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Abstract

Participatory budgeting (PB) is a form of citizen participation that allows citizens
to decide how public funds are spent. Through an election, citizens express their
preferences on various projects (spending proposals). A voting mechanism then
determines which projects will be approved. The Method of Equal Shares (MES)
is the state of the art algorithm for a proportional, voting based approach to
participatory budgeting and has been implemented in cities across Poland and
Switzerland. A significant drawback of MES is that it is not exhaustive meaning
that it often leaves a portion of the budget unspent that could be used to fund
additional projects. To address this, in practice the algorithm is combined with
a completion heuristic - most often the “add-one" heuristic which artificially
increases the budget until a heuristically chosen threshold. This heuristic is
computationally inefficient and will become computationally impractical if PB
is employed on a larger scale. We propose the more efficient aApbp-opt heuristic
for Exact Equal Shares (EES), a variation of MES that is known to retain many
of its desirable properties. We solve the problem of identifying the next budget
for which the outcome for EES changes in O(mn) time for approval utilities and
O(m?n) time for uniform utilities, where m is the number of projects and n is the
number of voters. Our solution to this problem inspires the efficient Apbp-opT
heuristic which bypasses the need to search through each intermediary budget.
We perform comprehensive experiments on real-word PB instances from Pabulib
and show that completed EES outcomes usually match the proportion of budget
spent by completed MES outcomes. Furthermore, the aApbp-opT heuristic matches
the proportion of budget spend by add-one for EES.

1 Introduction

Participatory budgeting is a democratic process that enables citizens to decide how
public funds should be spent. A natural tool for this task is voting: the governing body
(e.g., a city) runs an election to gather citizens’ preferences on various projects and
uses a voting mechanism to decide how to allocate the funds. The projects offered for a
public vote are specific proposals that come with predetermined scope and cost, made
publicly known before the election, e.g., “Build a cycle lane on Main Street for $10,000.".
So, rather than electing representatives who make budgetary decisions, citizens vote
directly on specific proposals. Today, participatory budgeting is used worldwide in
hundreds of cities [4, 18] as well as in decentralized autonomous organizations (DAOSs)
[19, 3], which are blockchain-based self-governed communities. For example, in
community funding, members can contribute funds to the DAO and then vote on which
projects the funds should be granted to.

A commonly used, naive approach to determine which projects should be funded is
Greedy Approval (GrA): voters are asked to report which projects they approve, and then
projects are selected in descending order of approval count, skipping those that exceed
the remaining budget. However, GrA can be unfair: if 51% of voters support enough
projects to exhaust the entire budget, they effectively control 100% of the budget,
leaving the remaining 49% of voters unrepresented, whereas ideally, if 10% of citizens



vote for, say, cycling-related projects, approximately 10% of the budget should be
allocated to the cycling infrastructure. This issue is addressed by the Method of Equal
Shares (MES), which is a state-of-the-art voting rule for participatory budgeting this
provides representation guarantees to groups of voters with shared preferences [12].
In a behavioral experiment by Yang et al. [20] voters consistently found the outcomes
of MES to be fairer than those of GrA. MES has been successfully implemented in
Swiecie and Wieliczka in Poland, in Aarau and Winterthur in Switzerland, as well as
Assen in the Netherlands [13].

To overcome the limitations of GrA, MES adopts a market-based approach: The budget
is split evenly! among all voters, and, for a project to be selected, it must be funded by
voters who support it, with all voters paying the same amount (with a caveat that if a
voter cannot afford to pay their share, they can contribute their entire remaining budget
instead). This limits how much of the budget any group of voters can control. Like
GrA, MES selects the projects sequentially; however, in contrast to GrA, the projects
are ranked based on the utility per unit of money paid by each fully contributing voter.
This twist turns out to capture proportionality as defined by the axiom of Extended
Justified Representation (EJR) [1, 15], which ensures that each group of voters with
shared preferences holds voting power proportional to its size.

A shortcoming of MES is that it often terminates when the leftover budget is large
enough to pay for projects that remained unfunded [13]. Consequently, MES is said to
be non-exhaustive. This underspending is undesirable: indeed, citizens are unhappy
when leftover funds could have been used to finance projects they voted for, and
many governments have a “use it or lose it” policy, where underspending results in
subsequent budgets being cut. This often leads to low-value projects being funded
when excess budget is available [11]. To mitigate the issue of underspending, the base
MES algorithm is supplemented with a heuristic, known as a completion method, to
complete the MES outcome.

The strategy currently used in practice is to run MES with a virtual budget that is larger
than the actual budget; the size of the virtual budget is selected so that the method
spends a larger fraction of the actual budget (but does not exceed it). This strategy is
appealing because it does not increase the conceptual complexity of the method: all
voters still have equal voting power and, as before, the most cost-efficient projects are
selected to be funded, until voters run out of money. In contrast, combining MES with
a different algorithm (such as, e.g., GrA) would be harder to explain to the stakeholders,
and therefore less appealing in practice.

The challenge, then, is how to determine the “correct” virtual budget. The commonly
used ADD-ONE heuristic iteratively increases each voter’s budget by one until either
(1) the solution becomes exhaustive or (2) the true budget is exceeded, and then
returns the last feasible solution. However, this approach is computationally expensive:
it often produces identical outcomes across most budget increments [8], thereby
wasting computational resources. This is especially relevant in the context of research
that simulates the method on random instances, as achieving statistical significance
requires many repetitions. Importantly, MES has only been employed in smaller
communities so far; the Abp-oNE heuristic may be infeasible for large cities or DAOs.
Another difficulty with the Abp-oNE heuristic is the non-monotonicity of MES: MES
may overspend at a virtual budget of b, but then produce a feasible solution at 4" > b.
This means that the aAbp-oNE method could terminate early and miss the virtual

'MES can also operate if starting with unequal budget distribution, which may be appropriate in some
settings, such as DAOs.
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Figure 1: A real-world example where considering all budgets significantly
increases spending efficiency, i.e., the fraction of the actual budget spent.
The graph on the left shows the spending efficiency of the winning project
set for a given virtual budget. The graph on the right shows which projects
are selected for a given virtual budget. Here, the aApp-oNE heuristic stops as
soon as the budget is exceeded, which happens when the Asphalt project is
selected, resulting in less than 15% spending efficiency. A further increase
in budget leads to the Asphalt project being dropped in favor of the Gravel
project, as shown on the right, increasing the spending efficiency to 60%

budget that would spend the highest fraction of the budget. Figure 1 shows a real-life
example of this phenomenon. Perhaps even more importantly, even if the costs of all
projects are integer, the optimal virtual budget may be non-integer, so ADD-OPT may
skip over the optimal virtual budget. Indeed, our analysis in Section 5 shows that for a
non-trivial number of real-life instances there are outcomes that can only be achieved
by a fractional budget.

Relatedly, the complexity of finding the optimal virtual budget under MES remains
unknown. It is not even clear if the associated decision problem (given a value &’ b,
determining if there is a virtual budget b such that MES with budget b spends at
least ) is in NP: while b can be assumed to be rational: due to its sequential nature,
MES may potentially produce numbers with super-polynomial bit complexity.

Contribution We consider a simplified variant of MES, which we call the Exact Equal
Shares (EES) method. Under this rule, all voters who contribute to a project pay exactly
the same amount (eliminating the caveat that the voters who are about to run out of
money are allowed to contribute their entire budget); we will explain the differences
between the two methods in Section 3. This rule was implicit in the work of Peters
et al. [14] and Kraiczy and Elkind [8], whose results imply that it retains desirable
proportionality properties of MES, but neither paper explicitly defines it.

The simplicity of EES enables us to propose a more principled and efficient approach
to finding a good virtual budget. Our main theoretical contribution is a completion
method abp-opt for EES, which finds the minimum per-voter budget increase that
results in changing the set of selected projects or the set of voters paying for a project.
The runtime of App-oPT is linear in the number of voters n. More specifically, for
approval utilities (i.e., when we evaluate the projects assuming that each voter derives
one unit of utility from each selected project they approve), its runtime is O(mn),
whereas for the more general model of uniform utilities defined in Section 3 (which
subsumes, e.g., cost utilities [15]), its runtime is O(m?n).



By using app-opT, we can iterate through all outcomes that can be accomplished
by running EES with a virtual budget, and thereby ensure that we do not miss the
optimal virtual budget; on the other hand, in contrast to ADD-ONE, ADD-OPT avoids
redundant computation. Another advantage of ApDD-OPT over ADD-ONE is that it is
currency agnostic, i.e., the results remain consistent across currencies. In contrast,
when using ApDD-oONE, the practitioners need to decide what is an appropriate unit of
currency: this choice is non-trivial as, e.g., one US dollar is approximately equal to
16,000 Indonesian rupiahs.

The app-opt heuristic goes through all projects (including ones currently selected),
and checks if, by increasing the virtual budget, it can increase the number of voters
contributing to that project. While considering all projects is important for ensuring
that the optimal virtual budget is not missed, we can achieve faster runtime by only
considering projects that are not currently selected; we refer to the resulting heuristic
as ADD-OPT-SKIP.

In order to evaluate the performance of EES with App-opT and ADD-OPT-SKIP, We
perform extensive experiments on real-life participatory budgeting instances. Our
results indicate that, on average, EES with App-opT-skipP spends the same proportion
of the budget as MES with App-oNE while enjoying far higher computational efficiency
and eliminating counterintuitive phenomena such as the one illustrated in Figure 1.

Complete proofs of results marked by are deferred to the appendix.

