-Funktion durch ein Polynom
nach oben abgeschätzt werden kann. In diesem Fall sagen wir, dass
der Algorithmus eine polynomielle Laufzeit hat und das zugehörige
Problem effizient lösbar ist.
Um die Zugehörigkeit eines Problems zur Klasse P nachzuweisen,
reicht es also irgendeinen Algorithmus mit polynomieller Laufzeit
anzugeben, der dieses Problem löst. Findet man jedoch keinen Al-
gorithmus mit entsprechender Laufzeit, so kann oft nur schwer aus-
geschlossen werden, dass lediglich noch kein solcher Algorithmus
gefunden wurde. Es gibt bis heute (Stand Februar 2021) keine Mög-
lichkeit zu beweisen, dass bestimmte Probleme nicht effizient lösbar
sind. Eine Möglichkeit um dennoch eine gewisse Sicherheit dafür zu
gewährleisten, dass ein Problem nicht in P liegt, erhalten wir aus der
Betrachtung polynomieller Reduktionen und der sogenannten Klasse
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NP. Bei dieser handelt es sich um die Klasse aller Probleme für die ein
nichtdeterministischer Algorithmus existiert, welcher sie in polynomieller
Zeit löst. Wir wollen nun das Konzept, welches einem nichtdetermi-
nistischen Algorithmus zugrunde liegt anhand eines Bildes erläutern:
Angenommen wir finden uns in einem Labyrinth wieder aus welchem
wir den Ausgang finden sollen. Ein algorithmischer Ansatz, sich die-
ser Aufgabe zu stellen, könnte beispielsweise wie folgt aussehen. Zu
jedem Zeitpunkt markieren oder merken wir uns den Weg, den wir be-
reits abgelaufen sind. Stehen wir vor einer Verzweigung im Labyrinth,
so wählen wir den am weitesten links liegenden Weg, welchen wir
noch nicht probiert haben. Kommen wir in einer Sackgasse an oder
treffen auf ein Wegstück, welches bereits markiert ist, so gehen wir
bis zur letzten Verzweigung zurück bei der wir noch nicht alle Pfade
ausprobiert haben. Hier wählen wir wieder den am weitesten links
liegenden Weg, welchen wir noch nicht genommen haben. Es lässt sich
leicht zeigen, dass wir mit dieser Strategie stets den Ausgang finden.
Im schlimmsten Fall müssen wir dabei jedoch das komplette Labyrinth
durchlaufen bis wir es wieder verlassen können. Nichtsdestotrotz wird
uns zu jedem Zeitpunkt genau eine klare Anweisung gegeben, sodass
es sich bei diesem Verfahren um einen (deterministischen) Algorith-
mus handelt. Diese Eindeutigkeit der Handlungsanweisung ist es nun,
die bei der Betrachtung nichtdeterministischer Algorithmen verloren
geht. Um etwas näher zu erläutern, was damit gemeint ist, bleiben
wir im Bilde des Labyrinths und stellen uns vor, dass wir es mit ei-
ner ausreichend großen Gruppe von Leuten verlassen wollen. Das
Ziel bleibt also, den Ausgang so schnell wie möglich zu finden. Im
nichtdeterministischen Fall reicht es jedoch, dass irgendeine Person
den Ausgang findet. Dieser wird hier am schnellsten gefunden, wenn
sich die Gruppe bei jeder Verzweigung aufteilt, sodass jede Verzwei-
gung gleichzeitig untersucht werden kann. Ist die Gruppe hinreichend
groß, dann gibt es mindestens ein Mitglied, welches den Ausgang
ohne Umwege über einen Pfad kürzester Länge erreicht. Auch wenn
die meisten anderen Mitglieder noch nicht am Ausgang angelangt
sind, wird bei einem nichtdeterministischen Algorithmus festgelegt,
dass dieser beendet ist, sobald eine Person das Labyrinth verlässt.
Diese Festlegung kann dahingehend interpretiert werden, dass ein
nichtdeterministischer Algorithmus verschiedene Handlungsoptionen
gleichzeitig testen kann. Um die Laufzeit eines nichtdeterministischen
Algorithmus zu bestimmen, betrachtet man für jede Eingabe immer
den Handlungsstrang, welcher am schnellsten zur Lösung führt. Es
sei noch angemerkt, dass jeder deterministische Algorithmus auch
als nichtdeterministischer Algorithmus aufgefasst werden kann, da
Verzweigungen und parallele Berechnungen der unterschiedlichen Pfa-
de für einen nichtdeterministischen Algorithmus nicht verpflichtend
sind.



6 komplexitätstheorie

Als besonders interessant gelten die Probleme in NP, welche vermut-
lich nicht in P liegen. Cook [16] und Levin [45] zeigten, dass sich
solche Probleme in eine tiefere Struktur eingliedern lassen. Um ihr
Resultat zu verstehen, müssen wir uns zunächst noch das Konzept der
Reduktion von Problemen anschauen. Dieses wollen wir mit Hilfe der
beiden Graphprobleme Vertex Cover und Independent Set demons-
trieren. Wie üblich verstehen wir unter einem Graphen G eine Menge
V von Knoten zusammen mit einer Teilmenge E aller 2-elementiger
Teilmengen von V, welche wir als die Kanten von G bezeichnen. Im
Folgenden betrachten wir zunächst die beiden Probleme einzeln und
erläutern anschließend am Beispiel der Reduktion von Vertex Cover

auf Independent Set das dahinter liegende Konzept. Schauen wir
uns zunächst das Problem Vertex Cover an, welches als Entschei-
dungsproblem wie folgt definiert ist.

Vertex Cover

gegeben: Ein Graph G = (V, E) und eine natürliche Zahl k.

Frage: Gibt es eine k-elementige Teilmenge V′ ⊂ V, welche die
Kantenmenge überdeckt?

Dabei sagen wir, dass eine Kante {u, v} von einer Teilmenge V ′ ⊂ V
überdeckt wird, wenn u oder v in V ′ enthalten ist. Im folgenden
Beispiel untersuchen wir das Problem Vertex Cover für einen kleinen
Graphen G und verschiedene Parameter k.

Beispiel. Wir schauen uns den Graph G mit der Knotenmenge V =

{v1, · · · , v6} und der Kantenmenge

E = {{v1, v2}, {v1, v4}, {v2, v3}, {v2, v4},
{v2, v5}, {v3, v5}, {v4, v5}, {v5, v6}}

an. Gesucht wird eine Teilmenge V ′ ⊂ V, sodass jede Kante e ∈ E von

v1 v2 v3

v4 v5 v6

Der Graph G = (V, E)

V ′ überdeckt wird. Setzen wir V ′ = V, so gilt offensichtlich, dass unsere
Bedingung erfüllt ist und für jede Kante mindestens ein (dann sogar immer
genau zwei) Knoten in V ′ enthalten ist. Schwieriger wird die Aufgabe, wenn
die Größe von V ′ wie in Vertex Cover durch eine Zahl k, etwa durch
2, beschränkt wird. In diesem Fall stellt die Teilmenge V ′ = {v2, v5} bei-
spielsweise keine Überdeckung von E dar, wie wir an der Kante {v1, v4}
sehen können. Des Weiteren lässt sich leicht zeigen, dass überhaupt keine



2.1 klassische komplexitätstheorie 7

2-elementige Teilmenge V ′ ⊂ V existiert, welche E überdeckt. Das Entschei-
dungsproblem Vertex Cover kann für die Instanz (G, 2) also mit nein
beantwortet werden.

v1 v2 v3

v4 v5 v6

Der Graph G mit markierten Knoten v2, v5 und markierter Kante {v1, v4}

Anders sieht es aus, wenn wir einen der beiden Knoten v1 oder v4 zur Menge
V ′ hinzufügen. Dann sehen wir nämlich an den folgenden Bildern, dass
die Mengen {v1, v2, v5} und {v2, v4, v5} jeweils eine Überdeckung von E
darstellen.

v1 v2 v3

v4 v5 v6

Der Graph G mit markierten Knoten
v1, v2 und v5

v1 v2 v3

v4 v5 v6

Der Graph G mit markierten Knoten
v2, v4 und v5

Insgesamt können wir für den Graphen G zusammenfassen, dass das Tupel
(G, k) mit k < 3 eine Nein-Instanz und mit k ≥ 3 eine Ja-Instanz für das
Entscheidungsproblem Vertex Cover ist.

Wir wollen uns nun das zweitgenannte Problem Independent Set

anschauen. Dafür brauchen wir zunächst den Begriff der Unabhängig-
keit von Knoten. Wir nennen zwei Knoten eines Graphen unabhängig
voneinander, wenn sie durch keine Kante dieses Graphen verbunden
sind. Das Entscheidungsproblem Independent Set wird formal wie
folgt definiert.

Independent Set

gegeben: Ein Graph G = (V, E) und eine natürliche Zahl k.

Frage: Gibt es eine k-elementige Teilmenge V′ ⊂ V, sodass die Kno-
ten in V′ paarweise unabhängig voneinander sind?

Anders als bei Vertex Cover, liegt die Schwierigkeit bei Independent

Set darin, ein möglichst große Teilmenge V ′ ⊂ V zu finden, welche
den Anforderungen genügt. Im Folgenden schauen wir uns noch ein
Beispiel zu Independent Set an.

Beispiel. Wir betrachten hier wieder den oben definierten Graphen G. Per
Definition bildet jeder einzelne Knoten eine unabhängige Menge. Wir schauen
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uns nun an, wie dies für größere Teilmengen V ′ ⊂ V aussieht. Wählen wir
den Knoten v2, so können wir nur noch den Knoten v6 hinzunehmen um
weiterhin eine unabhängige Menge zu erhalten. Ähnlich verhält es sich, wenn
wir den Knoten v5 zuerst wählen. Um eine größere unabhängige Menge
zu kriegen, können wir hier nur noch den Knoten v1 hinzufügen. Ausge-
hend davon können wir leicht feststellen, dass die einzigen unabhängigen,
3-elementigen Knotenmengen durch {v1, v3, v6} und {v3, v4, v6} gegeben
sind und es keine unabhängige, 4-elementige Knotenmenge gibt. Jede Teilmen-
ge von diesen 3-elementigen Teilmengen bildet wiederum eine unabhängige
Menge.

Betrachten wir nun noch einmal die beiden Beispiele nebeneinander.
Dann fällt schnell auf, dass die Komplemente der beiden kleinsten
überdeckenden Mengen {v1, v2, v5} und {v2, v4, v5} genau mit den
beiden größten, unabhängigen Mengen {v2, v3, v6} und {v1, v3, v6}
übereinstimmen. Dies können wir verallgemeinern. Für eine überde-
ckende Menge V ′ der Größe k eines Graphen G ist das Komplement
V \V ′ stets eine unabhängige Menge der Größe |V| − k. Um das zu
beweisen, nehmen wir an V ′ ⊂ V sei eine überdeckende Menge eines
Graphen G. Dann gilt für jede Kante {u, v} ∈ E, dass u oder v in V ′

enthalten ist. Damit gilt für zwei Knoten s, w ∈ V \ V ′, dass diese
durch keine Kante verbunden sein können. Daraus folgt, dass diese
Knoten unabhängig voneinander sind, was zu zeigen war. Ebenso
leicht kann man sich auch von der Rückrichtung der Aussage über-
zeugen. Somit haben wir nun einen starken Zusammenhang zwischen
den beiden Problemen Vertex Cover und Independent Set gefunden.
Um das Resultat von Cook und Levin zu verstehen, müssen wir uns
jetzt noch ein paar technische Details anschauen.
Formal gesehen sind die beiden Probleme Vertex Cover und Inde-
pendent Set Sprachen über einem Alphabet Σ. Dabei ist ein Alphabet
als eine nichtleere Menge definiert, deren Elemente wir Buchstaben
nennen. Weiter bezeichnet Σ∗ die Menge aller Wörter, welche sich
aus dem Alphabet Σ bilden lassen. In dieser Terminologie wird eine
Teilmenge von Σ∗ auch als Sprache über dem Alphabet Σ bezeichnet.
Die Wörter der Sprachen Vertex Cover und Independent Set sind
nun genau die Ja-Instanzen (G, k) vom jeweiligen Problem.
Wollen wir für einen Graphen G = (V, E) entscheiden, ob (G, k) in der
Sprache Vertex Cover enthalten ist, so können wir durch obige Fest-
stellung alternativ prüfen, ob (G, |V| − k) in der Sprache Independent

Set enthalten ist. Da die Umformung eines Wortes (G, k) zum Wort
(G, |V| − k) offenbar in polynomieller Zeit vonstatten geht, sprechen
wir hier von einer polynomialzeit-beschränkten many-one-Reduktion.
Allgemeiner sagen wir, dass sich ein Problem A mittels einer Redukti-
on f : Σ∗ → Σ∗ auf ein weiteres Problem B in Polynomialzeit (many-
one-)reduzieren lässt, wenn die Bedingung x ∈ A ⇔ f (x) ∈ B für
alle x ∈ Σ∗ erfüllt ist und die Funktion f polynomialzeit-berechenbar ist.
Letzteres bedeutet, dass ein Algorithmus mit polynomieller Laufzeit
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existiert, welcher für eine beliebige Eingabe x ∈ Σ∗ den Funktions-
wert f (x) berechnet. Folgt man dem Paradigma, dass Algorithmen
mit einer polynomiellen Laufzeit effizient sind und deren Laufzeit
damit vernachlässigbar ist, dann kann man sagen, dass ein Problem
B mindestens so schwer wie ein Problem A ist, wenn sich A auf B in
Polynomialzeit reduzieren lässt. Kommen wir nun zu den beiden Pro-
blemen Vertex Cover und Independent Set zurück. Dadurch, dass
wir von beiden Problemen auf das jeweils andere Problem reduzieren
können, ist jedes der Probleme jeweils mindestens so schwer wie das
andere. Somit gelten beide Probleme als gleich schwer. Können wir
jedes Problem der Klasse NP im obigen Sinne auf ein Problem A
reduzieren, so nennen wir A NP-hart. Liegt das Problem A zusätzlich
selbst in NP, so wird A als NP-vollständig bezeichnet.
Cook und Levin zeigten unabhängig voneinander, dass das Problem
Satisfiability NP-vollständig ist. Damit war Satisfiability das ers-
te bekannte NP-harte und damit auch NP-vollständige Problem. Da
Cook und Levin bei ihren Reduktionen von beliebigen Problemen aus
NP ausgehen mussten, ist deren Konstruktion entsprechend abstrakt.
Dank ihres Resultats kann jedoch seitdem auf dieses abstrakte Vor-
gehen verzichtet werden, wenn es darum geht die NP-Härte eines
Problems nachzuweisen. Da die Relation der polynomiellen many-one
Reduzierbarkeit transitiv ist, reicht es seitdem aus, beim Beweis der
NP-Härte eines Problems B eine Reduktion durchzuführen, bei der
man ein beliebiges NP-hartes Problem A auf B reduziert.
Für die oben betrachteten Probleme Vertex Cover und Independent

Set bewies Karp [44], dass diese NP-vollständig sind. Eine umfangrei-
che Liste weiterer NP-vollständiger Probleme ist im Buch von Garey
und Johnson [33] zu finden.
Bei der unüberschaubaren Menge aller Probleme in NP und der Viel-
zahl an Forschern, die sich mit der Optimierung von Algorithmen zu
diesen Problemen beschäftigen, scheint es äußerst unwahrscheinlich,
dass es sich bei P und NP um die gleichen Problemklassen handelt.

2.2 parametrisierte komplexitätstheorie

Hat man es mit einem NP-harten Problem zu tun, so ist dieses je nach
Anwendungsfall oft dennoch gut handhabbar. Ist man beispielsweise
bei dem Problem Vertex Cover ausschließlich an Überdeckungen der
Größe k interessiert, wobei k eine vorher fest gewählte Konstante ist,
so zeigen Chen et al. [13], dass es einen Algorithmus mit einer Laufzeit
in O(kn + 1.274k) gibt, welcher das Problem löst. Insbesondere sehen
wir, dass das Problem dann effizient lösbar ist. Wie bei Vertex Cover,
kann man bei vielen NP-vollständigen Problemen beobachten, dass
die Härte des Problems auf einen gewissen Parameter zurückzuführen
ist. Die parametrisierte Komplexitätstheorie beschäftigt sich genau mit
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diesem Phänomen und bietet eine feinere Gliederung innerhalb der
Klasse der NP-harten Probleme.
Diese Theorie wurde Ende 90er Jahre von Downey und Fellows [20]
entwickelt und stattet Probleme, welche bereits aus der klassischen
Komplexitätstheorie bekannt sind, mit einem zusätzlichen Parameter
aus. So gibt es zu einem Problem aus der klassischen Komplexi-
tätstheorie in der Regel mehrere zugehörige, parametrisierte Proble-
me. Formal gesehen ist ein parametrisiertes Problem eine Teilmenge
L ⊂ Σ∗ ×N, welche auch als Sprache bezeichnet wird. Dabei steht
die erste Komponente für ein Problem aus der klassischen Komplexi-
tätstheorie. Die zweite Komponente bezeichnen wir als Parameter. Bei
dem Studium einer parametrisierten Version eines Entscheidungspro-
blems stellen wir dem Problemnamen ein "p" voran.
Suchen wir nun einen Algorithmus für ein parametrisiertes Problem,
so nehmen wir an, dass der Parameter fest gesetzt, also eine Konstante
ist. Finden wir einen Algorithmus, der entscheidet, ob (x, k) ∈ Σ∗ ×N

eine Ja-Instanz eines solchen Problems ist, und hat dieser Algorithmus
eine Laufzeit in O( f (k) · |x|O(1)), so nennen wir das Problem fixed pa-
rameter tractable, kurz FPT. Dabei ist f eine beliebige Funktion, die nur
von k abhängt. Während das Problem p-Vertex Cover, mit der Größe
der Überdeckung als Parameter, FPT ist, wird für p-Independent Set,
mit der Größe der unabhängigen Menge als Parameter, vermutet, dass
das Problem nicht FPT ist.
Um nachzuweisen, dass ein parametrisiertes Problem A mindestens
so schwer wie ein parametrisiertes Problem B ist, genügt es in der
parametrisierten Komplexitätstheorie nicht, einen polynomiellen Algo-
rithmus zu finden, der eine Instanz x des Problems A in eine Instanz
x′ des Problems B überführt und dabei die Eigenschaft, ob es sich um
eine Ja- bzw. Nein-Instanz handelt, beibehält. Stattdessen wird hier
eine sogenannte parametrisierte Reduktion benötigt. Für zwei Sprachen
A, B ⊂ Σ∗ ×N ist eine parametrisierte Reduktion von A nach B ein
Algorithmus, der eine Instanz (x, k) ∈ A auf eine Instanz (x′, k′) ∈ B
abbildet und die drei folgenden Punkte für zwei feste, berechenbare
Funktionen f und g erfüllt:

1. Die Instanz (x, k) liegt genau dann in A, wenn die Instanz (x′, k′)
in B liegt.

2. Es gilt k′ ≤ g(k).

3. Die Laufzeit des Algorithmus liegt in O( f (k) · |x|O(1)).

Analog zur klassischen Komplexitätstheorie gelten für die parametri-
sierte Komplexitätstheorie die folgenden zwei Theoreme.

Theorem. Wenn eine parametrisierte Reduktion eines Problems A zu einem
Problem B existiert und B FPT ist, dann ist auch A FPT.
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Theorem. Wenn jeweils eine parametrisierte Reduktion eines Problems A
auf ein Problem B und von B auf ein Problem C existiert, dann gibt es auch
eine parametrisierte Reduktion von A nach C.

Um ein Gefühl für diese Begriffe zu erhalten, schauen wir uns nun
an, warum sich die Reduktion von Independent Set auf Vertex

Cover nicht zu einer parametrisierten Reduktion fortsetzen lässt. Dazu
erinnern wir uns zunächst daran, dass wir im Rahmen der klassischen
Komplexitätstheorie bei der Reduktion von Independent Set auf
Vertex Cover, eine Independent Set-Instanz (G, k) auf eine Vertex

Cover-Instanz (G, |V| − k) geschickt haben. Da der Wert |V| beliebig
groß im Vergleich zu k werden kann, hat das zur Folge, dass es keine
Funktion g gibt, sodass |V| − k ≤ g(k) für alle k ∈ N und jegliche
Knotenmenge V erfüllt ist. Dadurch ist der 2. Punkt der Definition
einer parametrisierten Reduktion nicht erfüllt.
Wie bereits oben angedeutet, wird im Allgemeinen angenommen, dass
p-Independent Set nicht FPT ist. Neben einem Werkzeug zur Ein-
teilung parametrisierter Probleme in solche die FPT sind und solche
die es vermutlich nicht sind, bietet die parametrisierte Komplexitäts-
theorie für letztere eine Möglichkeit sie in die sogenannte W-Hierarchie
einzuordnen. Um die W-Hierarchie einzuführen, brauchen wir noch
ein paar Definitionen.

Es folgt dafür ein kurzer Abschnitt, in dem wir gerichtete Graphen
und einige ihrer Eigenschaften definieren.
Unter einem gerichteten Graphen G verstehen wir ein Tupel (V, E),
wobei V eine nichtleere Menge von Knoten und E ⊂ V×V eine Menge
von gerichteten Kanten ist. Sei nun G = (V, E) ein solcher gerichteter
Graph. Wir nennen eine Folge von l Knoten C = (v1, . . . , vl) einen
Weg, wenn (vi, vi+1) ∈ E für alle i ∈ {1, . . . , l − 1} gilt und die Knoten
paarweise verschieden sind. Die Länge eines Weges C = (v1, . . . , vl) ist
definiert als l − 1. Ein Weg C = (v1, . . . , vl) wird auch auch als Kreis
bezeichnet, falls zusätzlich die Kante (vl , v1) ∈ E enthalten ist. Besitzt
G keinen Kreis, so nennen wir G auch kreisfrei. Der Eingangsgrad eines
Knotens v ∈ V ist durch |{u ∈ V | (u, v) ∈ E}| definiert. Analog dazu
ist der Ausgangsgrad durch |{u ∈ V | (v, u) ∈ E}| definiert.

Für die Einführung der W-Hierarchie benötigen wir noch die Definiti-
on boolescher Schaltkreise.
Ein boolescher Schaltkreis ist ein gerichteter, kreisfreier Graph G, dessen
Knoten mit einem konstanten Wahrheitswert (true oder false), einer
Eingabevariablen xi ∈ {x1, x2, . . . , xn} oder einer booleschen Operati-
on ∧, ∨ und ¬ markiert sind. Die Knoten werden entsprechend nach
ihrer Markierung true-, false-, xi-, ∧-, ∨- oder ¬-Gatter benannt. Die
xi-Gatter, sowie die true- und false-Gatter haben einen Eingangsgrad
0. Ein xi-Gatter nennen wir auch Eingabegatter. Während die ¬-Gatter
einen Eingangsgrad von 1 haben, haben die ∨- und ∧-Gatter einen
Eingangsgrad von mindestens 2. Hat ein Gatter einen Ausgangsgrad
von 0, so wird dieses auch als Ausgabegatter bezeichnet.
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Jede Belegung T der Variablen x1, x2, . . . , xn definiert für jedes Gatter g
einen Wahrheitswert f (g) ∈ {true, false}, der sich induktiv wie folgt
definieren lässt:

• Falls g ein true-Gatter, false-Gatter bzw. xi-Gatter ist, so ist f (g)
true, false bzw. T(xi),

• Ist g ein ¬-Gatter und g′ der Vorgänger von g, dann ist f (g) =
true, falls f (g′) = false ist, und umgekehrt f (g) = false, falls
f (g′) = true gilt.

• Ist g ein ∧-Gatter (bzw. ein ∨-Gatter) und sind g1 und g2 die
beiden Vorgänger von g, dann ist f (g) = true, falls f (g1) =

f (g2) = true (bzw. falls f (g1) = true oder f (g2) = true) ist.
Andernfalls gilt f (g) = false.

Gatter in einem booleschen Schaltkreis, die einen Eingangsgrad größer
als zwei haben, werden als große Gatter bezeichnet. Die Weft eines
booleschen Schaltkreises ist die maximale Anzahl an großen Gattern auf
einem gerichteten Weg von einem Eingangsgatter zum Ausgangsgatter.
Die Höhe eines booleschen Schaltkreises ist die Länge eines längsten
gerichteten Wegs von einem Eingang zu einem Ausgang.
Durch das wie folgt definierte, parametrisierte Problem p-Weighted

Circuit Satisfiability(t, h), können wir endlich die W-Hierarchie
definieren.

p-Weighted Circuit Satisfiability(t, h)

gegeben: Ein boolescher Schaltkreis C mit Weft t, Höhe h und eine
natürliche Zahl k.

Parameter: k.

Frage: Gibt es eine erfüllende Belegung von C mit Gewicht k?

Das Gewicht einer erfüllenden Belegung ist dabei als die Anzahl der
Variablen definiert, die mit dem Wahrheitswert true belegt werden.
Für t ≥ 1, gehört ein parametrisiertes Problem P zur Klasse W[t], falls
eine parametrisierte Reduktion von P auf das Problem p-Weighted

Circuit Satisfiability(t, h) mit h ≥ 1 existiert.
Die Menge der Probleme, die für t ≥ 1 zur Klasse W[t] gehören, defi-
nieren die Komplexitätsklasse W[t]. Diese Klassen bilden zusammen
die W-Hierarchie.
Ein parametrisiertes Problem P heißt W[t]-hart, wenn für jedes Problem
der Klasse W[t] eine parametrisierte Reduktion auf P existiert. Liegt P
zusätzlich in W[t], so nennen wir P auch W[t]-vollständig.

Das folgende Beispiel zeigt einen booleschen Schaltkreis.
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v1 v2 v3 v4 v5 v6

¬ ¬ ¬ ¬ ¬ ¬

∨ ∨ ∨ ∨ ∨ ∨ ∨ ∨

∧

Der boolesche Schaltkreis zur Independent Set-Instanz aus Abschnitt 2.1

Beispiel. Die folgende Abbildung zeigt den booleschen Schaltkreis zur In-
dependent Set-Instanz aus Abschnitt 2.1.

Der boolesche Schaltkreis besitzt genau ein großes Gatter, welches hier gleich-
zeitig das Ausgabegatter ist, wodurch sich eine Weft von 1 ergibt. Die Höhe
des booleschen Schaltkreises beträgt hier 3.

Das Beispiel skizziert die Idee, wie eine parametrisierte Reduktion
von p-Independent Set auf p-Weighted Circuit Satisfiability(1, 3)
aussieht. Mit einer solchen Reduktion lässt sich nun zeigen, dass
p-Independent Set in W[1] liegt. Den Nachweis der W[1]-Härte er-
brachten Downey und Fellows [19].





3
S O Z I A LWA H LT H E O R I E

Als Quelle für dieses Kapitel dienten die Bücher von Arrow et al. [2]
und Thiele [73].
Die Sozialwahltheorie ist die Theorie der kollektiven Entscheidungen.
In einer Gruppe von Menschen müssen immer wieder Entscheidun-
gen getroffen werden. So unterschiedlich verschiedene Menschen sind,
so unterschiedlich können auch ihre Präferenzen über verschiedene
Wahloptionen sein. Das hat zur Folge, dass eine sinnvolle Aggrega-
tion verschiedener Präferenzen in ein Wahlergebnis nicht trivial ist.
Dabei reicht die Möglichkeit für das Design einer Wahlregel von der
Diktatur, in der ein Einzelner die Macht besitzt alleine zu bestimmen,
bis zur Einstimmigkeitsregel, wo ein Kandidat nur gewinnen kann,
wenn jeder Wähler für ihn stimmt. Bis ins 12. Jahrhundert konnten
im kanonischen Recht bei Personalentscheidungen Wahlen nur durch
Einstimmigkeit beschlossen werden, da dies als ein Zeichen göttlichen
Willens gewertet wurde. Nun ist es so, dass Diktaturen in liberalen
Gesellschaften mehrheitlich abgelehnt werden und die Einstimmig-
keitsregel zur Konsequenz hat, dass praktisch niemals ein Beschluss
gefasst werden kann. Zwischen diesen beiden sehr extremen Wahlre-
geln gibt es eine Vielzahl von weiteren Wahlregeln, welche bei Wahlen
auf der ganzen Welt verwendet werden.
In der Geschichte der Sozialwahltheorie haben Wissenschaftler aus
verschiedenen Disziplinen wie z.B. der Philosophie, Mathematik und
Ökonomie immer wieder neue Impulse gesetzt. Dabei sind Sokrates
und Platon um 400 v. Chr., über Plinius den Jüngeren im 2. Jahrhun-
dert, über Ramon Llull im 13. Jahrhundert zu Jean-Charles de Borda
und Marquis de Condorcet im 18. Jahrhundert einige der prominen-
testen Vertreter der eben genannten Wissenschaften, die sich diesem
Thema widmeten.
Trotz der langen Zeit der Forschung, wählt Frankreich, ein Land wel-
ches Deutschland nicht nur geografisch nahe steht, den französischen
Präsidenten durch ein anderes Wahlverfahren als wir in Deutschland
den deutschen Kanzler. Damit stellt sich die Frage, ob nicht bereits
bekannt ist, dass eins der beiden Wahlverfahren besser ist oder ob es
nicht ein noch besseres oder sogar perfektes Wahlsystem gäbe. Da-
für müsste zuerst geklärt werden, wie man Wahlregeln miteinander
vergleicht. Wahlregeln lassen sich hinsichtlich verschiedener Eigen-
schaften kategorisieren. Nun könnte man prüfen, welches Wahlsystem
mehr wünschenswerte Eigenschaften erfüllt. Wenn eine Wahlregel A
nur eine echte Teilmenge der wünschenswerten Eigenschaften einer
Wahlregel B erfüllt, so ist sicherlich die Wahlregel B zu bevorzugen.
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Wenn die beiden Wahlregeln allerdings unterschiedliche wünschens-
werte Eigenschaften erfüllen, dann ist ein Vergleich wohl eher nur
subjektiv bewertbar. Ein perfektes Wahlsystem wäre vermutlich eines,
welches alle wünschenswerten Eigenschaften erfüllt. Während in der
Anfangszeit der Sozialwahltheorie Wahlregeln einzeln auf Eigenschaf-
ten geprüft wurden, so wird in der modernen Sozialwahltheorie auch
der Zusammenhang verschiedener Eigenschaften unabhängig von ein-
zelnen Wahlregeln untersucht. Die moderne Sozialwahltheorie erfährt
als wissenschaftliche Disziplin in der Mitte des 20. Jahrhunderts ihre
Anfangsphase. Eines der wichtigsten und zugleich enttäuschendsten
Resultate aus dieser Zeit stammt von Arrow [1]. Er bewies, dass ei-
ne Wahlregel, welche das Pareto-Kriterium und das Kriterium der
Unabhängigkeit von irrelevanten Alternativen erfüllt automatisch ei-
ne Diktatur ist. Dieses Resultat ist eines von mehreren sogenannten
Unmöglichkeitsresultaten, welche aussagen, dass gewisse wünschens-
werte Eigenschaften nur innerhalb einer Diktatur gemeinsam realisiert
werden können. Die Frage nach der Existenz eines perfekten Wahl-
systems lässt sich daher sicherlich mit nein beantworten. Das hat zur
Folge, dass Gesellschaften, die nicht in einer Diktatur leben wollen,
stets gezwungen sind positive Eigenschaften einer Wahl derart zu
gewichten, dass diese durch ein Wahlsystem realisiert werden können.



4
C O M P U TAT I O N A L S O C I A L C H O I C E

Die Computational Social Choice ist ein noch recht junges Forschungs-
gebiet, welches aus der Sozialwahltheorie und der Informatik entstan-
den ist. Hierbei ist es vor allem die theoretische Informatik, die eine
neue Perspektive auf viele Probleme der Sozialwahltheorie bietet. Ein
gutes Beispiel für diese neu gewonnene Perspektive steht im Zusam-
menhang mit dem Gibbard-Satterthwaite-Theorem. Dieses ist neben
Arrows Theorem ein weiteres Unmöglichkeitsresultat, welches das
gleichzeitige Auftreten bestimmter wünschenswerter Eigenschaften
von Wahlregeln ausschließt. Genauer haben Gibbard [34] und Sat-
terthwaite [69] unabhängig voneinander bewiesen, dass es sich bei
einer Wahlregel, bei der potentiell jeder Kandidat gewinnen kann
und die nicht manipulierbar ist, um eine Diktatur handelt. Anders
als der Begriff Manipulation zunächst vermuten lässt, gilt es in der
Sozialwahltheorie bereits als Manipulation, wenn ein Wähler aus
strategischen Gründen entgegen seiner eigentlichen Interessen wählt.
Konfrontiert mit den Alternativen einer Diktatur und Wahlen, bei de-
nen gewisse Kandidaten vorab als Verlierer feststehen, ist es sicherlich
am einfachsten hinnehmbar, wenn Wähler das Wahlergebnis durch
strategisches Wählen beeinflussen können.
Trotzdem ist strategisches Wählen natürlich nicht wünschenswert und
so wurde ein Ausweg aus der Misere gesucht, welcher schließlich
von Bartholdi et al. [3] gefunden wurde. Mit Hilfe der theoretischen
Informatik haben sie untersucht, wie schwer es für einen unehrli-
chen Wähler ist die Wahl in seinem Sinne zu manipulieren. Dabei
gingen sie von der Grundannahme aus, dass eine hohe Komplexität,
die mit der Manipulation einhergeht, einen ausreichenden Schutz
vor einer solchen Manipulation darstellt. Während also in der So-
zialwahltheorie abstrakt nach der Existenz von Wahlsystemen mit
gewissen Eigenschaften gesucht wird und Verbindungen zwischen
diesen Eigenschaften hergeleitet werden, steht in der Computational
Social Choice die Komplexität von Problemen im Vordergrund, die
mit Wahlen einhergehen.

