Nonparametric Detection of Gerrymandering
in Multiparty Elections

Dariusz Stolicki, Wojciech Stomczynski, Stanistaw Szufa

1 Preliminaries

Most of the traditional methods developed for detecting gerrymandering in first-past-the-
post electoral systems assume that there are only political parties really contesting the elec-
tion, or, at least, that the party system is regular in the sense that all parties field candidates
in every district. This is certainly a very reasonable assumption in many cases: under a well-
known empirical regularity known as Durverger’s law FPTP tends to be correlated with the
emergence of two-party systems. Moreover, many of the authors working on gerrymandering
detection are motivated by U.S. legislative elections (state and federal), where the regular
two-party pattern of competition prevails. However, in many other systems using FPTP
we discover significant deviations from such patterns in the form of regional parties, strong
independent candidates, minor parties that forgo campaigning in some districts, etc. In the
face of such deviations, many of the traditional methods fail completely. Our objective,
therefore, is to develop a method of detecting gerrymandering that can be applied to such
partially-contested multiparty election.

1.1 Contribution

Our main contribution consists of the development of a nonparametric methods for detecting
gerrymandering in partially-contested multiparty elections. By nonparametric we mean that,
unlike most of the traditional statistical methods, the proposed method is free of assumptions
about the probability distribution from which observed data points are drawn or the latent
mechanism through which such data is generated. Instead we use statistical learning to
identify regularities on the basis of the available empirical data.

By a partially-contested multiparty elections we mean any FPTP election where at least
some candidates are affiliated into one or more political parties (after all, if every district-level
election is completely independent and candidates cannot be affiliated into blocks, the very
concept of gerrymandering as traditionally defined is meaningless), but for every party there
is at most one affiliated candidate in every district (so there is no intra-party competition).
For the sake of simplicity, we treat independent candidates as singleton parties.

In particular, we permit the following deviations from the two-party competition pattern:

e the number of parties can differ from two,

e the number of candidates within each district can differ from two,

e a party can run candidates in any number of electoral districts,

e the set of parties contesting the election varies from one district to another.

Another area in which our approach differs from traditional methods for detecting gerry-
mandering is that they have been tailored towards testing a large ensemble of elections (not
necessarily from the same jurisdiction) rather than a single election. For instance, our orig-
inal scenario was to test for evidence of gerrymandering in close to 2,500 Polish municipal
elections. In particular, the proposed methods, like all statistical learning methods, require
the researcher who wants to use them to have a large training set of elections that they
believe to be sufficiently similar insofar as the translation of votes into seats is concerned.
If there is a large ensemble of elections being tested, they might form such a training set
itself. There is no requirement that the training set and the tested set be disjoint as long
as we can assume that gerrymandering is not ubiquitous.



1.2 Prior Work

Among the methods of detecting gerrymandering that focus on the political characteris-
tics of the districting plan (e.g., its impact on seats-votes translation or district-level vote
distribution) the earliest focused on measuring how actual elections results deviate from a
theoretically or empirically determined seats-votes curve. Such function, first introduced into
political science by Butler [22] with his rediscovery of the cube law, have been intensely stud-
ied from the 1950-s to the 1990-s (see, e.g., 57, 16, 69, @9, 96] T0T] 66}, 44} 20] 26|, 14, 37 [42]).
There is a consensus in the literature that a two-party seats-votes relation is usually de-
scribed by a modified power law:
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where Sj and Vj are, respectively, the seat- and vote-share of the i-th party, j is a party-
dependent parameter, and is a constant [101l [44]. However, only few authors have con-
sidered the case of multiparty elections [97, [59) [67], and their results are mostly heuristic.