Related Work Much of the progress in participatory budgeting builds on prior work
in multiwinner voting, i.e., participatory budgeting with unit costs [10]. The Extended
Justified Representation (EJR) axiom was first stated in this context by Aziz et al. [1].

Besides MES, Phragmén’s method [16] and Proportional Approval Voting (PAV) [17]
are well-established proportional rules in the multiwinner voting setting; Janson [7]
provides an excellent overview. PAV satisfies EJR [1] and has optimal proportional-
ity degree, but is NP-hard to compute. Its threshold-based local search variant is
polynomial-time computable [2, 9], but may be hard to explain to voters. Phragmén’s
sequential method is also market-based. Unlike MES, it is exhaustive, but it does not
satisfy EJR. Moreover, while Peters et al. [15] extended MES to participatory budgeting
with general additive utilities, neither PAV nor Phragmén have been adapted to this
general setting.

Exact Equal Shares for approval utilities was implicitly studied by Peters et al. [14] and
Kraiczy and Elkind [8]. Peters et al. [14] introduce a stability notion for participatory
budgeting that is satisfied by the outcome of Exact Equal Shares. Kraiczy and Elkind
[8] propose an adaptive version of EES for approval utilities, which uses the outcome
of EES for a smaller budget to compute the outcome of EES for a larger budget more
efficiently, an alternative approach that complements our work. They also consider the
problem of finding the minimum budget increment that changes the election outcome,
and propose an O(n?m) algorithm for this problem in the context of approval utilities.
However, in practice, both in cities and in DAOs, the number of voters (n) is usually
large, while the number of projects (m) is relatively small. As EES itself has a linear
dependency on n, a completion method with quadratic dependency on n is undesirable.



2 Preliminaries

For each t 2 N, we write [t] = f1,2,...,tg.

Participatory Budgeting (PB) We first introduce the model of participatory budgeting
with approval ballots. An election is a tuple E(b) = (N, P, fAjgi2n, cost, b), where b 2 Q ¢
is the available budget; P = fp1,...,pmg is the set of projects (for the purposes of
tie-breaking, we fix a total order C on P, and write p = max (@ for Q P whenever ' Cp
for all p' 2 Q nfpg); N = [n] is the set of voters, and for each i 2 N the set 4; P is the
ballot of voter ¢; and cost : P ¥ Q ¢ is a function that for each p 2 P indicates the cost
of selecting p. For each P, we denote the total cost of Q) by cost(Q) = cost(p).

Given a project p 2 P, we write N, = i 2 N j p 2 A;g for the set of voters who approve p.
An outcome for an election E(b) is a set of projects W P that is feasible, i.e., satisfies
cost(W) b. Our goal is to select an outcome based on voters’ ballots. An aggregation
rule (or, in short, a rule) is a function R that for each election E selects a feasible
outcome R(FE) = W.

Utility Models We assume that voters’ utilities are induced by a uniform utility
Junction uw: P ¥ Q ( so that the utility of a voter i 2 N for a project p 2 P is given by
ui(p) = u(p) llp 2 Aj], where | is the indicator function. Important special cases are
u(p) 1 (approvgbutilities) and u(p) = cgsf(p) for all p 2 P (cost utilities). For each T P
we write u(T) = o7 u(p) and ui(T) = o1 ui(p)-

Price System A price system for an outcome W in an election E(b) =
(N, P, fAjgion, cost, b) is a collection of nonnegative rational numbers X = (Zi;p)i2n;p2p »
where i is voter i's payment for project p, satisfying the fgllowing three conditions:
(1) every voter spends at most her share of the budget: p2W i %; (2) for each
project p 2 W, the sum of payments towards p equals its cost: ;5 zi;p = cost(p) for
all p 2 W; (3) Voters can only pay for projects they approve: for each i 2 N if zjp > 0
then p 2 W\ A;. Note that our definition of a price system is less demanding than that
of Peters and Skowron [12], who additionally require that for each project in P n W its
supporters do not have enough money left to pay for it.

If W is an outcome for E(b) and X is a price system for W, we call the pair (W, X) a
solution for E(b). Let Ny(X) =fi 2 N jzi;p > 0g be the set of voters who pay for p in X.
We define Op(X) = Np n Np(X)to be the subset of voters who approve p, but do not pay
for it in X. Also, let rj = % n2p Zi;p denote voter i's leftover budget. We say that X
is equal-shares if for each p 2 W and all 4,5 2 Np(X) we have zjp = zj;p: thatis, the
voters who pay for p share the cost of p exactly equally. In this case, we also say that

the solution (W, X) is equal-shares.

3 Exact Equal Shares Method

Peters et al. [14] and Kraiczy and Elkind [8] study a variant of MES, which we will call
Exact Equal Shares (EES).2 While they only define EES for approval utilities, we will
now extend their definition to uniform utilities.

2In both of these papers, this rule and the analysis of its properties are a byproduct of the framework
developed for other purposes, and neither paper coins a name for it.
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Description Given an election E(b), EES starts by allocating each voter a budget

of nQ and setting W = ?. It then iteratively identi es the set of all projects p2PnwW
such that a subset of voters VN have enough leftover budget to split the cost of p
equally (i.e., by paying cost(p)=jV]j each), selects a project in this set with the maximum
bang per buck ﬁﬁ’;vl adds itto W and updates the budgets. We assume that ties are
broken according to the order C on P (see Algorithm 1 for the pseudocode). We write
EES(E (b); u) for the solution (W;X) returned by EES when run on the election E(b
with uniform utility function u. For approval utilities we will simply write EES(E (b)),
and for cost utilities we will write EES(E (b); cost).

The standard Method of Equal Shares (which we refer to as MES) operates similarly,
with one exception: if a voter i approves a project, but cannot a ord to pay as much
as the other contributors, she is allowed to help by contributing her entire leftover
budget r;. The order in which projects are selected is nevertheless computed based on
the contributions of fully paying voters. A detailed description of MES is provided by
Peters et al. [15].

Algorithm 1:  EES for uniform utilities

Input: E(b)=(N;P;fAjgion;cost;b),u:P! Q ¢
Output:  Solution (W; X)
W=2,X=0""ri=2forall i2N ;

while tgpe do o
= (P2 PnW;V  Np)jr C"jsvtﬁ.p) 8i2V :
if = ? then
return (W; X)
end
else N
Let  =argmax .y, ’7(\4)‘;((5) :
Choose (p ;V ) from sothat p Cpforall (p;V)2 nf(p;V)g
W=WI[fpg;
Xip = COJ-S\;(‘? ), Iy =7T; Ljs\;(r} ) 8i2V ;
end
end
Proportionality Guarantees A key feature of MES is that for approval utilities it

satis es a strong proportionality axiom known as Extended Justi ed Representation
(EJR). We will now formulate this axiom and its relaxation EJR1, and argue that EES
is just as attractive as MES from this perspective.

De nition 3.1 (Extended Justi ed Representation) . Given an election E(b =
(N;P; fA;gion;cost;b) and a subset of projects T P, we say that a group of voters

V is T-cohesive if T \ j2vAj and ‘VT‘ b cost(T).

An outcome W for E(b) is said to provide Extended Justi ed Representation (EJR)
(respectively, Extended Justi ed Representation up to one project (EJR1) ) for uniform
utilities u if foreach T P and each T-cohesive group V of voters there exists a voter

i 2V suchthat uj(W) u(T) (respectively, ui(W) u(T) or uj(W [f pg) >u(T) for some
p2P).

Arule R satis es EJR (respectively, EJR1) if for each election E (b) the outcome R (E (b))



provides EJR (respectively, EJR1).

Peters and Skowron [12] show that MES satis es EJR for approval utilities, and the
results of Peters et al. [14] and Kraiczy and Elkind  [8] imply that the same is true for
EES. In contrast, Peters et al.  [15] show that nding an outcome that satis es EJR is
NP-hard for uniform utilities (they reduce from Knapsack , and construct an election
with a single voter, so the utilities are clearly uniform), but MES satis es EJR1 in

an even more general model, which encompasses uniform utilities (namely, arbitrary
additive utilities). For completeness, we give a simple proof that EES, too, satis es
EJR1 for uniform utilities.

Theorem 3.2 (» ). EES satis es EJR1 for uniform utilities.

Thus, in our setting all proportionality guarantees that have been established for MES
also hold for EES.

Fast Implementation Kraiczy and Elkind [8] show how to implement EES with
approval utilities in time  O(m?n). We will now argue that their approach can be used
to guarantee the same runtime for EES with uniform utilities.

Let R, t 0, be the list of pairs (rit;i)igN , Where rit is the leftover budget of voter i after
t projects have been bought, sorted in non-decreasing order of rst components. As
every voter starts o with a budget of 2, we can set Ro= (2;i)izn -

To choose the (t +1)-st project, i.e., an as yet unselected project with the highest bang
per buck, for each unselected project  p we make a single pass through the sorted list R¢
in order to identify the smallest index j such thatthe j-thentry (r;i)in R¢[Np] satises

r jNCSjSt(jpzl . The value of j determines the bang per buck o ered by p; we let p+1 be

the project with the highest bang per buck, and let Vi+1 be the voters who pay for pr+1.

We will now explain how to quickly compute Ri+1 given R;. Suppose each voter in V41
pays +1. Then, at step t+1 the budgets of votersin  V;4; are reduced by 41, while the
budgets of voters in N nV4+1 remain unchanged. Given the list R and the set V41, ina
single pass over R; we can create sorted lists R{[N nVi+1] and R¢[Vi+1]  +1. These two
sorted lists can then be merged into Ri+1 intime O(n). Since this step has to be done
at most m times, it only contributes ~ O(mn) to the overall runtime of the algorithm.