Das restliche Kapitel ist in drei Teile gegliedert. Im ersten Teil führen
wir die für uns relevanten Definitionen zu Wahlen ein und schauen
uns die Probleme der Gewinnerbestimmung und der Manipulation
an. Im zweiten und dritten Teil beschäftigen wir uns mit der Kontrolle
von Wahlen bzw. mit der Bestechung von Wählern, schauen uns
verschiedene Modelle an und ordnen diese ein. Wir werden uns dabei
stets an die Definitionen und Notationen aus dem Buch von Rothe [68]
halten.
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4.1 wahlen, gewinnerbestimmung und manipulation

Wir beginnen mit der Wiederholung der wichtigsten Definitionen
bezüglich Wahlen. Eine Wahl E wird durch ein Tupel (C, V) defi-
niert, wobei C = {c1, c2, . . . , cm} eine Menge von Kandidaten ist und
V = (v1, v2, . . . , vn) eine Liste von Präferenzen über die Kandidaten
bezeichnet. Dabei ist eine Präferenz, auch Stimme genannt, als vollstän-
dige lineare Ordnung über der Kandidatenmenge definiert. Wir gehen
also davon aus, dass die Präferenz eines jeden Wählers durch eine
vollständige Rangordnung über die Kandidaten gegeben ist. Zwecks
sprachlicher Vereinfachung identifizieren wir im Folgenden einen
Wähler mit seiner Stimme bzw. Präferenz. Eine Wahlregel, auch Wahl-
system genannt, ist eine Funktion, die jeder Wahl eine Teilmenge
ihrer Kandidaten zuordnet, welche wir als die Gewinner der Wahl
interpretieren. Eine natürliche Familie von Wahlregeln bilden die
Scoring-Protokolle. Dabei gehört zu jedem Scoring-Protokoll ein aus
einer absteigenden Folge nichtnegativer Zahlen bestehender Scoring-
Vektor α = (α1, α2, . . . , αm). Naturgemäß wird hierbei festgelegt, dass
ein Kandidat, der an der i-ten Stelle einer Stimme steht, die Punktzahl
αi erhält. Wie zu erwarten, ist der Gesamtpunktestand eines Kandi-
daten als die Summe der Punkte definiert, die er über alle Stimmen
hinweg erhält. Die Kandidaten mit dem höchsten Punktestand sind
die Gewinner der Wahl. Der vielleicht prominenteste Vertreter aus der
Familie der Scoring-Protokolle ist Plurality. Bei diesem bekommt nur
der am meist präferierte Kandidaten eines Wählers einen Punkt und
alle weiteren Kandidaten erhalten keinen Punkt. Deutlich mehr Punk-
te werden bei der Wahlregel Veto vergeben. Hier erhält ein Kandidat
genau dann einen Punkt durch einen Wähler, wenn er nicht an der
letzten Stelle der Stimme des Wählers steht. Das kann dahingehend
interpretiert werden, dass jeder Wähler ein Veto an einen der Kandi-
daten vergeben kann. Zuletzt sei noch die Wahlregel Borda erwähnt,
die dadurch charakterisiert wird, dass ein Kandidat für die Position
i in der Präferenz eines Wählers genau m− i Punkte erhält. Zu den
vorgestellten Scoring-Protokollen gehören somit die Scoring-Vektoren
(1, 0, . . . , 0), (1, . . . , 1, 0) und (m− 1, m− 2, . . . , 1, 0).

Mit dem Resultat zur Manipulation von Wahlen haben Bartholdi et
al. [3] einen Grundstein für das Forschungsgebiet der Computational
Social Choice gelegt. Da die Manipulation von Wahlen eng verwandt
mit der Kontrolle und Bestechung von Wahlen ist, wollen wir im
Folgenden die Manipulation noch einmal genauer betrachten.

Das folgende Beispiel illustriert, wie Manipulation bei einer gegebenen
Wahl aussehen kann.
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Beispiel. Wir betrachten die Wahl ({a, b, c, d}, V) mit der wie folgt gegebe-
nen Liste von Präferenzen V:

3 2 1 0

v1 : a > b > c > d

v2 : a > c > d > b

v3 : d > c > a > b

v4 : d > c > b > a

v5 : c > a > b > d

Die Kandidaten a, b, c und d erreichen unter Anwendung der Wahlregel
Borda 9, 4, 10 bzw. 7 Punkte. Wir sehen also, dass c durch Anwendung von
Borda zum Gewinner der Wahl wird.
Nehmen wir nun an, dass der Wähler v2 in etwa weiß wie die Präferenzen
der anderen Wähler aussehen. Dann könnte er statt seiner eigentlichen
Präferenz die Stimme a > d > b > c abgeben. In diesem Fall bekämen
die Kandidaten a, b, c und d der Reihenfolge nach 9, 5, 8 und 8 Punkte.
Insbesondere hätte das zur Folge, dass der von v2 am meist präferierte
Kandidat a die Wahl gewinnt. Der Wähler v2 kann also durch Veränderung
seiner Stimme die Wahl zu seinem Gunsten manipulieren.

Wie dieses Beispiel zeigt, kann die Manipulation von Wahlen für
bestimmte Instanzen ziemlich einfach sein. Um eine Wahlregel zu
finden, die nur schwer manipuliert werden kann, untersuchen wir das
Entscheidungsproblem ε-Manipulation. Die Variable ε steht dabei
stets für eine Wahlregel. Das Problem ist formal wie folgt definiert.

ε-Manipulation

gegeben: Eine Wahl (C, V ∪ {v}) und ein ausgewählter Kandidat p ∈ C.

Frage: Ist es möglich durch Änderung der Stimme v den Kandidaten
p unter Verwendung der Wahlregel ε zu einem Gewinner der
Wahl zu machen?

Ist bereits die Gewinnerbestimmung bei einer Wahl schwer, d.h. nicht
effizient lösbar, dann ist natürlich auch auch die Manipulation schwer.
Eine schwere Gewinnerbestimmung kann allerdings nicht wünschens-
wert sein, da es ein natürliches Interesse der Wähler ist das Wahler-
gebnis zeitnah zu erhalten. Das Entscheidungsproblem der Gewinner-
bestimmung ist dabei wie folgt definiert.

ε-Winner

gegeben: Eine Wahl (C, V) und ein ausgewählter Kandidat p ∈ C.

Frage: Ist p unter Verwendung der Wahlregel ε ein Gewinner der
Wahl?
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Wie man leicht erkennen kann, bilden Scoring-Protokolle eine Klasse
von Wahlregeln, für welche die Gewinnerbestimmung effizient bere-
chenbar ist. Hat eine Wahlregel keine effiziente Gewinnerbestimmung,
so ist diese für die praktische Anwendung in den meisten Fällen nicht
sinnvoll einsetzbar. Das Interesse an der Manipulation von Wahlre-
geln wie Dodgson [4], bei denen bereits die Gewinnerbestimmung
NP-schwer ist, ist daher eher von theoretischer Natur. Auch bei den
Problemen der Kontrolle und Bestechung von Wahlen, welche wir in
den nächsten Abschnitten betrachten, soll die Schwere der Probleme
jeweils nur im Angriff auf die Wahl liegen. In dieser Arbeit werden da-
her nur Wahlregeln untersucht, bei denen die Gewinnerbestimmung
effizient lösbar ist.

Eine weitere Gemeinsamkeit zwischen der Manipulation, Kontrolle
und Bestechung liegt in der Annahme, dass einem Angreifer alle
Stimmen der ehrlichen Wähler bekannt sind1. Wahrscheinlich hat man
nur in sehr seltenen Fällen tatsächlich die vollständige Liste der Prä-
ferenzen bevor ein solcher Angriff auf die Wahl durchgeführt wird.
Wir schauen uns nun verschiedene Gründe an, warum eine solche
Annahme trotzdem sinnvoll ist. Den ersten Grund liefern Bartholdi
et al. [3] in ihrer Arbeit bereits selbst. Sie verteidigen die Annahme
damit, dass eine Manipulation, die bereits schwer ist, obwohl man das
Wissen über alle Wählerstimmen hat, nicht einfacher sein kann, wenn
dort noch Ungewissheiten dazukommen. Weiter lassen sich durch
Wahlprognosen gute Schätzungen modellieren, welche für die Einga-
be genutzt werden können und uns als zweite Rechtfertigung dieser
Annahme dienen. Betrachtet man die untersuchten Probleme nicht
nur als Angriffe auf eine Wahl, so kommt ein weiterer guter Grund
hinzu. So lassen sich beispielsweise verschiedene Bestechungsproble-
me auch als Messinstrument einsetzen, welches misst ob ein Angriff
auf eine bereits ausgewertete Wahl stattgefunden haben könnte. Nach
einer Wahl sind die Stimmen bekannt und können dadurch für die
Berechnungen tatsächlich genutzt werden.
In der Literatur finden sich aber durchaus auch Arbeiten, in denen
davon ausgegangen wird, dass nur ein Teil der Wählerliste bekannt ist.
Beispiele hierfür liefern die Arbeiten von Hemaspaandra et al. [39–41],
in denen die Probleme der Online Manipulation, Online Kontrolle und
Online Bestechung betrachtet werden. Hier ist dem Angreifer immer
nur ein Teil der Wählerliste bekannt, sodass er eine Angriffsstrategie
finden muss, die unabhängig von den noch restlichen Wählerstimmen
funktioniert.
In dieser Arbeit beschränken wir uns auf Probleme bei denen die
gesamte Wählerliste gegeben ist.

1 Es gibt auch einzelne Modelle bei denen von dieser Annahme abgewichen wird. Dies
ist aber eher die Ausnahme.
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4.2 kontrolle von wahlen

Die Kontrolle von Wahlen ist Forschungsgegenstand in den Arbeiten
aus Kapitel 5 und 6.
Unter den Begriff der Wahlkontrolle fallen verschiedene Szenarien, in
denen beispielsweise ein Wahlleiter durch Veränderungen der Wahl-
struktur Einfluss auf den Ausgang der Wahl nimmt. Wir betrachten
zunächst die von Bartholdi et al. [5] definierten Kontrollprobleme, bei
denen der Wahlleiter durch das

• Hinzufügen oder Löschen von Kandidaten,

• Hinzufügen oder Löschen von Wählern oder

• Einführen einer mehrstufigen Wahl

einen ausgewählten Kandidaten zum Gewinner der Wahl machen
möchte. Hemaspaandra et al. [38] definierten die dazu destruktive
Variante, bei welcher der Wahlleiter den Sieg eines ausgewählten
Kandidaten verhindern möchte.
Im Folgenden betrachten wir die von Bartholdi et al. definierten Pro-
bleme, die mit einer mehrstufigen Wahl einhergehen. Durch die Än-
derung auf eine rundenbasierte bzw. mehrstufige Wahl stehen dem
Wahlleiter bei der Gestaltung der Wahl eine Vielzahl an Möglichkeiten
offen. Die von Bartholdi et al. definierten Probleme lassen sich in
zwei Kategorien einteilen. Bei den Problemen der ersten Kategorie
werden die Kandidaten in zwei Gruppen eingeteilt und müssen sich
in einer Vorrunde für das Finale qualifizieren. Die Kandidaten dürfen
hier in beliebiger Weise aufgeteilt werden. Die Wähler stimmen dabei
in den beiden Vorrunden und im Finale gemeinsam ab. Das erste
Problem, welches wir betrachten, ist ε-Constructive-Control-by-
Run-off-Partition-of-Candidates-TE. Dieses ist für eine beliebige
Wahlregel ε wie folgt definiert.

ε-Constructive-Control-by-Run-off-Partition-of-Candidates-TE

gegeben: Eine Wahl (C, V) und ein ausgewählter Kandidat p ∈ C.

Frage: Gibt es eine Partition von C in C1 und C2, sodass p der al-
leinige Sieger der zweistufigen Wahl ist, in der (bezüglich
der Stimmen aus V) die Gewinner der Vorwahlen (C1, V)
und (C2, V), die in ihrer Vorwahl jeweils die Gleichstandsbre-
chungsregel TE (ties eliminate) überstehen, gegeneinander
antreten?

Ein ähnliches Problem ergibt sich, wenn wir die Gleichstandsbre-
chungsregel TE durch TP (ties promote) ersetzen. Bei Anwendung
dieser Regel dürfen alle Gewinner einer Vorwahl am Finale teilneh-
men. Dieses zweite Problem nennt sich ε-Constructive-Control-by-
Run-off-Partition-of-Candidates-TP. Eine zusätzliche Variante der
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beiden Probleme ergibt sich, wenn es lediglich eine Vorwahl (C1, V)

gibt und die Kandidaten der Gruppe C2 direkt ins Finale einziehen.
Diese Probleme nennen sich ε-Constructive-Control-by-Partition-
of-Candidates-TE und ε-Constructive-Control-by-Partition-of-
Candidates-TP. Das erinnert an manche Sportveranstaltungen, in de-
nen topgesetzte Spieler oder Teams keine Vorrundenspiele bestreiten
müssen. Alle vier definierten Probleme gibt es auch in einer destruk-
tiven Version. Hier möchte der Wahlleiter nun verhindern, dass der
ausgewählte Kandidat als alleiniger Sieger aus der Wahl hervorgeht.
Dabei ist es bei einer Ja-Instanz ausreichend, dass ein anderer Kandi-
dat ein Gewinner der Wahl wird. Im Namen dieser Probleme ändert
sich in diesem Fall das Wort Constructive zu Destructive.
Alle definierten Problem sind im sogenannten unique-winner Modell
formuliert. Daneben existiert noch das nonunique-winner Modell. Dabei
ist im konstruktiven Fall das Problem so definiert, dass es für den aus-
gewählten Kandidaten ausreicht ein Gewinner neben möglicherweise
mehreren Gewinnern zu sein. Im destruktiven Fall muss entsprechend
verhindert werden, dass der ausgewählte Kandidat zu den Gewinnern
der Wahl zählt.
Hemaspaandra et al. [37, Thm. 8, S. 386] haben gezeigt, dass die
erzeugten Sprachen zu den Problemen ε-Destructive-Control-by-
Run-off-Partition-of-Candidates-TP und ε-Destructive-Control-
by-Partition-of-Candidates-TP im nonunique-winner Modell für
jede Wahlregel ε identisch sind. Selbiges gilt für die Sprachen zu den
beiden Problemen ε-Destructive-Control-by-Run-off-Partition-
of-Candidates-TE und ε-Destructive-Control-by-Partition-of-
Candidates-TE, welche im unique-winner als auch im nonunique-
winner Modell übereinstimmen. Damit umfasst diese erste Kategorie
der von uns betrachteten Kontrollprobleme effektiv 13 verschiedene
Probleme.

Kommen wir nun zu der zweiten Kategorie, der von uns betrachte-
ten Kontrollprobleme. Bei dieser wird nun die Wählermenge in zwei
Wählergruppen aufgeteilt. Beide Wählergruppen ermitteln jeweils un-
abhängig voneinander die Sieger, der durch sie definierten Vorrunden.
Anschließend müssen sich die Gewinner der beiden Vorrunden in
einem gemeinsamen Finale dem Voting aller Wähler stellen. Wie schon
bei der Partitionierung der Kandidatenmenge, können auch bei der
Partitionierung der Wählermenge unterschiedliche Varianten betrach-
tet werden. Das folgende Entscheidungsproblem ε-Constructive-
Control-by-Partition-of-Voters-TE präzisiert eine davon.
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ε-Constructive-Control-by-Partition-of-Voters-TE

gegeben: Eine Wahl (C, V) und ein ausgewählter Kandidat p ∈ C.

Frage: Gibt es eine Partition von V in V1 und V2, sodass p der allei-
nige Sieger der Wahl ist, in der die Gewinner der Vorwahlen
(C, V1) und (C, V2), die in ihrer Vorwahl jeweils die Gleich-
standsbrechungsregel überstehen, gegeneinander antreten?

Durch die Alternativen, die sich aus der Betrachtung des destruktiven
Falls, der Änderung auf das nonunique-winner Modell oder der An-
wendung der Gleichstandsbrechungsregel TP ergeben, erhalten wir
insgesamt acht Probleme zur Partitionierung der Wählermenge.
Für reale Anwendungen lassen sich die Probleme der Partitionierung
der Wählermenge in der hier angegebenen Form kaum anwenden.
Grund dafür ist die hohe Flexibilität, die dem Wahlleiter bei der Parti-
tionierung gewährt wird. So darf beispielsweise die Bevölkerungszahl
eines Wahlkreises für die Bundestagswahl maximal um 15 Prozent von
der durchschnittlichen Bevölkerungszahl der Wahlkreise abweichen2.
Es sei jedoch erwähnt, dass es durchaus auch Anwendungsbeispiele
gibt, bei denen es ein großes Ungleichgewicht zwischen der Größe
zweier Wählergruppen gibt. So etwa, wenn eine der Gruppen aus
einem Expertenkomittee zusammengesetzt ist, welches naturgemäß
deutlich weniger Mitglieder enthält.
Die von Bartholdi et al. und Hemaspaandra et al. definierten Proble-
me wurden bereits für eine Vielzahl von Wahlregeln untersucht. Zu
nennen sind dabei unter anderem die Arbeiten von Erdélyi et al. [24],
Erdélyi et al. [26], Faliszewski et al. [29], Neveling und Rothe [61, 62],
Menton [56] sowie Menton und Singh [57].
Darüber hinaus wurden in einer Vielzahl von Arbeiten verwandte
Modelle definiert und mit diversen Wahlregeln analysiert. So defi-
nierten Erdélyi et al. [25] drei neuen Probleme zur Partitionierung
der Wählermenge. Diese sind von der Modellierung her sehr ähn-
lich zu der von Bartholdi et al. definierten Version, versuchen jedoch
durch unterschiedliche Einschränkungen bei der Partitionierung reale
Gegebenheiten zu modellieren. Ein weiteres Problem zeichnet sich
dadurch aus, dass die Menge der Wähler auch in mehr als zwei
Gruppen aufgeteilt werden kann. Schließlich wird noch das Problem
definiert, dass nur ganze Wählergemeinschaften in eine von zwei
Gruppen sortiert werden können. In den Arbeiten von Borodin et
al. [7], Cohen-Zemach et al. [15] und Ito et al. [42] werden Graphen
für eine geografische Einordnung der Wähler genutzt, sodass die
beim Gerrymandering üblichen örtlichen Einschränkungen bei der
Partitionierung der Wählermenge berücksichtigt werden können. Ein
anderer Ansatz, um örtliche Gegebenheiten einzubinden, wurde von
Lewenberg et al. [46] verfolgt. Dabei betten sie eine Wahl in den R2 ein

2 Nach § 3 Abs. 1 Satz 1 Nr. 2, 3 und 5 Bundeswahlgesetz (BWG).
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und lassen eine Einteilung in verschiedene Wahldistrikte nur indirekt
durch die Platzierung von Wahllokalen zu. Ein Wähler muss dann
am ihm nächstgelegenen Wahllokal abstimmen. Die Platzierung von
Wahllokalen hat noch weitere Auswirkungen auf die Wahl. Umso
weiter weg oder umso schwieriger das nächste Wahllokal zu erreichen
ist, umso eher ist davon auszugehen, dass einige Wähler ihr Wahlrecht
nicht in Anspruch nehmen. Genau dieser Umstand wird in der Arbeit
von Fitzsimmons und Lev [32] untersucht.

4.3 bestechung von wahlen

In Kapitel 7 wird die Bestechung von Wahlen untersucht. Neben der
Manipulation und der Kontrolle von Wahlen ist Bestechung eine wei-
tere unerwünschte Form der Einflussnahme auf eine Wahl. Während
allerdings die Manipulation und die Kontrolle von Wahlen als Proble-
me bereits Ende der 80er Jahre bzw. Anfang der 90er Jahre definiert
und untersucht wurden, wurde die Bestechung erst Mitte der 2000er
Jahre von Faliszewski et al. [27] definiert. Das erste dort definierte
Bestechungsproblem ist ε-Bribery und wurde wie folgt definiert.

ε-Bribery

gegeben: Eine Wahl (C, V), ein ausgewählter Kandidat p ∈ C und eine
natürliche Zahl k.

Frage: Ist es möglich durch Bestechung von höchstens k Wählern p
zum Gewinner der Wahl zu machen?

Wird ein Wähler bestochen, so kann dessen Stimme auf beliebige
Weise verändert werden. Damit stellt ε-Bribery eine gewisse Verall-
gemeinerung des Manipulationsproblems ε-Manipulation dar. In
der selben Arbeit definieren die Autoren das Problem ε-$Bribery,
welches ε-Bribery noch weiter verallgemeinert. Hier wird angenom-
men, dass jeder Wähler einen individuellen Preis für die Änderung
seiner Stimme verlangt und einem Angreifer zusätzlich ein Budget
zum Bestechen zur Verfügung steht.
Diese Probleme wurden seitdem in vielen weiteren Arbeiten für
verschiedene Wahlregeln untersucht, wie etwa in den Arbeiten von
Xia [74], Lin [47], Brelsford et al. [11], Faliszewski et al. [31], Faliszew-
ski et al. [28] und Reisch et al. [65].
Seit der Formulierung des ersten Bestechungsproblems hat sich die
Bestechung genau wie die Manipulation und Kontrolle als eigenstän-
diger Zweig innerhalb der Computational Social Choice entwickelt.
Zu der Untersuchung von verschiedenen Wahlregeln hinsichtlich der
vorgestellten Bestechungsprobleme wurden eine Reihe weiterer inter-
essanter Bestechungsprobleme definiert und untersucht.
Ein besonders interessantes Problem ist Swap-Bribery, welches von
Elkind et al. [23] definiert wurde und eine Verallgemeinerung des
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Problems Microbribery von Faliszewski et al. [29] darstellt. Hier
kann die Stimme eines Wählers im Allgemeinen nicht durch eine feste
Geldeinheit beliebig geändert werden. Stattdessen hat jeder Wähler
eine Kostenfunktion, welche für jedes Paar von Kandidaten angibt
wie viel eine Verstauchung dieses Paares (auch Swap genannt) kostet.
Die Gesamtkosten für die Transformation der ehrlichen Stimme eines
Wählers in die veränderte Stimme ergeben sich dann aus der Sum-
me der Kosten der Swaps, welche für diese Transformation benötigt
werden. Eine positivere Interpretation ergibt sich, wenn man das Swap-
Bribery Problem, wie weiter oben erwähnt, als Messinstrument für
das Abschneiden einzelner Kandidaten bei einer Wahl verwendet. Die
Anzahl der Swaps, die ein Kandidat benötigt um eine gegebene Wahl
zu gewinnen, kann als Maß genutzt werden um zu bestimmen wie
knapp dieser Kandidat vom Sieg entfernt ist. Besonders interessant ist
diese Art des Vergleichs für Wahlregeln, bei welchen den Kandidaten
am Ende der Wahl kein Punktestand zugeordnet werden kann, wie
etwa bei rundenbasierten Wahlregeln.
Ein Spezialfall von Swap-Bribery ist Shift-Bribery, welches ebenfalls
in der Arbeit von Elkind et al. [23] definiert wurde. Hier darf sich in
einer Stimme nur die Position vom ausgewählten Kandidaten relativ
zu der Position der anderen Kandidaten verändern. Auch dieses Pro-
blem lässt eine positive Betrachtungsweise zu. So kann ein Wahlteam
eine vollzogene Wahl analysieren und planen, wie sie in der nächs-
ten Wahl werben müssen oder welche Versprechen an die Wähler
gegeben werden müssen um künftig besser abzuschneiden. Ähnlich
wie bei den zuvor diskutierten Kontrollproblemen lassen sich auch
Bestechungsprobleme in einer destruktiven Variante definieren, in
der es darum geht einen ausgewählten Kandidaten am Sieg der Wahl
zu hindern. Die destruktive Version von Shift-Bribery wurde zuerst
von Kaczmarczyk und Faliszewski [43] definiert. In Kapitel 7 widmen
wir uns diesem Problem sowohl in der konstruktiven als auch in der
destruktiven Version für verschiedene iterative Wahlregeln.

Das Problem Shift-Bribery wurde für viele Wahlregeln hinsichtlich
der klassischen und parametrisierten Komplexitätstheorie sowie mit-
tels Approximationsalgorithmen untersucht. Zu nennen sind dabei
unter anderem die Arbeiten von Boehmer et al. [6], Schlotter et al. [70],
Elkind und Faliszewski [21], Faliszewski et al. [30], sowie von Bre-
dereck et al. [9]. Eine weitere Richtung bei der Untersuchung von
Shift-Bribery haben Elkind et al. [22] eingeschlagen, indem sie das
Problem im Hinblick auf Stimmen untersucht haben, die als single-
peaked oder single-crossing bezeichnet werden, worauf wir hier jedoch
nicht im Detail eingehen werden.
Nah verwandt zum Shift-Bribery Problem ist das Combinatorial

Shift-Bribery Problem, welches Bredereck et al. [10] definierten. Ge-
nau wie beim Shift-Bribery Problem darf sich hier nur die Position
des ausgewählten Kandidaten relativ zu der Position der anderen
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Kandidaten ändern. Um den Einfluss von Werbung zu modellieren,
werden hier jedoch hauptsächlich Eingriffe betrachtet durch die meh-
rere Wähler gleichzeitig beeinflusst werden. Eine sicherlich nicht ganz
unproblematische Annahme, welche wir bei den bisher vorstellten
Bestechungsvarianten getätigt haben, ist, dass jeder Wähler für eine
bestimmte Summe bereit ist, den ausgewählten Kandidaten an eine
beliebige Position seiner Stimme zu setzen. Um diese Annahme ab-
zuschwächen, definieren Dey et al. [18] das Problem Frugal Bribery.
Hier ist die Bestechung nur möglich, wenn der ausgewählte Kandidat
in der Gunst des zu bestechenden Wählers ohnehin weiter vorne steht
als der zu erwartende Gewinner der Wahl. Einer ähnlichen Logik fol-
gen Yang et al. [75] bei ihren Untersuchungen zum Bribery Problem,
indem sie die zusätzliche Einschränkung einführen, dass sich die ver-
änderte Stimme nicht zu sehr von der echten Stimme unterscheiden
darf. Schließlich sei noch die Arbeit von Chen et al. [14] erwähnt, in
welcher eine Bribery-Instanz mit einem Budget für einen Verteidiger
ausgestattet wird. Dieser soll die Wähler durch eine Zahlung dazu
motivieren sich gegen etwaige Bestechungsversuche zu widersetzen
und bei ihrer ehrlichen Stimme zu bleiben. In gewisser Weise findet
sich dieser Ansatz bei der Entlohnung diverser Mandatsträger wieder.
Der Kritik, dass diese oft zu üppig sei, wird gerne mit dem Argument
begegnet, dass die Entscheidungen der Mandatsträger so vor äußeren
Einflüssen geschützt werden soll.
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K O N T R O L L E B E I V E T O - U N D P L U R A L I T Y- WA H L E N

In diesem Kapitel wird die Komplexität verschiedener Kontrollproble-
me für Veto- und Plurality-Wahlen untersucht. Die Arbeit wurde in
der Fachzeitschrift [53] veröffentlicht:

C. Maushagen und J. Rothe. „Complexity of Control by Partitioning
Veto Elections and of Control by Adding Candidates to Plurality
Elections“. In: Annals of Mathematics and Artificial Intelligence 82.4 (2018),
S. 219–244.

Die Arbeit umfasst und erweitert Resultate aus der bei ECAI 2016

veröffentlichten Arbeit [50] und der bei AAMAS 2017 veröffentlichten
Arbeit [52].

5.1 zusammenfassung

In dieser Arbeit untersuchen wir die Wahlregeln Veto und Plurality
hinsichtlich verschiedener Kontrollprobleme, welche von Bartholdi et
al. [5] und Hemaspaandra et al. [38] eingeführt wurden.
Im ersten Teil der Arbeit betrachten wir für die Wahlregel Veto die
Kontrollprobleme zur Partitionierung der Kandidaten und Partitio-
nierung der Wähler, welche im Abschnitt 4.2 definiert wurden. Es
zeigt sich, dass die Kontrollprobleme zur Partitionierung der Wähler-
menge effizient lösbar sind, wenn als Gleichstandsbrechungsregel TE
genutzt wird. Dieses Ergebnis gilt dabei sowohl für den konstrukti-
ven als auch für den destruktiven Fall, sowie für das unique-winner
Modell und das nonunique-winner Modell. Alle anderen untersuch-
ten Kontrollprobleme bezüglich der Partitionierung der Wähler- oder
Kandidatenmenge sind ebenfalls NP-vollständig.
Im zweiten Teil der Arbeit wenden wir uns der Wahlregel Plurality
zu. Hier betrachten wir das Kontrollproblem des Hinzufügens von
Kandidaten. Dieses ist wie folgt definiert.

ε-Constructive-Control-by-Adding-Candidates

gegeben: Eine Menge C und eine Menge D von Kandidaten, C∩D = ∅,
eine Liste V von Wählern über C ∪ D, ein ausgezeichneter
Kandidat p ∈ C und eine natürliche Zahl k ≤ |D|.

Frage: Gibt es eine Teilmenge D′ ⊂ D mit |D′| ≤ k, sodass p unter
dem Wahlsystem ε die Wahl (C ∪ D′, V) gewinnt?

Dieses Problem wurde bereits zuvor in der Arbeit von Chen et al.
[12] behandelt, welche das Problem hinsichtlich seiner parametrisier-
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ten Komplexität analysieren. Dabei haben die Autoren untersucht,
welchen Einfluss das Festhalten des Parameters Anzahl der Wähler
auf die Komplexität verschiedener Kontrollprobleme hat. Der dort
angegebene Beweis für die W[1]-Härte für Plurality ist fehlerhaft.
Dieser Umstand wird in unserer Arbeit aufgezeigt und analysiert.
Zudem konnten wir durch eine Änderung der dort angegebenen
Konstruktion einen vollständigen Beweis der W[1]-Härte angeben.

5.2 eigener anteil

Die Arbeit wurde zusammen mit Jörg Rothe geschrieben. Die techni-
schen Teile der Arbeit sind mir zuzuschreiben.
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1 Introduction

Along with manipulation [1, 9] and bribery [15, 18], electoral control [2, 24] has been
the focus of much attention in computational social choice; see the book chapters by Fal-
iszewski and Rothe [19] and Baumeister and Rothe [5] for a survey of the related results.
Control scenarios model settings where an external agent, commonly referred to as the
chair, seeks to influence the outcome of an election by such actions as adding, deleting,
or partitioning either the candidates or the voters. The above-mentioned chapters and the
papers cited therein comprehensively describe applications of voting in artificial intelli-
gence, multiagent systems, ranking algorithms, meta-websearch, etc., and they discuss how
computational complexity can be used to provide some protection against manipulation,
bribery, and control attacks. In particular, they give real-world examples (see also Section 2.2)
of the various control types introduced by Bartholdi et al. [2] for the constructive control
goal where the chair aims at making a given candidate win and by Hemaspaandra et al. [24]
for destructive control where the chair’s goal is to prevent a given candidate’s victory.

We here focus mostly on control-by-partition scenarios for veto elections (in Sections 3
and 4); in addition, we will be concerned with constructive control by adding candidates for
plurality elections in Section 5. Plurality and veto belong to the important class of scoring
protocols and are two of the most simple and most important, widely used voting systems.
The voters in plurality elections give one point to their most favorite candidate and the voters
in veto elections give one point to each candidate except their most despised candidate, and
whoever scores the most points in either plurality or veto wins.

Related work The complexity of control has been studied for many voting systems. Con-
trol for plurality, Condorcet, and approval voting has first been studied by Bartholdi et al.
[2] in the constructive variant and by Hemaspaandra et al. [24] in the destructive variant
(see also the related work by Betzler and Uhlmann [7]). Later on, control results have been
obtained by Faliszewski et al. [18] for Copeland; by Erdélyi et al. [12] for Bucklin and
fallback voting; by Parkes and Xia [40] for Schulze voting; by Russel [43], Elkind et al.
[11], Loreggia et al. [32], Chen et al. [8], and Neveling and Rothe [36, 37] for Borda elec-
tions; by Erdélyi et al. [14] for a certain variant of approval voting (namely, sincere-strategy
preference-based approval voting); and by Menton [35] for (normalized) range voting.

Hemaspaandra et al. [25] proposed a way to broaden complexity-theoretic resistance to
control via hybrid elections. A dichotomy result for constructive control by adding voters is
due to Hemaspaandra et al. [28] and another dichotomy result is due to Hemaspaandra and
Schnoor [29]. Faliszewski et al. [16] introduced and studied multimode control attacks on
elections that combine various standard control scenarios. Another paper by Faliszewski et
al. [17] is concerned with the complexity of control in weighted elections. A study of online
voter and candidate control in sequential elections is due to Hemaspaandra et al. [26, 27].
More results on electoral control (and bribery) can be found in recent book chapters [5, 19].

The veto rule has been studied, for example, by Conitzer et al. [9] with respect to coali-
tional weighted manipulation in terms of classical complexity, by Walsh [44] with respect to
the phase transition when manipulating veto empirically (i.e., in terms of typical-case com-
plexity), by Faliszewski et al. [15] with respect to bribery, and by Lin [31] and Chen et al. [8]
with respect to control by adding or deleting candidates or voters in terms of both classical
and parameterized complexity. Perhaps a bit surprisingly, complexity results about control
by partition of either candidates or voters for the important veto voting system are missing
to date. This is all the more surprising as control by partition of voters provides a simplified
model of gerrymandering (i.e., maliciously resizing election districts), a particularly natural
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control type known from the real world. One reason why these control scenarios have been
neglected so far for veto may be that proofs for control by partition tend to be technical and
challenging.

Our contribution We settle all cases of control by partition of either candidates or vot-
ers for veto elections in terms of their classical complexity. In particular, this refers to
constructive and destructive control by partition of either candidates or voters in both the
ties-eliminate and the ties-promote model and in both the unique-winner and the nonunique-
winner model (see Section 2.2 for definitions). For control by partition of candidates, we
further distinguish between the cases with and without run-off. Table 1 gives an overview
of our results on the computational complexity of control by partition for veto elections.

Since most of the known results on control by partition are in the original model as
suggested by Bartholdi et al. [2] where the candidates or voters can be partitioned into two
sets of arbitrary sizes, we will focus on this model too, in order to allow for comparability
of results. However, we suggest to also study these problems for veto in the more refined
models due to Erdélyi et al. [13] that restrict such partitions to sets of roughly the same size
and due to Puppe and Tasnádi [41] that take geographical constraints into account when
resizing election districts.

In addition, we observe that a reduction due to Chen et al. [8, Theorem 1] showing the
parameterized complexity of constructive control by adding candidates to plurality elec-
tions, where the parameter is the number of voters, is technically flawed. Specifically, we
give a counterexample showing that their reduction maps a no-instance of the problem
MULTI-COLORED-CLIQUE to a yes-instance of this control problem, and we show how
this reduction can be adapted so as to make it correct.

Organization This paper is organized as follows. In Section 2, we define the considered
voting systems and control problems and briefly present the needed notions from complex-
ity theory. We then study for veto elections the complexity of control by partition of voters
in Section 3 and that of control by partition of candidates in Section 4. In Section 5, we
observe the above-mentioned technical flaw in a reduction due to Chen et al. [8] by pro-
viding a counterexample, and we show how to fix this reduction. Finally, we conclude in
Section 6 and briefly discuss some lines of future research.

2 Preliminaries

In this section, we define the voting systems we will consider, plurality and veto, and the
control-by-partition problems we will study for veto. We will also show that veto voting is

Table 1 Overview of complexity results for control by partition in veto elections. Control types are denoted
as is standard [5, 19]; they are defined in Section 2.2. “R” means that veto is resistant to this type of control
and “V” means it is vulnerable to this type. Results established in this paper: Theorem 1 (marked by d),
Theorem 2 (♥), Theorem 3 (♠), Corollary 1 (♦), Theorem 4 (†), Corollary 2 (‡), Theorem 5 (�), Corollary 3
(♣), Theorem 6 (¶), and Corollary 4 (§)

control type CPC-TE CPC-TP CRPC-TE CRPC-TP CPV-TE CPV-TP

C D C D C D C ;D C D C D

unique-winner model R� R¶ R� R§ R� R¶ R� R♣ Vd V♥ R♠ R‡

nonunique-winner model R¶ R¶ R¶ R♣ R� R¶ R� R♣ Vd V♥ R† R♦
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susceptible to all control scenarios considered here, and we will give the needed background
on computational complexity.