The state-of-the-art approach to detecting gerrymandering is the partisan symmetry
method. The general concept was first proposed by Niemi and Deegan [78], who noted
that an election should not be regarded as gerrymandered if it deviates from a model seats-
votes curve as long as the deviation is the same for each party, i.e., each party has the
same seats-votes curve. The main challenge here lies in obtaining that curve from a single
realization. The original idea has been to extrapolate therefrom by assuming a uniform
partisan swing, i.e., that as the aggregate vote share of a party changes, its district-level
vote shares increase or decrease uniformly and independently of their original levels. This
assumption, first proposed in [21, 23], has been employed in, inter alia, [92] [I7, 18], TOT] [4]
45), [86], 87, [77), [79, 37, 2, 55]. However, in light of both theoretical and empirical criticism of
the uniform partisan swing assumption [75, [0, 53], [10], a more sophisticated extrapolation
method has been developed by Gelman and King [38, [39] [40], see also 58, [60, and [100
Yet neither of these two methods can account for multiple parties absent some unrealistic
assumption that the relevant swing happens only between two parties identified as major.

The third approach is the efficiency gap method proposed by McGhee [74] and further
developed in Stephanopoulos and McGhee [94]. It is based on the assumption that in an
unbiased election all contending parties should waste the same number of votes. While
prima facie attractive, this assumption is actually highly problematic because it requires
the electoral system to match a very specific seats-votes curve [73, p. 296, [7]. In this respect
it represents a methodological step backwards, making it again impossible to distinguish
asymmetry from responsiveness. The McGhee-Stephanopoulos definition of wasted votes
has also been criticized as counterintuitive [see, e.g., 29, pp. 1181-84, and [8, p. 5]. Most
importantly for us, the efficiency gap method fails to account for multiple parties.

Finally, there are several method designed to identify anomalies in the vote distribution
indicative of standard gerrymandering techniques like packing and cracking. These include
the mean-median difference test proposed by McDonald et al. [71], which measures the
skewness of the vote distribution; the multimodality test put forward by Erikson [32]; the
declination coefficient introduced by Warrington [I04] and measuring the change in the
shape of the cumulative distribution function of vote shares at 1=2; and the lopsided winds
method of testing whether the difference between the winners’ vote shares in districts won
by the first and the second party is statistically significant [T03]. Again, virtually of all those
methods assume a two-party system. For instance, natural marginal vote share distributions
in multiparty systems (such as the beta distribution or the log-normal distribution) are
necessarily skewed. A similar assumptions underlies the declination ratio and the lopsided
wins test. Finally, the multimodality test assumes a constant number of competitors.



1.3 Basic Concepts and Notation

Gerrymandering is usually defined as manipulation of electoral district boundaries aimed at
achieving a political benefit. Hence, intentionality is inherent in the very concept. However,
identical results can also arise non-intentionally, as geographic concentration of one party’s
electorate in small areas (major cities, regions) can produce similar effects to intentional
packing. We use the term ‘electoral bias’ to refer to such ‘natural gerrymandering’.

Our basic idea is to treat gerrymandering and electoral bias as statistical anomalies in
the translation of votes into seats. Identification of such anomalies requires a reference
point, either theoretical, such as a theoretical model of district-level vote distribution, or
empirical, such as a large set of other elections that can be expected to have come from
the same statistical population. As the former approach is burdened with the risk that the
theoretical model deviates from the empirical reality, in this paper we focus on the latter.

There are three basic assumptions underlying our methodology. One is that we have a
training set of elections that come from the same statistical population as the election we
are studying. Another one is that gerrymandering (or any other form of electoral bias) is an
exception rather than a rule. Thus, we assume that a substantial majority of the training
set elections are free from bias. The third assumption is that while district-level results can
be tainted by gerrymandering, aggregate electoral results (e.g., vote shares) never are.

One major limitation of our methodology lies in its inability to distinguish gerryman-
dering from natural electoral bias. This limitation is shared, however, with virtually all
methods in which the evidence for gerrymandering is sought in analyzing voting patterns
or any other variables which are ultimately a function of such patterns (e.g., seat shares,
wasted votes, etc.). For many applications that may be enough, since for the end users it
might not matter whether the bias in the electoral system is artificial or natural. For appli-
cations where that distinction matters, the proposed methods can still be useful to identify
cases requiring more in-depth investigation.