Since the algorithm keeps track of the leftover budgets list, it can easily return this as
auxiliary information; this will be relevant in Section 4.

4 Towards an E cient Completion Method

Our new completion method for EES relies on solving the following computational
problem, which we call add-opt : Given the outcome of EES for budget b, compute the
minimum value of d such that if every voter gets additional budget d, EES returns
a di erent outcome, in the sense that the set of selected projects changes or some
project is paid for by more voters (or both).

A key to our approach is solving a subproblem concerning a notion of stability for
equal-shares solutions, where stability is understood as resistance to deviations by
groups of voters. Here we de ne stability for approval utilities in the spirit of Peters

et al. [14] and Kraiczy and Elkind  [8]; we give a generalization to uniform utilities
towards the end of the section.



For approval utilities, the intuition is as follows. Given a solution (W; X), voter i can

deviate from it by contributing her leftover budget ri to support further projects in Ai.
Moreover, even if i does not have enough budget left to contribute to new projects, she
may still deviate by withdrawing her support from a project in W and reallocating it to

a more cost-e cient project.

Formally, the leximax payment ofavoter i 2 N inasolution (W;X) isthe pair ¢ =(Xi;pi),
where x; = maxfxjp, j p 2 Pgand p = maxfp | Xip = x;g.We say that x; and p; are
the leximax budget and the leximax project of voter i, respectively. Given two pairs
x;p);(x%p9) 2 Q P, wewrite (X;p) <iex (X2p9 if x<x%0r x = x%and pC p° Given a
solution (W; X), we say that voter i is willing to contribute xtopif X r;or (X;p) <jex G-
Note that voter i's leftover budget r; and her leximax budget Xx; serve as two distinct
sources of funds that i can use to deviate.

De nition 4.1. A pair (p;V) with p2 P,V Nj certi es the instability ~ of an equal-
shares solution (W, X) for an election E(b) if jVj> jNp(X)j and each voter i 2 V nNp(X)
is willing to contribute  cost(p)5vj to p. A project p 2 P certi es the instability  of an
equal-shares solution (W, X)) for election E(b) if there exists a set of voters  V, Np such
that (p;Vp) certi es the instability of (W; X) for E(b). An equal-shares solution (W, X)
for E(b) is stable if there is no project p2 P that certi es the instability of (W; X).

This concept of stability captures the behavior of EES, as formalized by the following
proposition.

Proposition 4.2  (» ). EES returns a stable outcome.

We are now ready to state our key subproblem, GreedyProjectChange : Given an
election E(b) = (N;P;fAigi2n;cost;b), a solution (W;X) for election E(b) (along with
some auxiliary information), and a project p, compute the minimum budget increase d

such that project p certi es the instability of (W; X)) for E(b+ dn).

4.1 GreedyProjectChange for Approval Utilities

A simple O(n?) solution to GreedyProjectChange [8] proceeds by iterating over all
values t = JNp(X)j+1;:::;]Npj and, for each voter i 2 Ny, calculating the additional
budget d that would enable i to contribute Cost& towards project p. However, we aim
for a solution that is linear in n, as in practice the number of voters is large, while the
number of projects is small.

Intuition As a a warm-up, consider a set of customers [n] with budgets 1 n
interested in jointly purchasing a service that costs c; the costs of the service have to
be shared equally by all participating customers. It is well-known how to identify the

largest group of customers that can share the cost of the service: it su ces to nd the

smallest value of isuchthat ; (n i+1) ¢ sothateachof ij;i +1;:::;ncanaord
to pay cHn i+1) [6].

Now, suppose  (n i+1) <cforall i 2 [n], sono subsetof [n]can a ord the service, but
we can o er a subsidy of  d to each customer; what is the smallest value of d such that
some subset of the customers can purchase the service while sharing its cost equally?

We can approach this question in a similar manner: if the service is to be shared by
customers i;:::;n,itsucestoset d=maxfO,cHn i+1) ig. Thus, we can compute
the minimum subsidy in linear time by setting d=maxf0;minjpj(c(n i+1) i)g.



GreedyProjectChange can be seen as a variant of this problem, with leftover budgets

ri playing the role of ; and c= cost(p). However, it has two additional features: rst,
there may be some voters who are already paying for p (i.e., Np(X) 6 ?), and second,
the voters may choose to fund  p from their leximax budgets rather than their leftover
budgets. We will now argue that, despite these complications, GreedyProjectChange
admits a linear-time algorithm.

Description of the algorithm Our linear-time solution to GreedyProjectChange
Algorithm 2, uses two pointers, i and j, to iterate over the two lists containing the two

di erent sources of money voters in Op(X) = NpnNp(X) can use to pay for p: their
leftover budgets in  (W; X) and their leximax payments in (W; X). Both lists are sorted
in non-decreasing order. We will refer to these lists as leftover budgets list and leximax
payments list , respectively.

The key local variables in our algorithm are the per-voter price (PvP), the set of liquid-
voters LQ, and the set of solvent voters SL. The liquid voters are expected to pay for

p by using their leftover budgets, while the solvent voters are expected to pay for p
by deviating from another project. Algorithm 2 starts by placing all voters in LQ, i.e.,
it sets LQ = Op(X). Subsequently, a voter may be moved from LQ to SL or discarded
altogether.

The set of buyers B consists of the voters in  Np(X) (who already pay for pin (W; X)),
the liquid voters, and the solvent voters. Throughout the algorithm, we maintain the

property that each buyerin B is willing to pay the per-voter price PvP = cost(p)5Bj towards
p. If at some iteration B contains a voter who cannot a ord this payment, they are
removed, thereby increasing  PvP in the next iteration. That is, we iterate through the
values PVP = cost(p)gN,j; :::; cost(P)jN,(X)j+1) , and update the value of d whenever it holds
that every voter in B is willing to contribute  cost(p)5Bj towards p.

We will now explain how the sets  LQ and SL evolve during the execution of the algorithm.
Initially, all voters in ~ Op(X) = NpnNp(X), i.e., all voters who approve p, but do not
contribute towards it in (W; X), are placed in LQ and no voter is placed in SL. The
algorithm has three means to update these sets of voters: (1) A voter who is liquid may

be relabelled as solvent (Line 12), or a voter may be removed from the set of buyers
either by ceasing to be solvent (Line 8) or by ceasing to be liquid (Line 16).

It each iteration, Algorithm 2 recomputes the per-voter price by sharing the cost of

p among all voters in  B. Pointer j keeps track of the solvent voter with the smallest
leximax payment; if this voter cannot a ord the current price from her leximax budget,

she is removed and | is increased by 1.

Then Algorithm 2 uses a pointer i to the leftover budgets list to identify a voter vi 2 LQ
with the smallest leftover budget. It checks if this voter can a ord the current per-voter

price from her leximax budget, i.e., if she is willing to deviate from her leximax project

to p; if yes, she is moved to SL. Thus, we maintain the property that the leftover
budgets of solvent voters do not exceed those of the liquid voters.

On the other hand, if v; is not willing to deviate from her leximax project, then, for her
to contribute PvP towards p, her leftover budget should be increased by at least PVP ry,.

In this case, we update das d=minfd;PvP ry,,g. We then increase the pointer i by
one and remove v; from LQ, and thereby from the set of buyers, as including Vj cannot
reduce d below its current value. Thus, each iteration weakly decreases d.

We provide an example illustrating the executing of Algorithm 2 in the appendix.



© 00 N O U b~ W NP

N PR R R R R R R R
O © 0o N o o h~h W N BF-L O

Algorithm 2:  GreedyProjectChange (GPC)

Input:  E(b) = (N;P;fAjgi2n ; cost; b), stable equal-shares solution ~ (W; X), project p;
leftover budgets of voters  Op(X): ry,;:::5ry, with k= jOp(X)j, ry, Iy, forall i2 [k 1],
leximax payments of voters  Op(X) in (W;X): Gy,;: 1 Cy, Where Gy, jex Cw;,, forj 2 [k 1J;
Output:  Minimum value d > 0 such that p certi es the instability of (W; X) for E(b+ nd)

b Ly
SL  ?; . o
L OuX): B := Np(X)[ liquid [ solvent
d +1;
while LQ[ SL6& ? do
cost .
PP T LT ST
if j J Op(X)jand ¢y, <iex (PVP;p) then
SL SLnfwg;
i+
else if ¢y, >ex (PVP;p) then
LQ LQnfyg;
SL  SL[f vig;
i i+1;
else
d minfd;PvP ryg;
LQ LQnfvig;
i i+1;
end
end
return d

We can characterize the running time of Algorithm 2 and the value it computes as
follows.

Theorem 4.3 (¢ ). Algorithm 2 runs in time  O(n). Moreover, given an election E(b), a
stable equal-shares outcome (W; X) of E(b), and a project p, let d be the smallest value
such that there existsa B Np with the property that  (p; B ) certi es the instability of
(W; X) in E(b+ nd ). Then Algorithm 2 returns d .

Our add-opt algorithm for approval utilities (Algorithm 3) iterates over all projects,

runs GreedyProjectChange for each project, and returns the minimum value of d
over all such runs.

Theorem 4.4 (+). Let (W;X) = EES(E(b), where E(b) = (N;P;fAjgn;cost;b). Given
(W; X) and E(b), add-opt computes the minimum value d suchthat d > Oand EES(E (b+
nd )) 6 (W;X), and runs in time  O(mn).