2.1 Plurality and veto elections

An election is given by a pair (C, V ), where C is a set of candidates and V a list of the vot-
ers’ preferences over the candidates (which we will simply refer to as their votes). We will
consider only preferences that are linear orders (strict rankings) with the left-most candidate
being the most preferred one. For example, a vote d c a b means that this voter prefers d to
c, c to a, and a to b.

We will consider two well-known voting systems, plurality and veto. Plurality is the
perhaps simplest and still very prominent positional scoring protocol, a class of important
voting systems that are based on the candidates’ positional scores. Besides plurality, this
class contains, for example, the popular voting systems veto (defined below) and Borda
count. Plurality and veto are defined as follows:

– In plurality, every voter gives one point to her most preferred candidate, and whoever
scores the most points wins.

– In veto, every voter vetoes her least preferred candidate, which means that this candidate
gets no point while all other candidates receive one point from this voter, and whoever
scores the most points wins.

2.2 Control-of-partition problems

We consider control by partition of either candidates or voters, as defined by Bartholdi et al.
[2] for constructive control and by Hemaspaandra et al. [24] for destructive control.1 The
problems defined below have been studied in many papers for a variety of voting systems;
we refer to the book chapters by Faliszewski and Rothe [19] and Baumeister and Rothe
[5] for an overview. Below, we will provide formal definitions of all problems studied here
and will present real-world examples motivating the control scenarios we are interested
in. In each such control-of-partition scenario, starting from a given election (C, V ) and
a distinguished candidate c ∈ C, we form two subelections—either (C1, V ) and (C2, V )

where C is partitioned into C1 and C2 (i.e., C1 ∩ C2 = ∅ and C1 ∪ C2 = C),2 or (C, V1)

and (C, V2) where V is partitioned into V1 and V2 (i.e., V1 ∩ V2 = ∅ and V1 ∪ V2 = V )—
whose winners move forward to a final round if they survive the given tie-handling rule:
either ties-eliminate (TE) that requires that only unique winners of a first-round subelection
move forward, or ties-promote (TP) that requires that all winners of a first-round subelection
move forward.

Such a partition of either C or V is the chair’s control action, and the chair’s goal is
either to ensure that the distinguished candidate c wins the final round (in the constructive
case) or to prevent c’s victory (in the destructive case), where the final round is always held
with all votes from V (restricted, of course, to the candidates taking part in the final round;

1Constructive control by adding candidates, also due to Bartholdi et al. [2], will be defined in Section 5
because this control type will be considered only there.
2Note that when we consider a subelection such as (C1, V ) with a subset C1 ⊆ C of the candidates, all votes
in this subelection are restricted to C1. For example, if the original election (C, V ) with four candidates, C =
{a, b, c, d}, contains a vote d c a b and we consider a subelection (C1, V ) with two candidates, C1 = {a, d},
then this vote is restricted to these two candidates: d a.
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see Footnote 2). In the case of candidate control, we further distinguish between run-off
partition of candidates, where the winners of (C1, V ) and (C2, V ) surviving the tie-handling
rule face each other in the final run-off, and partition of candidates, where the winners of
(C1, V ) surviving the tie-handling rule face all candidates of C2 in the final round.

Let us briefly recall examples from the literature (in particular, from the book chapter
by Baumeister et al. [3]) showing that control by partition does occur in the real world.
Indeed, control by run-off partition of candidates models scenarios where a committee
(comprising the voters) divides the alternatives (or candidates) into two groups, votes on
each group separately, and then takes a final vote on the winners of both subelections. For
example, when a computer science department is recruiting a new professor, the chair of the
recruiting committee might partition the candidates into two groups (e.g., one for applicants
from theoretical computer science and the other for applicants from practical computer sci-
ence, or one group with established researchers and the other group with early-stage carreer
researchers, or one with female and one with male researchers, or using any other criterion
she might see fit her plans). Control by (non-run-off) partition of candidates, on the other
hand, models scenarios where one group of alternatives (or candidates) is exempted from a
“qualifying” stage,3 while the others have to survive a qualification first, determining some
winner(s) among them to participate in the final round. Finally, control by partition of voters
models a primary system where the electorate is divided into two groups, each group vot-
ing over all candidates, and the subelection winners moving forward to a final round where
everyone votes on them. Many important real-world scenarios correspond to this control
type. The chair of the recruiting committee mentioned above, for example, might decide to
hold two first-round subelections, one with all theoreticians of the department and one with
all its practical computer scientists voting on the candidates, and then the winners of both
move forward to a final round where everyone votes again. Or, maliciously resizing elec-
tion districts (a behavior known as gerrymandering) is a particularly natural type of control
occurring in the real world and modeled, in a simplified way, by partition of voters.

For each such control scenario, we can define a decision problem. As an example, we for-
mally define the decision problem associated with constructive control by run-off partition
of candidates in model TE for some given voting system E :

E -Constructive-Control-by-Run-off-Partition-of-Candidates-TE

Given: An election (C, V ) and a distinguished candidate c ∈ C.
Question: Can C be partitioned into C1 and C2 such that c is the unique E winner of the

two-round election where the E winners of the two first-round subelections,
(C1, V ) and (C2, V ), who survive tie-handling rule TE (i.e., only unique
winners move forward) run against each other in a final round (with the votes
from V correspondingly restricted in each subelection; see Footnote 2)?

The above problem (denoted by E -CCRPC-TE) is defined in the unique-winner
model. We will also consider the nonunique-winner model where the question is changed
to ask whether c is a winner (possibly among several winners) of the final round,

3This often happens, for example, in tournaments where the home country and perhaps some other alterna-
tives are automatically set as participants for the final round. Even though the winners of sports tournaments
in general are not determined by voting (except, for example, in dancing contests or similar events), such a
procedure is also well suited in the context of voting.
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and we will always specify the winner model we are referring to. E -CONSTRUCTIVE-
CONTROL-BY-RUN-OFF-PARTITION-OF-CANDIDATES-TP (denoted by E -CCRPC-TP)
is defined analogously, except with TP used to determine who will move forward
to the final run-off from the two first-round subelections (namely, all their winners).
E -CONSTRUCTIVE-CONTROL-BY-PARTITION-OF-CANDIDATES-TE (E -CCPC-TE) and
E -CONSTRUCTIVE-CONTROL-BY-PARTITION-OF-CANDIDATES-TP (E -CCPC-TP) are
defined analogously to the above two problems, except that we now don’t have a run-
off among the winners (surviving the tie-handling rule) of two first-round subelections
but instead the winner (in TE, provided there exists one) or all winners (in TP) of one
first-round subelection, (C1, V ), run(s) against all candidates of C2 in the final round.
The four constructive control problems defined so far have a destructive variant each: E -
DESTRUCTIVE-CONTROL-BY-RUN-OFF-PARTITION-OF-CANDIDATES-TE (E -DCRPC-
TE), E -DESTRUCTIVE-CONTROL-BY-RUN-OFF-PARTITION-OF-CANDIDATES-TP (E -
DCRPC-TP), E -DESTRUCTIVE-CONTROL-BY-PARTITION-OF-CANDIDATES-TE (E -
DCPC-TE), and E -DESTRUCTIVE-CONTROL-BY-PARTITION-OF-CANDIDATES-TP (E -
DCPC-TP). The difference is that the chair’s destructive control goal is satisfied only if the
distinguished candidate is not a unique winner (in the unique-winner model—note that this
candidate might win, among other winners, and the destructive goal would still be satisfied
in this winner model) or is not even a winner (in the nonunique-winner model).4

All eight control-by-partition-of-candidates problems above come in two winner models,
the unique-winner and the nonunique-winner model, yielding 16 problems in total. How-
ever, Hemaspaandra et al. [23, Thm. 8 on p. 386] have shown that, for all voting systems,
DCRPC-TP and DCPC-TP are in fact identical problems in the nonunique-winner model
and DCRPC-TE and DCPC-TE are in fact identical problems in both winner models. This
reduces the number of problems of control by partition of candidates from 16 to 13.

As to control by partitition of voters,5 there are eight decision problems for
some given voting system E : the two constructive problems E -CONSTRUCTIVE-
CONTROL-BY-PARTITION-OF-VOTERS-TE (E -CCPV-TE) and E -CONSTRUCTIVE-
CONTROL-BY-PARTITION-OF-VOTERS-TP (E -CCPV-TP), their destructive counter-
parts E -DESTRUCTIVE-CONTROL-BY-PARTITION-OF-VOTERS-TE (E -DCPV-TE) and
E -DESTRUCTIVE-CONTROL-BY-PARTITION-OF-VOTERS-TP (E -DCPV-TP), and each
of these four problems again coming in both winner models. The difference to the control-
by-partition-of-candidates problems is merely that now the voters, V , not the candidates
are partitioned into two groups, V1 and V2, yielding the first-round subelections (C, V1)

and (C, V2) whose winners (that survive the tie-handling rule) move forward to the final
round.

4Note that the TE rule naturally fits the unique-winner model, whereas the TP rule naturally fits the
nonunique-winner model. However, for completeness, we will consider all combinations of winner model
and tie-handling rule.
5Note that for control by partition of voters, a distinction between with and without run-off (as in control
by partition of candidates) does not make any sense: Partition of voters without run-off would mean that
the winners of the first-round subelection (C, V1) surviving the tie-handling rule face all candidates in the
final round, so the final round would always be just the original election (C, V ). Therefore, only control
by partition of voters with run-off is considered and, as is common in the literature, we omit mentioning
explicitly “with run-off ” and speak simply of “control by partition of voters.” We also omit “RUN-OFF-” in
the problem name and the “R” in its shorthand, as these are the default notations in the literature.
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2.3 Immunity, susceptibility, vulnerability, and resistance

For a control type C (such as constructive control by partition of voters in model TE), an
election system E is said to be immune to C if it is impossible for the chair to reach her
control goal (e.g., to make the given candidate c a unique winner in the constructive case
for the unique-winner model, or to ensure that c is not even a winner in the destructive case
for the nonunique-winner model) via exerting control of type C; otherwise, E is said to be
susceptible to C. In Example 1 below, we will show that the voting system we study here,
veto, is susceptible to every type of control we have defined above (in both winner models).

Example 1 Let C = {a, b, c, d} be a set of candidates and V the following list of votes:

v1 = a b c d, v2 = c d a b, v3 = c d a b, v4 = b c a d,

v5 = b c d a, v6 = b d a c, v7 = d b c a.

In election (C, V ), candidate c is the only veto winner. Partition V into V1 = {v1, v5, v6}
and V2 = {v2, v3, v4, v7}. The only veto winner of subelection (C, V1) is b and the only
veto winner of subelection (C, V2) is c, so only b and c move forward to the final round,
regardless of the tie-handling rule. Candidate b wins the final round with three points more
than c. Since b can be made even a unique winner and since it can be ensured that c is not
even a winner by this control action, it follows that veto is susceptible to both constructive
and destructive control by partition of voters in models TE and TP, in both winner models.

Now consider election (C, V ′) with V ′ = {v1, v2, v3, v4, v5}. Candidate c is the only
veto winner of this election as well, since c does not receive any veto while all the remaining
candidates get at least one veto. If we partition C into C1 = {b, c} and C2 = {a, d} then
b wins subelection (C1, V ) with one point more than c. In subelection (C2, V ), candidate
d is the only veto winner, so the final run-off is with b and d, and in direct comparision b

beats d. Since again b can be made even a unique winner and since it can again be ensured
that c is not even a winner by this control action, it follows that veto is susceptible to both
constructive and destructive control by run-off partition of candidates in models TE and
TP, in both winner models. If for the same partition of candidates in (C, V ′) there is no
second first-round subelection then both candidates of C2 move forward to the final round,
({a, b, d}, V ′), where a scores one point more than b and d and thus is the unique veto
winner of the election. Thus, as above, veto is also susceptible to both constructive and
destructive control by partition of candidates in models TE and TP, in both winner models.

If an election system E is susceptible to some control type C, it is common to study the
computational complexity of the associated control problem: We say E is vulnerable to C if
the control problem corresponding to C can be solved in polynomial time, and we say E is
resistant to C if C is NP-hard.

2.4 Computational complexity

We assume that the reader is familiar with the basic notions of computational complexity,
such as the complexity classes P (deterministic polynomial time) and NP (nondeterminis-
tic polynomial time) and with the notions of NP-hardness and NP-completeness, based on
polynomial-time many-one reducibility. For more background, we refer to the books by
Garey and Johnson [20], Papadimitriou [39], and Rothe [42].
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In Section 5, we will also be concerned with parameterized complexity. In particular,
we consider a result about W[1]-hardness. W[1] is a parameterized complexity class that
in some sense corresponds to the classical complexity class NP, and just as NP-hardness
indicates that a problem is infeasible to solve in the sense of classical complexity theory (i.e.,
has no polynomial-time algorithm unless P = NP), W[1]-hardness can be taken as strong
evidence that a problem is not even fixed-parameter tractable. For more background on
parameterized complexity and fixed-parameter tractability, we refer to the books by Downey
and Fellows [10] and Niedermeier [38].

3 Control by partition of voters in veto elections

In this section, we present our results for controlling veto elections by partiton of voters in
both tie-handling models, TE and TP, and in both the unique-winner and the nonunique-
winner model.

3.1 Veto-CCPV-TE and Veto-DCPV-TE

We show that veto is vulnerable to constructive and destructive control by partition of voters
in model TE for both winner models, and we start with the constructive case. Essentially,
the polynomial-time algorithm used to prove Theorem 1 exploits the fact that, due to the TE
model, control is impossible only if either there are two candidates and the distinguished
candidate is not already a veto winner (in the unique-winner model: is not already the only
veto winner) of the given election, or there are more than two candidates and some candidate
other than the distinguished candidate is not vetoed by any voter. In all other cases, it is easy
to find a successful partition that ensures the distinguished candidate’s victory.

Theorem 1 Veto-CCPV-TE is in P in both the unique-winner and the nonunique-winner
model.

Proof The following polynomial-time algorithm solves the problem. Given an election
(C, V ) with n votes in V and a candidate c ∈ C, it proceeds as follows:

1. If there are no more than two candidates, then if c already is a winner (in the unique-
winner model: the only winner) of (C, V ), control is possible via the trivial partition
(V ,∅), so accept; otherwise, control is impossible, so reject.

2. Otherwise (i.e., if |C| > 2), if score(d) = n for some d ∈ C�{c}, control is impossible,
so reject.

3. Otherwise (i.e., if |C| > 2 and score(d) < n for all d ∈ C � {c}), it is safe to accept,
since control is possible via the partition (V1, V2) of V that puts all voters who veto c

into V1 and all other voters into V2.

The above algorithm runs in polynomial time and is correct. This is not hard to see for
step 1. Further, it is impossible for c to defeat the candidate d with score(d) = n in step 2
(as d scores the maximum number of points in each first-round subelection, no matter how
V is partitioned, which makes it impossible for c to win alone in any subelection). And in
step 3, no candidate from V1 can move to the final round, because either V1 is empty (in
case no one vetoes c) or each of the at least two candidates other than c wins subelection
(C, V1) with the same score and, therefore, will be eliminated in model TE. On the other
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hand, since score(d) < n for all d ∈ C � {c}, each candidate d �= c is vetoed by at
least one voter ending up in V2, whereas c is not vetoed by any voter in V2 and thus wins
subelection (C, V2) and the final run-off. This argument applies to both the unique-winner
and the nonunique-winner model.

A similar algorithm works in the destructive case. Note that Theorem 2 follows imme-
diately from Theorem 1 for the unique-winner model,6 but not for the nonunique-winner
model. Therefore, we present a proof (which in fact works for both winner models).

Theorem 2 Veto-DCPV-TE is in P in both the unique-winner and the nonunique-winner
model.

Proof Given an election (C, V ) and a distinguished candidate c, our algorithm works as
follows:

1. If |C| = 1, control is impossible, so reject.
2. If |C| = 2, determine the veto winners of (C, V ). Control is impossible in the

nonunique-winner model if c wins (and in the unique-winner model if c wins alone),
so reject in this case. Otherwise, control is possible via the trivial partition (V ,∅), so
accept.

3. If |C| > 2, it is safe to outright accept, since control is always possible: Fix some
candidate d �= c and partition V into (V1, V2) such that V1 contains all voters vetoing
d and V2 contains all remaining voters.

The above algorithm runs in polynomial time and its correctness is straightforward for
steps 1 and 2, while it follows for step 3 from the observation that if either c or d is vetoed by
everyone then (V1, V2) will be trivial (either (∅, V ) or (V ,∅)) and will thus prevent c from
winning, and if neither c nor d is vetoed by everyone then there is a candidate e, c �= e �= d,
who ties for winner with c in (C, V1), while d ties-or-defeats c in (C, V2); in either case, c
cannot move forward to the final round due to model TE.

3.2 Veto-CCPV-TP and Veto-DCPV-TP

While veto is vulnerable to constructive and destructive control by partition of voters in
model TE for both winner models, the corresponding decision problems turn out to be NP-
complete if we change the tie-handling rule to TP. We first deal with the unique-winner
model and will turn to the nonunique-winner model later on in Theorem 4.

Theorem 3 Veto-CCPV-TP is NP-complete in the unique-winner model.

Proof Membership of veto-CCPV-TP in NP is obvious. To show that it is NP-hard, we
reduce from ONE-IN-THREE-POSITIVE-3SAT, an adaption from the well-known NP-
complete problem ONE-IN-THREE-3SAT where the clauses of the given boolean formula
do not contain any negated variables [20, p. 259]:

6As noted by Hemaspaandra et al. [24, Footnote 5 on p. 257], for voting systems that always have at least
one winner (such as veto), any destructive control problem in the unique-winner model disjunctively truth-
table reduces to the corresponding constructive control problem in the nonunique-winner model. Note that P
is closed under this reducibility, i.e., each problem that disjunctively truth-table reduces to some P problem
is itself in P.
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ONE-IN-THREE-POSITIVE-3SAT

Given: A set X of boolean variables, a set S of clauses over X, each containing
exactly three unnegated variables.

Question: Does there exist a truth assignment to the variables in X such that exactly
one literal is set to true for each clause in S?

Let (X, S) be an instance of ONE-IN-THREE-POSITIVE-3SAT with X = {x1, . . . , xm}
and S = {S1, . . . , Sn}, where we may assume, without loss of generality, that n > 1. Con-
struct an election (C, V ) with distinguished candidate c ∈ C by defining C = X ∪ {c,w},
where the elements of X from now on will also be viewed as candidates, and the list V of
votes as follows:

number of votes preference

2n2 + 1 w c · · · xi for each i ∈ {1, . . . , m}
n − 1 w · · · c

1 c · · · w Sj � {xi} for each j ∈ {1, . . . , n} and xi ∈ Sj

2n w · · · c Sj for each j ∈ {1, . . . , n}

The reduction can be computed in polynomial time. The election contains m + 2 candi-
dates and (2n2 + 1)m + n − 1 + 3n + 2n2 = (2n2 + 1)m + 2n2 + 4n − 1 votes, and w is
the only winner of the election because the candidates have the following scores:

score(c) = (2n2 + 1)m + 3n + 2n2,

score(w) = (2n2 + 1)m + n − 1 + 3n + 2n2, and

score(xi) ≤ (2n2 + 1)(m − 1) + n − 1 + 3n + 2n2.

We will now show that (X, S) is in ONE-IN-THREE-POSITIVE-3SAT if and only if
(C, V, c) is in veto-CCPV-TP in the unique-winner model.

(⇒) Let (X, S) be a yes-instance of ONE-IN-THREE-POSITIVE-3SAT. Then there is a
subset U = {u1, . . . , u�} of X (renaming its elements for convenience) such that for each
clause Sj we have |U ∩ Sj | = 1. Partition V into V1 and V2 such that V1 contains exactly
one vote of the form w c · · · xi for each candidate xi ∈ X\U and V2 contains all remaining
votes. We claim that c will be made the unique winner by this partition.

In the first subelection, (C, V1), none of the candidates c, w, and ui ∈ U is vetoed and
thus they all have the maximum score, whereas all candidates xi ∈ X \ U score exactly one
point fewer. Therefore, candidates c, w, and all ui ∈ U proceed to the final round from this
subelection. In the second subelection, (C, V2), only w does not receive any vetoes, which
means that only w moves forward to the final round. Thus ({c,w}∪U, V ) is the final-round
election, and we have the following scores:

score(c) = (2n2 + 1)m + 3n + 2n2,

score(w) = (2n2 + 1)m + n − 1 + 2n + 2n2, and

score(ui) ≤ (2n2 + 1)(m − 1) + n − 1 + 3n + 2n2, 1 ≤ i ≤ �.

Candidatew is vetoed in each vote in V that results from a vote of the form c · · · w Sj \{ui};
these are n vetoes in total. At the same time, candidate c still receives only n−1 vetoes from
the votes of the form w · · · c and evades any further vetoes in the final round. To show that
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c is the only winner, we have to show score(c) > score(w) and score(c) > score(ui). The
first inequality score(c) > score(w) is equivalent to

(2n2 + 1)m + 3n + 2n2 > (2n2 + 1)m + n − 1 + 2n + 2n2,

which in turn is equivalent to 3n > 3n − 1, which is true. The second inequality score(c) >

score(ui) is equivalent to

(2n2 + 1)m + 3n + 2n2 > (2n2 + 1)(m − 1) + n − 1 + 3n + 2n2,

which in turn is equivalent to 2n2 + 1 > n − 1, which again is true. It follows that c

alone scores the most points in the final-round election and thus is the unique winner, i.e.,
(C, V, c) is a yes-instance of veto-CCPV-TP in the unique-winner model.

(⇐) Let (X, S) be a no-instance of ONE-IN-THREE-POSITIVE-3SAT. Then, for any
partition of X into X1 and X2, let ki be the number of clauses containing i literals from X1,
0 ≤ i ≤ 3. We have k0 + k1 + k2 + k3 = n. Since we started from a no-instance of ONE-
IN-THREE-POSITIVE-3SAT, we know that k1 �= n. We have to show that (C, V, c) is a
no-instance of veto-CCPV-TP as well. Since w is vetoed by no voter in election (C, V ), w
will always (regardless of which voter partition is chosen) be a winner of both first-round
subelections and will move to the final round. To show that it is impossible for c to become
a unique winner of the final round for any partition of voters, we will show that w is always
a winner in each possible final round. We consider two cases.

Case 1: Only the candidates c and w participate in the final round, leading to a direct
comparison between them. Only 3n voters prefer c to w while all the remaining
(2n2+1)m+2n2+n−1 voters prefer w to c. It follows that c is not a winner of the election.

Case 2: The candidates c, w and some candidates from X (say, U = {u1, . . . , u�} with
∅ �= U ⊆ X, renaming U ’s elements for convenience) participate in the final round.
We consider three subcases that differ in terms of the number of clauses Sj for which
Sj ∩ U = ∅.

Case 2.1: k0 = 1. Then we have the following bounds on the scores of the candidates in the
final-round election:

score(c) = (2n2 + 1)m + 3n + (n − 1)2n,

score(w) ≥ (2n2 + 1)m + n − 1 + 2(n − 1) + 2n2, and

score(ui) ≤ (2n2 + 1)(m − 1) + n − 1 + 3n + 2n2, 1 ≤ i ≤ �.

The score of w is at least

(2n2 + 1)m + n − 1 + 2(n − 1) + 2n2 − ((2n2 + 1)m + 3n + (n − 1)2n) = 2n − 3

higher than the score of c, which for n > 1 is positive. Furthermore, the score of w is at least

(2n2+1)m+n−1+2(n−1)+2n2− ((2n2+1)(m−1)+n−1+3n+2n2) = 2n2−n−1

higher than the score of any ui , 1 ≤ i ≤ �, which for n > 1 is positive. It follows that w is
the unique winner of the final round.
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Case 2.2: k0 ≥ 2. Then we have the following bounds on the scores of the candidates in the
final round:

score(c) = (2n2 + 1)m + 3n + (n − k0)2n,

score(w) ≥ (2n2 + 1)m + n − 1 + 2n2, and

score(ui) ≤ (2n2 + 1)(m − 1) + n − 1 + 3n + 2n2, 1 ≤ i ≤ �.

For k0 ≥ 2 and n > 1, we have 2n + 1 < 2k0n, which implies

score(c) = (2n2 + 1)m + 3n + (n − k0)2n < (2n2 + 1)m + n − 1 + 2n2 ≤ score(w).

Furthermore, since 2n2 + 1 > 3n for n > 1, we also have score(ui) < score(w) for each i,
1 ≤ i ≤ �, so w is the unique winner of the final round.

Case 2.3: k0 = 0. That is, there does not exist any clause Sj such that Sj ∩ U = ∅. Since
we have started from a no-instance (X, S) of ONE-IN-THREE-POSITIVE-3SAT, there is at
least one clause Sj with |Sj ∩ U | ≥ 2. Thus we have the following bounds on the scores of
the candidates in the final round:

score(c) = (2n2 + 1)m + 3n + 2n2,

score(w) ≥ (2n2 + 1)m + n − 1 + 2n + 1 + 2n2, and

score(ui) ≤ (2n2 + 1)(m − 1) + n − 1 + 3n + 2n2, 1 ≤ i ≤ �.

Candidate w gets at least 2n + 1 points from the voters of the third group, since at least one
clause contains two candidates ui , so w does not receive any vetoes from the three voters
corresponding to this clause, and w receives at most one veto for every other clause. If there
is exactly one clause with |Sj ∩ U | ≥ 2 then c and w have the same score and c is not a
unique winner of the final round, and if there are several clauses with |Sj ∩ U | ≥ 2 then
c is not even a winner of the final round. Furthermore, every candidate ui again has fewer
points than w. In total, (C, V, c) is a no-instance of veto-CCPV-TP.

By changing the distinguished candidate in this proof from c tow we obtain the following
corollary to the above proof.

Corollary 1 Veto-DCPV-TP is NP-complete in the nonunique-winner model.

With a slight modification in the construction of the proof of Theorem 3 we can show
the following result.

Theorem 4 Veto-CCPV-TP is NP-complete in the nonunique-winner model.

Proof Membership of veto-CCPV-TP in NP again is clear. For proving NP-hardness, we
use the construction from the proof of Theorem 3 that maps a given ONE-IN-THREE-
POSITIVE-3SAT instance (X, S), where X = {x1, . . . , xm} and S = {S1, . . . , Sn} with
n > 1, to the election (C, V ), except that now we have n instead of n − 1 votes of the form
w · · · c. Again, let c be the distinguished candidate.

We show that (X, S) is a yes-instance of ONE-IN-THREE-POSITIVE-3SAT if and only
if (C, V, c) is a yes-instance of veto-CCPV-TP in the nonunique-winner model.

(⇒) Starting from a yes-instance of ONE-IN-THREE-POSITIVE-3SAT, we use the same
partition of V as in the proof of Theorem 3. We again have that c, w, and all candidates
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from U ⊆ X with |U ∩ Sj | = 1 for each clause Sj take part in the final round. However, c
and w now have the same number n of vetoes, so they both are winners. Hence, (C, V, c) is
a yes-instance of veto-CCPV-TP in the nonunique-winner model.

(⇐) Note that the additional veto for c ensures that w now is the only winner of any
possible final-round election, since w takes part in every final round and, while we have
seen in the proof of Theorem 3 that w is a winner of every final round, the additional veto
for c (i.e., the additional point for w) now ensures that w is the unique winner of every final
round. It follows that a given no-instance of ONE-IN-THREE-POSITIVE-3SAT is mapped
to a no-instance of veto-CCPV-TP in the nonunique-winner model.

As before, by changing the distinguished candidate in this proof from c to w we obtain
the following corollary to the above proof.

Corollary 2 Veto-DCPV-TP is NP-complete in the unique-winner model.

4 Control by partition of candidates in veto elections

We now turn to control by partition of candidates in veto elections, considering both
constructive and destructive control, both tie-handling models, TE and TP, both the unique-
winner and the nonunique-winner model, and the partition problems both with and without
run-off. We start with constructive control by (run-off) partition of candidates.

The construction used to prove Theorem 5 is similar to the construction in the proofs of
Theorems 3 and 4 in terms of the voters’ preferences in the election defined from a given
instance of ONE-IN-THREE-POSITIVE-3SAT; however, it differs in terms of the number of
votes with these preferences. Note that one and the same construction suffices to prove resis-
tance for many cases of control by partition of candidates while the argument of correctness
has to be suitably tailored to each case.

Theorem 5 1. Veto-CCRPC-TP and veto-CCRPC-TE are NP-complete in the unique-
winner and the nonunique-winner model.

2. Veto-CCPC-TP and veto-CCPC-TE are NP-complete in the unique-winner model.

Proof Membership of all problems in NP is obvious. To prove their NP-hardness, we
reduce from ONE-IN-THREE-POSITIVE-3SAT and let (X, S) be an instance of this prob-
lem, where X = {x1, . . . , xm} and S = {S1, . . . , Sn} with n > 1. Construct an election
(C, V ) with distinguished candidate c ∈ C by defining C = X∪{c, w}, where the elements
of X from now on will also be viewed as candidates, and the list V of votes as follows:

number of votes preference

3n2 + 1 + i(2n2 + 4n) w c · · · xi for each i ∈ {1, . . . , m}
n − 1 w · · · c

1 c · · · w Sj � {xi} for each j ∈ {1, . . . , n} and xi ∈ Sj

2n w · · · c Sj for each j ∈ {1, . . . , n}
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The reduction can be computed in polynomial time. In total, we have m + 2 candidates
and

2n2+4n−1+
m∑

i=1

(
3n2 + 1 + i(2n2 + 4n)

)
= 2n2+4n−1+m(3n2+1)+(n2+2n)(m2+m)

voters. Let Q = ∑m
i=1 3n

2 + 1+ i(2n2 + 4n) = m(3n2 + 1) + (n2 + 2n)(m2 + m), which
is the number of voters in the first group. Candidate w alone wins in election (C, V ), since
the candidates score the following points:

score(c) = Q + 3n + 2n2,

score(w) = Q + n − 1 + 3n + 2n2, and

score(xi) ≤ Q − (5n2 + 4n + 1) + n − 1 + 3n + 2n2, 1 ≤ i ≤ m.

To prove the first item of the theorem, it remains to show that (X, S) is a yes-
instance of ONE-IN-THREE-POSITIVE-3SAT if and only if (C, V, c) is a yes-instance of
veto-CCRPC, regardless of the tie-handling rule and the winner model used.

(⇒) If (X, S) is a yes-instance of ONE-IN-THREE-POSITIVE-3SAT, then there is a
subset U = {u1, . . . , u�} of X (renaming its elements for convenience) such that |U ∩Sj | =
1 for each j ∈ {1, . . . , n}.

We claim that partitioning C into C1 = U ∪ {c,w} and C2 = C � C1 ensures that
c becomes the only veto winner of the run-off. To see this, note that the candidates in
subelection (C1, V ) have the following scores:

score(c) = Q + 3n + 2n2,

score(w) = Q + n − 1 + 2n + 2n2, and

score(ui) ≤ Q − (5n2 + 4n + 1) + n − 1 + 3n − 2 + 2n2, 1 ≤ i ≤ �.

(If we would allow that there are variables not occurring in any clause, we would have
score(ui) ≤ Q − (5n2 + 4n + 1) + n − 1+ 3n + 2n2, 1 ≤ i ≤ �. However, without loss of
generality, we exclude this case.)

Since c alone wins in subelection (C1, V ), c will move forward to the final run-off. In the
other subelection, (C2, V ), the candidate from X �U with the smallest subscript, say xi , is
the unique winner, because this candidate receives at most 3n2+1+ i(2n2+4n)+3n+2n2

vetoes while every other candidate has at least 3n2 + 1 + (i + 1)(2n2 + 4n) vetoes, thus at
least n vetoes more.

Therefore, the final run-off is ({c, xi}, V ). Candidate c can get at most 2n2 + n − 1
vetoes from the second and the fourth voter groups, which is less than the number of vetoes
xi must get from the first and third voter groups. It follows that c alone wins the run-off.
Thus (C, V, c) is a yes-instance of veto-CCRPC, regardless of the tie-handling rule and the
winner model used.

(⇐) Conversely, let (X, S) be a no-instance of ONE-IN-THREE-POSITIVE-3SAT.
Then, for any partition of X into X1 and X2, let ki be the number of clauses containing i

literals from X1, 0 ≤ i ≤ 3. We have k0 + k1 + k2 + k3 = n and k1 �= n, since we started
from a no-instance of ONE-IN-THREE-POSITIVE-3SAT. We will show that for each
possible combination of the ki (corresponding to each possible partition of X), candidate
c cannot end up being the only veto winner. Note that a partition of X induces a partition
of C = X ∪ {c,w} into C1 and C2 = C � C1 (assuming, without loss of generality, that
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c ∈ C1). It is enough to distinguish the three cases below, and in each case, we will show
that c is not the only veto winner.

Case 1: C1 = {c,w}. Then score(c) = 3n and score(w) = Q + n − 1 + 2n2, so w is the
only veto winner of this subelection, and since c does not take part in the final run-off, c

will not be an overall winner.

Case 2: C1 contains c and some elements of X but not w. The only winner of subelection
(C1, V ) is c, because c gets at most n − 1 + 2n2 vetoes while all the remaining candidates
xi ∈ C1 get at least 3n2 + 1 + 2n2 + 4n vetoes from the voters of the first group. In the
other subelection, w wins alone, because w gets at most 3n vetoes while again every other
candidate xi ∈ C2 gets at least 3n2 + 1+ 2n2 + 4n vetoes from the voters of the first group.
Therefore, only c and w participate in the final run-off and, as we have seen in Case 1, w

wins alone, which precludes c’s overall victory in this case.

Case 3: C1 contains c, w, and some elements of X. Distinguish the following three sub-
cases.

Case 3.1: k0 ≥ 2. In this case, we have the following bounds on the scores of the candidates
in their subelection:

score(c) ≤ Q + 3n + 2n2 − 4n,

score(w) ≥ Q + n − 1 + 2n2, and

score(xi) ≤ Q − (5n2 − 4n − 1) + n − 1 + 3n + 2n2, xi ∈ C1.

Candidate w has at least 2n − 1 points more than c. Therefore, c does not reach the final
run-off and cannot win.

Case 3.2: k0 = 1. In this case, we have the following bounds on the scores of the candidates
in their subelection:

score(c) = Q + 3n + 2n2 − 2n,

score(w) ≥ Q + n − 1 + 2n − 2 + 2n2, and

score(xi) ≤ Q − (5n2 − 4n − 1) + n − 1 + 3n + 2n2, xi ∈ C1.

Now, the inequality 3 < 2n (which is true for n > 1) implies score(w) > score(c) also in
this case. Also, w defeats every candidate xi ∈ C1 due to the 5n2 − n − 1 vetoes that every
candidate xi receives already from the voters of the first group.

Case 3.3: k0 = 0. In this case, we have the following bounds on the scores of the candidates
in their subelections:

score(c) = Q + 3n + 2n2,

score(w) ≥ Q + n − 1 + 2n + 1 + 2n2, and

score(xi) ≤ Q − (5n2 − 4n − 1) + n − 1 + 3n + 2n2, xi ∈ C1.