Let us introduce some basic notation to be used throughout this paper:

set of contested districts For i 2 P, we denote the set of districts in which the i-th party
runs a candidate by Dj. Let ¢j := jPjj.

set of contesting parties For k 2 D, we denote the set of parties that run a candidate
in the K-th district by Pk. Let ng := jDkj.

district-level vote share For i 2 P and k 2 D, we denote the district-level vote share of
tl&e i-th party’s candidate in the k-th district by V%‘. If there was none, we assume
vk =0.

district-level seat share For i 2 P and k 2 D, let sk equal 1 if the i-th party’s candidate
in the K-th district won the seat, and 0 otherwise.

district size For k 2 D, we denote the numb&; of voters cast iy the k-th district by wk.

aggregate vote share For i 2 P, let vi := | 5p, vEwy = k2D; Wk be the aggregate
vote share.
aggregate seat share For i 2 P, we denote its aggregate seat share by sj :=
k2D, S =Ci:
unit simplex For n 2 N4+, we denote the unit simplex by fx 2 R} : kxk; = 1g by Ap.
k-th largest / smallest coordinate For n 2 N4, X 2 R", and k 2 1;:::;n, we denote

the (k)-th largest coordinate of X by Xﬁ, and the (K)-the smallest one by Xk

2 Seats-Votes Functions

Seats-votes curves are one of the fundamental concepts under the traditional approach to the
quantitative study of electoral systems. It is a function that maps an aggregate vote share to



an aggregate seat share. Of course, it is easy to see that in reality even in two-party elections
a seats-votes curve is not actually real-valued, but probability measure-valued, since the seat
share depends on what we call “electoral geography' { the distribution of district-level vote
shares. We call this measure-valued function aeats-votes function while reserving the name
of a seats-votes curve to a function that maps a vote share to the expectation of its image
under the seats-votes function. Note that both gerrymandering and electoral bias manifest
themselves by deviation of the seats-votes function applicable to one or more parties from
the ‘'model' seats-votes function caused by anomalies of the electoral geography.

In multi-party elections there is another fundamental problem with seats-votes functions:
the distribution of seats depends not only on the vote share and the electoral geography, but
also on the competition patterns: the number of competitors and the distribution of their
votes (or, to be more precise, on the distribution of the rst order statistic of their votes)
[24, 68, 25]. If we were to t a single seats-votes for all parties without regard to competition
patterns, the result would involve another source of randomness besides districting e ects,
namely the variation in such patterns. Hence, we would be unable to distinguish between
a seats-votes function that deviates from the model because of electoral geography and a
seats-votes function that also deviates from the model, but because of unusual competition
patterns. Thus, we need to account for this e ect by considering a seats-votes-competition
pattern function rather than the usual seats-votes function.

Remark 2.1. Consider seats-votes curves in multi-party elections. If we assume that they
are anonymous (i.e., identical for all parties), non-decreasing, and surjective, it turns out
perfect proportionality (s = v) is the only seats-votes curve that does not depend on the
distribution of competitors' votes [12, Theorem 1].

It would be convenient if we were able to describe the competition pattern by a single
numerical parameter. Our objective here is to nd a measure of the “di culty' of winning a
seat given the number of competitors and the distribution of their vote shares (renormalized
so as to sum to 1). A natural choice would be theseat threshold

Denition 2.1  (Seat Threshold). Fix i = 1;:::;n, and assume that renormalized vote
shares of the competitors of thei-th candidate equal some random variableZ distributed
according to some probability measure on . ;. A seat thresholdof the i-th candidate is
sucht; 2 [1=n;1=2] that Pr(S; = 1jv;) > 1=2 for everyv; > t;, i.e., the probability that the
i-th candidate wins a seat with vote share equal; exceeds £2.

Proposition 2.1.  Itis easy to see thatPr(S; =1jv) =1 F,«(v=(1 V)), whereF,; is the
cumulative distribution function of the renormalized vote share of the largest competitor.