In the appendix, we extend this result to uniform utilities, at the expense of increasing
the running time to  O(m?n).

5 Empirical Evaluation

The goal of this section is to compare MES and EES (with and without suitable
completion heuristics) on real-life data. To this end, we execute both of these methods

10



N o o b~ W N e

Algorithm 3:  add-opt
Input: E(b) = (N;P;fAjgi2n;cost;b), a stable equal-shares solution  (W; X)) for E(b);
A=[ry,;:5ry, ] where fvg;:ii;vag=[n]and ry, ry,, fori2[n 1]
B = [Cw,; i1 Cw, ] Where fwyiii;wng=[n]and Gy lex Cwj., for j 2 [n  1J
Output:  Minimum d> Osuch that (W;X) is unstable for E(b+ nd)
d=+1;
for p2 P do

AC  subarray of A restricted to voters Op(X);

B? subarray of B restricted to voters  Op(X);

d = min f d; GreedyProjectChange  (E; (W;X);p;A%B9g;
end
return d

on over 250 real-world participatory budgeting instances, and analyze both the number
of iterations and the ability of each method to nd a good virtual budget. We postpone
the description of the datasets and implementation to the appendix.

The key measure that we use to evaluate the performance of aggregation rules for
participatory budgeting elections is their spending e ciency , i.e., the proportion of the
budget they utilize.

De nition 5.1. Giygn an election E(b) and an outcome W, the spending e ciency  of
W is de ned as % p2W cost(p). The spending e ciency  of an aggregation rule R on
an election E(b) is the spending e ciency of R(E(b)).

Although it is possible to construct examples where EES uses a larger proportion of
the actual budget, it is natural to expect that, in the absence of completion heuristics,

on most instances MES has a higher spending e ciency than EES: enforcing exact

equal sharing (and not using agents' leftover budgets) is likely to result in a smaller set
of projects. Our experiments (see Figure 3 and Figure 4 in the appendix) con rm that
this is indeed the case.

However, it is less clear what happens if one extends both of these methods with a
completion heuristic. As a baseline, we execute both MES and EES with the standard
add-one completion heuristic. This heuristic executes the underlying rule with budgets
b; b+ n;b+2n;::: until either all projects are selected or the next increase would result
in overspending.

Our experiments on 250 Pabulib instances (Figure 9) paint a positive picture for EES:
with the add-one completion heuristic in over 77% of cases for cost utilities and in over
85% of cases for approval utilities the spending e ciency of EES is at least as high
as that of MES. Moreover, both for approval and for cost utilities, EES has a higher
spending e ciency than MES on more than 10% of the instances.

Heuristics Our primary motivation for introducing EES is that it admits a more
sophisticated completion heuristic, namely, add-opt . Recall that, given a solution  (W; X)
for E(b), add-opt identi es the smallest value of d such that EES(E(b+ nd)) 6 (W; X).
Crucially, this heuristic is based on reinterpreting the EES outcomes as outcomes
that are stable in the sense of De nition 4.1; it is not clear if MES outcomes can be
interpreted in this way, and, as a conseguence, we cannot use add-opt with MES.
Indeed, for MES it is not known if the problem of nding the smallest budget increase
that changes the outcome admits a polynomial-time (let alone a linear-time) algorithm.
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When using EES with add-opt , we start by setting HY = b, and compute (W®:X ®) =
EES(E(bD)). Then in each iteration i we compute d) by running add-opt on E (k")
and (W®:X @) and set B+ = g + n dO, (WD :x (+1)) = EES(E(K*D)). Just like
with add-one , we repeat this procedure until the actual budget is exhausted or the

next budget increment results in overspending. We also consider a complete version of

this method EES + add-opt (C) , where we increase the budget using  add-opt until all
projects are selected, i.e., W = P: then, among the outcomes W ::::; W) we select
one that has the highest spending e ciency among all outcomes that are feasible for

the original election E(b). We de ne a complete version of MES with add-one (denoted
by MES+ add-one (C) ) in a similar way.

Further, leveraging add-opt , we de ne a new completion method for EES, which we call
add-opt-skip . This method modi es the  add-opt heuristic in two key ways. First, given
an outcome of EES, we invoke GreedyProjectChange only for projects not currently
included in the outcome. Second, this process is repeated until all projects have been
selected in a run of the algorithm  for the rst time. It then returns the feasible outcome

with the highest spending e ciency found.

We evaluate all completion methods based on two criteria: (1) spending e ciency and
(2) the number of calls to the computationally expensive base method (EES or MES)
required by each completion method. Our results for approval utilities are summarized
in Table 1; for cost utilities see Table 2, and Figure 5b in the appendix. The rst three
columns refer to the number of iterations, and the last three columns refer to the
spending e ciency.

For add-opt , the mean per-voter budget increment size across our dataset is 37:3 units
for cost utilities and 35 for approval utilities. The median of these budget increments is

6:4 for cost utilities and  4:6 for approval utilities. These values are greater than 1, which
means that typically add-opt considers substantially fewer budgets than add-one ,

while also guaranteeing the identi cation of a budget that maximizes the spending
e ciency within the tested range.

Table 1: Comparison results: approval utilities. "Ex' refers to the number of executions, 'E"'
refers to budget e ciency.

TMethod Avg Med Std Avg Med Std
Ex. Ex. Ex. E. E. E.
MES + add-one 5354 3930 433.0 0.855 0.890 0.124
MES + add-one (C) 2888.7 1996.0 3132.4 0.862 0.896 0.123
EES + add-opt 279.6 100.0 356.3 0.848 0.888 0.130

EES + add-opt (C) 625.8 237.0 7949 0.854 0.892 0.131
EES + add-opt-skip 27.9 17.0 27.3 0.853 0.890 0.130
max 563.3 423.0 4255 0.871 0.906 0.119

Interestingly, we observe that in some iterations add-opt returns a per-voter increase
of less than 1. This means that add-one may skip possible allocations, and thus is not
guaranteed to nd the budget that results in the most spending-e cient outcome, even

if that budget lies within the tested range. Indeed, in our dataset we nd over 10 such
instances, demonstrating that this is not only theoretically possible, but something

that occurs in realistic PB elections. In contrast, using add-opt enables us to consider
every distinct allocation within our tested range.

We provide a detailed discussion of our experimental ndings in the appendix. In
summary, EES with add-opt-skip 0 ers a viable alternative to the state-of-the-art, i.e.,
MES with add-one .
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A Appendix

A.1 Omitted Proofs and Examples
Theorem 3.2 (» ). EES satis es EJR1 for uniform utilities.

Proof. Let W be the outcome selected by Exact Equal Shares on instance
(N;P; (Aii2n; b;cost). Let S be a T-cohesive group for T  P. Let Y T be the set
of projects in Y paid for by less than |Sj voters (this includes being paid by no voters). If

the set Y is empty, we are done since every voter i 2 S has utility u;(W) for the outcome
satisfying ui(W)  u(T). So suppose set Y is non-empty. Let y 2 argmax,y %’?y)
There must be some voter i 2 S such that the budget z not being used to pay for

projects at bang per buck at least gé‘s’t()js)j (this includes leftover budget) satis es the
cost(y )

inequality z < 75 as otherwise the voters in S could jointly pay for a project from
set Y. Now voter i may spend some of her money on projects T nY, each such project

P it pays for at most % So on projects in - W nT with bang per buck at least ggt())is)j,
i spends at least 2 02Ty Cojséj(p) zi. So her utility for the set W nT can be lower
bounded as follows
0 1
ui(WnT) uy )iSi @ b co.stgp) zA
costly ) N 02 Tny iSj
0 1
X iSiz:
u(ty ) @cost(T) cost(p)A 1Sizi_uly ) tu(y )
cost(y ) — cost(y )
u(y ) . . cost(y ) u(y)
>
cost(y ) cost(Y) | Si jSj  cost(y )
X u(y )
cost(y) u(y )
g2y cost(y )
X u(y)
2
W sityy M) @
= uly) uly);
y2Y

where the line 2 follows since y gives the largest value of Cé’s(t%) among all projects
y 2 Y. Overall, voter i has utility at least

uWnT)+ ui(Tny) >
Ui(Y)+ ui(TnY) u(y)=u(T) u(y)

for projects in W that are paid for by at least  jSj people, implying that after including
y we get

uWI[fyg uWnT)+ u(TnY)+ uly)>u(T);

as desired. O
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Example A.1. To illustrate Algorithm 2, we consider an instance with ve voters
V1;V2;V3;Va; Vs and three projects pi1;p2 and ps. The project costs are cost(p1) = 2,
cost(py) = 3:2 and cost(pz) = 6, and the total budgetis b= 10. The project approvals
are given by Np, = fvi;vog, Np, = fva;vag, Np, = fvo;va; vy vs0. It is easy to check that
EES selects W = fpj;p2g on this instance, with voters in Np, sharing the cost of p;
and voters in  Np, sharing the cost of p,. We will now execute Algorithm 2 on (W; X)
with p = p3. Note that jNp,j =4 and so PvP = % = 1:5. All voters in Ny, are initially
placed in LQ. The rst two entries of the leximax payments list correspond to voters

vs and vz, whose leximax budgets are 0 and 1, respectively. Hence, in the rst two
iterations of Algorithm 2, pointer j is increased to 3. Note that vs and v, will never
be placed in SL, because PvP will never drop below 1:5. For voters v3 and vy their
leximax budgets are 1.6 > PvP, so they remain on the list (but they are not placed in

SL at that point). In the third iteration we consider v at position i =1 in the leftover
budgets list. Since v3 quali es as solvent (her leximax budget is 1:6), we move her
from LQ to SL. Similarly, in the fourth iteration we consider V4 at position i =2 in the
leftover budgets list and move her from LQ to SL. In the fth iteration, we consider

Vo at position i = 3 in the leftover budgets list. Since Vo does not qualify as solvent,
we update d=minf+1 ;PvP ry,,g=1:5 1=0:5 We then remove v, from the set of
buyers (in the pseudocode this is done by removing her from LQ) and increase i to 4.