Candidates c and w have the same score if and only if there is exactly one clause Sj with
|Sj ∩ C1| ≥ 2. If we use TE, since both c and w win their subelection (C1, V ), no one
can move forward to the final run-off, and it follows that c will not be an overall winner. If
we use TP, both c and w will move forward to the final run-off. In the other subelection,
(C2, V ), the candidate from C2 with the smallest subscript in this subelection wins alone,
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say xi . Therefore, c, w, and xi face each other in the final run-off. Since we started from
a no-instance of ONE-IN-THREE-POSITIVE-3SAT, there exists at least one clause Sj such
that Sj ∩ {xi} = ∅. Thus the same as in Case 3.1 or in Case 3.2 applies, and w is the only
winner and c does not win.

If |Sj ∩ C1| ≥ 2 holds true for more than one clause Sj , w wins subelection (C1, V )

alone, so c cannot move forward to the final run-off and thus cannot win.
Thus, in model TP, each possible final round occurs in one of the cases we just considered

and always contains w. This also holds in model TE except when |Sj ∩ C1| ≥ 2 for exactly
one clause Sj , and since in this case both c and w win their subelection, they block each
other from moving to the final round.

As we have shown that c is not a veto winner for any partition of the candidates, (C, V, c)

is a no-instance of veto-CCRPC, regardless of the tie-handling rule and the winner model
used. This completes the proof of the first item of the theorem.

To prove the second item of the theorem, we now show that (X, S) is a yes-instance of
ONE-IN-THREE-POSITIVE-3SAT if and only if (C, V, c) is a yes-instance of veto-CCPC,
regardless of the tie-handling rule, in the unique-winner model.

(⇒) If (X, S) is a yes-instance of ONE-IN-THREE-POSITIVE-3SAT, then there is a
subset U of X such that |U ∩ Sj | = 1 for each j ∈ {1, . . . , n}. Partition C into C1 =
{c,w} ∪ U and C2 = C � C1. As we have shown in the proof of (⇒) for the first item of
this theorem, c is the only winner of the subelection (C1, V ). In the final round, c now faces
each candidate xi ∈ C2. Recall that Q = m(3n2 + 1) + (n2 + 2n)(m2 + m) is the number
of voters of the first group. For each xi ∈ C2, we have

score(c) ≥ Q + 3n > Q − (3n2 + 1 + 2n2 + 4n) + n − 1 + 2n2 ≥ score(xi).

Since c gets the most points, c is the only winner of the final round. Thus (C, V, c) is a
yes-instance of veto-CCPC, regardless of the tie-handling rule, in the unique-winner model.

(⇐) Conversely, let (X, S) be a no-instance of ONE-IN-THREE-POSITIVE-3SAT. We
have to show that (C, V, c) is a no-instance of veto-CCPC as well, regardless of the tie-
handling rule, in the unique-winner model. In the proof of (⇐) for the first item of this
theorem, we have seen that w wins her subelection for every partition of candidates. Only in
Case 3.3, where c, w, and some candidates xi participate in one first-round subelection and
k0 = 0, w is not a unique winner and does not proceed to the final round if we use model
TE, but then c does not reach the final round either. In all other cases, w reaches and wins
the final round, so c cannot be a unique winner. Hence, (C, V, c) is a no-instance of veto-
CCPC, regardless of the tie-handling rule, in the unique-winner model. This completes the
proof of the theorem.

By changing the distinguished candidate from c to w in the above proof we have the
following corollary. In particular, when we use model TP, note that w always reaches and
wins the final round in the proof of (⇐).

Corollary 3 Veto-DCRPC-TP is NP-complete in the unique-winner and the nonunique-
winner model.7

7Note that DCRPC-TP and DCPC-TP are known to be identical problems in the nonunique-winner model
for all voting systems [23, Thm. 8 on p. 386]; the proofs can be found in the related technical report by
Hemaspaandra et al. [22]. Thus veto-DCPC-TP is NP-complete in the nonunique-winner model as well.
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Aminor tweak in the construction of the proof of Theorem 5 (namely, by having n instead
of n − 1 votes of the form w · · · c, all else being equal) works for showing NP-hardness of
veto-CCPC-TE and veto-CCPC-TP in the nonunique-winner model and of veto-DCRPC-
TE in both winner models. Again, note that one and the same construction suffices to prove
resistance for all these cases of control by partition of candidates while the argument of
correctness will be suitably tailored to each case.

Theorem 6 1. Veto-CCPC-TE and veto-CCPC-TP are NP-complete in the nonunique-
winner model.

2. Veto-DCRPC-TE isNP-complete in both the unique-winner and the nonunique-winner
unique-winner and the nonunique-winner model.8

Proof Membership of all problems in NP is again obvious. To prove their NP-hardness,
we again reduce from ONE-IN-THREE-POSITIVE-3SAT. Let (X, S) be an instance of
ONE-IN-THREE-POSITIVE-3SAT with X = {x1, . . . , xm} and S = {S1, . . . , Sn}, n > 1.
Construct an election (C, V ) with distinguished candidate c ∈ C by defining C =
X ∪ {c,w}, where the elements of X from now on will also be viewed as candidates, and
the list V of votes as follows:

number of votes preference

3n2 + 1 + i(2n2 + 4n) w c · · · xi for each i ∈ {1, . . . , m}
n − 1 w · · · c

1 c · · · w Sj � {xi} for each j ∈ {1, . . . , n} and xi ∈ Sj

2n w · · · c Sj for each j ∈ {1, . . . , n}
The reduction is polynomial-time computable. There are m + 2 candidates and

2n2 + 4n +
m∑

i=1

(
3n2 + 1 + i(2n2 + 4n)

)
= 2n2 + 4n + m(3n2 + 1) + (n2 + 2n)(m2 + m)

voters. As in the proof of Theorem 5, let Q = m(3n2 + 1) + (n2 + 2n)(m2 + m) be the
number of voters from the first group. Observe that w is the only veto winner of election
(C, V ):

score(c) = Q + 3n + 2n2

score(w) = Q + n + 3n + 2n2, and

score(xi) ≤ Q − (5n2 + 4n + 1) + n + 3n + 2n2, 1 ≤ i ≤ m.

To prove the first item of the theorem, we show that (X, S) is a yes-instance of ONE-
IN-THREE-POSITIVE-3SAT if and only if (C, V, c) is a yes-instance of veto-CCPC,
regardless of the tie-handling rule, in the nonunique-winner model.

(⇒) If (X, S) is a yes-instance of ONE-IN-THREE-POSITIVE-3SAT, then there is a
subset U of X such that |U ∩Sj | = 1 for each j ∈ {1, . . . , n}. Partition C into C2 = U ∪{c}
and C1 = C � C2. In subelection (C1, V ), for each xi ∈ C1, we have

score(w) = Q + n + 3n + 2n2 > Q − 3n2 − 1 − 2n2 − 4n + n + 3n + 2n2 ≥ score(xi).

8In both winner models, the problems DCRPC-TE and DCPC-TE are known to be identical for all voting
systems [23, Thm. 8 on p. 386]. Thus veto-DCPC-TE is NP-complete in both winner models as well.
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Thus w gets all possible points from the votes of the form c · · · w Sj � {xi} for each
j ∈ {1, . . . , n} and xi ∈ Sj because every Sj contains exactly two candidates of X � U .
Since w receives the most points in this subelection, w is its only winner and moves forward
to the final round. In the final round, there are w and all candidates from C2. They have the
following scores:

score(c) = Q + 3n + 2n2,

score(w) = Q + n + 2n + 2n2, and

score(xi) ≤ Q − 5n2 − 4n − 1 + n + 3n + 2n2, xi ∈ C2.

Both c and w have the highest score and are the overall veto winners. Thus (C, V, c) is
a yes-instance of veto-CCPC, regardless of the tie-handling rule, in the nonunique-winner
model.

(⇐) Conversely, let (X, S) be a no-instance of ONE-IN-THREE-POSITIVE-3SAT. As
in the proof of Theorem 5, we consider all possible partitions of C into C1 and C2 and
show that c is never a veto winner overall. To this end, it is sufficient to show that w joins
the final round for each partition of C into C1 and C2.

Case 1: C1 = {c,w}. Then score(c) = 3n and score(w) = Q + n + 2n2, so w is the only
veto winner of this subelection, and since c does not take part in the final round, c will not
be an overall winner.

Case 2: C1 contains w but not c. Then we have

score(w) ≥ Q + n + 2n2 and

score(xi) ≤ Q − (5n2 + 4n + 1) + n + 3n + 2n2, xi ∈ C1.

Now, the inequality 0 < 5n2 + n + 1 implies score(w) > score(xi) also in this case.

Case 3: C1 contains c, w, and some elements of X. Let k be the number of clauses Sj such
that |Sj ∩ U | �= 0. Then the scores in (C1, V ) are:

score(c) = Q + 3n + 2kn,

score(w) ≥ Q + n + 2k + 2n2, and

score(xi) ≤ Q − (5n2 + 4n + 1) + n + 3n + 2n2, xi ∈ C1.

For w to win subelection (C1, V ) alone, we need to show that score(w) > score(c) and
score(w) > score(xi) for each xi ∈ X. Simplifying the scores of c andw, we get 2k+2n2 >

2n+2kn, which is equivalent to n+ k
n

> 1+k, which for n > 1 in turn is true for k < n. For
k = n, there must be a clause Sj that contains at least two literals; otherwise, we would have
started from a yes-instance of ONE-IN-THREE-POSITIVE-3SAT. But then we have that

score(w) ≥ Q + n + 2(n − 1) + 3 + 2n2 > Q + 3n + 2n2 = score(c).

On the other hand, w also wins out over each xi ∈ X, since simplifying their scores yields
n + 2k + 2n2 > −3n2, which is true for each n.

Case 4: C2 contains w. Then w is immediately in the final round.
Thus, in each case, w takes part in the final round and is the unique veto winner of the

final round for any partition of the candidates. It follows that (C, V, c) is a no-instance
of veto-CCPC, regardless of the tie-handling rule, in the nonunique-winner model, which
completes the proof of the first item of the theorem.
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To prove the second item of the theorem, we now show that (X, S) is a yes-instance
of ONE-IN-THREE-POSITIVE-3SAT if and only if (C, V,w) is a yes-instance of veto-
DCRPC-TE in both winner models.

(⇒) If (X, S) is a yes-instance of ONE-IN-THREE-POSITIVE-3SAT, then there is a
subset U of X such that |U ∩ Sj | = 1 for each j ∈ {1, . . . , n}. Partitioning C into C1 =
U ∪ {c,w} and C2 = C �C1 ensures that w is not the only veto winner, since c and w have
the same score in subelection (C1, V ):

score(c) = Q + 3n + 2n2 and

score(w) = Q + n + 2n + 2n2;
so, by model TE,w cannot move forward to the final round. Thus (C, V,w) is a yes-instance
of veto-DCRPC-TE in both winner models.

(⇐) Conversely, let (X, S) be a no-instance of ONE-IN-THREE-POSITIVE-3SAT. As
in the previous proofs, we consider all possible partitions of C into C1 and C2 and show
that w always is the only veto winner of the resulting run-off.

Case 1: C1 = {c,w}. Then score(w) = Q + n + 2n2 and score(c) = 3n, so w moves
forward to the final round. If the other subelection, (C2, V ), has more than one win-
ner, TE blocks them all, so w wins. If (C2, V ) has a unique winner, say xi , we have
score(w) ≥ Q + n + 2n2 and score(xi) ≤ 3n in the final round, ({w, xi}, V ), so w wins.

Case 2: C1 contains w but not c. Then

score(w) ≥ Q + n + 2n2 and

score(xi) ≤ Q − (5n2 + 4n + 1) + n + 3n + 2n2, xi ∈ C1,

implies that w scores at least 5n2 + n + 1 points more than any xi ∈ C1 and moves forward
to the final run-off. If subelection (C2, V ) has more than one winner, w outright wins the
run-off; if either c or some xi wins in (C2, V ), w alone wins the run-off as shown in Case 1.

Case 3: C1 contains c, w, and some elements of X. Rename the elements of U = C1∩X by
U = {u1, . . . u�} for convenience. Let k be the number of clauses Sj such that |Sj ∩U | = 0.

Case 3.1: k > 0. Then the scores of the candidates in (C1, V ) are bounded as follows:

score(c) = Q + 3n + 2n(n − k),

score(w) ≥ Q + n + 2(n − k) + 2n2, and

score(ui) ≤ Q − (5n2 + 4n + 1) + n + 3n + 2n2, 1 ≤ i ≤ �.

For w to win subelection (C1, V ) alone, we need to show that score(w) > score(c) and
score(w) > score(ui) for each ui ∈ U . For the former inequality, we have

score(w) ≥ Q + 3n − 2k + 2n2 > Q + 3n + 2n2 − 2nk = score(c),

which is equivalent to 2nk > 2k, which in turn is true because k > 0 and n > 1. For the
latter inequality, w also wins out over each ui ∈ U , since simplifying their scores:

score(w) ≥ Q + n + 2(n − k) + 2n2 > Q − (5n2 + 4n + 1) + n + 3n + 2n2 ≥ score(ui)

yields 5n2 + 3n + 1 > 2k, which is true because k ≤ n. Since w alone wins subelection
(C1, V ), w moves forward to the final run-off. In the run-off, w is either alone or faces
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some xi (if xi is the only veto winner of subelection (C2, V )). By the argument just given,
w triumphes over xi and is the only overall veto winner.

Case 3.2: k = 0. Since (X, S) is a no-instance of ONE-IN-THREE-POSITIVE-3SAT, there
is at least one clause Sj with |Sj ∩ U | ≥ 2 in this case. This implies the following bounds
on the scores in (C1, V ):

score(c) = Q + 3n + 2n2,

score(w) ≥ Q + n + 2n + 1 + 2n2, and

score(ui) ≤ Q − (5n2 + 4n + 1) + n + 3n + 2n2, 1 ≤ i ≤ �.

Thus w is the only veto winner of subelection (C1, V ) and (by the above arguments)
wins also the final run-off alone. Hence, (C, V,w) is a no-instance of veto-DCRPC-TE,
regardless of the winner model. This completes the proof of the theorem.

The only case still missing is veto-DCPC-TP in the unique-winner model. This case
immediately follows from the proof of the first part of Theorem 6 by changing the
distinguished candidate from c to w.

Corollary 4 Veto-DCPC-TP is NP-complete in the unique-winner model.

5 Constructive control by adding candidates in plurality elections

In this section, we consider only a single control scenario (constructive control by adding
candidates) for the simplest natural voting system, plurality. That plurality is resistant to
this control type in the sense of plurality-CCAC being NP-hard has already been known
since the first paper on electoral control, due to Bartholdi et al. [2]. Recently, Chen et al.
[8] considered the parameterized complexity of control problems for natural voting systems
when there are only few voters. In particular, they proved that the parameterized variant
of plurality-CCAC (the problem formalizing constructive control by adding candidates, as
defined below), parameterized by the number of voters, is W[1]-hard by reducing from the
W[1]-hard problem MULTI-COLORED-CLIQUE, parameterized by the clique order [8, The-
orem 1]. However, while the proof sketch of this result does provide a very clever reduction,
it is technically flawed. In this section, we first briefly present their reduction from the proof
sketch of [8, Theorem 1], then give a counterexample showing that it is not correct, and
finally fix this flaw by suitably adapting their reduction in order to make it correct.

The W[1]-hard parameterized problem Chen et al. [8] reduce from is formally defined
as follows:

Multi-Colored-Clique

Given: An undirected graph G= (V (G),E(G)), where V (G) is partitioned into h

sets V1(G), . . . , Vh(G) such that each Vi(G) =
{
v

(i)
1 , . . . , v

(i)

n′
}
consists of

exactly n′ vertices with color i and G has only edges connecting vertices of
distinct colors.

Parameter: The number h of colors.
Does there exist a size-h clique containing some vertex for each color?
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Given a voting rule E , the parameterized problem E -CCAC (parameterized by the
number of voters) is defined as follows.

E -CCAC

Given: A set C of registered candidates, a set A of as yet unregistered candidates,
C ∩ A = ∅, a list of preferences V over C ∪ A, a nonnegative integer k,
and a distinguished candidate p ∈ C.

Parameter: The number of votes in V .
Question: Does there exist a subset A′ ⊆ A such that |A′| ≤ k and p is an E winner

of the election (C ∪ A′, V ′) with V ′ being V restricted to C ∪ A′?

We now describe the reduction from the proof sketch of Theorem 1 due to Chen et al.
[8]. Let G = (V (G),E(G)) be a given undirected graph, where V (G) is partitioned into

h sets V1(G), . . . , Vh(G) such that each Vi(G) =
{
v

(i)
1 , . . . , v

(i)

n′
}
consists of exactly n′

vertices with color i and G has only edges connecting vertices of distinct colors. Construct
the following instance (C, A, V, k, p) of plurality-CCAC:

– The set of registered candidates is C = {p, d}, where p is the distinguished candidate
the chair wants to see win.

– The set A of unregistered candidates contains

– a vertex candidate v for each v ∈ V (G) and
– two edge candidates (u, v) and (v, u) for each edge {u, v} ∈ E(G).

– To specify the list V of votes, we adopt the following notation from [8]. Let E(i, j) be
the set of all edge candidates (u, v) with u ∈ Vi(G) being colored i and v ∈ Vj (G)

being colored j .
For each vertex v

(i)
z ∈ Vi(G), let L(v

(i)
z , j) be the set of all edge candidates (v

(i)
z , v)

with v ∈ Vj (G) and (v
(i)
z , v) ∈ E(G).

For each i, j , 1 ≤ i �= j ≤ n, define the following two linear orders:

R(i, j) : v
(i)
1 L(v

(i)
1 , j) · · · v

(i)

n′ L(v
(i)

n′ , j),

R′(i, j) : L(v
(i)
1 , j) v

(i)
1 · · · L(v

(i)

n′ , j) v
(i)

n′ .

Now we are ready to define the following three types of votes:

1. For each i, there is one vote of the form v
(i)
1 · · · v

(i)

n′ d · · · .
2. For each pair of colors i, j , 1 ≤ i �= j ≤ n, there are

(a) h − 1 votes of the form E(i, j) d · · · ,
(b) one vote of the form R(i, j) d · · · , and
(c) one vote of the form R′(i, j) d · · · .

3. There are h votes of the form d · · · and h votes of the form p · · · .
– At most k = h + 2

(
h
2

)
candidates can be added.

Chen et al. [8] then argue that p can become a plurality winner by adding at most k

candidates from A if and only if graph G has a size-h multi-colored clique (i.e., a clique
containing a vertex for each color). However, we now present a counterexample for this
claim.
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Example 2 Figure 1 shows a graphG corresponding to a no-instance of MULTI-COLORED-
CLIQUE. In particular, the vertex set V (G) is partitioned into three sets containing two
vertices each:

but G has no clique of size three.
However, we now show that the above construction maps this no-instance of MULTI-

COLORED-CLIQUE to a yes-instance of plurality-CCAC.
Indeed, from G we obtain the set C = {p, d} of registered candidates, where p is the

distinguished candidate the chair wants to see win. The set of unregistered candidates is

with six vertex candidates and ten edge candidates. Figure 2 gives the list V of votes
over C ∪ A, where the number before a vote indicates how many votes of this type there
are according to the above construction. Finally, since h = 3, we are allowed to add k =
3 + 2

(3
2

) = 9 candidates.
Since G has no clique of size three, it should be impossible to make p a plurality winner

by adding at most k = 9 candidates. However, adding the candidates

to the election implies that each candidate scores exactly three points. In particular, p has
become a plurality winner, which shows that a no-instance of MULTI-COLORED-CLIQUE

has been mapped to a yes-instance of plurality-CCAC by the reduction presented in the
proof sketch of [8, Theorem 1].

Let us discuss the observation made in Example 2 in general and let us see how the
reduction can be adapted so as to work correctly.

First note that p can never score more than h points, no matter how many candidates are
added to the election. Thus, for p to be a winner, no other candidate must score more than h

points. Candidate d will score at least h points, no matter if any (and how many) candidates

are added. To prevent d from scoring more than h points, any size-
(
h + 2

(
h
2

))
set A′ ⊆ A

of added unregistered candidates must contain exactly one vertex candidate for each color
and exactly one edge candidate of each (ordered) pair of colors. In their proof sketch, Chen
et al. [8, p. 2049] further say that “if A′ contains two vertex candidates u, v but not the
edge candidate (u, v) then, due to the orders R(i, j) � d � · · · and R′(i, j) � d � · · · ,
either u or an edge candidate (u′, v′) (where u′ ∈ Vi(G), v′ ∈ Vj (G), but (u′, v′) �= (u, v))

Fig. 1 Counterexample for the
reduction for [8, Theorem 1]
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1 : d · · · , 1 : d · · · , 1 : d · · · ,

2 : d · · · , 2 : d · · · , 2 : d · · · ,

2 : d · · · , 2 : d · · · , 2 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

3 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

1 : d · · · ,

3 : p · · · .

Fig. 2 Constructing a yes-instance of plurality-CCAC from a no-instance of MULTI-COLORED-CLIQUE

according to the proof sketch of [8, Theorem 1]

receives too many points, causing p not to win.” 9 That is, they claim that adding two vertex
candidates, u ∈ Vi(G) and v ∈ Vj (G), enforces addition of the edge candidate (u, v)

because this would be required to ensure that the points from the two votes R(i, j) d · · ·
and R′(i, j) d · · · are scored by different candidates. This, however, is not always true.
Indeed, to ensure that different candidates score points from these two votes, it is enough
to add with u and v an edge candidate (u, vj ) such that vj and v have the same color and
(u, vj ) ∈ E(G). Therefore, it in fact is possible to add two edge candidates (u, v) and
(v′, u′) with u, u′ ∈ Vi(G), v, v′ ∈ Vj (G), i �= j , and (u, v) �= (u′, v′).

In Example 2, the vertex candidates and and also the edge candidate have been

added. The problem is that one is not forced to also add the edge candidate . The above
argument is only correct if one assumes that the edge candidates (u, v) and (v, u) must
always be added together. To enforce this, one can adapt the votesE(i, j) d · · · by requiring

9Note that we omit the order symbol �, so the orders R(i, j) � d � · · · and R′(i, j) � d � · · · in this quote
are written R(i, j) d · · · and R′(i, j) d · · · here.
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each edge candidate (u, v) is followed by the corresponding edge candidate (v, u). For
instance, in Example 2 that means that the two votes

are both changed to

Now, if one adds two unmatching edge candidates (i.e., (u, v) and (v′, u′) with (u, v) �=
(u′, v′), u, u′ ∈ Vi , and v, v′ ∈ Vj ) then, without loss of generality, edge candidate (u, v)

receives the points in the now modified votes

E(i, j) d · · · = · · · (u, v) (v, u) · · · (u′, v′) (v′, u′) · · · d · · ·
and

E(j, i) d · · · = · · · (v, u) (u, v) · · · (v′, u′) (u′, v′) · · · d · · · .

However, if one adds the matching edge candidates, say (u, v) and (v, u), then each of them
receives a point only from one of these modified votes. This enforces that only matching
edge candidates can be added (otherwise, p would not win). The votes

R′(i, j) : v
(i)
1 L(v

(i)
1 , j) · · · v

(i)

n′ L(v
(i)

n′ , j),

R′(i, j) : L(v
(i)
1 , j) v

(i)
1 · · · L(v

(i)

n′ , j) v
(i)

n′

then imply that with an edge candidate (u, v) also the candidate u must be added. If some
other vertex candidate u′ �= u were added, the above two votes restricted to candidates u′
and (u, v) would either both be u′ (u, v) or both be (u, v) u′, which would give one of these
two candidates too many points.

Observe that matching vertex and edge candidates can be added only if there is a size-h
multi-colored clique in the given graph G. If there is no such clique, at least one unmatching
candidate has to be added.

6 Conclusions and future research

We have studied the complexity of control by partition of either voters or candidates for
veto elections. We have pinpointed the complexity of all related cases in a broad variety
of models, including all combinations of constructive versus destructive control, the ties-
eliminate versus the ties-promote model, the unique-winner versus the nonunique-winner
model, and for control by partition of candidates the cases with and without run-off.

Table 1 in the introduction gives an overview of all our results. It is interesting to note
that, unlike for constructive coalitional weighted manipulation where veto and plurality
behave quite differently,10 the results obtained for control by partition in veto are the same
as those known for control by partition in plurality [2, 24]: Control by partition of candidates
is hard in all cases, whereas control by partition of voters is easy in the ties-eliminate model
but hard in the ties-promote model.

10While this manipulation problem is easy to solve in plurality for any number of candidates, it is NP-
complete in veto for three or more candidates [9]. Indeed, Hemaspaandra and Hemaspaandra [21] proved a
dichotomy result saying that plurality is the only nontrivial scoring protocol for which constructive coalitional
weighted manipulation is easy (and Conitzer et al. [9] observed this too for the case of three candidates).
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On a higher level, a quite challenging interesting open question is to completely char-
acterize the class of scoring protocols in terms of control complexity (i.e., to establish
dichotomy results for the various control types), as has been done by Hemaspaandra
et al. [28] for constructive control by adding voters, Hemaspaandra and Schnoor [29] for
constructive control by deleting voters, by Hemaspaandra and Hemaspaandra [21] for con-
structive coalitional weighted manipulation, and by Betzler and Dorn [6] and Baumeister
and Rothe [4] for the possible winner problem (a generalization of coalitional unweighted
manipulation due to Konczak and Lang [30]). Finally, it would also be interesting to study
veto with respect to the refined models of control by partition introduced by Erdélyi et al.
[13] and by Puppe and Tasnádi [41].

Acknowledgements We thank the AMAI, AAMAS-2017, ECAI-2016, and ISAIM-2016 reviewers for
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6
K O N T R O L L E I N M A X I M I N - WA H L E N

Wie das vorangegangene Kapitel 5, behandelt dieses Kapitel Kon-
trollprobleme bezüglich der Partitionierung der Kandidaten- und
Wählermenge. Im Fokus der zugrunde liegenden Arbeit steht die
Wahlregel Maximin. Die Arbeit wurde in den Proceedings zu ECAI
2020 [54] veröffentlicht:

C. Maushagen und J. Rothe. „The Last Voting Rule Is Home: Com-
plexity of Control by Partition of Candidates or Voters in Maximin
Elections“. In: Proceedings of the 24th European Conference on Artificial
Intelligence. IOS Press, 2020, S. 163–170.

6.1 zusammenfassung

In dieser Arbeit betrachten wir die Wahlregel Maximin und untersu-
chen diese hinsichtlich verschiedener Kontrollprobleme, welche von
Bartholdi et al. [5] und Hemaspaandra et al. [38] eingeführt wurden.
Dabei wird Maximin mit Hilfe des Maximin-Scores eines Kandidaten
definiert. Dieser ergibt sich aus der Anzahl der Wähler, welche diesen
Kandidaten gegenüber seinem stärksten Kontrahenten im paarweisen
Vergleich bevorzugen. Die Kandidaten mit dem höchsten Maximin-
Score gewinnen die Wahl. Kurz gesagt gewinnt der Kandidat, dessen
schlechtester paarweiser Vergleich besser ist als der aller anderen
Kandidaten.
Die so definierte Wahlregel wurde bereits von Faliszewski et al. [28]
für diverse Kontrollprobleme untersucht. Weitere Kontrollprobleme
zu Maximin wurden von der Autorin zusammen mit Rothe [50] hin-
sichtlich ihrer Komplexität klassifiziert. In dieser Arbeit untersuchen
wir die damals noch offen gebliebenen Kontrollprobleme, welche die
Partitionierung der Kandidaten- und Wählermenge betreffen. Dabei
beweisen wir, dass alle untersuchten Kontrollprobleme für Maximin
NP-vollständig sind.

6.2 eigener anteil

Die Arbeit wurde zusammen mit Jörg Rothe geschrieben. Die techni-
schen Teile der Arbeit sind mir zuzuschreiben.
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The Last Voting Rule Is Home: Complexity of Control by
Partition of Candidates or Voters in Maximin Elections

Cynthia Maushagen1 and Jörg Rothe1

Abstract. One of the key topics of computational social choice
is electoral control, which models certain ways of how an election
chair can seek to influence the outcome of elections via structural
changes such as adding, deleting, or partitioning either candidates or
voters. Faliszewski and Rothe [13] have surveyed the rich literature
on control, giving an overview of previous results on the complex-
ity of the associated problems for the most important voting rules.
Among those, only a few results were known for two quite prominent
voting rules: Borda Count and maximin voting (a.k.a. the Simpson–
Kramer rule). Neveling and Rothe [26, 25] recently settled the re-
maining open cases for Borda. In this paper, we solve all remaining
open cases for the complexity of control in maximin elections all of
which concern control by partition of either candidates or voters.

1 Introduction

Thirty years ago, in a series of seminal papers, Bartholdi et al.
gave birth to the field of computational social choice by introduc-
ing and studying problems associated with winner determination for
Dodgson and Kemeny elections [3], manipulation of elections [2, 1],
and electoral control [4] in terms of their computational complexity.
Later on, Hemaspaandra et al. [19, 22] pinpointed the complexity
of determining Dodgson and Kemeny winners exactly, Faliszewski
et al. [10, 12] introduced and studied bribery in elections, Conitzer
et al. [7] studied coalitional weighted manipulation for the most im-
portant voting rules and also its destructive variant (where the ma-
nipulators’ goal is not to make their favorite candidate win but to
prevent their most despised candidate’s victory), and Hemaspaandra
et al. [20] studied destructive control. Among these research lines,
we will here focus on electoral control.

Driven by the many applications of collective decision making
(e.g., by voting) in artificial intelligence—ranging from automated
scheduling [17] over recommender systems [15] to collaborative fil-
tering [29], from computational linguistics [27] to information ex-
traction [34], and from planning [9] to meta-searching the inter-
net [8]—computational social choice has turned into an established
area that is now a key topic of the major AI conferences (see, e.g.,
two recent papers in the AAAI Senior Member Track [23, 32]). This
success story has been comprehensibly told in the Handbook of Com-
putational Social Choice [6] and other books [31]. In particular, Fal-
iszewski and Rothe [13] surveyed the state of the art in control (and
bribery), summarizing the common control scenarios and the related
complexity results for the most important voting rules.

However, results for two quite prominent voting rules in their
chapter were scarce: By 2016, not much was known about the con-

1 Institut für Informatik, Heinrich-Heine-Universität Düsseldorf, Germany.
E-mail: {cynthia.maushagen, rothe}@hhu.de

trol complexity for the Borda Count and maximin voting, which is
also known as the Simpson–Kramer rule. Borda is perhaps the most
important rule within the class of scoring protocols: In Borda, voters
rank the m candidates, the ith candidate in each ranking scores m−i
points, and whoever has the most points wins. Maximin, on the other
hand, is a rule that, like Condorcet or Copeland, is based on pairwise
comparisons: The candidates’ maximin scores result from their worst
pairwise comparison against other candidates and all candidates with
the largest maximin score win.

While Neveling and Rothe [26, 25] recently settled the remaining
open cases for Borda, in this paper we solve all remaining open cases
regarding the control complexity in maximin elections. With our re-
sults, the “last voting rule is home” in the sense that we now have an
almost2 complete picture of the control complexity of all voting rules
considered by Faliszewski and Rothe in their chapter [13]. All our re-
sults are NP-hardness results, that is, we will show that maximin is
resistant to the corresponding types of control.

All these open issues for maximin voting concern control by par-
tition of either candidates or voters. Previous results for maximin
voting on the complexity of control by adding or deleting either can-
didates or voters are due to Faliszewski et al. [11], and some cases of
destructive control by partition of candidates are due to Maushagen
and Rothe [24]. We settle the remaining cases for maximin: construc-
tive control by partition of candidates and constructive and destruc-
tive control by partition of voters.3 In particular, control by partition
of voters is very interesting, as it is a simple model of gerryman-
dering and therefore quite well motivated for application in the real
world. It is also noteworthy that resistance to partition of candidates
or voters typically is shown via the technically most involved proofs.
Further, we have tried to simplify and unify our proofs as much as
possible: Our eight NP-hardness results are shown via essentially
only two constructions.

This paper is organized as follows. In Section 2, we give some
background on elections and introduce some technical definitions
that are helpful for our proofs. Our results for constructive control
by partition of candidates in maximin elections are presented in Sec-
tion 3 and our results for constructive and destructive control by par-
tition of voters in Section 4. We conclude in Section 5.

2 Preliminaries

An election is given by a pair (C, V ) with C being a set of candidates
and V a profile of the voters’ preferences over C. Each preference
is a linear order over C. Identifying voters with the votes they cast,

2 For Schulze voting [33], it is still open how hard destructive control by
adding and deleting candidates is.

3 These control scenarios will be defined formally in Sections 3 and 4.
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we will use the words vote and voter interchangeably. A vote of the
form b a c indicates that b is preferred to a and a to c.

Let S ⊆ C be a subset of the candidates. When we write
−→
S in a

vote, we mean a ranking of the candidates of S occurring in this vote
in an arbitrary but fixed order; and when we write

←−
S in a vote, we

mean their ranking in this vote in reverse order; and the order of the
candidates from S does not matter in a vote when we simply write
S in it. For example, letting C = {a, b, c, d} and S = {b, c} and
assuming the lexicographic order of candidates, d

−→
S a means the

vote d b c a; yet d
←−
S a means the vote d c b a; and d S a could mean

either of the votes d b c a and d c b a.
To conveniently construct votes, for a set C of candidates and

c, d ∈ C, let

W (c, d) = (c d
−−−−−−→
C \ {c, d}, ←−−−−−−C \ {c, d} c d)

be a pair of votes whose addition to a maximin election has the fol-
lowing effect on the scores of c and d: For such a pair, under maximin
voting c gains two points in the head-to-head contest on d. For each
other pair of candidates, they both gain one point in their head-to-
head contest.

Some background from complexity theory is assumed, includ-
ing standard notions such as the complexity classes P and NP,
polynomial-time many-one-reducibility, and NP-hardness and NP-
completeness. For more details, we refer to the textbooks by Garey
and Johnson [14], Papadimitriou [28], and Rothe [30].

In our reductions for establishing NP-hardness, we will em-
ploy the following well-known NP-complete problems [14]. In
ONE-IN-THREE-POSITIVE-3SAT, we are given a set X of boolean
variables and a set S of clauses over X , each with exactly three un-
negated literals, and we ask whether there is a truth assignment to the
variables in X satisfying that in each clause of S exactly one literal is
set to true. In EXACT-COVER-BY-3-SETS (X3C), we are given a set
B = {b1, . . . , b3k} and a family S = {S1, . . . , Sn} of sets such that
Si ⊆ B and |Si| = 3 for all Si ∈ S, and the question is: Does there
exist an exact cover of B, i.e., a subset S ′ ⊆ S such that |S ′| = k
and

⋃
Si∈S′ Si = B?

3 Constructive Control by Partition of Candidates
In this section, we consider the standard scenarios of constructive
control by partition of candidates and solve all remaining open cases
regarding the complexity of candidate control in maximin elections.
In Table 1, we give an overview of all previously known and new
results on the complexity of candidate control for maximin. We start
by defining in Section 3.1 the problems we consider and then prove
our results in Section 3.2.