As a result, PvP is increased to 2. In the next two iterations vz and v4 are removed
from SL since PvP> 1.6, and | is increased to 5. The last remaining buyer  vs is liquid
(but does not qualify as sD tolvent, as we know from the rst iteration) and requires

a subsidy of 4 to pay for psz on her own; since this is more than 0:5, the algorithm

terminates returning  0:5. Indeed, EES with budget 10+ 0:5 5= 12:5 will select p; and

P3.

To prove Theorem 4.3, we start by making an observation about the set of solvent
voters.

Lemma A.2. If Algorithm 2 attempts to remove v from SL in some iteration, then v will
never be placed in SL in subsequent iterations.

Proof. If the algorithm attempts to remove v from SL, this means that v satis es the
condition of the if in Line 7, i.e., ¢, <jex (PVP;p). In order for v to be added to SL,
Line 10 must be executed, i.e. it must hold that Cv >ex (PVP;p). But this is impossible
since PVvP is nondecreasing. O

We are now ready to establish that  GreedyProjectChange runs in linear time.

Proposition A.3.  Algorithm 2 runs intime  O(n).

Proof. Each iteration of the while loop takes a constant time (we can represent the
sets LQ and SL as k-bit arrays). In each iteration, we increase either i orj by 1. More
precisely, if the if condition in Line 7 is satis ed then j will be incremented, while if the
else if condition in Line 10 or the else condition in Line 14 is satis ed, then i will be
incremented. Further, by design, j can not exceed jOp(X)j+ 1. To complete the proof,
we will now argue that i cannot exceed jOp(X)j+ 1 either, and hence the while loop
terminates after at most  2n iterations.

Suppose the algorithm sets i = jOp(X)j +1 while j j Op(X)j. Then it has iterated
through the entire leftover budgets list, so the set LQ must be empty at this point. For
the next iteration of the  while loop to proceed, it must be the case that SL6 ?. We
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claim that in this iteration, and in all subsequent iterations, the condition in Line 7 is

satis ed and hence the size of  SL is reduced by 1. Indeed, suppose the condition in
Line 7 is not satis ed. Line 7 is only executed when LQ[ SL6 ?,sowe have SL6 ? at
this point. But then  (p;Np(X) [ SL) witnesses the instability of ~ (W; X'), a contradiction
with (W; X) being stable. Thus, each subsequent iteration increments j and hence the
total number of iterations does not exceed 2 JOp(X)j.

On the other hand, suppose | = jOp(X)j +1 occurs rst. Then the algorithm has
iterated through the entire leximax payments list, and by Lemma A.2 the set SL will
remain empty throughout the remainder of the algorithm. Therefore, every subsequent
iteration will execute Line 16 and Line 17 and remove a voter from LQ. Again, we
terminate after at most 2 jOp(X)j 2n iterations. O

Proposition 4.2  (» ). EES returns a stable outcome.

Proof. The proposition and its proof is subsumed by Proposition A.8. O

Theorem 4.3 (¢ ). Algorithm 2 runs in time O(n). Moreover, given an election E(b), a
stable equal-shares outcome (W; X) of E(b), and a project p, let d be the smallest value
such that there existsa B Np with the property that  (p; B ) certi es the instability of
(W;X) in E(b+ nd ). Then Algorithm 2 returns d .

Proof. Our rst claim follows from Proposition A.3. We will now prove our second claim.

Let d denote the value returned by Algorithm 2. First, we will argue that d d
Lemma A.4. Thereexistsa B Njsuch that (p;B) certi es the instability of (W, X) for
E(b+ nd).

Proof. Consider the iteration of the  while loop in which dis set to its nal value. Let

B = Np(X)[ LQ[ SL be the set of buyers at this point, let = cost(p)5Bj be the per-voter
price, and let i and j be the values of i and j, respectively. Then d = Vi . We
will show that (p;B) certi es the instability of (W; X) for budget b+ nd. In particular,
we will show that (1) foreach v 2 LQ we have ry + d , (2) for each v 2 SL we have
C >jex (;P), and (3) for each v 2 Np(x) we have Xy >

For (1), recall that Algorithm 2 increments i right after removing v; from LQ, so when
dissetto PvP r,, ,itholdsthat LQ = fv; ;:::;wg. Since the leftover budgets list is
sorted in non-decreasing order, this implies r ry, andhence ry+d PvP= for
each v 2 LQ.

For (2),if | > jOp(X)j we have SL = ?, so the claim trivially holds. Now, suppose that

j ] Op(X)j. As j did not trigger the condition in Line 7, and it can not be the case

that ¢y, =( ;p) (the voter w; isin Op(X), so her leximax projectis not  p), it follows
that cw, >iex (;p). Further, whenever | is incremented, voter w; is removed from SL.
By Lemma A.2 it follows that every voter in SL must appear at index | or greater in
the leximax payments list. Since the leximax payments list is sorted in nondecreasing

order, we have Cy ex Cw >1ex (;p) for each w2 SL.

For (3), the condition of the  while loop implies LQ[ SL6& ? and hence jBj> jNp(X)j.
Thus, the leximax payment of each vV 2 Np(X) satises xy = cost(P)gn,(x)j > . This
completes the proof. O

Our second lemma establishes that d d.
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Lemma A.5. Suppose Algorithm 2 sets dto PvP ry, for some v; 2 Oy(X). Then d
PVvP ry,.

Proof. Note that we can assume that Np(X) B : otherwise, sharing the cost of p
among the votersin B = B [ Np(X) would lower the per-voter price and hence (p;B )
would also certify the instability of (W; X) with budget b+ nd . On the other hand,
Algorithm 2 always includes  Np(X) in the set of buyers B.

At the start of Algorithm 2 we have LQ = Op(X) and hence B = Np(X)[ LQ[ SL= Ny.
In every iteration Algorithm 2 eliminates at most one buyer, and, when it terminates
(which it does by Lemma A.3), we have B = Np(X). Hence, throughout the execution

cost(p) . cost(p)..... cost(p) : : P : : : :
PvP ranges over N Noj 10 - N (K)J+T Since jNpj j B j > jNp(X)j, there exists
a last iteration g for which PvP = C(j’g(jp). At the beginning of this iteration we have
iBj=iB ].
Let i be the index in the leftover budgets list of the voter vi 2 B with the lowest
remaining budget whose leximax payment satis es Cy; lex (cost(PgB j; p). We then have
d = cost(p)gB j 1y, .
Suppose the value of the pointer i during iteration (gsatises i>i . If vy was removed
from the set of buyers by ceasing to be liquid in iteration ' <(q, then the value of PvVP
was strictly smaller before the removal than in iteration g. Hence, the set of buyers
B during iteration ~ was larger than |jB j, implying that after execution of Line 15
it was the case that d = % ry, ch’%(jp) ry, = d, a contradiction. Otherwise,

vi was moved from LQ to SL in an iteration ~ < q. In iteration ° voter v; satised
C;, >iex (PvP;p), while in iteration g it holds that ¢, lex (PVP;p). This increase in
per-voter price implies that in the meantime, i.e., in some iteration awith "< 2<q
a voter distinct from v; was removed from B. For a voter in SL to be removed from
B after iteration °, PvP must increase rst, as otherwise a voter in SL would have
been removed in iteration ° already after Line 7 was executed. But PvP only changes
when we remove voters from B. Thus, at the rst iteration "1 during which a voter v is
removed from B, she is removed from the set LQ, and so v = vjo for some i°>i . Since
rvo Iy, and the set of buyers before vjo's removal is strictly larger than B , we obtain

a contradiction, as  d = COjSBt(jp) Mvo Cojsé(jp) ry, < C?ét(jp) r, =d.

Now suppose i i . Everyvoter v2 B nNp(X) who has leximax payment ¢, >ex (PVP; p)
is still in  SL or LQ by the end of iteration qg. Every voter v 2 B nNy(X) who has
Cv <lex PVP must have leftover budget ry, ry, by the de nition of i and so has index

i9 i in the leftover budgets list. This implies that at the beginning of iteration o}

v = vjoisin LQ. In other words, B is a subset of the set of buyers B at the beginning
of iteration ¢g. But then jBj = jB jimplies B = B. Since we chose ¢ to be the last
iteration in which ~ PvP = C?ét(f’), a voter is removed from set B in this iteration, and

by the previous argument no voter v 2 B = B is removed from SL. We conclude that

in iteration g Algorithm 2 executes Line 15, and so d= % My, % ry =d,
completing the proof. O
By combining Lemmas A.4 and A.5, we obtain the desired result. O

Theorem 4.4 (). Let (W;X) = EES(E(b), where E(b) = (N;P;fAigiz2n;cost; b). Given
(W; X) and E(b), add-opt computes the minimum value d suchthat d > Oand EES(E (b+
nd )) 6 (W;X), and runs in time O(mn).
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Proof. By construction, add-opt returns a value d such that (W;X) is unstable for
E (b+ nd). By Proposition 4.2, the outcomes of EES are stable, so (W; X)) 8 EES(E (bt nd)).
Hence, d d.