3.1 Problem Definitions and Overview of Results
We first consider constructive control by partition of candidates, as
defined by Bartholdi et al. [4] for any given voting rule E (which here
will always be maximin). In this scenario, the election (C, V ) is held
in two rounds and we assume that the chair has the power to sub-
divide the candidates into two groups, C1 and C2, and the winners
of the first-round subelection (C1, V ) (where we tacitly assume that
the votes in V are restricted to the candidates in C1) run against the
candidates in C2, i.e., all members of C2 get a bye to the final round.

We will adopt the so-called unique-winner model (as Bartholdi
et al. [4] did), which means that for a control action to be success-
ful, it is required that the distinguished candidate is the only win-
ner. By contrast, in the nonunique-winner model, which also has

been studied intensively for control problems [13, 5], it would be
enough that the distinguished candidate is one among possibly sev-
eral winners for a control action to be successful. Note that our re-
sults, even though expressed in the unique-winner model, hold also
in the nonunique-winner model, as can be shown by slight modifica-
tions of our proofs.4

We will use the following tie-handling rules due to Hemaspaan-
dra et al. [21]: According to ties-promote (TP) all winners of a first-
round subelection will move forward to the final round and accord-
ing to ties-eliminate (TE) only a unique first-round subelection win-
ner moves forward to the final round (i.e., if there are two or more
first-round subelection winners, they eliminate each other and no one
moves to the final round from this first-round subelection).5

Now we are ready to define the first decision problem, E -
CONSTRUCTIVE-CONTROL-BY-PARTITION-OF-CANDIDATES-TP
for voting rule E , which given an election (C, V ) and a distinguished
candidate p ∈ C, asks whether we can partition C into C1 and
C2 such that p is the unique E winner of the two-round election
where the winners of the first-round subelection (C1, V ) run against
all members of C2 in a final round (with the votes from V in all
subelections appropriately restricted to the participating candidates.

This problem name is abbreviated by E-CCPC-TP. The related
problem E-CONSTRUCTIVE-CONTROL-BY-RUNOFF-PARTITION-
OF-CANDIDATES-TP (E-CCRPC-TP, for short; also due to
Bartholdi et al. [4]) is defined similarly, except that now we have
two first-round subelections, (C1, V ) and (C2, V ), and the winners
of both proceed to the final runoff. With the other tie-handling rule,
ties-eliminate, we receive the corresponding problems E-CCPC-TE
and E-CCRPC-TE.

The destructive variants of these four problems, due to Hema-
spaandra et al. [21], are defined analogously, except that the chair’s
goal now is to prevent the victory of the distinguished candidate.
We abbreviate the corresponding problems by E-DCPC-TP, E-
DCRPC-TP, E-DCPC-TE, and E-DCRPC-TE.6

Further, Bartholdi et al. [4] and Hemaspaandra et al. [21] in-
troduced and studied for various voting rules the notions of con-
structive and destructive control by adding candidates (CCAC and
DCAC), by adding an unlimited number of candidates (CCAUC and
DCAUC), and by deleting candidates (CCDC and DCDC). As we
do not study these control scenarios here, we refrain from defining
them formally, instead referring to the work of Bartholdi et al. [4]
and Hemaspaandra et al. [21] and in particular to the work of Fal-
iszewski et al. [11] who obtained results for them in maximin elec-
tions. Table 1 gives an overview of all previous complexity results for
candidate control in maximin elections (which are due to Faliszewski
et al. [11] and Maushagen and Rothe [24]) as well as the new com-
plexity results for candidate control in maximin elections established
in this paper.

A voting rule E maps each election (C, V ) to a subset of can-

4 In fact, the constructions need not be changed, as in the yes-instances p will
always win alone, whereas in the no-instances p will never even win. That
is, the stronger condition of the unique-winner or the nonunique-winner
model will always be satisfied. All that needs to be changed in the proofs for
them to work also in the nonunique-winner model are minor modifications
of the wording in the argumentation.

5 Note that the unique-winner model better fits the TE rule and the
nonunique-winner model better fits the TP rule.

6 Hemaspaandra et al. [18] noted that, depending on whether we use TP or
TE and on what winner model we choose (i.e., either the unique-winner or
the nonunique-winner model), DCPC and DCRPC can be identical prob-
lems. Specifically, in the unique-winner model, we have DCRPC-TE =
DCPC-TE, and in the nonunique-winner model, we have DCRPC-TE =
DCPC-TE and DCRPC-TP = DCPC-TP.
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Table 1. Overview of complexity results for candidate control in maximin elections. R means resistance and V means vulnerability. Results in boldface are
established in this paper, and previous results are due to Faliszewski et al. [11] (marked by ♥) and due to Maushagen and Rothe [24] (marked by ♠).

didates, the winners of the election. We focus on the maximin vot-
ing rule (a.k.a. Simpson–Kramer’s rule), which is based on pair-
wise comparisons. Given an election (C, V ), for any two candidates
c, d ∈ C, we denote the number of voters preferring c to d by
NV (c, d). The maximin score of candidate c then is

score(C,V )(c) = min
d∈C\{c}

NV (c, d)−NV (d, c),

and whoever has the largest maximin score wins the election. In the
following, we will omit the subscripts and simply write score(c) and
N(c, d) if the meaning is clear from the context. A Condorcet winner
is a candidate who wins each pairwise comparison; thus a Condorcet
winner is always a maximin winner.

A voting rule E is said to be immune to a control type C (such as
constructive control by partition of candidates when ties promote) if
it is never possible for the chair to reach her control goal; otherwise,
it is said to be susceptible to C. Note that maximin is easily seen to
be susceptible to every control type considered in this paper. If E is
susceptible to C, we are interested in the computational complexity of
the associated control problem (such as E-CCPC-TP). We say that
E is vulnerable to C if E is susceptible to C and the control problem
corresponding to C can be solved in polynomial time, and we say E
is resistant to C if E is susceptible to C and the corresponding control
problem is NP-hard.

3.2 Results and Proofs
While maximin is vulnerable to destructive control by partition and
runoff partition of candidates in model TP and TE [24], we will now
show that it is resistant to constructive control by partition and runoff
partition of candidates with both tie-handling rules, TP and TE. For
each of these four problems, we can use the same reduction.

Theorem 3.1. For maximin elections, each of the problems CCPC-
TP, CCRPC-TP, CCPC-TE, and CCRPC-TE is NP-complete.

Proof. Membership of all four problems in NP is obvious. To
show NP-hardness, we reduce from ONE-IN-THREE-POSITIVE-
3SAT. Let (X,S) be a ONE-IN-THREE-POSITIVE-3SAT instance
with X = {x1, . . . , xm} and S = {S1, . . . , Sn}, where Si =
{xi,1, xi,2, xi,3} ⊆ X and |Si| = 3 for each 1 ≤ j ≤ n. In the
following, we use each x ∈ X and each S ∈ S both as part of
the given instance of ONE-IN-THREE-POSITIVE-3SAT and as the
candidates of the election that is part of the constructed instance of
any of the four control-by-partition problems. It will always be clear
from the context what meaning is intended.

Specifically, from (X,S) we construct an election (C, V ) with the
set C = {p, d, w}∪X∪S∪R∪T of candidates with R = {ri,j |1 ≤
i ≤ n, 1 ≤ j ≤ 3} and T = {ti,j | ri,j ∈ R}.

The list V of votes is constructed as follows, where we write [n]
for the set {1, . . . , n} for n ∈ N:

# preference for each

1 W (r, p) r ∈ R

1 W (t, p) t ∈ T

1 W (w, S) S ∈ S
1 W (w, r) r ∈ R

2 W (p, x) x ∈ X

2 W (p, d)

4 W (r, x) r ∈ R, x ∈ X

4 W (xi,j , ti,j) i ∈ [n], j ∈ [3]

4 W (ti,j , ri,j) i ∈ [n], j ∈ [3]

4 W (xi,j , ti,(j+1) mod 3) i ∈ [n], j ∈ [3]

1 + j − i W (Si, Sj) 1 ≤ i < j ≤ n

n+ 1 W (S, r) S ∈ S, r ∈ R

n+ 1 W (S, d)

n+ 2 W (d,w)

n+ 3 W (w, x) x ∈ X

n+ 3 W (x, S) S ∈ S, x ∈ S

n+ 3 W (w, t) t ∈ T

n+ 3 W (t, d) t ∈ T

n+ 3 W (r, d) r ∈ R

n+ 4 W (w, p)

n+ 4 W (S, p) S ∈ S
This construction is sketched in Figures 1 and 2. In particular, Fig-

ure 2 shows the subgraph among the candidates from the sets X , R,
T , and Si ∈ S for fixed i, where a directed edge between two candi-
dates, say pointing from a to b, means that a wins the pairwise com-
parison against b. The edges are weighted and their positive integer
weights give the numbers of how often preference W (a, b) occurs
in the construction. Doubling these weights gives the surplus indi-
cating how strongly a wins against b. If an edge starts from a gray
rectangle, this means that all candidates from this set beat the can-
didates the edge points to, and similarly so the other way around: an
edge pointing to a gray rectangle means that all candidates in this set
are beaten by the candidate this edge originates from. In the graph
shown in Figure 1, on the other hand, these subgraphs from Figure 2
are only roughly adumbrated (each framed by a dotted line).
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Figure 1. Construction in the proof of Theorem 3.1: Overview
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Figure 2. Construction in the proof of Theorem 3.1: subgraph for one Si

Let Π ∈ {CCRPC-TP, CCPC-TP, CCRPC-TE, CCPC-TE}.
We show: (X,S) is a yes-instance of ONE-IN-THREE-POSITIVE-
3SAT if and only if (C, V, p) is a yes-instance of maximin-Π.

From left to right, let (X,S) be a yes-instance of ONE-IN-
THREE-POSITIVE-3SAT. Then there is a subset U ⊆ X such that
for each clause Si we have |U ∩ Si| = 1. Partition the set C of
candidates into C1 and C2 with

C1 = {d,w} ∪ S ∪ U and

C2 = {p} ∪R ∪ T ∪X \ U.

Let us start with the case where we have two first-round sub-
elections (i.e., with constructive control by runoff partition of can-
didates). In the subelection (C1, V ), each candidate x ∈ U and
each candidate S ∈ S has a score of −2(n + 3), w has a score
of −2(n+2), and d wins the subelection with a score of −2(n+1).
Since d is the unique winner of (C1, V ), d will move forward to
the final round, regardless of the tie-breaking rule. In the subelec-
tion (C2, V ), the candidate p gets a score of −2, while each other
candidate gets a score of −8. Since p is the unique winner of the
subelection (C2, V ), p will move forward to the final round, regard-
less of the tie-breaking rule. In the final round, p faces only d and

only p wins this head-on-head contest and thus the election.
Let us now consider the case of constructive control by partition of

candidates where we have only one first-round subelection, (C1, V ),
and all candidates from C2 move directly forward to the final round.
Compared with the subelection (C2, V ), the occurrence of d does
not affect the score of any candidate. Since d has a score smaller
than −4, p is again the only winner of the final election.

It follows that (C, V, p) is a yes-instance of maximin-Π for each
Π ∈ {CCPC-TP, CCRPC-TP, CCPC-TE, CCRPC-TE}, com-
pleting the proof of the desired equivalence from left to right.

Conversely, from right to left, assuming that (X,S) is a no-
instance of ONE-IN-THREE-POSITIVE-3SAT, we will show that the
constructed instance (C, V, p) is a no-instance of maximin-Π for
each Π ∈ {CCPC-TP, CCRPC-TP, CCPC-TE, CCRPC-TE} as
well, i.e., we show that p cannot be made a unique winner of the
two-stage election resulting from any possible partition of the candi-
date set (with or without runoff and for both tie-handling rules).

The worst pairwise comparison for p is between p and w as well
as between p and each candidate S ∈ S. Thus, if p were to face
any of these candidates in a first-round subelection or in the final
round, p would not win according to this partition of C. Therefore,
we have to show that for each partition of candidates, where w and
all S ∈ S participate in (C1, V ) and p is in (C2, V ), p does not win
the election.

We consider all remaining partitions below.
Case 1: Let C1 = {w} ∪ S ∪ T ′ ∪ R′ ∪ U with T ′ ⊆ T , R′ ⊆ R,
and U ⊆ X . Candidate w wins each head-to-head contest, so w is the
unique winner and can move forward to the final election. It follows
that p can not win the election.
Case 2: Let C1 = {d,w} ∪ S ∪ U with U ⊆ X . We consider two
subcases.
Case 2.1: For each S ∈ S, it is S ∩ U 	= ∅. Since, we started
with a no-instance of ONE-IN-THREE-POSITIVE-3SAT, there is at
least one Si such that xi,j , xi,j+1 mod 3 ∈ C1 with 1 ≤ j ≤ 3. Each
S ∈ S and each x ∈ U has a score of −2(n + 3), w has a score of
−2(n+2) and d has a score of −2(n+1). Therefore, d is the unique
winner of the subelection and can move forward to the final round.
Now, we have to destinguish between CCRPC and CCPC. We start
with CCRPC. In (C2, V ), we have C2 = {p} ∪ T ∪ R ∪ X \ U .
Candidate ti,j+1 mod 3 has a score of 0, whereas p has a score of −2.
It follows that p can not move forward to the final election. Let us
now consider where we have only one subelection, CCPC. Since d
is the unique winner of the first subelection, the final runoff is (C2 ∪
{d}, V ). Compared with the subelection (C2, V ), the occurrence of
d does not affect the score of any candidate. It follows that p can not
win the final election.
Case 2.2: It exists a S ∈ S with S∩U = ∅. Let S ′ = {S |S∩U =
∅} ⊂ S . Each Si ∈ S ′ has a score of −2i, each Si ∈ S \ S ′ and
each x ∈ U has a score of −2(n + 3), d has a score of −2(n + 1),
and w has a score of −2(n + 2). The candidate Si ∈ S ′ with the
lowest subscript wins the election.
Case 3: Let C1 = {d,w} ∪ S ∪ T ′ ∪ R′ with T ′ ⊆ T , R′ ⊆ R.
Each Si has a score of −2i and each other candidate has a score lower
than or equal to −2(n + 1). Therefore, S1 is the unique winner of
the subelection and can move forward to the final runoff, such that p
can not win the election.
Case 4: Let C1 = {d,w}∪S ∪T ′ ∪R′ ∪U with T ′ ⊆ T , R′ ⊆ R.
For U = ∅, we have Case 3 and for T ′ ∪ R′ = ∅, we have Case 2.
We consider two subcases.
Case 4.1: It is S ∩ U 	= ∅ for each S ∈ S. Candidate w is the
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unique winner with a score of −2(n+2) while each other candidate
has a score of −2(n+ 3). Thus, p can not win the election.

Case 4.2: It exists S ∈ S such that S ∩ U = ∅. Let S′ = {S | S ∩
U = ∅} ⊂ S . Each Si ∈ S ′ has a score of −2i, w has a score of
−2(n+ 2) and each other candidate has a score of −2(n+ 3). The
candidate Si ∈ S ′ with the lowest subscript is the unique winner of
the subelection. It follows that p can not win the election.

It follows that (C, V, p) is a no-instance of maximin-Π for each
Π ∈ {CCRPC-TP, CCPC-TP, CCRPC-TE, CCPC-TE}. �

4 Control by Partition of Voters
We now turn to constructive and destructive control by partition of
voters, again with the tie-handling rules TP and TE, thus solving all
remaining open cases for the complexity of voter control in maximin
elections. In Table 2, we give an overview of all previously known
and new results on the complexity of voter control for maximin.

We start by defining in Section 4.1 the problems we consider and
will then prove our results in Section 4.2.

4.1 Problem Definitions and Overview of Results
These problems have also been introduced and studied by Bartholdi
et al. [4] and Hemaspaandra et al. [21]. In control by partition of
voters, the election (C, V ) is again held in two rounds but now we
assume that the chair has the power to subdivide the voters into two
groups, V1 and V2, and the winners of the two first-round subelec-
tions (C, V1) and (C, V2) run against each other in a final round.
This can be seen as a very simple model of gerrymandering.

Specifically, for any given voting rule E (which again will always
be maximin), we give the formal definition of one of the decision
problems we study in detail: In E -CONSTRUCTIVE-CONTROL-BY-
PARTITION-OF-VOTERS-TP, we are given an election (C, V ) and a
distinguished candidate p ∈ C, and we ask whether V can be par-
titioned into V1 and V2 such that p is the unique E winner of the
two-round election where the winners of the two first-round subelec-
tions, (C, V1) and (C, V2), run against each other in a final round.

We abbreviate this problem by E-CCPV-TP. The related problem
for the other tie-handling rule, ties-eliminate, is E-CCPV-TE, and
the two destructive variants are E-DCPV-TP and E-DCPV-TE.

Bartholdi et al. [4] and Hemaspaandra et al. [21] also introduced
and studied for various voting rules the notions of constructive and
destructive control by adding voters (CCAV and DCAV) and by
deleting voters (CCDV and DCDV). Again, we refrain from defin-
ing these formally, as we won’t study these control scenarios here,
and we instead refer to the work of Bartholdi et al. [4] and Hema-
spaandra et al. [21] and in particular to that of Faliszewski et al. [11]
who obtained results for them in maximin elections. Table 2 gives
an overview of all previous complexity results for voters control in
maximin elections (due to Faliszewski et al. [11]).

For notational convenience and to simplify our proofs, we use
a slightly different scoring function in this section. Given an elec-
tion (C, V ) and a candidate c ∈ C, define Score(C,V )(c) =
mind∈C\{c} NV (c, d), again omitting the subscript if (C, V ) is clear
from the context. Note that

NV (c, d)−NV (d, c) = NV (c, d)− (|V | −NV (c, d))

= 2NV (c, d)− |V |,

so this is simply a linear shift compared with score(C,V )(c).

C
AV

C
D

V

C
PV

-T
E

C
PV

-T
P

C D C D C D C D

R♥ R♥ R♥ R♥ R R R R

Table 2. Overview of complexity results for voter control in maximin
elections. R means resistance and V means vulnerability. Results in boldface

are established in this paper, and previous results are due to Faliszewski et
al. [11] (marked by ♥).

4.2 Results and Proofs
We first consider control by partition of voters when ties promote.

Theorem 4.1. maximin-CCPV-TP and maximin-DCPV-TP are
NP-complete.

Proof. Membership of these two problems in NP again is obvious.
To show NP-hardness, we reduce from a variant of X3C. Let (B,S)
be an X3C instance, where B = {b1, . . . , b3k}, S = {S1, . . . , Sn},
and Si = {bi,1, bi,2, bi,3} for each Si ∈ S. Without loss of gen-
erality, we may assume that k > 6. Furthermore, we may assume
that each bj ∈ B is contained in exactly three sets Si ∈ S; thus
|B| = |S| = n. That X3C even with this restriction is still NP-hard
was shown by Gonzalez [16].

From (B,S), we construct an election with the set C =
{p, d, w} ∪ B of candidates and with the distinguished candidate
p for the constructive case and the distinguished candidate w for the
destructive case. The list V of votes is constructed as follows:

# preference for each

2k − 1 w p B d

4k − 2 w d B p

1 w B p d

1 B \ Si p d w Si Si ∈ S
k B p w d

2k B d w p

In total, we have 12k−2 votes. In these votes, the candidates from
B are shifted cyclically such that, in particular:

• the first vote is w p b1 b2 · · · b3k−1 b3k d,
• the second vote is w p b3k b1 b2 · · · b3k−1 d, and
• the last vote is b4 · · · b3k b1 b2 b3 d w p.

However, the description of the construction is not finished yet;
there still is a final twist to take notice of, regarding the fourth row of
the construction, which gives one vote of the form B \ Si p d w Si

for each Si ∈ S. When constructing these 3k votes, let us first pre-
tend that in this fourth row there were a vote of the form B p d w
(with the elements of B cyclically shifted as described above). But
then we change each such vote B p d w in the following way. For the
ith vote B p d w, we shift bi,1, bi,2, and bi,3 (i.e., the elements of Si)
from their current position to the end of the vote, while keeping the
relative order among bi,1, bi,2, and bi,3. For illustration, consider the
following example. Suppose S1 = {b1, b2, b3}. After pretending that
we have only votes of the form B p d w instead of B \ Si p d w Si,
we have a vote b3 b4 · · · b3k b1 b2 p d w according to the cyclic
shifts. This vote is then changed into: b4 · · · b3k p d w b3 b1 b2.
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Example 4.2. As an illustration of the entire construction, consider
the following example. Note that, for the sake of convenience and
readability, we assume k = 2 in this example (even though we ac-
tually require k > 6 for the proof to work). Let B = {b1, . . . , b6}
and S = {S1, . . . , S6} with S1 = {b1, b2, b3}, S2 = {b4, b5, b6},
S3 = {b2, b3, b6}, S4 = {b2, b4, b5}, S5 = {b1, b3, b4}, and
S6 = {b1, b5, b6}. According to our construction, we first get the
following votes.

From the first row of our vote list, we obtain three votes:

w p b1 b2 b3 b4 b5 b6 d,
w p b6 b1 b2 b3 b4 b5 d,
w p b5 b6 b1 b2 b3 b4 d.

From the second row of our vote list, we obtain six votes:

w d b4 b5 b6 b1 b2 b3 p,
w d b3 b4 b5 b6 b1 b2 p,
w d b2 b3 b4 b5 b6 b1 p,
w d b1 b2 b3 b4 b5 b6 p,
w d b6 b1 b2 b3 b4 b5 p,
w d b5 b6 b1 b2 b3 b4 p.

From the third row of our vote list, we obtain one vote:

w b4 b5 b6 b1 b2 b3 p d.

Note that the cyclic shifts of the elements of B spread across the
single lines of our vote list. Now, from the fourth row of our vote
list, we obtain six further votes, and now the cyclic shifts of the ele-
ments of B are slightly tampered with as we have explained above.
Pretending we had the vote B p d w in the fourth row of our vote
list, then the first vote would be b3 b4 b5 b6 b1 b2 p d w. Accord-
ing to B \ S1 p d w S1 with S1 = {b1, b2, b3}, this gives the vote:
b4 b5 b6 p d w b3 b1 b2. That is, the six votes corresponding to the
fourth row are changed from

b3 b4 b5 b6 b1 b2 p d w,
b2 b3 b4 b5 b6 b1 p d w,
b1 b2 b3 b4 b5 b6 p d w,
b6 b1 b2 b3 b4 b5 p d w,
b5 b6 b1 b2 b3 b4 p d w,
b4 b5 b6 b1 b2 b3 p d w

to the six votes where the three candidates corresponding to the Si ∈
S are moved to the end of these six votes, respecting their relative
order:

b4 b5 b6 p d w b3 b1 b2,
b2 b3 b1 p d w b4 b5 b6,
b1 b4 b5 p d w b2 b3 b6,
b6 b1 b3 p d w b2 b4 b5,
b5 b6 b2 p d w b1 b3 b4,
b4 b2 b3 p d w b5 b6 b1.

Next, from the fifth row of our vote list, we obtain two votes:

b3 b4 b5 b6 b1 b2 p w d,
b2 b3 b4 b5 b6 b6 p w d.

Finally, from the sixth row of our vote list, we obtain four votes:

b1 b2 b3 b4 b5 b6 d w p,
b6 b1 b2 b3 b4 b5 d w p.
b5 b6 b1 b2 b3 b4 d w p,
b4 b5 b6 b1 b2 b3 d w p.

The reduction can obviously be computed in polynomial time. Due
to the cyclic shifts, we have N(b1, b3k) ≤ 7 and N(bi, bi−1) ≤ 7 for
each i, 2 ≤ i ≤ 3k. Therefore, Score(b) ≤ 7 for each b ∈ B. For the
remaining candidates, we have the following pairwise comparisons:

N(↓,→) p w d b ∈ B

p – 4k 6k 2k + 2
w 8k − 2 – 7k − 2 6k + 1
d 6k − 2 5k – 4k + 1

We notice that w is the unique maximin winner and also a Con-
dorcet winner of the election.

We claim that (B,S) is in X3C if and only if (C, V, p) is a yes-
instance of maximin-CCPV-TP (respectively, (C, V,w) is a yes-
instance of maximin-DCPV-TP).

From left to right, let (B,S) be a yes-instance of X3C. Then there
is a subset S′ ⊆ S with |S ′| = k and

⋃
Si∈S′ Si = B. Partition V

into V1 and V2, where V1 contains all votes of the form w p B d, as
well as B p w d and the k votes B \ Si p d w Si and Si ∈ S ′. The
remaining votes are in V2. In (C, V1), we have:

N(↓,→) p w d b ∈ B

p – 2k 4k − 1 2k
w 2k − 1 – 3k − 1 2k
d 0 k – 1

So p is the sole winner of the first first-round subelection and moves
forward to the final round. In (C, V2), we have:

N(↓,→) p w d b ∈ B

p – 2k 2k + 1 2
w 6k − 1 – 4k − 1 4k + 1
d 6k − 2 4k – 4k

The candidate d has with 4k the highest score and is the only winner
of the second first-round subelection.

The final runoff thus is ({p, d}, V ). We have 6k of 12k − 2 votes
who prefer p to d such that p is the unique winner of the runoff. It
follows that (C, V, p) (respectively, (C, V,w)) is a yes-instance of
maximin-CCPV-TP (respectively, maximin-DCPV-TP), as desired.

From right to left, assuming that (B,S) is a no-instance of X3C,
we will show that for each partition of the voters, w is always the
unique winner of the election.

A Condorcet winner in an election (C, V ) remains a Condorcet
winner for each subset C′ ⊆ C.7 Since w is a Condorcet winner in
(C, V ), it is necessary that w cannot move forward to the final round,
or else w’s overall victory cannot be prevented.

We have 6k − 2 out of 12k − 2 votes who prefer w the most.
In the following, we denote the number of voters with a vote of the
form w · · · in the subelection (C, Vi) with �i for i ∈ {1, 2} when
V is partitioned into V1 and V2. Note that NVi(w, c) ≥ �i for each
c ∈ C \ {w}. To prevent the victory of w in (C, Vi), it is necessary
that we have at least �i + 1 votes of the form b · · · in Vi.

Suppose that a candidate b ∈ B wins a subelection, say, without
loss of generality, (C, V1). Since Score(b) ≤ 7, there are at most 13
voters in V1.

It follows that in (C, V2), w receives at least 6k+1− 13 = 6k−
12 points, while Score(p) ≤ 2k + 2, Score(d) ≤ 4k + 1, and
Score(b) ≤ 7 for each b ∈ B, so w is a winner of the subelection
and therefore the unique winner of the whole election.

The only possibility to prevent w’s victory is that p and d are
unique winners of the two first-round subelections. Without loss of

7 This is due to Condorcet voting satisfying the so-called weak axiom of
revealed preferences (see, e.g., [4, 21]).
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generality, we assume that p wins in (C, V1) and d wins in (C, V2).
Since Score(C,V1)(w) = �1, it is necessary that NV1(p, w) = �1+1
and thus all votes of the form B d w p have to be in V2. The other
way around, it is necessary that all votes of the form B p w d are in
V1 such that NV2(d,w) = �2 + 1 > �2 = Score(w).

We have the following votes in V1:

# preference

x1 w p B d

x2 w d B p

x3 w B p d

x4 B \ S p d w S

k B p w d

with 0 ≤ x1 ≤ 2k−1, 0 ≤ x2 ≤ 4k−2, x3 ∈ {0, 1}, 0 ≤ x4 ≤ 3k
and the restriction that x1 + x2 + x3 +1 = x4 + k. Let εb = |{S ∈
S |b ∈ S and B\S p d w S ∈ V1}| and ε = min{εb |b ∈ B}. Since
each b is in exactly three S ∈ S, we have 0 ≤ εb ≤ 3. Candidate w
has a score of x1 + x2 + x3. For p, we have N(p, w) = x4 + k and
N(p, b) = x1 + εb for each b ∈ B. We distinguish two cases for the
score of p. In both cases, we will see that that Score(p) > Score(w)
is not possible unless violating one of the conditions above.
Case 1: We have x4+k < x1+ε and thus Score(p) = x4+k. Since
x4 + k = x1 + x2 + x3 + 1, we have x2 + x3 + 1 < ε. For ε > 1,
it is necessary that x4 ≥ 2k+1, since we started with a no-instance.
It follows that x4 + k ≥ 3k+1 and x1 + x2 + x3 +1 ≤ 2k+1, so
x1 + x2 + x3 + 1 < x4 + k.
Case 2: We have x1 + ε ≤ x4 + k and thus Score(p) = x1 + ε. To
prevent the victory of w, it is necessary that x1 + ε > x1 + x2 + x3,
thus x2 + x3 ∈ {0, 1, 2}. For x2 + x3 ≥ 1, we receive ε ≥ 2
and thus x4 ≥ 2k + 1. It follows that x4 + k ≥ 3k + 1 while
x1 + x2 + x3 + 1 ≤ 2k − 1 + 2 + 1 = 2k + 2. For x2 + x3 = 0,
we have ε ≥ 1 and x4 ≥ k + 1. Therefore, x1 + x2 + x3 + 1 ≤ 2k
and x4 + k ≥ 2k + 1.

This completes the case distinction. We have shown that, regard-
less of how the voters are partitioned, w is always the unique winner.
It follows that (C, V, p) (respectively, (C, V,w)) is a no-instance of
maximin-CCPV-TP (respectively, maximin-DCPV-TP). �

Next, we turn to control by partition of voters when ties eliminate.
Since the proofs of Theorems 4.1 and 4.3 are pretty similar and due
to space limitations, we will only sketch the latter one.

Theorem 4.3. maximin-CCPV-TE and maximin-DCPV-TE are
NP-complete.

Proof. Membership of these two problems in NP once more is
obvious. To show NP-hardness, we slightly modify the reduction
from X3C that was given in the proof of Theorem 4.1: From our
given X3C instance (B,S), we construct an election (C, V ) as in
that proof, except that V now contains an additional vote of the form
w B p d. The pairwise comparison between the candidates is now:

N(↓,→) p w d b ∈ B

p – 4k 6k + 1 2k + 2
w 8k − 1 – 7k − 1 6k + 2
d 6k − 2 5k – 4k + 1

We claim that (B,S) is in X3C if and only if (C, V, p) is a yes-
instance of maximin-CCPV-TE (respectively, (C, V,w) is a yes-
instance of maximin-DCPV-TE).

From left to right, let (B,S) be a yes-instance of X3C. Let S′ ⊆
S with |S ′| = k and

⋃
S∈S′ S = B. Partition V into V1 and V2 such

that V1 contains the following votes:

# preference for each

2k − 1 w p B d

1 B \ Si p d w Si Si ∈ S ′

k B p w d

and V2 contains all the remaining votes. We claim that p will be made
the unique winner by this partition. In the first subelection, (C, V1),
we have Score(w) = N(w, p) = 2k−1, Score(p) = N(p, b) = 2k,
Score(d) = N(d, p) = 0, and Score(b) ≤ 7. Therefore, candi-
date p proceeds to the final round from this subelection. In the sec-
ond subelection, (C, V2), we have Score(w) = N(w, d) = 4k,
Score(d) = N(d, b) = 4k, Score(p) = N(p, b) = 2, and
Score(b) ≤ 7. Thus d and w both win this subelection. The tie-
handling rule TE blocks them both, so no one moves forward from
this subelection, and p wins the final round. It follows that p is the
only candidate in the final runoff and therefore the sole winner. It
follows that (C, V, p) (respectively, (C, V,w)) is a yes-instance of
maximin-CCPV-TE (respectively, maximin-DCPV-TE).

The direction from right to left can be shown similarly as in the
proof of Theorem 4.1 and is, again, only sketched here due to space
constraints. Candidate w not reaching the final runoff is equivalent
to w losing in one subelection with a point difference of one to the
winner and both w and another candidate winning in the other sub-
election so that the tie-handling rule prevents that w moves forward
to the final round. It is sufficient to consider what happens if p and w
win a subelection. Let c ∈ {p, d} and c′ be the other candidate. If c
is the unique winner of the first subelection and c′ is a winner of the
other subelection, it follows that each vote B c′ w c is in V2 and each
vote B c w c′ is in V1. In the following, we use ε like in the proof of
Theorem 4.1. We again distinguish two cases.

Case 1: p is the unique winner in (C, V1). In V1 we have the follow-
ing votes:

# preference

x1 w p B d

x2 w d B p

x3 w B p d

x4 B \ Si p d w Si

k B p w d

We have the restriction x1+x2+x3+1 = x4+k. To ensure that p is
the unique winner, it is necessary that score(w) = x1 + x2 + x3 <
score(p) ≤ N(p, b) = x1 + ε. It follows that x2 + x3 < ε and
ε ∈ {1, 2, 3}. For ε = 1, we have x4 ≥ k + 1 and thus x4 + k ≥
2k + 1, which is a contradiction since x1 ≤ 2k − 1. For ε ∈ {2, 3},
we have x4 ≥ 2k + 1 and thus x1 + x2 + x3 + 1 ≤ x1 + 3 and
x4 + 2k ≥ 3k + 1. It follows that x1 ≥ 3k − 2, which again is a
contradiction.

Case 2: d is the unique winner in (C, V1). The list of votes is as in
Case 1, except that we have 2k votes B d w p instead of the k votes
B p w d. We have the restriction x1 + x2 + x3 + 1 = x4 + 2k. To
ensure that d is the unique winner, it is necessary that score(w) =
x1 + x2 + x3 < score(d) ≤ N(d, b) = x2 + ε. It follows that
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x1 + x3 < ε. For ε = 1, we have x4 ≥ k + 1 and x1 = x3 = 0.
In the other subelection, (C, V2), we have score(w) = 6k − 1− x2

and N(p, b) ≤ 2k. If p were winning subelection (C, V2), we would
have that x2 ≥ 4k − 1, which is a contradiction, though. For ε =
2wehavex4 ≥ 2k + 1, and for ε = 3 we have x4 = 3k. In both
cases, we receive a contradiction, since our restrictions cause that
x2 ≥ 4k − 1 and x2 ≥ 5k − 3, respectively.

It follows that (C, V, p) (respectively, (C, V,w)) is a no-instance
of maximin-CCPV-TE (respectively, maximin-DCPV-TE). �

5 Conclusions
We have completed the picture regarding the control complexity of
maximin voting by solving the remaining eight open problems re-
lated to control by partition of candidates and voters for this rule.
Thus, with the only exception of Schulze voting for which the com-
plexity of destructive control by adding and deleting candidates is
still open, the control complexity for (almost) all voting rules men-
tioned by Faliszewski and Rothe [13] in their chapter on control and
bribery in the Handbook of Computational Social Choice have been
settled now. Chapter (almost) closed.
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7
S H I F T- B R I B E RY

In diesem Kapitel wird die Komplexität für das Bestechungsproblem
Shift-Bribery hinsichtlich verschiedener iterativer Wahlregeln unter-
sucht. Die Arbeit wurde bei der Fachzeitschrift [48] eingereicht:

C. Maushagen, M. Neveling, J. Rothe und A. Selker. „Complexity of
Shift Bribery in Iterative Elections“. Manuscript submitted to Journal
of Autonomous Agents and Multi-Agent Systems.

Teile dieser Arbeit wurden bereits in einer früheren Arbeit mit den
selben Autoren bei AAMAS 2018 [49] veröffentlicht.

7.1 zusammenfassung

In diesem Kapitel untersuchen wir das Bestechungsproblem Shift-
Bribery, welches von Elkind et al. [23] eingeführt wurde. Alle un-
tersuchten Wahlregeln verbindet, dass diese rundenbasiert sind und
in jeder Runde eine der drei Wahlregeln Plurality, Veto oder Borda
genutzt wird, um einen Punktestand zu ermitteln. Die Unterschiede in
den Wahlregeln ergeben sich aus der Festlegung, wann ein Kandidat
an der nächsten Runde teilnehmen darf. Die von uns untersuchten
Wahlregeln lassen sich in vier Gruppen aufteilen. Zur ersten Gruppe
gehören die Wahlregeln Hare, Coombs und Baldwin, welche Plurality,
Veto bzw. Borda zur Berechnung des Scores nutzen. Bei jeder dieser
Wahlregeln scheiden die Kandidaten mit dem niedrigsten Punktestand
solange aus, bis alle übrig gebliebenen Kandidaten einen Gleichstand
erzielen. Die zweite Gruppe umfasst nur die Wahlregel Nanson, welche
wie Baldwin in jeder Runde Borda verwendet um einen Punktestand
zu ermitteln. Allerdings dürfen hier nur solche Kandidaten an der
nächsten Runde teilnehmen, deren erzielter Borda-Score größer ist
als der durchschnittliche Borda-Score dieser Runde. Die Wahlregeln
Iterated Plurality und Iterated Veto bilden die dritte Gruppe von uns un-
tersuchten Wahlregeln. Hier können Kandidaten nur an der nächsten
Runde teilnehmen, wenn sie zu den Plurality- bzw. Veto-Gewinnern
gehören. Bei der letzten Gruppe von Wahlregeln, welche Plurality
with runoff und Veto with runoff umfasst, gibt es im Gegensatz zu
den zuvor definierten Wahlregeln immer nur genau zwei Runden.
Hier kommen die Kandidaten mit höchsten Plurality- bzw. Veto-Score
in die finale zweite Runde und der Plurality- bzw. Veto-Sieger der
zweiten Runde gewinnt die gesamte Wahl. Gibt es in der ersten Runde
nur einen Plurality- bzw. Veto-Sieger so kommen alle Kandidaten mit
den zweitmeisten Punkten auch ins Finale. In der Literatur gibt es
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zu diesen Wahlregeln verschiedene Varianten, die sich dahingehend
unterscheiden, dass Gleichstandsbrechungsregeln genutzt werden,
damit in jeder Runde genau ein Kandidat ausscheidet. Die von uns
gewählten Definitionen orientieren sich an dem Buch von Taylor [72].
Wir zeigen, dass das Problem Shift-Bribery für alle untersuchten
Wahlregeln NP-vollständig ist.

7.2 eigener anteil

Die Arbeit wurde zu gleichen Teilen zusammen mit meinen Koautoren
geschrieben. Die Beweise zu den Theoremen 1, 3, 4, 9 und 10 sind mir
zuzuschreiben.
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complexity results, we refer to the book chapters by Conitzer and Walsh [13] for manipulation, by Faliszewski and
Rothe [21] for control and bribery, and by Baumeister and Rothe [5] for all three topics.

Bribery in voting was introduced by Faliszewski et al. [17] (see also [18]). In their model, a briber intends to
change the outcome of an election to his or her own advantage by bribing certain voters without exceeding a given
budget. Bribery shares some features with manipulation, as the briber (just like a strategic voter) has to find the right
preference orders that the bribed voters are then requested to change their votes to. Bribery also shares some features
with electoral control, as the briber (just like an election chair) has to pick the right voters to bribe so as to make the
cost of bribing them as inexpensive as possible and to stay within the allowed budget.

We will focus on shift bribery, a special case of swap bribery, which was introduced by Faliszewski et al. [18] in
the context of so-called irrational voters for Copeland elections and was then studied in detail by Elkind et al. [16]
for the constructive variant (where the briber’s goal is to make a favorite candidate win the election) and was later
studied by Kaczmarczyk and Faliszewski [25] in the destructive variant (where the briber’s goal is to make sure that
a despised candidate does not win the election). In swap bribery, the briber has to pay for each swap of any two
candidates in the votes. Shift bribery additionally requires that swaps always involve the designated candidate that
the briber wants to see win (in the constructive case) or not win (in the destructive case).

Swap bribery generalizes the possible winner problem [27,40], which itself is a generalization of unweighted
coalitional manipulation. Therefore, each of the many hardness results known for the possible winner problem is
directly inherited by the swap bribery problem. This was the motivation for Elkind et al. [16] to look at restricted
variants of swap bribery such as shift bribery.

Even though shift bribery possesses a number of hardness results [16], it has also been shown to allow exact and
approximate polynomial-time algorithms in a number of cases [16,15,37]. For example, Elkind et al. [16] provided
a 2-approximation algorithm for shift bribery when using Borda voting.1 This result was extended by Elkind and
Faliszewski [15] to all positional scoring rules; they also obtained somewhat weaker approximations for Copeland
and maximin voting. Very recently Faliszewski et al. [19] further extended this result to a polynomial-time approx-
imation scheme. For Bucklin and fallback voting, the shift bribery problem is even exactly solvable in polynomial
time [37].2 In addition, Bredereck et al. [9] were the first to analyze shift bribery in terms of parameterized complex-
ity, and only recently a long-standing open problem regarding the parameterized complexity of bribery (including
shift bribery) with the number of candidates as the parameter (see the survey by Bredereck et al. [8] for a deeper
discussion on this problem) was solved by Knop et al. [26] for a multitude of voting rules. Furthermore, Bredereck
et al. [11] introduced combinatorial shift bribery in which a single shift bribery action affects multiple voters and
Bredereck et al. [10] studied shift bribery in the context of multiwinner elections for various committee selection
rules.

While the complexity of shift bribery has been comprehensively investigated for many standard voting rules, it
has not been considered yet for iterative voting systems. To close this glaring gap, we study shift bribery for eight
iterative voting systems that are based on any one of the Borda, plurality, and veto rules (see Footnote 1 for their
definitions) and that each proceed in rounds, eliminating after each except the last round the candidates performing
worst in a certain sense:

– The system of Baldwin [1] eliminates the candidates with the lowest Borda score and

1 In Borda with m candidates, each vote is a linear order of the candidates, the ith candidate in a vote scores m− i points, and whoever has
the most points wins. Borda is a very prominent positional scoring rule and can be described by the scoring vector (m− 1,m− 2, . . . ,0). Other
prominent positional scoring rules are plurality, where only the top candidates in the votes score a point and no one else (i.e., plurality has the
scoring vector (1,0, . . . ,0)), and veto (a.k.a. antiplurality), where all except the bottom candidates in the votes score a point (i.e., veto has the
scoring vector (1, . . . ,1,0)); again, whoever has the most points wins in these rules.

2 Faliszewski et al. [20] have complemented these results on Bucklin and fallback voting. In particular, they studied a number of bribery
problems for these rules, including a variant called “extension bribery,” which was previously introduced by Baumeister et al. [4] in the context
of campaign management when the voters’ ballots are truncated.
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Table 1 Summary of complexity results for shift bribery problems

Hare Coombs Baldwin Nanson

Constructive NP-c (Thm. 1) NP-c (Thm. 3) NP-c (Thm. 5) NP-c (Thm. 7)
Destructive NP-c (Thm. 2) NP-c (Thm. 4) NP-c (Thm. 6) NP-c (Thm. 8)

Iterated Plurality Plurality with Runoff Iterated Veto Veto with Runoff

Constructive NP-c (Thm. 9) NP-c (Thm. 9) NP-c (Thm. 11) NP-c (Thm. 11)
Destructive NP-c (Thm. 10) NP-c (Thm. 10) NP-c (Thm. 12) NP-c (Thm. 12)

– the system of Nanson [30] eliminates the candidates whose scores are lower than the average Borda score, while
– the system of Hare (see, e.g., the book by Taylor [38]) eliminates the candidates with the lowest plurality score,
– the system called iterated plurality (again see, e.g., the book by Taylor [38]) eliminates the candidates that do

not have the highest plurality score,
– the system called iterated veto is defined analogously to iterated plurality, except based on the veto rather than

the plurality score, and
– the system of Coombs (defined, e.g., in the paper by Levin and Nalebuff [28]) eliminates the candidates with the

lowest veto score.

The last two systems that we consider differ from the above iterative voting systems because they always use exactly
two rounds:

– Plurality with runoff (as defined, e.g., in the book by Taylor [38]) eliminates the candidates that do not have
the highest plurality score, except in the case where there is a unique plurality winner—it then eliminates all
candidates that do not have the highest or second-highest plurality score; all remaining candidates with the
highest plurality score then win.

– Veto with runoff is defined analogously, except that veto scores instead of plurality scores and veto winners
instead of plurality winners are considered.

These voting systems have been thoroughly studied and are also used in the real world. Among the systems we
consider, Hare voting and variants thereof (some of which are called single transferable vote, instant-runoff voting,
or alternative vote) are most widely used, for example in Australia, India, Ireland, New Zealand, Pakistan, the UK,
and the USA.

Table 1 gives an overview of our complexity results for constructive and destructive shift bribery in our eight
voting systems,3 where the shorthand NP-c stands for “NP-complete.” Our results complement results by Davies et
al. [14] who have shown unweighted coalitional manipulation to be NP-complete for Baldwin and Nanson voting
(even with just a single manipulator)—and also for the underlying Borda system (with two manipulators; for the
latter result, see also the paper by Betzler et al. [6]). Davies et al. [14] also list various appealing features of the
systems by Baldwin and Nanson, including that they have been applied in practice (namely, in the State of Michigan
in the 1920s, in the University of Melbourne from 1926 through 1982, and in the University of Adelaide since 1968)
and that (unlike Borda itself) they both are Condorcet-consistent.4

This paper is organized as follows. In Section 2, we will provide the needed definitions regarding elections and
voting systems (in particular, iterative voting systems), define the shift bribery problem, and give some background
on computational complexity. We will then study the complexity of shift bribery for Hare and Coombs elections in

3 As shown by Xia [39], destructive bribery is closely related to the margin of victory, a critical robustness measure for voting systems. Reisch
et al. [33] add to this connection by showing that the former problem can be easy while the latter is hard.

4 A Condorcet winner is a candidate who defeats every other candidate in a pairwise comparison. Such a candidate does not always exist. A
voting rule is Condorcet-consistent if it chooses only the Condorcet winner whenever there exists one.
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Section 3, for Baldwin and Nanson elections in Section 4, for iterated plurality and plurality with runoff in Section 5,
and for iterated veto and veto with runoff in Section 6. Further, in Section 7 we will discuss how the nonmonotonicity
property of our iterative voting systems can be exploited in our reductions showing NP-hardness, exemplified for
Hare voting and plurality with runoff. Finally, we will conclude in Section 8 by presenting some open problems
related to our work.

2 Preliminaries

Below, we provide the needed notions and notation.

Elections and voting systems. An election is specified as a pair (C,V ) with C being a set of candidates and V a
profile of the voters’ preferences over C, typically given by a list of linear orders of the candidates. A voting system is
a function that maps each election (C,V ) to a subset of C, the winner(s) of the election. An important class of voting
systems is the family of positional scoring rules whose most prominent members are plurality, veto, and Borda count,
see, e.g., the book chapters by Zwicker [41] and Baumeister and Rothe [5] and also Rothe’s survey [36] on using
Borda in collective decision making.

Recall from Footnote 1 in Section 1 that, in plurality, each voter gives her top-ranked candidate one point; in veto
(a.k.a. antiplurality), each voter gives all except the bottom-ranked candidate one point; in Borda with m candidates,
each candidate in position i of the voters’ rankings scores m− i points; and the winners in each case are those
candidates scoring the most points.

Iterative voting systems. The iterative voting systems we will study are based on plurality, veto, and Borda but,
unlike those, their election winner(s) are determined in consecutive rounds. For all iterative voting systems consid-
ered here except for plurality with runoff and veto with runoff (which will be defined shortly afterwards), if in some
round all remaining candidates have the same score (for instance, there may be only one candidate left), then all
those candidates are proclaimed winners of the election. In each preceding round, however, all candidates with the
lowest score are eliminated.5

Recall from Section 1 that the eight scoring methods we will use work as follows: The iterative voting systems
due to Hare, Coombs, and Baldwin use, respectively, plurality, veto, and Borda scores in order to decide which
candidates are the weakest and thus to be removed. The Nanson system eliminates in every (except the last) round
all candidates that have less than the average Borda score. Iterated plurality eliminates all candidates that do not
have the highest plurality score, and iterated veto eliminates all candidates that do not have the highest veto score.

Unlike the above multiple-round iterative voting systems, plurality with runoff (respectively, veto with runoff )
always proceeds in two rounds: In the first round, it eliminates all candidates that do not have the highest plurality
score (respectively, veto score), unless there is a unique plurality winner (respectively, veto winner) in which case all
candidates are eliminated except those with the highest or second-highest plurality score (respectively, veto score);
in the second round, all candidates with the highest plurality score (respectively, veto score) win.

Shift bribery. For any given voting system E , we now define the problem E -SHIFT-BRIBERY, which is a special
case of E -SWAP-BRIBERY, introduced by Faliszewski et al. [18] in the context of so-called irrational voters for
Copeland and then comprehensively studied by Elkind et al. [16]. Informally stated, given a profile of votes, a swap-
bribery price function exacts a price for each swap of any two candidates in the votes, and in shift bribery only swaps
involving the designated candidate are allowed.

5 In the original sources defining these iterative voting systems as stated in the Introduction, certain tie-breaking schemes are used whenever
more than one candidate has the lowest score in some round. For the sake of convenience and uniformity, however, we prefer eliminating them
all and will therefore disregard tie-breaking issues in such a case.
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E -CONSTRUCTIVE-SHIFT-BRIBERY

Given: An election (C,V ) with n votes, a designated candidate p ∈C, a budget B, and a list of price functions ρ = (ρ1, . . . ,ρn).
Question: Is it possible to make p the unique E winner of the election by shifting p in the votes such that the total price does not

exceed B?

In the corresponding problem E -DESTRUCTIVE-SHIFT-BRIBERY, given the same input, we ask whether it is possi-
ble to prevent p from being a unique winner.

These problems are here defined in the unique-winner model where a constructive (respectively, destructive)
bribery action is considered successful only if the designated candidate can be made (respectively, can be pre-
vented from being) the only winner of the election. We also consider these problems in the nonunique-winner model
where for a constructive (respectively, destructive) bribery action to be considered successful it is required that the
designated candidate is merely one among possibly several winners (respectively, does not win at all). Note that
a yes-instance of E -CONSTRUCTIVE-SHIFT-BRIBERY in the unique-winner model is also a yes-instance of the
same problem in the nonunique-winner model, whereas a yes-instance of E -DESTRUCTIVE-SHIFT-BRIBERY in the
nonunique-winner model is also a yes-instance of the same problem in the unique-winner model; analogous state-
ments apply to the no-instances of these problems by swapping the unique-winner model with the nonunique-winner
model. We will make use of these facts in our proofs that all work in both winner models.

Membership in NP is obvious for all considered problems, so it will be enough to show only NP-hardness so as
to prove in fact NP-completeness.

Regarding the list of price functions ρ = (ρ1, . . . ,ρn) with ρi : N→ N, in the constructive case ρi(k) indicates
the price the briber has to pay in order to move p in vote i by k positions to the top (respectively, to the bottom in the
destructive case). For all i, we require that ρi is nondecreasing (ρi(`)≤ ρi(`+1)), ρi(0) = 0, and if p is at position r
in vote i then ρi(`) = ρi(`−1) whenever `≥ r in the constructive case (respectively, whenever `≥ |C|− r+1 in the
destructive case). The latter condition ensures that p can be shifted upward no farther than to the top (respectively,
the bottom).6 When the voter i in ρi is clear from the context, we omit the subscript and simply write ρ .

Our proofs use the following notation: A vote of the form a b c indicates that the voter ranks candidate a on top
position, then candidate b, and last candidate c. If a set S ⊆C of candidates appears in a vote as

−→
S , its candidates

are placed in this position in lexicographical order. By
←−
S we mean the reverse of the lexicographical order of the

candidates in S. If S occurs in a vote without an arrow on top, the order in which the candidates from S are placed
here does not matter for our argument. We use · · · in a vote to indicate that the remaining candidates may occur in
any order.
Computational complexity. We assume familiarity with the standard concepts of complexity theory, including the
classes P and NP, polynomial-time many-one reducibility, and NP-hardness and -completeness. We will use the
following NP-complete problem:

EXACT-COVER-BY-3-SETS (X3C)

Given: A set X = {x1, . . . ,x3m} and a family of sets S = {S1, . . . ,Sn} such that Si ⊆ X and |Si|= 3 for all Si ∈S .
Question: Does there exist an exact cover of X , i.e., a subset S ′ ⊆S such that |S ′|= m and

⋃
Si∈S ′ Si = X?

In instances of X3C, we assume that each x j ∈ X is contained in exactly three sets Si ∈ S ; thus |X | = |S |.
Gonzalez [23] shows that X3C under this restriction remains NP-hard. Note that if not stated otherwise, we will use
(X ,S ) to denote an X3C instance, where X = {x1, . . . ,x3m}, S = {S1, . . . ,S3m}, and Si = {xi,1,xi,2,xi,3}. Also note
that we assume xi,1 to be the x j ∈ Si with the smallest subscript and xi,3 to be the x j ∈ Si with the largest subscript.

6 If p is in the first (respectively, the last) position of a vote, this voter cannot be bribed and we tacitly assume a price function of ρ(t) = 0 for
each t ≥ 0. We will disregard these voters when setting price functions for the other voters in our proofs.
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ONE-IN-THREE-POSITIVE-3SAT

Given: A set X of boolean variables, a set S of clauses over X , each containing exactly three unnegated literals.
Question: Does there exist a truth assignment to the variables in X such that exactly one literal is set to true for each clause in S?

In instances of ONE-IN-THREE-POSITIVE-3SAT, we assume that each x j ∈ X is contained in exactly three
clauses. Porschen et al. [32] show that this restricted problems remains NP-complete.

For more background on computational complexity, the reader is referred to, for instance, the textbooks by Garey
and Johnson [22], Papadimitriou [31], and Rothe [34].

3 Hare and Coombs

We start by showing NP-hardness of shift bribery for Hare elections.

Theorem 1 In both the unique-winner and the nonunique-winner model, Hare-CONSTRUCTIVE-SHIFT-BRIBERY
is NP-hard.

Proof. NP-hardness follows by a reduction from X3C. Given an X3C instance (X ,S ), construct an instance
((C,V ), p,B,ρ) of Hare-CONSTRUCTIVE-SHIFT-BRIBERY with candidate set C = X ∪S ∪{p}, designated candi-
date p, and the following list V of votes, with # denoting their number:

# vote for

1 Si xi,1
−−−−−→
X \{xi,1} · · · 1≤ i≤ 3m

1 Si xi,2
−−−−−→
X \{xi,2} · · · 1≤ i≤ 3m

1 Si xi,3
−−−−−→
X \{xi,3} · · · 1≤ i≤ 3m

4 xi
−−−−→
X \{xi}· · · 1≤ i≤ 3m

1 Si p · · · 1≤ i≤ 3m

3 p · · ·

For votes of the form Si p · · · , we use the price function ρ(1) = 1, and ρ(t) = m+1 for all t ≥ 2; and for every
other vote, we use the price function ρ with ρ(t) = m+1 for all t ≥ 1. Finally, set the budget B = m. Without loss of
generality, we assume that m > 1.

Note that p scores three points while the rest of the candidates score four points each, so p is eliminated in the
first round and does not win the election without bribing voters.

We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in Hare-CONSTRUCTIVE-SHIFT-BRIBERY,
regardless of the winner model.

(⇒) Suppose that (X ,S ) is a yes-instance of X3C. Then there exists an exact cover S ′ ⊆ S of size m. We
now show that it is possible for p to become a unique Hare winner of an election obtained by shifting p in the votes
without exceeding the budget B. For every Si ∈S ′, we bribe the voter with the vote of the form Si p · · · by shifting
p once, so her new vote is of the form p Si · · · ; each such bribe action costs us only 1 from our budget, so the budget
will not be exceeded. In the first round, p now has m+ 3 points, every candidate from S ′ has 3 points, and every
other candidate has 4 points. Therefore, all candidates in S ′ are eliminated. In the second round, all candidates in
X now gain one point from the elimination of S ′, since it is an exact cover. Therefore, p and all candidates in X
proceed to the next round and the remaining candidates S \S ′ are eliminated. In the next round with only p and
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the candidates from X remaining, p has 3m+3 points, while every candidate in X scores 7 points (recall that every
xi ∈ X is contained in exactly three members of S ). Since all candidates from X have been eliminated now, p is the
only remaining candidate and thus the unique Hare winner.

(⇐) Suppose that (X ,S ) is a no-instance of X3C. Then no subset S ′ ⊆S with |S ′| ≤ m covers X . We now
show that we cannot make p become a Hare winner of an election obtained by bribing voters without exceeding
budget B. Note that we can only bribe at most m voters with votes of the form Si p · · · without exceeding the budget.
Let S ′ ⊆S be such that Si ∈S ′ exactly if the voter with the vote Si p · · · has been bribed. Clearly, |S ′| ≤ m and
in all those votes p has been shifted once to the left, so p is now ranked first in these votes. Therefore, p now has
3+ |S ′| points and every Si ∈S ′ scores 3 points. Since every other candidate scores as many points as before the
bribery (namely, 4 points), the candidates in S ′ are eliminated in the first round. Let X ′ = {xi ∈ X | xi /∈

⋃
S j∈S ′ S j}

be the subset of candidates xi ∈ X that are not covered by S ′. We have X ′ 6= /0 (otherwise, S ′ would have been an
exact cover of X). In the second round, unlike the candidates from X \X ′, the candidates in X ′ will not gain additional
points from eliminating the candidates in S ′. Thus, in the current situation, the candidates from X ′ and S \S ′ are
trailing behind with 4 points each and are eliminated in this round.7 Therefore, in the next round, only p and the
candidates from X \X ′ are remaining in the election. Let x` ∈ X \X ′ be the candidate from X \X ′ with the smallest
subscript. Since all candidates from S are eliminated, p has 3m+3 points and every candidate from X \X ′ except
x` has 7 points. On the other hand, x` gains additional points from eliminating the candidates from X ′; therefore, x`
survives this round by scoring more than 7 points. In the final round with only p and x` remaining, p is eliminated,
since 3m ·7 > 3m+3. ut

Example 1 Let (X ,S ) be a yes-instance of X3C defined by

X = {x1, . . . ,x6} and
S = {{1,2,3},{4,5,6},{2,3,6},{2,4,5},{1,3,4},{1,5,6}}.

Construct ((C,V ), p,B,ρ) from (X ,S ) as in the proof of Theorem 1; in particular, the budget is B = 2. If we
bribe the voters with S1 p · · · and S2 p · · · so as to shift p to the top of their votes, p will be the unique winner of
the election that proceeds as follows (where the numbers in the columns below candidates give their scores):

Round p x ∈ X S1,S2 S3,S4,S5,S6

1 5 4 3 4
2 5 5 out 4
3 9 7 out out

Now consider a no-instance (X ,S ) of X3C with

X = {x1, . . . ,x6} and
S = {{1,2,4},{4,5,6},{2,3,6},{2,3,5},{1,3,4},{1,5,6}}.

If we bribe no voter, p gets eliminated in the first round and so does not win. If we bribe one voter, say the one
with vote S1 p · · · , then p gets eliminated in the second round:

Round p x1 x2, x4 x3, x5, x6 S1 Si ∈S \{S1}
1 4 4 4 4 3 4
2 4 5 5 4 out 4
3 out ≥ 28 ≥ 7 out out out

7 Note that in the case that |S ′|= 1, i.e., only one voter was bribed, p also gets eliminated in this round and is consequently not a Hare winner,
which is what we want to show. Therefore, we will now assume that at least two voters were bribed.



8 Cynthia Maushagen et al.

Since (X ,S ) is a no-instance of X3C, no matter which two subsets Si,S j ∈S we choose, at least one xk is in
both subsets, so p loses the direct comparison in the last round. For example, if we bribe the voters with S1 p · · · and
S2 p · · · , the election proceeds as follows:

Round p x1 x3 x4 x2,x5,x6 S1, S2 S3,S4,S5,S6

1 5 4 4 4 4 3 4
2 5 5 4 6 5 out 4
3 9 14 out 7 7 out out
4 9 42 out out out out out

This completes Example 1.

Next, we show that shift bribery is NP-hard for Hare also in the destructive case.

Theorem 2 In both the unique-winner and the nonunique-winner model, Hare-DESTRUCTIVE-SHIFT-BRIBERY is
NP-hard.

Proof. Again, we use a reduction from X3C. Construct from a given X3C instance (X ,S ) a Hare-DESTRUCTIVE-
SHIFT-BRIBERY instance ((C,V ), p,B,ρ) as follows. Let D = {d1, . . . ,d3m} be a set of 3m dummy candidates. The
candidate set is C = X ∪S ∪D∪{p,w} with designated candidate p. The list V of votes is constructed as follows:

# vote for

2 Si xi,1
−−−−−→
X \{xi,1} w p · · · 1≤ i≤ 3m

2 Si xi,2
−−−−−→
X \{xi,2} w p · · · 1≤ i≤ 3m

2 Si xi,3
−−−−−→
X \{xi,3} w p · · · 1≤ i≤ 3m

7 xi
−−−−→
X \{xi} w p · · · 1≤ i≤ 3m

1 p Si · · · 1≤ i≤ 3m

12 w p · · ·
18m p · · ·

6 di Si p · · · 1≤ i≤ 3m

For votes of the form p Si · · · , we use the price function ρ(1) = 1, and ρ(t) = m+1 for all t ≥ 2; and for every
other vote, we use the price function ρ with ρ(t) = m+1 for all t ≥ 1. Finally, set the budget B = m.

Without bribing, the election (C,V ) proceeds as follows:

Round p w xi ∈ X Si ∈S di ∈ D

1 21m 12 7 6 6
2 39m 12 13 out out
3 39m+12 out 13 out out

It follows that p has won the election after three rounds.
We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in Hare-DESTRUCTIVE-SHIFT-BRIBERY,

regardless of the winner model.
(⇒) Suppose that (X ,S ) is a yes-instance of X3C. Then there exists an exact cover S ′ ⊆ S of size m. We

now show that it is possible to eliminate p from an election obtained by shifting p in the votes without exceeding the
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budget B. For every Si ∈S ′, we bribe the voter with the vote of the form p Si · · · by shifting p once, so her new vote
is of the form Si p . . . ; each such bribe action costs us only 1 from our budget, so the budget will not be exceeded.
Now the election proceeds as follows:

Round p w xi ∈ X Si ∈S ′ Si ∈S \S ′ di ∈ D

1 20m 12 7 7 6 6
2 32m 12 11 13 out out
3 32m 33m+12 out 13 out out
4 39m 39m+12 out out out out

We see that p is eliminated in the fourth round and w wins.

(⇐) Suppose that (X ,S ) is a no-instance of X3C. Then no subset S ′ ⊆S with |S ′| ≤ m covers X . We now
show that p will not be eliminated in any election obtained by bribing voters without exceeding budget B but will in
fact become the only winner. Note that we can only bribe at most m voters with votes of the form p Si · · · without
exceeding the budget. Let S ′ ⊆S be such that for every Si ∈S ′ we have bribed the voter whose vote is p Si · · · .
We can assume that |S ′| > 0. Every candidate in S ′ will gain an additional point and therefore survives the first
round. All candidates from D and S \S ′ will be eliminated, since p only loses at most m points.

In the second round, the remaining candidates from S will additionally gain six points from the elimination
of candidates in D and will score 13 points in this round (and in all subsequent rounds with p still standing). If
a candidate Si ∈ S was eliminated in the previous round, every xi ∈ Si gains two additional points in this round.
Partition X into sets X0, X1, X2, and X3 so that xi ∈ Xk ⇔ |{S j ∈ S ′ | xi ∈ S j}| = k for k ∈ {0,1,2,3}. Note that
X0, X1, X2, and X3 are disjoint and |X0| > 0, but one or two of X1, X2, and X3 may be empty. Then xi ∈ X j scores
7+(6− 2 j) ∈ {7,9,11,13} points depending on how many times xi is covered by S ′. Therefore, every xi ∈ X0
scores more points than w who has 12 points. Thus there are candidates from X that survive this round and other
candidates from X (more precisely, candidates from X1, X2, or X3) who are eliminated.

In the third round, the candidate x` ∈ X with the smallest subscript who is still standing gains at least seven
points from the eliminated candidates, so that x` scores at least 16 points.8 All other candidates still score the same
number of points as in the last round. Therefore, p scores at least 20m points, w scores still 12 points, every Si ∈S ′

scores 13 points, and every still standing candidate from X except x` scores at most 13 points. Since w can only
gain additional points when all candidates from X are eliminated and only x` gains points from the elimination of
candidates from X \ {x`} in the subsequent rounds, all candidates X \ ({x`}∪X0) and w are eliminated. Then all
still standing candidates from X0 \ {x`} and candidates from S ′ who each score 13 points are eliminated, which
leaves p and x` in the last round. In this round, p scores 39m+12 points and x` scores 39m points, so p solely wins
the election, no matter how we bribe voters within the budget, i.e., we have a no-instance of Hare-DESTRUCTIVE-
SHIFT-BRIBERY in both winner models. ut

Next, we turn to shift bribery for Coombs elections. While the idea of the reduction is similar, and perhaps even
simpler than in the previous two proofs, the proof of correctness is way more involved.

Theorem 3 In both the unique-winner and the nonunique-winner model, Coombs-CONSTRUCTIVE-SHIFT-BRIBERY
is NP-hard.

Proof. To prove NP-hardness, we now describe a reduction from X3C to Coombs-CONSTRUCTIVE-SHIFT-
BRIBERY. Given an X3C instance (X ,S ), construct an election (C,V ) with the set C = {p,w,d1,d2,d3}∪X ∪Y of
candidates, where p is the designated candidate and Y = {yi | xi ∈ X}. Construct the following list V of votes:

8 Since this candidate x` is still in the election, x` cannot have been in X3 and thus must have had at least nine points.
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# vote for

1 · · · xi,1 xi,2 xi,3 p 1≤ i≤ 3m
2m · · · p

−−−−→
Y \{yi} yi xi 1≤ i≤ 3m

2m · · · p
−→
Y w d1 d2 d3

1 · · · p
−→
Y w X d1 d2 d3

m · · · p
−→
Y w

For votes of the form · · · xi,1 xi,2 xi,3 p, we use the price function ρ(1) = ρ(2) = ρ(3) = 1, and ρ(t) = m+ 1
for all t ≥ 4; and for all the remaining votes, we use the price function ρ(t) = m+1 for all t ≥ 1. Furthermore, our
budget is B = m.

The candidates have the following veto counts: p has 3m vetoes, each xi ∈ X has 2m vetoes, w has m vetoes,
d3 has 2m+ 1 vetoes, and the remaining candidates each have 0 vetoes. Therefore, p will be eliminated in the first
round and thus does not win the election.

We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in Coombs-CONSTRUCTIVE-SHIFT-BRIBERY,
regardless of the winner model.

(⇒) Assume that (X ,S ) is in X3C. This means that there exists a subset S ′⊆S with |S ′|=m and
⋃

Si∈S ′ Si =
X . So we have a partition of X into three sets, X = X1∪X2∪X3, such that:

X1 = {xi ∈ Si | xi has the lowest subscript in Si ∈S ′ },
X3 = {xi ∈ Si | xi has the highest subscript in Si ∈S ′ }, and
X2 = X \ (X1∪X3).

Let Y = Y1∪Y2∪Y3 be the corresponding partition of Y .
We bribe the voters with votes of the form · · · xi,1 xi,2 xi,3 p for Si ∈ S ′ so that they change their votes to

· · · p xi,1 xi,2 xi,3. Since S ′ is an exact cover of X , it follows that p now has a total of 2m vetoes, whereas each
x ∈ X3 receives an additional veto for a total of 2m+1. The number of vetoes for the remaining candidates remain
unchanged. If a candidate has the highest number of vetoes then she has the fewest number of points and cannot
proceed to the next round (unless all candidates have the same score). Here, the candidates in X3 and d3 have the
fewest number of points (and fewer than the other candidates) and therefore are eliminated in the first round.

Without the candidates in X3, each candidate in X2 gets an additional veto and the candidates in Y3 each take all but
one of the vetoes of the eliminated candidates in X3. Furthermore, d2 receives the vetoes of d3. As a consequence,
in the second round the candidates in X2 and d2 have the fewest number of points (and fewer than the remaining
candidates) and are eliminated.

Similarly to the first round, vetoes from candidates in X2 and d2 are passed on to candidates in X1 and Y1 and
to d1. Thus the candidates have the following veto counts in the third round: p and each y∈Y2∪Y3 receive 2m vetoes,
w receives m vetoes, each y ∈ Y1 receives zero vetoes, and d1 and each xi ∈ X1 receive 2m+1 vetoes. Consequently,
all the candidates xi ∈ X1 and d1 are eliminated in the third round, so in the next round there are no candidates from
X and no di, 1≤ i≤ 3.

It follows that w receives 2m+ 1 additional vetoes in the fourth round, so w has the most vetoes in this round
and is eliminated. We need 3m further rounds until p ends up as the last remaining candidate and sole winner of
the election. In each of these rounds, the candidate in Y that is still alive and has the highest subscript has at least
2m+2m+1+m = 5m+1 vetoes, while p always has only 3m vetoes.

(⇐) Suppose that (X ,S ) is a no-instance of X3C. We will show that ((C,V ), p,B,ρ) then is a no-instance of
Coombs-CONSTRUCTIVE-SHIFT-BRIBERY in the nonunique-winner (and thus also in the unique-winner) model.
Observe that if we were going to make p a winner of the election, we would have to bribe at least m voters with a
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vote of the form · · · xi,1 xi,2 xi,3 p; otherwise, p would have at least 2m+1 vetoes and would be eliminated right away
in the first round. Due to our budget, on the other hand, we can bribe no more than m (and thus would have to bribe
exactly m) such voters and cannot bribe any further voters. Let S ′ ⊆S be such that Si ∈S ′ exactly if the voter
with the vote of the form · · · xi,1 xi,2 xi,3 p has been bribed. Note that |S ′|= m and S ′ does not cover X because we
have a no-instance of X3C. Now p has only 2m vetoes and will not be eliminated in the first round.