We will now prove that d d. Let (W ;X )= EES(E(b+ nd )). Compare the execution
of EES on E(b+ nd ) and E(b), and let " be the rstiteration in which the two executions

di er (they may di er by selecting di erent projects, or they may select the same project,

but have it funded by di erent groups of voters; it may also be the case that EES(E (b))
terminates after ~ 1 iterations, while EES(E(b+ nd )) does not, but not the other way
around). Let p be the project selected by EESon E(b+nd ) initeration °,let V, = Np(X ),
and set = cost(p)5Vyj. We will show that (p; V) certi es the instability of (W; X) for
budget b+ nd ; this implies d d.

First, we will show that if EES(E (b)) selects p in some iteration ‘%> then the set of
voters Vpowho share the cost of pin EES(E(b)) is a strict subset of V,. Indeed, suppose
that VnV, 6 ?. Each voterin VJ2nV, can aord to pay cost(P)5v in iteration “%in
EES(E (b)), so each of them canaord to pay  cost(P)5v,[ v in iteration ~ in EES(E(b+ nd )),
a contradiction with the choice of  V,. Thus, V? V,. We will now argue that V,nV, 6 ?.
Let p°be the project chosen by EES(E (b)) in iteration . Since EES(E(b+ nd )) favors p
over plin iteration , while EES(E (b)) makes the opposite choice, and the two executions

are identical up to that point, it has to be the case that in E (b) some voters in 'V, cannot
aordtopay initeration ;this will still be the case in iteration 0> Thus, VpnVy6 2.
This means that each v 2 Vp0 contributes more than towards pin EES(E(b)).

Now, consider a voter v 2 V,, who does not pay for pin EES(E (b)) (either because pis not
selected in EES(E (b)) or because p is selected, but v 62\/@. Let ry be her leftover budget
after EES has been executed on  E(b). We know that after iteration ~ ~ 1 in the execution
of EES(E(b+ nd )) this voter was able to pay for p, so her remaining budget at that
pointin E(b+ nd ) was atleast . Consequently, her remaining budget in E(b) after © 1
iterations was at least d . If she did not contribute to any projects after the rst

1 iterations of EES(E (b)), we have r, d . Otherwise, she contributed to some
project p°in a subsequent iteration. If voters in E(b) could aord p°initeration " +1 or
later, the voters in  E(b+ nd ) could aord pliniteration . Since EES(E(b+ nd )) chose p
over plin iteration °, every supporter of p°at that point (in both executions) would have
to contribute at least towards p® and that would also be the case in all subsequent
iterations. Thus, Xy;po ,and if Xyp= ,then pC p? (because EES(E (b+ nd )) chose
p over p%. Thus, we conclude that in this case Cv >ex (;P)-

Therefore, for each v 2 V, with Xy., =0 we have ry d orc, >ex (;p), and for each
v 2 Vp with Xy;p > Owe have Xy > . Hence, (p;Vp) witnesses the instability of  (W; X)
for budget b+ nd . This concludes the proof. O
Remark A.6.  Algorithm 2 does not necessarily return the minimum value of d such that

if each voter were given additional budget d, project p would be included in the outcome
selected by EES. Indeed, if there is another project p° 6 p such that Algorithm 2
returns d°<d on pC then if the budget is increased to b+ nd® EES may select p® and
this will enable it to select p at a later step.

Concretely, consider four projects p1; p2; p3 and ps with costs cost(py) = 2, cost(pz) = 98,
cost(ps) = 100, cost(ps) = 51 and budget b= 150. The set of voters is f1;2;3g, where
A1 = fp1;p20, A2 = fp2;psg, and Az = fps;psg. EES selects fpi;psg. For project pa,
Algorithm 2 returns  d = cost(ps) = 51. However, project p, certi es the instability of
fp1; pag for budget B°= b+3d° where d°=1 <d, and the outcome selected by EES with
budget 153is fp1; p2; pag.
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A.2 Uniform Utilities

In practice, MES is typically used under the assumption of cost utilities. In this section,

we extend our approach to handle uniform utilities, which encompass approval utilities

and cost utilities as special cases. The distinctive feature of approval utilities is the
inverse relationship of the bang per buck of a project p for a voter i and the voter's
payment Xip. Speci cally, if one project can be bought at a higher bang per buck than
another, that precisely means it is cheaper for the voter. Consequently, if the voter

is willing to contribute some amount to p, she can do so by deviating from  at most
one project. In contrast, for more general utilities it is no longer su cient to simply
reallocate support from a single project with a lower bang per buck. Instead, it may
require withdrawing support from multiple projects, thereby signi cantly increasing the
combinatorial complexity of the problem. This suggests that extending the algorithm

to handle general uniform utilities may be less e cient.

EES can be implemented so that it returns auxiliary information, such as voters'

leftover budgets in non-decreasing order, without increasing its runtime of O(m?n).
Similarly, we can trivially modify EES to return the selected projects in W in the order
they were selected, i.e. in order of non-increasing bang per buck (with lexicographic
tie-breaking). We will denote this sequence as P1;P2;::; pw Where w = jWj. Using this
auxiliary input,  GreedyProjectChange for uniform utilities can be implemented in

time O(m + n).The overall solution can be computed in time O(m?n). To achieve this,
we generalize our de nition of stability. For this section we de ne the relation < for
(x;p) >t (v;p%, x;y Oand p;p°2 P tomean x>y or x = y and pC p®. Consider again
the approval utility case where  u(p) =1 for every project p2 P.

Lemma A.7. Given outcome (W;X) and u(p) =1 for every p 2 P, voter v is willing to
contribute ©%®) if and only if the sum of her leftover budget and the total amount she

spends on Iess preferred projects p°in the set fp°j (BpB(pY;p9 <t (Clé(s‘t’();),p)g exceeds

cost(p)
T

Proof. Let v2 V nNp(X) has r, 2P or (25UP): ) <\ c,. In the latter case, the voter

iVj iVj
spends at least COJS\}(J”) on a less preferred project p% So the sum of her leftover budget
and the budget she spends on less preferred projects is at least w as desired.
For the other direction of the claim, suppose now voter v has ty Cojs\;gp) where t, is the

combined total of ry and the money spent on projects  p°in fp%j (BpB (pY; p9) < (2P - n)g.

cost(p)
cost(p)
Vj

If the latter set is empty, then  ry . If it is non-empty, then such a project p®has

u(PIiNp(X)j  u(p)iVi

cost(p9 cost(p)
cost(p) cost(p) .
Vi INpo(X)j

u(p)jVi
BpB (p?) cost(p)

INpo(X)j Vi
cost(p9  cost(p)

0 0

0

So it follows that (C"Jf}(f) P) < lex (J,flof;(()f)” pY implying in particular that (Cojf}(Jp) D) <lex Cv.
Sory C"j?}(jp) or (Coj‘i'}(Jp) P) <lex G hold, implying that v is willing to contribute C"Js\ﬁﬁp) to

p.

3x and y represent potential values of bang per buck ( BpB), where larger values are preferred, unlike
for PvP in Section 4, and so we cannot use  (X;p) >ex (Y; pY.
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With this result in hand, we can now overload the de nition of willingness to contribute

in the case of uniform utilities. Given a pair (W; X)), we now say that voter i is willing
to contribute Cost& to p if the second condition in Lemma A.7 holds. With this updated
de nition, De nition 4.1 of what it means for (p; V) to certify the instability of  (W; X)

applies to uniform utilities. Note that this de nition is equivalent to De nition 4.1 if
u(p) =1 by Lemma A.7.

Proposition A.8. EES returns a stable (for uniform utilities) outcome.
Proof. Let E be an election and let (W;X) = EES(E). We can trivially modify EES

to return the selected projects in W in the order they were selected, i.e. in order
of non-increasing bang per buck (with lexicographic tie-breaking). We will denote

that (W; X) is unstable, as certied by a pair (p; V). Then for every v 2 V we have
ri(v) cost(Mgvj where i is the smallest index for which  (BpB (pi):pi) <t (WRUVI- 1) Since

cost(p) ’
(W; X) is unstable, we have that i is well-de ned. Now consider the project selected in
the ith iteration of EES in which p; is selected. By the de nition of EES the project
p is aordable by voters  V in this round since by the choice of i, ri(v)  cost(pgvj.
Furthermore, since  (BpB (pi); pi) <t (léé'zz’(\g)’;p) holds, project p has higher priority than
pi, and so would be selected by EES instead. This contradicts that EES returns (W; X)
and the project ordering projects  ps;:::;pw. We conclude that (W;X) is stable. O
We now show how to compute Li;:::;Lw used in Algorithm 4 and computed in Algo-
rithm 5 given Ly+1 and pg;:::;pw using dynamic programming.

Proof. L; will contain the values rj(v) sorted in hon-decreasing order. We note that
either a voter contributes to project p; or she does not, and in the former case, every
such voter contributes an equal amount by the de nition of exact equal shares. So to

obtain L; from Lj.+; it suces to merge the sorted lists Li+1 [Np (X)] + jf\lost((ggj (voters
who pay for p;) and Lj+1[Op, (X)] (voters who do not pay for p;) in time O(n). Since we
create w = O(m) lists this way, the overall runtime is O(mn). O

For readability, from now on we will refer to outcomes that are stable for uniform
utilities as simply stable.

A.3 Time Complexity and Correctness

Algorithm 4, GreedyProjectChange  for uniform utilities, solves the problem of nding
the minimum per voter budget increase d such that project p certi es the instability
for E(b+ nd) for uniform utilities. The key insight is that, under uniform utilities,
project costs being shared exactly equally combined with uniform utilities give rise

to the uniform bang per buck, given by BpB(p) = % for each contributing voter

in Np(X). Similarly to Algorithm 2, for given p 2 P we compute the minimum budget
increase so that p will certify the instability of (W; X): For each project p we calculate
the additional budget per voter required so exactly t voters can a ord to pay for  p for
the rst time for each  t = jNpj;:::;JNp(X)j + 1. Leveraging the fact that we only need to
consider the t j Np(X)j richest voters in  Op(X) as measured by how much they are
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willing to contribute with t voters then yields a computationally e cient solution for
uniform utilities.

Key input data to Algorithm 4 consists of the w+1lists Lqi;:::;Lw+1, Where each list
Li, i w corresponds to a distinct project pi 2 W and Ly+1 contains voters' leftover
budgets sorted in nondecreasing order. These lists can be computed in time O(mn) as
a preprocessing step in  add-opt for uniform utilities (Algorithm 5). De ne rw+t (V) = 1y
and for i 2 [w] ri(v) = ri+1 (V) + Xv;p,, representing the total amount v spends on projects

i;...; Ppw and her leftover budget. For i 1, the i-th list L; contains, in non-decreasing
order, for each voter the total budget ri(v) that each voter v contributes to projects
"no better than" project p; combined with the voter's leftover budget. Speci cally, this
includes precisely those projects p 2 W with (BpB(p);p) <t (BpB(pi);pi). To identify
voters willing to pay, the lists Li;:::; Lw+1 are particularly useful due to the following
simple observation.

Lemma A.10. Voter v is willing to contribute Costﬁ to project p if and only if for some

i 1 satisfying (C‘é(sli’(););p) >¢ (BpB(pi); pi) it holds that r;(v) Costw or else ry Costﬁ

Algorithm 4:  GreedyProjectChange (GPC) for uniform utilities

Input: E =(N;P;fA;jgi2n; b;cost), equal shares solution (W; X)), project p;

Output:  Minimum d > 0such p certi es the instability of (W; X) for E(b+ dn)
d 1 ;
T
i w+1;
while ~ j Op(X)j do

L minfi § (g enpo0r P) >t (BPB(P)ip)g [f w+1g;

. . t . . N
d - minfdi5uGy  LiliOp(X)i lgi
h1:

end
return d;

With this auxiliary information in hand, for each project pandeach t= jNpjtot=
jNp(X)j+1 Algorithm 4 computes the budget increase d needed so that at least t voters
would deviate and collectively pay for p.

Lemma A.11. Algorithm 4 returns the minimum amount d such that there exists a set
of voters V such that (V;p) certi es the instability of  (W; X ) for E(b+ d n).

Proof. For " =1;:::;jOp(X)j let d be the minimum amount such that there exists a set of

voters V- of size [Np(X)j+ "~ suchthat (V-;p) certi es the instability of  (W; X) for E(b+ nd-).
= [ . i . = _¢cost(p) Ti P

Clearly d = ‘2[1rgLr(]x )j]d , SO it su ces to prove that (1) d TN OO)] Li[iOp(X)j ]

where i is the index at the end of the  "th iteration of Algorithm 4, and (2) we have
identi ed a corresponding set V.Othat certi es the instability of (W; X) for E(b+ nd-).

Let V.9be the set of voters corresponding to the last * entries of list L; where i is de ned
as in Line 5 of Algorithm 4 for our value of *. After an increase in budget by an amount
cost(p) T R ; Oic willi ; cost(p)
of TN (X)) Li[iOp(X)j '] every voter in V"is willing to contribute an amount TN, O]
to p. Thus, d % Li[jOp(X)j ]. Observe that every voter is willing to use the
money corresponding to their entry in in Li to contribute to  p with ~ + jNp(X)j or more
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voters by the de nition of i and similarly, by the de nition of i no voter is willing to give
up support for a project  p; with j <i . So any other set V.00%f size JNp(X)j + ~ satis ed
miny,yoori(v)  miny,yo. This implies voters in - V.%need at least as much additional

budget as voter V. implying that d- % Li[jOp(X)j ']. This completes the

proof. O

Lemma A.12. Algorithm 4 can be implemented with runtime O(m+ n).

Proof. Since " increases by 1 in every round, the while loop terminates in O(n) rounds.
Thus, we only need to justify that Line 5 can be implemented e ciently, so that the
overall runtime does not exceed O(m + n). The key observation is that the values of i
are non-increasing. Suppose that " increasesto "> >" sot = jNp(X)j+ ~ increases to
ta = Np(X)j + 2. If (i P) >t (BPB(p); pi)g then also (guby; ) >t (BPB (pi); pi)g.

t t2

So since (BpB(pi);pi) >t BpB(pi+1;pi+1) forall i=1;:::w 1, it follows that

T L u
M o p >((BB(RP) [ welg min ij 4P o > (BpB(R):p) I wrig
It follows that as ° increases, i does not increase. So it su ces to simply decrease
i until the condition (%‘(’}));p) > (BpB(pi); pi) is satis ed. Since i is initialized to
"+ jNp(X)]j
w+1= O(m), we conclude Fj[hat Algorithm 4 runs in time O(m + n). O

Analogously to Section 4, we dene  add-opt for uniform utilities (Algorithm 5) and
show that it returns the minimum budget increase resulting in instability and runs in
time O(m?n).

Algorithm 5:  add-opt for uniform utilities
Input: E =(N;P;fA;jgi2n;cost;b), equal shares solution (W;X) for E;

rvi Tv..Vi6Vj;i<j and ryis Vv's leftover budgetin (W, X);

Output:  Minimum d > 0such that (W;X) is unstable for E(b+ dn)

d=+1;

Lo =[r(v;1);::5r(vn)l where r-(vi)  r-(vyis1), vii 6 vvj;i<j foreach p 2 W,
/I Implementation discussed in Lemma A.9

for p2 P do

d =min(d; GPC(E; (W; X); p; L1[Op(X)]; : : 15 Lw+1 [Op(X)]);
end
return d;

Theorem A.13.  Algorithm 5 can be implemented in time ~ O(m?n).

Proof. By Lemma A9 lists Lgq;:::Ly can be computed in time  O(mn) from the ordering
p1;:::;pw and Ly+1. For the remainder of Algorithm 5, we execute Algorithm 4 m
times which by Lemma A.12 can be implemented in time O(m + n). However, when
calling GreedyProjectChange in Line 5, we partially copy the lists Lq1;:::;Lw+1 to obtain
the sublists L 1(Op(X)) :::Lw+1(Op(X)) which takes time O(mn), resulting in an overall
runtime of O(m?n). This completes the proof. O

22



Theorem A.14. Algorithm 5 returns the minimum budgetb > b such that EES(E ) &
(W, X) where E = (N, P, fA;jgi2n, b , cost)

Proof. The proof proceeds in analogy to the proof of Theorem 4.4 with minor differences.
Let (W ,X )= EES(E(b+ nd )). Since (W, X) 6 (W ,X ) we show that there exists
(p, Vp) that certifies the instability of (W, X) for budget b , i.e. after an increase of ® 5 b
per voter from budget b; indeed, there exists a first iteration, say iteration ¢, in which
EES selects a project p paid for by voters V;, for E(b+nd ), such that in the gth iteration
for E(b) for budget b the same does not happen (more precisely, the algorithm may
terminate before iteration ¢ or it may not select p in iteration ¢, or it may be pair for
by a different set of voters). For budget b, either p is never selected or it is eventually
selected. In the first case this means that for budget b at the end of iteration ¢ 1,

every voter v 2 1}, has rj(v) C‘}%)(jm for some i with BpB(pi),pi) <t (%,p) which
by Lemma A.10 implies that (Vj, p) certifies the instability of (W, X) for budget b , as
claimed. If instead p is (eventually) selected for budget b, it will be paid for by a strict
subset of the voters V}; indeed if there was be a voter v 2 V}, paying for p, then this
voter would also pay for p in EES run on E(b ). Clearly p cannot be paid for by all of V},

as then EES would select p paid for by 1}, in iteration ¢ for both elections F and E ,
cost(p)
o Vpi

some i with BpB(pi), pi) <t (%,p) which by Lemma A.10 implies that (V}, p) certifies
the instability of (I, X) for budget b , as claimed. So since an increase of 2 = b per voter
results in p certifying the instability of ¥, by Theorem 4.3, Algorithm 2 for p will return
an amount d 2 = b so that the output ¥’ of Algorithm 3 is at most b . Furthermore,
for b’ = b+ dn where d is computed by Algorithm 3, there exists (p’,V}) that certifies
instability of (W, X). Since EES returns stable outcomes, this implies that for budget
', EES does not return (W, X) i.e. EES(FE(1')) & (W, X) and so by our definition of b it

follows that b  ¢'. This concludes the proof. O

for

contrary to our assumption. However, as before, every voter v 2 V}, has rj(v)

A.4 Lower bound on the number of distinct outcomes of EES

Since the algorithms in the previous section aim to find the next budget at which EES
produces a different outcome, and given that for a sufficiently large budget all projects
will be selected?, a natural question arises: How many distinct outcomes are there? In
other words, how large can the set

fEES(E(b),u)jb> 0g
be as a function of the instance size for uniform utilities u?