Let X1 be the set of candidates xi ∈ Si for Si ∈S ′ with the smallest subscript in Si, let X2 be the set of candidates
xi ∈ Si for Si ∈S ′ with the second-smallest subscript in Si, and let X3 be the set of candidates xi ∈ Si for Si ∈S ′

with the highest subscript in Si. Note that X1∪X2∪X3 6= X , since S ′ does not cover X .
For w to have more vetoes than p, the candidates d1, d2, and d3 need to be eliminated. For that to happen, there

must be three rounds in which no other candidate has more than 2m+1 vetoes. In the round where di, 1≤ i≤ 3, is
eliminated, all still standing candidates in Xi are eliminated as well. Assume there were three rounds in which 2m+1
was the maximal number of vetoes for a candidate. Then d1, d2, d3, and all candidates in X1∪X2∪X3 are eliminated.
Note that those candidates that are not covered by S ′ always have only 2m vetoes and are still participating in the
election. Therefore, in the next round, p and w have 3m vetoes each, the remaining candidates from X have at most
2m+ 1 vetoes, and the candidates from Y have at most 2m vetoes. So even if p survives the first rounds with the
candidates d1, d2, and d3 still present, p will then surely be eliminated in the following round. If there is at least one
voter who shifts p only one or two positions upward, then p has to drop out with d1 or even before d1 drops out,
because at the latest after two rounds (with 2m+1 being the maximal number of vetoes for a candidate) p receives
another veto and thus has at least the same number of vetoes as d1. ut

Example 2 Let (X ,S ) be a yes-instance of X3C defined by

X = {x1, . . . ,x6} and
S = {{1,2,3},{4,5,6},{2,3,6},{2,4,5},{1,3,4},{1,5,6}}.

Construct ((C,V ), p,B,ρ) from (X ,S ) as in the proof of Theorem 3; in particular, the budget is B = 2. If we
bribe the voters that correspond to the sets in the exact cover, S1 and S2, to change their votes from · · · x1 x2 x3 p and
· · · x4 x5 x6 p to · · · p x1 x2 x3 and · · · p x4 x5 x6, then p alone wins the election that proceeds as follows, where in
order to make this example easier to follow, the numbers in the table count the candidates’ vetoes, not their points,
i.e., the candidates with the highest number in a round (row) get eliminated:

Round p w x1,x4 x2,x5 x3,x6 y1 y2 y3 y4 y5 y6 d1 d2 d3

1 4 2 4 4 5 0 0 0 0 0 0 0 0 5
2 4 2 4 5 out 0 0 4 0 0 4 0 5 out
3 4 2 5 out out 0 4 4 0 4 4 5 out out
4 6 7 out out out 4 4 4 4 4 4 out out out
5 6 out out out out 4 4 4 4 4 11 out out out
6 6 out out out out 4 4 4 4 15 out out out out
7 6 out out out out 4 4 4 19 out out out out out
8 6 out out out out 4 4 23 out out out out out out
9 6 out out out out 4 27 out out out out out out out

10 6 out out out out 31 out out out out out out out out

It follows that p is the sole winner of the election.
Now consider a no-instance (X ,S ) with

X = {x1, . . . ,x6} and
S = {{1,2,4},{4,5,6},{2,3,6},{2,3,5},{1,3,4},{1,5,6}}.
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Recall that we can bribe at most two voters. If we bribe fewer than two voters, however, p will be eliminated in
the first round. Since (X ,S ) is a no-instance of X3C, no matter which two subsets Si,S j ∈S we choose, at least
one xk is in both Si and S j. For example, if we bribe the voters that correspond to the sets S1 and S2, changing their
votes from · · · x1 x2 x4 p and · · · x4 x5 x6 p to · · · p x1 x2 x4 and · · · p x4 x5 x6, then the election proceeds as follows:

Round p w x1 x2,x5 x3 x4,x6 y1 y2,y5 y3 y4,y6 d1 d2 d3

1 4 2 4 4 4 5 0 0 0 0 0 0 5
2 4 2 4 5 4 out 0 0 0 4 0 5 out
3 5 2 5 out 4 out 0 4 0 4 5 out out
4 out 2 out out 4 out 4 4 0 4 out out out
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Since x4 is in both S1 and S2, p gets an additional veto in round 3 and is subsequently eliminated. The same will
happen for similar reasons in every other case.

This completes Example 2.

We now modify the previous reduction so as to work for the destructive case in Coombs elections.

Theorem 4 In both the unique-winner and the nonunique-winner model, Coombs-DESTRUCTIVE-SHIFT-BRIBERY
is NP-hard.

Proof. To prove NP-hardness, we again reduce from the NP-complete problem X3C to Coombs-DESTRUCTIVE-
SHIFT-BRIBERY. Given an X3C instance (X ,S ) where we may assume that m > 2 for |X | = 3m, we construct a
DESTRUCTIVE-SHIFT-BRIBERY instance ((C,V ), p,B,ρ) as follows. Let C =X∪S ∪D∪{p,w,y} be the candidate
set with designated candidate p and a set D = {di, j | 1 ≤ i ≤ m− 1,1 ≤ j ≤ 4} of dummy candidates. Let D =
D1 ∪D2 ∪D3 ∪D4 be a partition of D with D j = {di, j | 1 ≤ i ≤ m− 1} for 1 ≤ j ≤ 4. The list V of votes is then
constructed as follows:

# vote for

1 · · · p Si 1≤ i≤ 3m
4m p · · · w xi,1 xi,2 xi,3 Si 1≤ i≤ 3m

4m+1 · · · p X di,1 di,2 di,3 di,4 1≤ i≤ m−1
1 p · · · y xi 1≤ i≤ 3m
3 · · · p
2 p · · · w

Unlike in the previous proofs, it is here necessary that the candidates that are represented by “· · ·” are placed
in lexicographical order. For votes of the form · · · p Si, we use the price function ρ(1) = 1, and ρ(t) = 2m+ 1 for
all t ≥ 2; and for all the remaining voters, we use the price function ρ(t) = 2m+1 for all t ≥ 1. Finally, we set the
budget B = 2m.

Analyzing the constructed election without bribing voters, the candidates have the following veto counts: p has
three vetoes, w has two vetoes, each x ∈ X has one veto, each Si ∈ S and each d ∈ D4 has 4m+ 1 vetoes, and
the remaining candidates each have zero vetoes. It follows that all candidates from S and D4 are eliminated. The
candidates from D4 transfer their vetoes to candidates in D3 who each have 4m+1 vetoes now; p gets 3m additional
vetoes from the eliminated candidates in S ; and the remaining 12m2 vetoes (from the second group of voters)
are shared among candidates from X . Since they are ordered lexicographically in those votes, there must be one
candidate from X (now and in the following rounds) that obtains more than 4m+1 vetoes leading to the elimination
of all candidates from X in the following rounds. In each of these following rounds, the candidate who receives some
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of those 12m2 vetoes from a previously eliminated candidate (starting with w) will now be eliminated, eventually
leaving p as the last standing candidate and sole winner.

We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in Coombs-DESTRUCTIVE-SHIFT-BRIBERY,
regardless of the winner model.

(⇒) Assume that (X ,S ) is in X3C. This means that there exists a subset S ′⊆S with |S ′|=m and
⋃

Si∈S ′ Si =
X . So we have a partition of X into three sets, X = X1∪X2∪X3, such that:

X1 = {xi ∈ Si | xi has the lowest subscript in Si ∈S ′ },
X3 = {xi ∈ Si | xi has the highest subscript in Si ∈S ′ }, and
X2 = X \ (X1∪X3).

We bribe the voters with a vote of the form · · · p Si with Si ∈S \S ′ such that they change their vote to · · · Si p.
Now the election proceeds as follows, where we again count the vetoes and not the points:

Round p w y S ′ S \S ′ X1 X2 X3 D1 D2 D3 D4

1 2m+3 2 0 4m+1 4m 1 1 1 0 0 0 4m+1
2 3m+3 2 0 out 4m 1 1 4m+1 0 0 4m+1 out
3 3m+3 2 m out 4m 1 4m+1 out 0 4m+1 out out
4 3m+3 2 2m out 4m 4m+1 out out 4m+1 out out out
5 4m2 +2 4m2 +2 3m out 4m out out out out out out out

We see that p is eliminated in the fifth round, whereas y and some other candidates from S \S ′ are still in the
election. Hence, p does not win.

(⇐) Suppose that (X ,S ) is a no-instance of X3C. Then no subset S ′ ⊆S with |S ′| ≤ m covers X . We now
show that p will not be eliminated in an election obtained by bribing voters without exceeding budget B but will in
fact become the only winner. Note that we can only bribe at most 2m voters with votes of the form · · · p Si without
exceeding the budget. Let S ′ ⊆S be such that for every Si ∈S \S ′ we have bribed the voter whose vote was
· · · p Si and now is · · · Si p. We can assume that |S \S ′|> 0.

Every candidate in S \S ′ will gain an additional point and therefore survives the first round. All candidates in
D4 and S ′ will be eliminated in the first round. It follows that p has 3m+3 vetoes in the second round. At this point,
p is in each voter group other than the third voter group (with votes of the form · · · p X di,1 di,2 di,3 di,4) either the
most (groups 2, 4, and 6) or the least preferred (groups 1 and 5) candidate; therefore, p does not receive any further
vetoes before some candidate d ∈ D1 is eliminated.

We note that |S ′| ≥m. Since S ′ is not an exact cover of X , we have at least one x∈ X which is in two sets S,S′ ∈
S ′. Let X ′ = {x ∈ X | ∃ S,S′ ∈ S ′, S 6= S′, x ∈ S∩S′}. After two further rounds in which 4m+1 is the maximum
number of vetoes, the candidates d ∈ D\D1 are eliminated. If each x ∈ X ′ is still in the election, it follows that each
x ∈ X ′ has at least 4m+ 2 vetoes such that some candidates x ∈ X ′ will be eliminated. It follows that in the next
round w receives at least 4m+2 vetoes such that w has the most vetoes while the candidates d ∈D1 still have 4m+1
vetoes. Otherwise, if at least one candidate x ∈ X ′ is eliminated, it follows that w receives at least 4m+ 2 vetoes at
the latest in the fourth round, while each d ∈ D1 still has 4m+ 1 vetoes. After w is eliminated, in each following
round the candidate x with the highest subscript and later the candidate S with the highest subscript and y will be
eliminated. It follows that only p and the candidates d ∈ D1 are still in the election. In each following round, p has
at most 4m2− 4m+ 1 vetoes while the still standing candidate d ∈ D1 with the highest subscript receives at least
12m2 +7m+3 vetoes. Hence, eventually p alone wins the election. ut
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4 Baldwin and Nanson

We now show NP-hardness of shift bribery for Baldwin and Nanson elections. Note that our reductions are inspired
by and similar to those used by Davies et al. [14] to show NP-hardness of the unweighted coalitional manipulation
problem for these voting systems.

For a preference profile V over a set of candidates C, let avg(V ) be the average Borda score of the candidates in
V (i.e., avg(V ) = (|C|−1)|V |/2). To conveniently construct votes, for a set of candidates C and c1,c2 ∈C, let

W(c1,c2) = (c1 c2
−−−−−−−→
C \{c1,c2},

←−−−−−−−
C \{c1,c2} c1 c2).

Under Borda, from the two votes in W(c1,c2) candidate c1 scores |C| points, c2 scores |C| − 2 points, and all other
candidates score |C|−1 points. Also, observe that if a candidate c∗ ∈C is eliminated in some round and c∗ /∈ {c1,c2}
then all other candidates lose one point due to the votes in W(c1,c2); if c∗ = c1 then c2 loses no points but all other
candidates lose one point; and if c∗ = c2 then c1 loses two points and all other candidates lose one point. Therefore, if
c∗ is eliminated, the point difference caused by this elimination with respect to the votes in W(c1,c2) remains the same
for all candidates, with two exceptions: (a) If c∗ = c1 then c2 gains a point with respect to every other candidate, and
(b) if c∗ = c2 then c1 loses a point with respect to every other candidate. Furthermore, let score(C,V )(x) denote the
number of points candidate x obtains in a Borda election (C,V ), and let dist(C,V )(x,y) = score(C,V )(x)−score(C,V )(y).

We start with the complexity of shift bribery in Baldwin elections for the constructive case.

Theorem 5 In both the unique-winner and the nonunique-winner model, Baldwin-CONSTRUCTIVE-SHIFT-BRIBERY
is NP-hard.

Proof. To prove NP-hardness, we reduce the NP-complete problem X3C to Baldwin-CONSTRUCTIVE-SHIFT-
BRIBERY. From a given X3C instance (X ,S ), we construct an election (C,V ) with the set of candidates C =
{p,w,d} ∪ X ∪S and designated candidate p and with V consisting of two lists of votes, V1 and V2, where V1
contains the following votes:

# votes for # votes for

1 W(S j ,p) 1≤ j ≤ 3m 2 W(x j,3,S j) 1≤ j ≤ 3m
2 W(x j,1,S j) 1≤ j ≤ 3m 2 W(w,xi) 1≤ i≤ 3m
2 W(x j,2,S j) 1≤ j ≤ 3m 7 W(w,p)

The votes in V1 give the following scores to the candidates in C:

score(C,V1)(xi) = avg(V1)+4 for every xi ∈ X ,

score(C,V1)(S j) = avg(V1)−5 for every S j ∈S ,

score(C,V1)(p) = avg(V1)−3m−7,

score(C,V1)(w) = avg(V1)+6m+7,

score(C,V1)(d) = avg(V1).

Furthermore, V2 contains the following votes:

# votes for # votes

2m+1 W(d,S j) 1≤ j ≤ 3m 1 W(p,d)
2m+9 W(d,xi) 1≤ i≤ 3m 2m+14 W(d,w)
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The votes in V2 give the following scores to the candidates in C:

score(C,V2)(xi) = avg(V2)− (2m+9) for every xi ∈ X ,

score(C,V2)(S j) = avg(V2)− (2m+1) for every S j ∈S ,

score(C,V2)(p) = avg(V2)+1,

score(C,V2)(w) = avg(V2)− (2m+14),

score(C,V2)(d) = avg(V2)+12m2 +32m+13.

Let V = V1 ∪V2 and avg(V ) = avg(V1)+ avg(V2). Then we have the following Borda scores for the complete
preference profile V over C:

score(C,V )(xi) = avg(V )−2m−5 for every xi ∈ X ,

score(C,V )(S j) = avg(V )−2m−6 for every S j ∈S ,

score(C,V )(p) = avg(V )−3m−6,

score(C,V )(w) = avg(V )+4m−7,

score(C,V )(d) = avg(V )+12m2 +32m+13.

Regarding the price function, for every first vote of W(S j ,p) (i.e., a vote of the form S j p
−−−−−−→
C \{S j, p}), let ρ(1) = 1

and ρ(t) = m+ 1 for every t ≥ 2. For every other vote, let ρ(t) = m+ 1 for every t ≥ 1. Finally, we set the budget
B = m.

It is easy to see that p is eliminated in the first round in the election (C,V ) and thus does not win.
We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in Baldwin-CONSTRUCTIVE-SHIFT-BRIBERY,

regardless of the winner model.
(⇒) Suppose there is an exact cover S ′ ⊆ S . Then we bribe the first votes of W(S j ,p) for every S j ∈ S ′ by

shifting p to the left once. Note that we won’t exceed our budget, since shifting once costs 1 in those votes and
|S ′| = m. After this bribery, for every S j ∈S ′, the two votes from W(S j ,p) result in two votes that are symmetric

to each other (i.e., p S j
−−−−−−→
C \{S j, p} equals the vote

←−−−−−−
C \{S j, p} S j p in reverse order) and can thus be disregarded

from now on, as all candidates gain the same number of points from those votes and all candidates lose the same
number of points if a candidate is eliminated from the election. After those m votes have been bribed, only the scores
of p and every S j ∈S ′ change. With score(C,V )(p) = avg(V )− 2m− 6 and score(C,V )(S j) = avg(V )− 2m− 7, all
candidates in S ′ are tied for the last place. If any S j ∈S ′ is eliminated in a round, the three candidates x j,1, x j,2,
and x j,3 will lose two points more than the candidates from S ′ \ {S j} that were in the last position before S j was
eliminated. Therefore, those three candidates from X will then be in the last position in the next round. This means
that all candidates S ′ and every xi ∈ X that is covered by S ′ will be eliminated in the subsequent rounds. Since
S ′ is an exact cover, now there is no candidate from X left. Thus the point difference between p and w is 1 and
between p and the remaining S j ∈ (S \S ′) is −6. Note that p can beat d only if no candidate of C \{p,d} is still
participating. So in the next round, w is eliminated. From this p gains seven points on all S j ∈ (S \S ′), so these
are tied for the last place. Therefore, the remaining candidates from S are eliminated, which leaves p and d for the
next and final round, where d is eliminated and p wins the election alone.

(⇐) Suppose there is no exact cover. It is obvious that at most m of the first votes of W(S j ,p) can be bribed
without exceeding the budget. Without bribing, p is in the last place and the point difference to the second-to-last
candidate(s) is dist(C,V )(p,S j) =m, 1≤ j≤ 3m. By bribing, as explained above, p gains m+1 points on m candidates
from S , which then will be eliminated from the election. This leads to the elimination of all xi ∈ X that are covered
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by the set S ′ ⊆S of candidates that were eliminated. Since there is no exact cover, S ′ doesn’t cover X . So there
are candidates X ′ ⊆ X , |X ′| ≥ 1, who were not eliminated before, as for every candidate xi ∈ X ′ all three candidates
S j ∈ (S \S ′) with xi ∈ S j are still in the election. With the candidates C1 = {p,w,d}∪ (S \S ′)∪X ′ still standing,
the point differences of p to the other remaining candidates are as follows:

dist(C1,V )(p,d) =−2m−5−2m(2m+1)−|X ′|(2m+9)− (2m+14)< 0,

dist(C1,V )(p,w) = 1−2|X ′|< 0,

dist(C1,V )(p,xi) =−1 for every xi ∈ X ′, and

dist(C1,V )(p,S j)≤ 0 for every S j ∈S \S ′.

Therefore, p is in the last place and is eliminated and thus does not win. ut
The proof of the following theorem, which handles the destructive variant for Baldwin, uses a similar idea as the

proof of Theorem 5. That is why we refrain from presenting all proof details in full; a proof sketch will suffice.

Theorem 6 In both the unique-winner and the nonunique-winner model, Baldwin-DESTRUCTIVE-SHIFT-BRIBERY
is NP-hard.

Proof Sketch. To prove NP-hardness, we reduce the NP-complete problem X3C to Baldwin-DESTRUCTIVE-
SHIFT-BRIBERY. From a given X3C instance (X ,S ), we construct an election (C,V ), where C = {p,w,b,d}∪X ∪
S is the set of candidates, p is the designated candidate, and V consists of two lists of votes, V1 and V2, where V1
contains the following votes:

# votes for # votes for

1 W(p,S j) 1≤ j ≤ 3m 2 W(w,xi) 1≤ i≤ 3m
2 W(S j ,x j,1) 1≤ j ≤ 3m 3m+7 W(w,d)

2 W(S j ,x j,2) 1≤ j ≤ 3m m+10 W(b,S j) 1≤ j ≤ 3m
2 W(S j ,x j,3) 1≤ j ≤ 3m

Furthermore, V2 contains the following votes:

# votes for # votes

1 W(d,p) 6m+14 W(p,w)
2m+7 W(p,S j) 1≤ j ≤ 3m 3m2 +33m+12 W(p,b)
3m+3 W(p,xi) 1≤ i≤ 3m

Let V =V1∪V2. Then we have the following Borda scores for the complete profile V :

score(C,V )(xi) = avg(V )−3m−11 for every xi ∈ X ,

score(C,V )(S j) = avg(V )−3m−12 for every S j ∈S ,

score(C,V )(d) = avg(V )−3m−6,

score(C,V )(w) = avg(V )+3m−7,

score(C,V )(b) = avg(V )−3m−12,

score(C,V )(p) = avg(V )+18m2 +72m+25.
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Regarding the price function, for every first vote of W(p,S j) (i.e., a vote of the form p S j C \{S j, p}), let ρ(1) = 1
and ρ(t) = m+ 1 for every t ≥ 2. For every other vote, let ρ(t) = m+ 1 for every t ≥ 1. Finally, we set the budget
B = m.

It is easy to see that p wins the election (C,V ).
We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in Baldwin-DESTRUCTIVE-SHIFT-BRIBERY,

regardless of the winner model.

(⇒) Suppose there is an exact cover S ′ ⊆ S . Then we bribe the first votes of W(p,S j) for every S j ∈ S ′ by
shifting p to the right once. With a similar argument as in the proof of Theorem 5, d alone wins the election, i.e., p
is not among the winners.

(⇐) Suppose there is no exact cover. Then, for every S ′ ⊆S with |S ′| ≤ m, there is at least one xi ∈ X that
is not covered by S ′. It is obvious that at most m of the first votes of W(p,S j) can be bribed without exceeding the
budget. We can then show, similarly as in the proof of Theorem 5, that d will always be eliminated before w and
therefore p cannot be prevented from winning the election alone. ut

Finally, we turn to Nanson elections for which we again will show that shift bribery is NP-hard. The reduction
below will only use pairs of votes of the form W(c1,c2). The average Borda score for those two votes is |C|−1. The
candidate c1 scores one point more than the average Borda score and c2 scores one point fewer than the average
Borda score. The other candidates score exactly the average Borda score. If a candidate is eliminated in a round,
the average Borda score required to survive the next round decreases by one. Regardless of which candidate is
eliminated, all remaining candidates that are not c1 or c2 lose one point and still have exactly the average Borda
score. If c2 is eliminated, c1 loses its advantage with respect to the average Borda score and now scores exactly the
average Borda score as well. If one of the other candidates is eliminated, c1 continues to have one point more than
the average Borda score. By symmetry, this holds analogously for c2: If c1 is eliminated, c2 scores the average Borda
score, and if one of the other candidates is eliminated, c2 still has one point fewer than the average Borda score.

Theorem 7 In both the unique-winner and the nonunique-winner model, Nanson-CONSTRUCTIVE-SHIFT-BRIBERY
is NP-hard.

Proof. To prove NP-hardness, we reduce the NP-complete problem X3C to Nanson-CONSTRUCTIVE-SHIFT-
BRIBERY. Again, starting from a given X3C instance (X ,S ), we construct an election (C,V ) with the set of can-
didates C = {p,w1,w2,d}∪X ∪S , where p is the designated candidate. Then we construct two sets of votes, V1
and V2, where V1 contains the following votes:

# votes for # votes for

1 W(S j ,p) 1≤ j ≤ 3m 1 W(x j,3,S j) 1≤ j ≤ 3m
1 W(xi,p) 1≤ i≤ 3m 4 W(S j ,w1) 1≤ j ≤ 3m
1 W(x j,1,S j) 1≤ j ≤ 3m 15m W(w1,w2)

1 W(x j,2,S j) 1≤ j ≤ 3m 3m W(p,w1)

Furthermore, V2 contains the following votes:

# votes for

2m W(p,d)
2 W(d,S j) 1≤ j ≤ 3m
4 W(d,xi) 1≤ i≤ 3m
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Let V =V1∪V2. Then we have the following Borda scores for the complete profile V :

score(C,V )(xi) = avg(V ) for every xi ∈ X ,

score(C,V )(S j) = avg(V ) for every S j ∈S ,

score(C,V )(p) = avg(V )−m,

score(C,V )(w1) = avg(V ),

score(C,V )(w2) = avg(V )−15m,

score(C,V )(d) = avg(V )+16m.

The price function is again defined as follows. For every first vote of W(S j ,p) (i.e., a vote of the form S j p C \
{S j, p}), let ρ(1) = 1 and ρ(t) = m+1 for every t ≥ 2. For every other vote, let ρ(t) = m+1 for every t ≥ 1. Finally,
we set the budget B = m.

It is easy to see that p is eliminated in the first round of the election (C,V ) and so does not win.
We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in Nanson-CONSTRUCTIVE-SHIFT-BRIBERY,

regardless of the winner model.

(⇒) Suppose there is an exact cover S ′ ⊆ S . Then, for every S j ∈ S ′, we bribe the first vote of W(S j ,p) by
shifting p to the left once in all those votes. Note that we won’t exceed our budget, since this bribe action costs 1 per
vote and |S ′|= m. With the additional m points, p reaches the average Borda score and is not eliminated in the first
round. However, all candidates in S ′ lose one point and are eliminated. Additionally, w2 will be eliminated as well.

In the next round, w1 will be eliminated, since she has 11m points fewer than the average Borda score required
to survive this round. Since the candidates in S ′ were eliminated in the last round and S ′ is an exact cover, every
candidate in X now has fewer points than the average Borda score and is eliminated.

In the third round, only p, d, and the candidates in S \S ′ are still standing. Therefore, the only pairs of votes that
are not symmetric are W(S j ,p), twice W(d,S j) for every S j ∈ (S \S ′), and 2m pairs of W(p,d). Since |S \S ′|= 2m,
we have that p scores exactly the average Borda score and survives this round, just as d. Every S j ∈ (S \S ′) has
one point fewer than the average Borda score and is eliminated. This leaves only p and d in the last round, which p
alone wins.

(⇐) Suppose there is no exact cover. Then, for every S ′ ⊆S with |S ′| = m, there is at least one xi ∈ X that
is not covered by S ′. Note that we can only bribe the first votes of any W(S j ,p) without exceeding the budget. For
p to survive the first round, we need to bribe m of those votes by shifting p to the left once. Let S ′ ⊆S be such
that S ′ contains S j exactly if the first vote of W(S j ,p) has been bribed. Then every S j ∈S ′ has a score of avg(V )−1
and p has a score of avg(V ). Therefore, in the first round, every candidate from S ′ and w2 are eliminated from the
election.

In the second round, w1 will be eliminated because of the 15m pairs of votes W(w1,w2) and the elimination of w2.
Furthermore, a candidate xi ∈ X reaches the average Borda score with p and d still standing only if all three S j ∈S
with xi ∈ S j are also not yet eliminated. Since the candidates in S ′ were eliminated in the previous round, for every
S j ∈ S ′, all three xi ∈ S j will be eliminated in this round. Since S ′ is not an exact cover, there are candidates
X ′ ⊆ X that survive this round. d also reaches the average Borda score, as there are 2m candidates S \S ′ and those
candidates S \S ′ survive due to w1.

In the next round, the candidates still standing are p, d, X ′, and S \S ′. Because |X ′| ≥ 1, candidate p has |X ′|
points fewer than the average Borda score and is eliminated in this round. Thus p does not win. ut

Our last result in this section shows that the destructive variant of shift bribery in Nanson elections is intractable
as well.
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Theorem 8 In both the unique-winner and the nonunique-winner model, Nanson-DESTRUCTIVE-SHIFT-BRIBERY
is NP-hard.

Proof. To prove NP-hardness, we reduce the NP-complete problem X3C to Nanson-DESTRUCTIVE-SHIFT-
BRIBERY. Once more, given an X3C instance (X ,S ), we construct an election (C,V ) with the set of candidates
C = {p,w1,w2,w3,d}∪X ∪S , where p is the designated candidate and (X ,S ) is the given X3C instance. Then we
construct two sets of votes, V1 and V2, where V1 contains the following votes:

# votes for # votes for

1 W(p,S j) 1≤ j ≤ 3m 6 W(S j ,w3) 1≤ j ≤ 3m
1 W(d,xi) 1≤ i≤ 3m 20m W(w1,w2)

2 W(x j,1,S j) 1≤ j ≤ 3m 19m W(w3,w1)

2 W(x j,2,S j) 1≤ j ≤ 3m 3m+1 W(w3,d)

2 W(x j,3,S j) 1≤ j ≤ 3m

Furthermore, V2 contains the following votes:

# votes for # votes

1 W(d,p) 3m+1 W(p,w3)

1 W(p,xi) 1≤ i≤ 3m

Let V =V1∪V2. Then we have the following Borda scores for the complete profile V :

score(C,V )(xi) = avg(V )+4 for every xi ∈ X ,

score(C,V )(S j) = avg(V )−1 for every S j ∈S ,

score(C,V )(d) = avg(V ),

score(C,V )(w1) = avg(V )+m,

score(C,V )(w2) = avg(V )−20m,

score(C,V )(w3) = avg(V )+m,

score(C,V )(p) = avg(V )+9m.

The price function is again defined as follows. For every first vote of W(p,S j) (i.e., a vote of the form p S j C \
{S j, p}), let ρ(1) = 1 and ρ(t) = m+1 for every t ≥ 2. For every other vote, let ρ(t) = m+1 for every t ≥ 1. Finally,
we set the budget B = m.

It is easy to see that p will only have fewer points than the average Borda score if all candidates from S , X , and
the candidate w3 are eliminated while d is still standing. Without bribing, d is eliminated in the third round while w3
is still standing, and eventually p wins the election (C,V ).

We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in Nanson-DESTRUCTIVE-SHIFT-BRIBERY,
regardless of the winner model.

(⇒) Suppose there is an exact cover S ′ ⊆ S . Then, for every S j ∈ S ′, we bribe the first vote of W(p,S j) by
shifting p to the right once in all those votes. Note that we won’t exceed our budget, since this bribe action costs 1
per vote and |S′|= m. After those m votes have been bribed, every S j ∈S ′ gains a point and therefore survives the
first round. All other candidates S \S ′ and w2 are eliminated.

Let C1 = {p,d,w1,w3}∪X ∪S ′ be the set of candidates present in the second round. w1 loses 19m points on the
average Borda score from the elimination of w2 and is eliminated. Additionally, all candidates of X lose four points
on the average Borda score but still survive this round, as they now have exactly the average Borda score.
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Let C2 = {p,d,w3}∪X ∪S ′ be the candidates in the third round. In this round, only w3 is eliminated because
w3 lost 19m points on the average Borda score from the elimination of w1.

Let C3 = {p,d}∪X ∪S ′ be the candidates in the fourth round. The scores are as follows:

score(C3,V )(xi) = avg(V ) for every xi ∈ X ,

score(C3,V )(S j) = avg(V )−6 for every S j ∈S ′,

score(C3,V )(d) = avg(V )+3m+1,

score(C3,V )(p) = avg(V )+3m−1.

Therefore all candidates in S ′ are eliminated. In the following round, all candidates in X are eliminated. This
leaves only p and d in the final round in which p is eliminated and thus cannot win.

(⇐) Suppose there is no exact cover. Then, for every S ′ ⊆S with |S ′| ≤ m, there is at least one xi ∈ X that is
not covered by S ′. Note that we can only bribe the first votes of any W(p,S j) without exceeding the budget.

We now show that, even with optimal bribing, d will be eliminated in the third round and, therefore, p alone
wins the election. Within our budget, we can prevent at most m candidates from S , say S ′, of being eliminated in
the first round by bribing the corresponding vote of W(p,S j). Since S ′ cannot be an exact cover of X , there is at least
one xi ∈ X for which all S j ∈S with xi ∈ S j are eliminated. This xi is eliminated in the second round, as it has lost
six points on the average Borda score from the eliminations of candidates in the previous round. In the third round,
w3 is still participating since w2 and w1 were only eliminated in the first and second round, respectively. Therefore,
the score of d minus the average Borda score of this round is at most −1, which means that d is eliminated in this
round. Thus, there is no candidate left that can prevent p from winning the election. ut

5 Iterated Plurality and Plurality with Runoff

In this section, we show hardness of shift bribery for iterated plurality and plurality with runoff, handling both voting
systems simultaneously and starting with the constructive case.

Theorem 9 In both the unique-winner and the nonunique-winner model, for iterated plurality and plurality with
runoff, CONSTRUCTIVE-SHIFT-BRIBERY is NP-hard.

Proof. To prove NP-hardness, we reduce X3C to CONSTRUCTIVE-SHIFT-BRIBERY for these two voting systems.
Let (X ,S ) be a given X3C instance. We construct the CONSTRUCTIVE-SHIFT-BRIBERY instance ((C,V ), p,B,ρ)
as follows. Let C = {p,w}∪X ∪S ∪D be the set of candidates, where p is the designated candidate and D = {di, j |
1≤ i≤ 3m and 1≤ j ≤ m−7} is a set of dummy candidates. The list V of votes is constructed as follows:

# vote for

1 Si p · · · 1≤ i≤ 3m
2 Si xi,1

−−−−−→
X \{xi,1}· · · 1≤ i≤ 3m

2 Si xi,2
−−−−−→
X \{xi,2}· · · 1≤ i≤ 3m

2 Si xi,3
−−−−−→
X \{xi,3} · · · 1≤ i≤ 3m

1 Si di, j
−−−−→
X \{xi} · · · 1≤ i≤ 3m, 1≤ j ≤ m−7

m xi
−−−−→
X \{xi} · · · 1≤ i≤ 3m

m di, j
−→
X · · · 1≤ i≤ 3m, 1≤ j ≤ m−7

3 w p · · ·
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For voters with votes of the form Si p · · · , we use the price function ρ(1) = 1, and ρ(t) = m+1 for all t ≥ 2; and for
every other voter, we use the price function ρ(t) = m+1 for t ≥ 1. Finally, set the budget B = m.

Without bribing, p has a score of zero and is eliminated immediately in both voting systems.

We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in CONSTRUCTIVE-SHIFT-BRIBERY for either
of the two voting systems, regardless of the winner model.

(⇒) Suppose that (X ,S ) is a yes-instance of X3C. Then there exists an exact cover S ′ ⊆ S of size m. We
now show that it is possible for p to become a unique iterated-plurality (respectively, plurality-with-runoff) winner
of an election obtained by shifting p in the votes without exceeding the budget. For every Si ∈S ′, we bribe the voter
with the vote of the form Si p · · · , so her new vote is of the form p Si · · · . In the first round p, every xi ∈ X , every
di, j ∈ D, and every Si ∈S \S ′ is a plurality winner, so only these candidates participate in the next round. In the
second round, p receives three further points from the three voters whose vote is w p · · · . Every candidate x j ∈ X
receives two further points from the votes of the form Si x j · · · with x j ∈ Si and Si ∈S ′. Every di, j with Si ∈S ′ and
1≤ j≤m−7 receives one additional point from the voters with vote Si di, j · · · . It follows that p has the most points
and therefore p is the unique iterated-plurality (respectively, plurality-with-runoff) winner.

(⇐) Suppose that (X ,S ) is a no-instance of X3C. Then, for every S ′ ⊆S with |S ′|= m, there is at least one
candidate in X that is not covered and, therefore, at least one candidate in X occurring in at least two sets from S ′.
We show that it is not possible for p to become a winner of the election obtained from the original election by bribing
without exceeding the budget.

To become a winner of such a bribed election, it is necessary for p to get at least m points in the first round. Due
to the budget, it is also necessary to bribe m voters with a vote of the form Si p · · · with Si ∈S ′. It follows that p,
each x ∈ X , each Si ∈S \S ′, and each di, j ∈ D participate in the second round. As mentioned above, at least one
candidate in X receives at least four further points due to the fact that S ′ is not a cover of X . Thus p does not win.
That means that ((C,V ), p,B,ρ) is a no-instance of CONSTRUCTIVE-SHIFT-BRIBERY for either of iterated plurality
and plurality with runoff regardless of the winner model. ut

We have the same result in the destructive case. This is the first proof where we use an NP-complete problem other
than X3C to show NP-hardness, namely ONE-IN-THREE-POSITIVE-3SAT, which was also defined in Section 2.

Theorem 10 In both the unique-winner and the nonunique-winner model, for iterated plurality and plurality with
runoff, DESTRUCTIVE-SHIFT-BRIBERY is NP-hard.

Proof. To prove NP-hardness, we reduce the NP-complete problem ONE-IN-THREE-POSITIVE-3SAT to DE-
STRUCTIVE-SHIFT-BRIBERY for both voting systems. Let (X ,S) be a given ONE-IN-THREE-POSITIVE-3SAT in-
stance, where X = {x1, . . . ,x3m} and S = {S1, . . .S3m} with Si = {xi,1,xi,2,xi,3} ⊆ X for each 1 ≤ i ≤ 3m. Without
loss of generality, we can assume that m > 6. We construct the DESTRUCTIVE-SHIFT-BRIBERY instance for both
voting systems as follows. Let C = {p,w,e, f}∪D∪Y ∪X with D = {di, j | 1 ≤ i ≤ 3m and 1 ≤ j ≤ 2m− 1} and
Y = {yi, j | 1≤ i≤ 3m and 1≤ j ≤ 4} and where p is the designated candidate. The list V of votes is constructed as
follows:
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# votes for

1 p xi · · · 1≤ i≤ 3m
1 yi,1 xi,1 xi,2 w p · · · 1≤ i≤ 3m
1 yi,2 xi,2 xi,3 w p · · · 1≤ i≤ 3m
1 yi,3 xi,1 xi,3 w p · · · 1≤ i≤ 3m
4 yi,4 xi,1 xi,2 xi,3 p · · · 1≤ i≤ 3m
1 xi di, j p · · · 1≤ i≤ 3m, 1≤ j ≤ 2m−1

2m di, j p · · · 1≤ i≤ 3m, 1≤ j ≤ 2m−1
2m w p · · ·

2m−1 e p · · ·
m f p · · ·

For votes of the form p xi · · · we use the price function ρ(1) = 1 and p(t) = m+1 for all t ≥ 2. For every other
vote, we use the price function ρ(t) = m+1 for t ≥ 1. Finally, set the budget B = m.

Without bribing, the election proceeds as follows. In the first round, p scores 3m points, w and every di, j ∈ D
scores 2m points, and each of the remaining candidates scores fewer than 2m points. In the second round, p scores
18m−1 points, w scores 11m points, and every di, j scores 2m+1 points. It follows that p is the unique winner for
either of iterated plurality and plurality with runoff.

We claim that (X ,S) is in ONE-IN-THREE-POSITIVE-3SAT if and only if ((C,V ), p,B,ρ) is in DESTRUCTIVE-
SHIFT-BRIBERY for either of the two voting systems, regardless of the winner model.

(⇒) Suppose that (X ,S) is a yes-instance of ONE-IN-THREE-POSITIVE-3SAT. Then there exists a subset U ⊆X
such that for each clause S j we have |U∩S j|= 1. We bribe the voters with the vote of the form p xi · · · with xi ∈U so
that the new vote has the form xi p · · · . It follows that p, w, every xi ∈U , and every di, j ∈ D reach the second round
with 2m points each. In the second round, p gains 3m− 1 additional points while w gains 3m additional points. It
follows that p is not a winner of the election, so ((C,V ), p,B,ρ) is a yes-instance of DESTRUCTIVE-SHIFT-BRIBERY
for both voting systems, regardless of the winner model.

(⇐) Suppose that (X ,S) is a no-instance of ONE-IN-THREE-POSITIVE-3SAT. We show that ((C,V ), p,B,ρ)
is also a no-instance of DESTRUCTIVE-SHIFT-BRIBERY for both voting systems. To ensure that p is not the only
plurality winner in the first round, it is necessary to bribe m voters with votes of the form p xi · · · to now vote xi p · · · .
Note that we can only bribe at most m such voters without exceeding the budget. Let U ⊆ X be the set of candidates
that benefit from the bribery action. It follows that p, every di, j ∈ D, every xi ∈U , and w can move forward to the
next round with 2m points each. In this round, the designated candidate p gains 3m− 1 additional points from the
votes of the form e p · · · and f p · · · ; every candidate di, j with xi /∈U gains one additional point; every candidate
xi ∈U can receive at most 18 additional points; and w is discussed separately in the following paragraph.

To prevent the victory of p, it is necessary that w gains at least 3m points (since if w gains only 3m−1 points, it
follows that w and p move forward to the final round, where p would achieve a clear victory). For w to gain at least
one point from any one of the three votes of the form yi,1 xi,1 xi,2 w p · · · , yi,2 xi,2 xi,3 w p · · · , and yi,3 xi,1 xi,3 w p · · · , it
is necessary that at most one candidate xi, j participates in the second round. On the other hand, if no candidate xi, j par-
ticipates in the second round, p gains four points from the voters of the fifth line, whose vote is yi,4 xi,1 xi,2 xi,3 p · · · ,
i.e., this clause harms w. Only a clause Si with |Si∩U |= 1 helps w to reduce the point difference to p. Since (X ,S)
is a no-instance of ONE-IN-THREE-POSITIVE-3SAT, there are at most 3m−2 clauses with this property.

With these clauses w can reduce the point difference to two. With the two remaining clauses the point difference
is growing. This implies that p is always a unique winner of the election, i.e., ((C,V ), p,B,ρ) is a no-instance of
DESTRUCTIVE-SHIFT-BRIBERY for both voting systems, regardless of the winner model. ut
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6 Iterated Veto and Veto with Runoff

In this section, we show hardness of shift bribery for iterated veto and veto with runoff, again handling both voting
systems simultaneously and starting with the constructive case.

Theorem 11 In both the unique-winner and the nonunique-winner model, for veto with runoff and iterated veto,
CONSTRUCTIVE-SHIFT-BRIBERY is NP-hard.

Proof. To prove NP-hardness, we reduce X3C to CONSTRUCTIVE-SHIFT-BRIBERY for veto with runoff and
iterated veto at the same time. Let (X ,S ) be a given X3C instance and construct the CONSTRUCTIVE-SHIFT-
BRIBERY instance ((C,V ), p,B,ρ) as follows. Let C = {p,d1,d2}∪X ∪S be the set of candidates, where p is the
designated candidate, and construct the voter preferences in V as follows:

# votes for

1 · · · Si p 1≤ i≤ 3m
2 · · · xi,1 Si 1≤ i≤ 3m
2 · · · xi,2 Si 1≤ i≤ 3m
2 · · · xi,3 Si 1≤ i≤ 3m

2m−6 · · · d2 Si 1≤ i≤ 3m
2m · · · xi 1≤ i≤ 3m
m · · · d2 xi d1 1≤ i≤ 3m

m+2 · · · d2 Si d1 1≤ i≤ 3m
2m · · · d2

1 · · · p d1

For votes of the form · · · Si p, we use the price function ρ(1) = 1, and ρ(t) = m+1 for all t ≥ 2; and for every
other voter, we use the price function ρ(t) = m+1 for t ≥ 1. Finally, set the budget B = m.

Note that for both voting rules, p is eliminated in the first round with 3m vetoes and therefore cannot be the
winner without bribing voters.

We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in CONSTRUCTIVE-SHIFT-BRIBERY for either
of iterated veto and veto with runoff, regardless of the winner model.

(⇒) Suppose that (X ,S ) is a yes-instance of X3C. Then there exists an exact cover S ′ ⊆S of size m. Shift p
one position forward in the votes of the form · · · Si p for each Si ∈S ′, so that the new vote has the form · · · p Si.
It follows that p, each S ∈S \S ′, each xi for 1 ≤ i ≤ 3m, and d2 are veto winners with 2m vetoes each and thus
proceed to the second round. Since S ′ is an exact cover, each xi receives two additional vetoes from the voters in
lines 2–4 corresponding to the sets in the exact cover and m vetoes from the voters in line 7. Furthermore, each
S ∈S \S ′ receives m+ 2 vetoes from the voters in line 8, whereas p receives m vetoes from the voters in line 1
and only one additional veto from the voter in the last line. Since d2 gains far more than m + 1 vetoes in this
round, it follows that p is the unique veto winner of the bribed election. Thus ((C,V ), p,B,ρ) is a yes-instance of
CONSTRUCTIVE-SHIFT-BRIBERY for either of iterated veto and veto with runoff, regardless of the winner model.

(⇐) Suppose that (X ,S ) is a no-instance of X3C. This means that for every S ′ ⊆S , |S ′| ≤ m, there is an
x′ ∈ X that is not covered by any S ∈S ′.

To not be eliminated in the first round and to not exceed the budget of m, p has to lose exactly m vetoes so
as to tie with the 2m vetoes of the xi. This is only possible by bribing the voters in the first line. Let S ′ ⊆ S ,
|S ′|= m, be the set that corresponds to the Si of the bribed voters. Candidates p and d2 as well as each S ∈S \S ′

and each xi, 1 ≤ i ≤ 3m, reach the second round with 2m vetoes. However, in the second round, the x′ ∈ X that
was not covered by S ′ receives only m additional vetoes in contrast to p who receives m+ 1 additional vetoes. It
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follows that p is not winning the election for either of the two voting rules. That means that ((C,V ), p,B,ρ) is a
no-instance of CONSTRUCTIVE-SHIFT-BRIBERY for either of iterated veto and veto with runoff, regardless of the
winner model. ut

We now turn to the destructive variant of shift bribery for iterated veto and veto with runoff.

Theorem 12 In both the unique-winner and the nonunique-winner model, for veto with runoff and iterated veto,
DESTRUCTIVE-SHIFT-BRIBERY is NP-hard.

Proof. To prove NP-hardness, we reduce the NP-complete problem ONE-IN-THREE-POSITIVE-3SAT to DE-
STRUCTIVE-SHIFT-BRIBERY for veto with runoff and iterated veto simultaneously. Given an instance (X ,S) of
ONE-IN-THREE-POSITIVE-3SAT, where X = {x1, . . . ,x3m} and S = {S1, . . . ,S3m}, with Si = {xi,1,xi,2,xi,3} ⊆ X for
each 1≤ i≤ 3m, we construct the election (C,V ) with candidate set C = {p,w,d1,d2}∪X , designated candidate p,
and the following list V of votes:

# votes for

1 · · · p xi 1≤ i≤ 3m
2 · · · p xi,1 xi,2 d1 1≤ i≤ 3m
2 · · · p xi,2 xi,3 d1 1≤ i≤ 3m
2 · · · p xi,1 xi,3 d1 1≤ i≤ 3m
7 · · · w xi,1 xi,2 xi,3 d1 1≤ i≤ 3m

2m · · · d2 xi 1≤ i≤ 3m
22m · · · d2 xi d1 1≤ i≤ 3m
2m · · · d2

m · · · p
2m · · · w

8m−1 · · · w d1

For every vote of the form · · · p xi, let the price function be ρ(1) = 1 and ρ(t) = m+1 for every t ≥ 2. For every
other vote, define ρ(t) = m+1 for every t ≥ 1. Finally, we set the budget B = m.

It is easy to see that p is the winner of this election for both voting rules.
We claim that (X ,S) is in ONE-IN-THREE-POSITIVE-3SAT if and only if ((C,V ), p,B,ρ) is in DESTRUCTIVE-

SHIFT-BRIBERY for either of veto with runoff and iterated veto, regardless of the winner model.
(⇒) Assume that (X ,S) is in ONE-IN-THREE-POSITIVE-3SAT. Then there is a subset X ′ ⊆ X such that for

each clause Si we have |X ′∩Si|= 1. Bribe the voters with votes of the form · · · p xi with xi ∈ X ′ so that the new vote
has the form · · · xi p. It follows that p, w, d2, and each xi ∈ X ′ have the fewest vetoes (namely, 2m) and therefore
proceed to the second round. In the second round, p receives 2m vetoes from the votes in line 1 and for each of the
3m clauses two vetoes from the voters in lines 2–4 for a total of 8m additional vetoes, whereas w only receives a total
of 8m−1 vetoes. It follows that p is not a winner of the election for either of the two voting rules.

(⇐) Let (X ,S) be a yes-instance of DESTRUCTIVE-SHIFT-BRIBERY for veto with runoff (respectively, iterated
veto), i.e., it is possible to bribe voters so that p does not win the election. Recall that it is only possible to bribe voters
in line 1 without ecxeeding the budget. In the first round, p receives m vetoes, i.e., the fewest vetoes of all candidates.
Due to the votes in line 7, the only candidate capable of receiving fewer vetoes than p or the same number of vetoes
as p in the second round is w.9 However, this is only possible if p receives at least 9m−1 additional vetoes since w
has 10m−1 vetoes in the second round from the last two lines alone. p receives 3m of these additional vetoes from
line 1—after bribing voters so that p is in the last position, or eliminating the xi in the first round—leaving a gap of

9 Note that d1 will definitely be eliminated in the first round.
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6m−1 vetoes. For each clause S j such that no xi ∈ S j is present in the second round, p receives six additional vetoes
(lines 2–4), whereas w receives in this case seven additional vetoes from the voters in line 5, i.e., this widens the gap
between p and w instead of closing it. That means that for each clause S j, there has to be at least one xi ∈ S j present
in the second round, i.e., for each clause S j, a voter with a vote of the form · · · p xi with xi ∈ S j needs to be bribed
to cast a vote of the form · · · xi p to bring the respective vetoes down to 2m, the same as, e.g., d2. However, if at
least two literals, say xi and xk, in a clause S j are present in the second round, p receives no additional veto, which
does not help to close the gap between p and w. The only possibility remaining for p not to be a winner of the bribed
election is that the bribed voters correspond to the variables set to true in an assignment where in each clause there
is exactly one literal true, i.e., we have a yes-instance of ONE-IN-THREE-POSITIVE-3SAT. ut

7 Using the Nonmonotonicity Property

Informally stated, a voting rule is said to be monotonic if winners can never be turned into nonwinners by improving
their position in some votes, everything else remaining the same.10 Intuitively, that is to say that only shifting a
candidate forward (closer to the top) is beneficial, whereas shifting a candidate backward (closer to the bottom) is
not. In shift bribery under some monotonic voting rule, it thus makes only sense for the briber to shift the designated
candidate forward in the constructive case (respectively, backward in the destructive case). However, all voting rules
considered here except iterated plurality and iterated veto are not monotonic, and in nonmonotonic voting rules,
shifting the designated candidate backward in the constructive case (respectively, forward in the destructive case)
could also be beneficial for the briber.

It would therefore be interesting to find out whether the complexity of our problems changes when the non-
monotonicity of voting rules is specifically allowed, or even required, to be exploited in shift bribery actions. Indeed,
with slight modifications to the proofs, we can show that Hare-CONSTRUCTIVE-SHIFT-BRIBERY and plurality-with-
runoff-CONSTRUCTIVE-SHIFT-BRIBERY are still NP-hard if the designated candidate can only be shifted backward.
We conjecture that all other proofs (except the proofs for the monotonic voting rules iterated plurality and iterated
veto) can be adapted in such a way as well.

We start with constructive shift bribery in Hare elections where the only allowed bribery action is to shift the
designated candidate backward.

Theorem 13 In both the unique-winner and the nonunique-winner model, Hare-CONSTRUCTIVE-SHIFT-BRIBERY
is NP-hard even if the designated candidate can only be shifted backward.

Proof. NP-hardness again follows by a reduction from X3C. Construct from a given X3C instance (X ,S ) an
instance ((C,V ), p,B,ρ) of Hare-CONSTRUCTIVE-SHIFT-BRIBERY with candidate set C = X ∪S ∪D∪ {p,w},
where D = {d1, . . . ,d3m} is a set of dummy candidates and p the designated candidate, and the following list V of
votes:

10 This definition captures just one common notion of monotonicity, the one we will be using here; but note that there are also other notions of
monotonicity for voting rules known in social choice theory.
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# vote for

1 Si xi,1
−−−−−→
X \{xi,1} w p · · · 1≤ i≤ 3m

1 Si xi,2
−−−−−→
X \{xi,2} w p · · · 1≤ i≤ 3m

1 Si xi,3
−−−−−→
X \{xi,3} w p · · · 1≤ i≤ 3m

4 xi
−−−−→
X \{xi} w p · · · 1≤ i≤ 3m

6 w
−→
X p · · ·

1 p Si · · · 1≤ i≤ 3m

6 p · · ·
3 di Si p w · · · 1≤ i≤ 3m

For votes of the form p Si · · · , we use the price function ρ(1) = 1, and ρ(t) = m+1 for all t ≥ 2; and for every
other vote, we use the price function ρ with ρ(t) = m+1 for all t ≥ 1. Finally, set the budget B = m.

Without bribing the voters the election proceeds as follows:

Round p w x1 xi ∈ X \{x1} Si ∈S di ∈ D

1 3m+6 6 4 4 3 3
2 12m+6 6 7 7 out out
3 12m+6 out 13 7 out out
4 12m+6 out 21m+6 out out out

It follows that p is eliminated in the last round and does not win the election.
We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in Hare-CONSTRUCTIVE-SHIFT-BRIBERY,

regardless of the winner model, even if the designated candidate can only be shifted backward.
(⇒) Suppose that (X ,S ) is a yes-instance of X3C. Then there exists an exact cover S ′ ⊆ S of size m. We

now show that it is possible for p to become a unique Hare winner of an election obtained by shifting p in the votes
without exceeding the budget B. For every Si ∈S ′, we bribe the voter with the vote of the form p Si · · · by shifting
p once, so her new vote is of the form Si p · · · ; each such bribe action costs us only 1 from our budget, so the budget
will not be exceeded. Now the election proceeds as follows:

Round p w xi ∈ X Si ∈S ′ Si ∈S \S ′ di ∈ D

1 2m+6 6 4 4 3 3
2 8m+6 6 6 7 out out
3 26m+12 out out 7 out out

We see that p is the only candidate still standing in the fourth round and thus the only Hare winner of the bribed
election.

(⇐) Suppose that (X ,S ) is a no-instance of X3C. Then no subset S ′ ⊆S with |S ′| ≤ m covers X . We now
show that p will be eliminated in all elections obtained by bribing voters without exceeding budget B. Note that we
can only bribe at most m voters with votes of the form p Si · · · without exceeding the budget. Let S ′ ⊆S be such
that for every Si ∈S ′ we have bribed the voter whose vote is p Si · · · . We can assume that |S ′|> 0.

Every candidate in S ′ will gain an additional point and therefore survives the first round. All candidates from D
and S \S ′ will be eliminated, since p only loses at most m points.

In the second round, the remaining candidates from S will gain three additional points from the elimination of
candidates in D and score seven points in this round (and in all subsequent rounds with p still standing). If a candidate



Complexity of Shift Bribery in Iterative Elections 27

Si ∈S was eliminated in the previous round, every x j ∈ Si gains one additional point in this round. Partition X into
sets X0, X1, X2, and X3 so that xi ∈ Xk⇔ |{S j ∈S ′ |xi ∈ S j}|= k for k ∈ {0,1,2,3}. Note that X0, X1, X2, and X3 are
disjoint and |X0| > 0, but one or two of X1, X2, and X3 may be empty. Then xi ∈ X j scores 4+(3− j) ∈ {4,5,6,7}
points depending on how many times xi is covered by S ′. Therefore, every xi ∈ X0 scores more points than w who
has six points. So, there are candidates from X that survive this round and other candidates from X (i.e., candidates
from X1, X2, or X3), who are eliminated.

In the third round, the candidate x` ∈ X with the smallest subscript who is still standing gains at least four points
from the eliminated candidates, so that she scores at least nine points now (since no candidates from X3 are left
in the election). All other candidates still score the same number of points as in the previous round. Therefore, p
scores 4|S \S ′|+6 points, w scores six points (if w was not already eliminated along with the candidates from X1),
every Si ∈S ′ scores seven points, and every still standing candidate from X except x` scores at most seven points.
Since w can only gain additional points when all candidates from X are eliminated and only x` gains points from
the elimination of w or candidates from X \{x`} in the subsequent rounds, all candidates X \ ({x`}∪X0) and w are
eliminated. Then all still standing candidates from X0 \ {x`} and candidates from S ′ who score seven points each
are eliminated, which leaves p and x` in the last round. In this round, p scores 12m+6 points and x` scores 21m+6
points, so p is eliminated from the election and does not win. ut

Next, we show the corresponding result for plurality with runoff.

Theorem 14 In both the unique-winner and the nonunique-winner model, plurality-with-runoff-CONSTRUCTIVE-
SHIFT-BRIBERY is NP-hard even if the designated candidate can only be shifted backward.

Proof. To prove NP-hardness, we reduce X3C to CONSTRUCTIVE-SHIFT-BRIBERY for plurality with runoff. Let
(X ,S ) be a given X3C instance, where X = {x1, . . . ,x3m} and S = {S1, . . . ,S3m}. Also, we require that m > 3. We
construct the CONSTRUCTIVE-SHIFT-BRIBERY instance ((C,V ), p,B,ρ) as follows. Let C = {p}∪X ∪S ∪D∪Y
with sets of dummy candidates D = {di, j | 1≤ i≤ 3m and 1≤ j≤ 2m2−5m−4} and Y = {yi | 1≤ i≤ 3m+1} and
designated candidate p. The list V of votes is constructed as follows:

# vote for

1 p Si · · · 1≤ i≤ 3m
2 Si xi,1 w

−−−−−→
X \{xi,1}· · · 1≤ i≤ 3m

2 Si xi,2 w
−−−−−→
X \{xi,2}· · · 1≤ i≤ 3m

2 Si xi,3 w
−−−−−→
X \{xi,3} · · · 1≤ i≤ 3m

3m w p · · ·
1 yi p 1≤ i≤ 3m+1

m−3 Si w p 1≤ i≤ 3m
m−4 Si p w 1≤ i≤ 3m

2m xi w p 1≤ i≤ 3m
1 di, j xi w p · · · 1≤ i≤ 3m, 1≤ j ≤ 2m2−5m−4

For votes of the form p Si · · · , we use the price function ρ(1) = 1, and ρ(t) = m+1 for all t ≥ 2; and for every
other vote, we use the price function ρ(t) = m+1 for t ≥ 1. Finally, set the budget B = m.

Without bribing, only p and w reach the second and final round with 3m points each. Clearly, w alone wins the
election with only p and w present.

We claim that (X ,S ) is in X3C if and only if ((C,V ), p,B,ρ) is in CONSTRUCTIVE-SHIFT-BRIBERY for plu-
rality with runoff, regardless of the winner model.
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(⇒) Suppose that (X ,S ) is a yes-instance of X3C. Then there exists an exact cover S ′ ⊆S of size m. We now
show that it is possible for p to become a unique plurality-with-runoff winner of an election obtained by shifting p
in the votes without exceeding the budget. For every Si ∈S ′, we bribe the voter with the vote of the form p Si · · ·
once, so her new vote is of the form Si p · · · .

In the first round, w scores 3m points; p, every xi ∈ X , and every Si ∈S ′ score 2m points each; every Si ∈S \S ′

scores 2m−1 points; and every candidate from D and Y scores only one point. Since w is the only plurality winner,
all second-place candidates (namely, p, every xi ∈ X , and every Si ∈S ′) proceed to the second round.

In the second round, every Si ∈S ′ still scores the same number of points as in the first round, w gains 2m(m−
3) additional points, p gains (3m+ 1)+ 2m(m− 4) additional points, and every xi ∈ X gains (2m2− 5m− 4)+ 4
additional points. Therefore, p alone wins the election with 2m2−3m+1 points, ahead of w and every xi ∈ X with
2m2−3m points each, and every Si ∈S ′ with 2m points each.

(⇐) Suppose that ((C,V ), p,B,ρ) is a yes-instance of Plurality-with-runoff-CONSTRUCTIVE-SHIFT-BRIBERY.
Notice that if no voters are bribed, p and w are leading in the election with 3m points each, so they both proceed to
the final round. It is easy to see that w wins against p in a one-on-one election. To prevent w and p from being the
only candidates in the second round, m voters with votes of the form p Si · · · have to be bribed. Let S ′ ⊆S be such
that Si ∈S ′ if the voter with vote p Si · · · has been bribed. Then w, p, every xi ∈ X , and every Si ∈S ′ survive the
first round. Since every other candidate is deleted in the first round, p now scores 2m2−5m+1 points and beats w
by a margin of one point. Moreover, p beats every Si ∈S ′ since the candidates from S ′ did not gain any additional
points in this round. Regarding the candidates from X , every xi ∈ X gains 2m2− 5m− 4 points and two additional
points for every S j ∈S \S ′ with xi ∈ S j that was eliminated in the first round. Since there are exactly three S j ∈S
with xi ∈ S j, every xi ∈ X can gain six points if all those candidates were eliminated in the last round, which would
let xi overtake p by one point. In order for p to beat all xi ∈ X , at least one S j ∈S with xi ∈ S j needs to be in S ′ and
is therefore still standing in the second round. Since |S ′| = m and there are 3m candidates in X , p can beat every
xi ∈ X (and subsequently win the election) only if S ′ is an exact cover of X . ut

8 Conclusions and Open Questions

We have shown that shift bribery is NP-complete for each of the iterative voting systems of Hare, Coombs, Baldwin,
Nanson, iterated plurality, plurality with runoff, iterated veto, and veto with runoff, each for both the constructive
and the destructive case and in both the unique-winner and the nonunique-winner model. This contrasts previous
results due to Elkind et al. [16,15,37] showing that shift bribery can be solved efficiently by exact or approximation
algorithms for many natural voting rules that do not proceed iteratively. Indeed, the iterative nature of the voting
rules we have studied seems to be responsible for the hardness of shift bribery.

While these are interesting theoretical results complementing earlier work both on shift bribery and on these
voting systems, NP-hardness of course has its limitations in terms of providing protection against shift bribery
attacks in practice. Therefore, it would be interesting to also study shift bribery for these voting systems in terms of
approximation and parameterized complexity and to do a typical-case analysis.

A feature shared by most of the iterative voting rules we have studied is that many of them are not monotonic. This
has the somewhat counterintuitive effect that shifting the designated candidate forward in some votes can actually
hurt this candidate’s chances to win, and shifting the designated candidate backward can increase these chances.
We have discussed this feature in Section 7, showing that constructive shift bribery remains NP-hard even if we are
allowed to only shift the designated candidate backward in some votes for two iterative voting systems: Hare voting
and plurality with runoff. We leave the analogous question open for the remaining iterative voting systems studied
here (except, of course, for the monotonic rules iterated plurality and iterated veto), and conjecture that they share this
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property. Even more interestingly, we pose as an open question whether there is a nonmonotonic voting system—a
natural one or an artificially constructed one—for which unrestricted shift bribery is NP-hard but becomes efficiently
solvable when restricted to shift bribery actions specifically exploiting their nonmonotonicity (i.e., allowing to shift
the designated candidate only backward in the constructive case, or forward in the destructive case).
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8
Z U S A M M E N FA S S U N G U N D AU S B L I C K

Wir wollen die Ergebnisse dieser Arbeit hier noch einmal kurz zusam-
menfassen. Darüber hinaus schauen wir uns offene Fragen an, die
sich bei den untersuchten Problemen ergeben haben und diskutieren
welche Richtung eine weiterführende Forschung einschlagen könnte.

In dieser Arbeit haben wir verschiedene Wahlregeln hinsichtlich diver-
ser Kontroll- und Bestechungsprobleme untersucht. Dabei haben wir
die Komplexität dieser Probleme aus der Sicht der klassischen und
parametrisierten Komplexitätstheorie analysiert und in den meisten
Fällen Ergebnisse in Form von Vollständigkeitsresultaten erhalten.
Teile dieser Ergebnisse wurden durch die Lektüre eines von Brandt
et al. [8] verfassten Standardwerks der Computational Social Choice
motiviert. In dem darin enthaltenen Kapitel zur Wahlkontrolle ist eine
Übersichtstabelle dargestellt, welche für eine prominente Auswahl an
Wahlregeln aufführt, wie diese sich gegenüber den von Bartholdi et
al. [5] sowie Hemaspaandra et al. [38] eingeführten Kontrollproble-
men verhalten. Bei Betrachtung dieser Tabelle sticht einem ins Auge,
dass für die Wahlregeln Borda und Maximin noch eine Vielzahl von
Ergebnissen fehlt.
Für die Wahlregel Borda haben Neveling und Rothe [61, 62] diese
Lücke schließen können. Für die Wahlregel Maximin sind in der
Übersichtstabelle alle Einträge bezüglich der Partitionierung der Kan-
didatenmenge und der Partitionierung der Wählermenge leer.
In Kapitel 6 haben wir für die Kontrollprobleme zur Partitionierung
der Wählermenge die NP-Vollständigkeit für die Wahlregel Maximin
nachweisen können. Bei den Kontrollproblemen zur Partitionierung
der Kandidatenmenge konnten wir für die konstruktive Variante die
NP-Vollständigkeit nachweisen. Zusammen mit den Ergebnissen aus
der Arbeit von Maushagen und Rothe [51], wird durch die Arbeit aus
Kapitel 6 die Lücke für Maximin komplett geschlossen.

Eine Wahlregel, die trotz ihrer Popularität nicht in die besagte Über-
sichtstabelle aufgenommen wurde, ist Veto. Nichtsdestotrotz lassen
sich in der Literatur bereits einige Resultate für Veto finden, so et-
wa in der Arbeit von Lin [47]. Wie schon bei Maximin blieb jedoch
die Frage offen, wie sich Veto gegenüber der Partitionierung der
Kandidaten- und Wählermenge verhält. In Kapitel 5 haben wir uns
der Beantwortung dieser Frage gewidmet. Für die Partitionierung der
Kandidatenmenge haben wir gezeigt, dass alle untersuchten Varian-
ten NP-vollständig sind. Bei den Problemen zur Partitionierung der
Wählermenge ergab sich ein differenzierteres Bild. Hier hängen die
Ergebnisse von der jeweils genutzten Gleichstandsbrechungsregel ab.
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Wird bei einem Problem die Regel TE, also ties eliminate, genutzt, so
ist dieses effizient lösbar. Bei Nutzung der Regel TP, also ties promote,
ist das Problem NP-vollständig.
Nicht zuletzt wegen der Bedeutung, welche die oben erwähnte Über-
sichtstabelle aus dem Handbook of Computational Social Choice [8]
auf die vorliegende Arbeit hatte, sei an dieser Stelle darauf hinge-
wiesen, dass es noch vier Tabelleneinträge gibt, die auf noch offene
Fragestellungen hinweisen. Zum einen ist da die Wahlregel Schul-
ze, für welche Parkes und Xia [64], sowie Menton und Singh [57]
verschiedene Kontrollprobleme hinsichtlich ihrer Komplexität klas-
sifiziert haben. Übrig geblieben sind dabei die drei Kontrollproble-
me Destructive-Control-by-Deleting-Candidates, Destructive-
Control-by-Adding-an-Unlimited-Number-of-Candidates, sowie
Destructive-Control-by-Adding-Candidates. Menton und Singh
gehen in ihrer Arbeit davon aus, dass die Probleme wahrscheinlich
effizient lösbar sind. Bisher konnte dies allerdings noch nicht bewie-
sen werden. Beim letzten noch offenen Tabelleneintrag handelt es sich
um das Problem Destructive-Control-Partition-of-Voters-TP für
die Wahlregel Bucklin. Dieses Problem ist bei der Arbeit von Erdélyi
et al. [24] noch offen geblieben und stellt, wie die zuvor erwähn-
ten Probleme, einen natürlichen Anknüpfungspunkt für die in der
vorliegenden Arbeit getätigte Forschung dar.
Neben den bereits erwähnten Ergebnissen zur klassischen Komple-
xitätstheorie, haben wir in Kapitel 5 ein Resultat zur parametrisier-
ten Komplexitätstheorie erhalten. Genauer haben wir das Problem
Constructive-Control-by-Adding-Candidates für die Wahlregel
Plurality betrachtet. Der in der Literatur angegebene Beweis zur W[1]-
Härte von Chen et al. [12] erwies sich als fehlerhaft. Diesen Umstand
haben wir analysiert und die W[1]-Härte mit einem neuen Beweis
nachgewiesen.

In Kapitel 7 haben wir das Bestechungsproblem Shift-Bribery für
insgesamt acht iterative Wahlregeln betrachtet. Dabei konnten wir für
jede untersuchte Wahlregel zeigen, dass das Problem Shift-Bribery

sowohl in der konstruktiven als auch in der destruktiven Variante
NP-vollständig ist.
Allen Fällen gemeinsam war hierbei, dass der Nachweis der NP-
Vollständigkeit bezüglich eines Typs von Preisfunktion geführt wurde.
Als natürliche Frage ergibt sich, ob das Problem durch andere Preis-
funktionen effizient lösbar wird.
Eine grundsätzliche Beobachtung aus der Komplexitätstheorie ist, dass
sich durch den Nachweis der NP-Vollständigkeit eines Problems oft
weitere, interessante Forschungsansätze eröffnen, wie etwa das Studi-
um der parametrisierten Komplexität dieses Problems. Im Falle der in
Kapitel 7 vorgestellten Arbeit [48] wurde dieser Pfad von Zhou und
Guo [76] eingeschlagen. Sie haben für die Wahlregeln Hare, Coombs,
Baldwin und Nanson eine parametrisierte Komplexitätsanalyse für
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verschiedene Parameter durchgeführt. Sie untersuchten, welchen Ein-
fluss das Festhalten der Parameter Anzahl der Kandidaten, Anzahl der
Wähler und Anzahl der Swap-Vertauschungen auf die Komplexität des
Problems hat. Für den Parameter Anzahl der Kandidaten hat sich
dabei ergeben, dass die entsprechenden Probleme für alle betrachteten
Wahlregeln sowohl in der konstruktiven als auch in der destruktiven
Variante effizient lösbar sind. Wird hingegen die Anzahl der Swap-
Vertauschungen fixiert, so zeigen die Autoren, dass die resultierenden
Probleme W[1]-hart sind. Offen geblieben sind jedoch weiterhin einige
Probleme, die sich durch das Festhalten des Parameters Anzahl der
Wähler ergeben und stellen somit einen natürlichen Anknüpfungs-
punkt für eine weitergehende Forschung dar.
Unabhängig von den Ergebnissen der vorliegenden Arbeit, lässt sich
feststellen, dass die Computational Social Choice ein sich schnell
entwickelndes Forschungsgebiet ist.
Eine spannende Richtung ergibt sich bei der Betrachtung von iterativen
Wahlen. Hier geht man davon aus, dass mehrere Wähler unabhän-
gig voneinander strategisch wählen. Hier ist es häufig der Fall, dass
die Wähler nur ein eingeschränktes Wissen über das Stimmungsbild
haben und beispielsweise Informationen durch ein Umfrageinstitut
erhalten. Wähler können dann iterativ ihre Stimme updaten und eine
beste Antwortstrategie auf die momentane Situation abgeben. Hier
kann man Fragen nach der Konvergenz eines solchen iterativen Pro-
zess stellen oder beispielsweise betrachten, was passiert wenn das
Umfrageinstitut versucht durch falsche Angaben die Wahl zu beein-
flussen. Einen Überblick über einige Resultate zu diesem Thema kann
man in dem Übersichtsartikel von Meir [55] finden.
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