We are particularly interested in determining whether this size can be bounded by a
polynomial in the size of the instance. For approval utilities, we leave this question as
an open problem. However, for cost utilities, we answer this question in the negative
by presenting an instance with exponentially many different outcomes relative to the
size of the instance.

Theorem A.15. There exists an instance E of size O(m?) and budgets by < by < ... < bym
such that for (Wj, Xi) = EES (E(bi), cost) it holds that W; & Wj forany i 6 j,1 4,57 2™M.

P .
Proof. We consider the budgets bj = anzl 2} 1di;; where dim . ..di2di is the binary
expansion of i for i = 1,...,2M™. We construct E(b) = (N, P, fA;jgian, cost,b) where

“without loss of generality, we assume that every project is approved by at least one voter
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N = VLM Djis a set of n = 2m? + m + m® voters and the set of projects is
P = fpi,...,pm,a1,...,amg. We set cost(pj) = i 2MP+i oI+l for ;2 [m]. We set

n
the price of a; to cost(ai) = 2i%+m2 to i 2 [m]. The set of voters Dj for each ¢ 2 [m] has
size m? and each voter in D;j approves only aj. The set of voters V has size 2m? 4 m.
For each i 2 [m], the project p; is approved by exactly 2m? + i voters among V, and
the approvals are distributed in such a way that every voter in V' does not approve
at most one project pj. This is possible because each project p; is ri:gt approved by
2m2+m (2m?+1i)=m ivoters from V which amounts to a total of = [n,'j = (M Lm
pairs (v,pi) such that v 2 V does not approve pj,i 2 [m]. So we can make sure that
less than m? agents among V do not approve one project pi, i 2 [m]. To complete the

approval sets, a voter in V' who does not approve pj, does approve a;.

We claim that (Wj, Xj) = EES(E(bj)) satisfies W; \ P = fp; j di;j = 19. Note that if all

its 2m?2 + j supporters contributed equally, the PuP of pj is % - % and its bang

per buck is 2m? +i. Suppose dij,,...,dij., where j- > j.1, are all equal to 1 and di;j
for j 2 fj1,..., k0 is equal to 0. We claim EES selects pj,, ..., pj, in this order, shared
exactly by all the respective projects supporters and then proceeds to select the projects

aj,, - --,aj, in some order among the set of projects ay,...,am, resulting in all voters in
V having run out of money. it potentially selects further projects among a4, ...,am and
terminates.

We prove the claim by induction. Consider project pm, and suppose first that dijm = 1.
We claim that ppy, is the first project to be selected and is fully paid by all of its supporters.

First of all pm can be afforded by its supporters since b; 2™ and $Xm) _ 2% 5pq

each voter has budget % % Indeed, each project a; is supported by m? voters and
so can achieve a BpB of at most m? < 2m? + m, where 2m? + m is the BpB if pp, is paid
for by all of its supporters. Similarly every project pj, j < m has smaller BpB (namely
2m? + j) even if every agents contributes. Now suppose di:m = 0. In this case b 2™ 1

and so °2°nit2(§"r;3 = % > bﬁ' and so pm, cannot be afforded (even if all of its supporters
contributed).

For the inductive step, consider project p; 2 W, j < m, and assume that for all ¢ with
m £ > j it holds that

1. if dj.- = 1, p- has been selected by EES and is paid for by all its supporters,

2. if dj.- = 0, p- has not been selected by EES.

Furthermore, we assume no project p- with ¢/ j has been selected and all projects
a1, ...,am are either not affordable or affordable at a bang per buck at most m24+m  2m?2.
First suppose that dj;j = 1, we will show that in this case pj can be paid for equally
by all its 2m? + j supporters, and since it has the largest bang per buck among all
the affordable projects, is the next in line to be selected. The supporters of p; have

My orpod+1

each spent at most : dmz".‘.énz dit

least % leftover budget per voter. This is precisely the price per voter if all the 2m? + i

supporters of p; pay for p; together as % = %

Now suppose di;j = 0. All except less than m? voters from V have spent exactly

Zmdi;ngﬁszﬂdi;jﬂ
n

on projects pj+1,...,pm and in particular have at

. These voters therefore have a leftover budget of less than % implying
that even if every voter contributed towards pj, they would not have enough leftover
budget. So the largest bang per buck for pj we can obtain is less than m?. Since
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di:m, - . . diz2di:1 is the binary expansion of i it holds that dj = 1 for some j 2 [m]. The
corresponding project qj is affordable at a bang per buck m j +m? > m? and so would
be selected before pj. Furthermore, any for any j with 1 ¢ < j if d- = 1, then the
corresponding bang per buck is 2m? +¢ > 2m? > m? +m m?+m j, such a project is
selected before p; and before any a-, ¢ 2 [m]. This shows that indeed the first projects
to be selected are exactly pj,,...,pj.. It remains to show that no pj, j 2 fj1,..., 5«0 is
selected subsequently. Suppose dj;j = 1 and so pj was selected. There are m  j voters
in V who did not pay for p; and have exactly % leftover budget (since by construction
every voter in V does not approve at most one project in fp1, ..., pmg. These voters all

approve aj and aj can be bought at a bang per buck of m?+m j at a per voter cost

nﬁ?“ffﬁj )j = % since every supporter of a; has leftover budget at least % Any

project p- with d- = 0 we previously argued has a bang per buck of less than m?, so all
affordable projects aj will be prioritized over affordable projects p-. It follows that EES

selects each aj with j 2 fj1,...,jkg. After this, no voter V has a leftover budget as either
di;j12j1+I::+di;jk2jk
n

of exactly

on them or

they approve all projects pj, , ... pj, and spent exactly % =

they approve all but one project pj- and spent exactly bﬁ' % = di;j12]1+:;+di;jk21k %
on projects pj,,...pj. and the remaining % budget on aj.. So none of the supporters
of p- for d- = 0 has any leftover money. This completes the proof. O]

A.5 Experiments: Further Details

Datasets All our experiments were conducted on real-world data from Pabulib, the
Participatory Budgeting Library [5]. Pabulib contains detailed information on over 300
participatory budgeting elections that took place between 2017 and 2023, of which we
analyze 250; this selection was made due to time limit of 24 hours to complete our
most computationally expensive experiments.

Figure 2 presents key characteristics of our dataset, including distributions of voters,
projects, and budgets.

Implementation We use the pabutools Python library [5] to calculate MES outcomes.
To monitor the number of calls to MES, we implement custom versions of the comple-
tion methods for MES. Similarly, we implement custom Python code for EES and all
completion heuristics defined in this section. The source code for our implementation is
available at https://github.com/psherman2023/Scalable_Proportional_PB/tree/master.

Table 2: Comparison results: cost utilities.

Method Avg Med Std Avg Med Std
Ex. Ex. Ex. Eff. Eff. Eff.
MES + ADD-ONE 465.6 346.0 431.4 0.900 0.944 0.110
MES + app-onNE (C) 2894.9 2033.0 3125.8 0.902 0.945 0.109
EES + ADD-OPT 432.7 106.0 751.2 0.881 0.944 0.140
EES + abp-ort (C) 1263.6 360.0 1812.9 0.882 0.945 0.140
EES + ADD-OPT-SKIP 12.4 10.0 7.3 0.855 0.903 0.138
MAX 478.0 357.0 428.9 0.909 0.950 0.103

Results and Discussion
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(b) Histogram of the number of voters across all
selected Pabulib instances.

(a) Number of voters versus budget amount in the
selected Pabulib instances.
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(d) Histogram of the budget size across all selected
Pabulib instances.

(c) Histogram of the number of projects across all
selected Pabulib instances.

Figure 2: Dataset characteristics showing the distribution of voters, projects, and budgets
across all analyzed Pabulib instances.
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Spending Efficiency of MES

Figure 3: A comparison of the
spending efficiency of MES vs. EES
without a completion method: ap-
proval utilities.

Spending Efficiency of MES

Figure 4: A comparison of the
spending efficiency of MES vs. EES
without a completion method: cost
utilities.

Findings Our experiments highlight the advantages of App-opr-skip. Below are our
key findings:

1. EES with ApD-oPT-SKIP requires an order of magnitude fewer calls to the base
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Figure 5: max is the result of running MES + app-oNE and EES + app-opr-skip and taking the
result with the higher spending efficiency.
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Figure 6: Graph showing executions and spending efficiency for identified cases where the
optimal virtual budget occurs after the point at which the true budget is first overspent. In
these cases, EES with app-opt-skip achieves much higher spending efficiency than MES with
ADD-ONE, increasing from an average of 78% to 86% for the 3 identified instances with cost
utilities and from 78% to 90% for the 14 identified instances with approval utilities.

method than MES with ADD-ONE:

* For approval utilities, the average number of calls drops from 535 to just 28.
* For cost utilities, the average number of calls decreases from 466 to only 12.

* Despite this, EES with ApD-opPT-sKIP provides comparable spending efficiency:
0.85 for approval utilities (vs. 0.86 for MES with App-onE) and 0.86 for cost
utilities (vs. 0.9 for MES with ADD-ONE).

2. EES with app-opT-skIP often outperforms MES in spending efficiency:

* In 85% of datasets, EES with app-opT-skip achieves spending efficiency that
is at least as high as that of MES with apD-oNE, with strictly higher efficiency
in 16% of cases for approval utilities. For cost utilities, its spending efficiency
is at least as high as that of MES with App-oNE on 55% of the datasets and
strictly higher on 8% of the datasets.

3. High spending efficiency on non-monotone instances:
* In some real-world instances such as the one in Figure 1, the optimal virtual

budget (in terms of spending efficiency) is larger than the smallest virtual
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