Out next objective is to approximate the seat threshold in cases where we do not have any
knowledge of the distribution of the competitors' vote shares, but only a single realization
thereof. We therefore need a statistic that is both a stable estimator of the distribution
parameters and highly correlated with the value of the largest order statistic. We posit that
the best candidates for such statistics aremeasures of vote diversityamong competitors,
and use a Monte Carlo simulation to test a number of such measures.

Observation 2.1.  Let Gamma(1; 1), and let V. Dir(f g"), wheren=3;:::;12 and

Dir( ) is the Dirichlet distribution with parameter vector . For a sample of 26 realizations
of V we have calculated Spearman's correlation coe cients [93] for:
1

2. V¥, i.e., maximum of the coordinates,

3. V,, i.e., minimum of the coordinates,

4. median coordinateVmeq, P

5. Shannon entropy [89], H(V ) := ", VilogVi,



P
6. Her ndahi{Hirschman{Simpson index [48, 91, 46], in=1 Vi2,
Gini coe cient of the coordinates,
8. Bhattafg,hary}sa angle [9] between V and the barycenter of the simplex,

arccos [, Vi=n.

~

The results forn = 3 are given in Table 1, while those forn = 6 and 12 { in the Appendix.

VY V) Vmea H(V) | ", V2 Gini Bhatt
1000 -0513 0583 0246 0582 -0.565 -0.568 -0.588

Vl# -0.513 1.000 -0.806 -0.729 -0.938 0.965 0.965 0.917
A 0.583 -0.806 1.000 0.226 0.952 -0.918 -0.930 -0.967
Vimed 0.246 -0.729 0.226 | 1.000 0.485 -0.564 -0.549 -0.436

B(V) 0.582 -0.938 0.952 0.485 1.000 -0.994 -0.993 -0.998

", V2 -0565 0.965 -0.918 -0.564 -0.994 1.000 0.997 0.986
Gini -0.568 0.965 -0.930 -0.549 -0.993 0.997 1.000 0.986
Bhatt. -0.588 0.917 -0.967 -0.436 -0.998 0.986 0.986 1.000

Table 1: Correlation Matrix for n =3

We conclude that the Her ndahl{Hirschman{Simpson index is consistently the one that
best correlates with the maximal coordinate while also being a reasonably good estimate of
the distribution parameters. Accordingly, in our procedure for estimating the seat threshold
we use its monotonic transform, i.e., thee ective number of competitors [63, 98]:

De nition 2.2  (E ective Number of Competitors) . The e ective number of competitors of

(2.2)
j=1;j6i

wherez 2 .  is a vectgy of the vote shares of that candidate’s competitors multiplied by
such constant inR. that = ', ;6,2 = 1.

We shall see that the vote share and the number and e ective number of competitors
enable us to accurately classify candidates as winning and losing (see Figure 1 and Table 2).

Proposition 2.2.  Clearly, with three candidates, i.e., two competitors, the classier is
exact (modulo ties), as the e ective number of competitors uniquely determines the share
of the larger one in their aggregate vote share:

S !

maxfzjl;zjzg:% 1+ 3 1 (2.2)
|

Then the decision boundary (i.e., the curve separating the space of candidates into winning
and losing subspaces) is the set of points satisfying:

1 2vi+ V2
1 4y +5v2

i = (2.3)
Model 2.1 (Decision Boundary forn > 3). For n > 3, the decision boundary is determined
on the basis of the data using a support vector machine-based classi er [13, 28] with a third-
order polynomial kernel, and then approximated by a strictly decreasing B-spline of degree
3, with boundary nodes at 1=n and 1=2 and interior nodes tted using cross-validation.



De nition 2.3  (E ective Seat Threshold). We refer to the value of the decision boundary
for the candidate of thei-th party in the k-th district, ascertained for the given number and
e ective number of competitors, as the e ective seat threshold tk.

De nition 2.4  (E ective Seat Threshold Classi er) . An e ective seat threshold classi er
isafunctions:[0;1] N [1;1)! B that maps atriple (v;n;' )to Oi the probability of
winning with vote share v, n 1 competitors, and' e ective competitors is below 1=2.

Figure 1: E ective seat thresholds for n = 3;4;5;6. Blue points indicate successful candi-
dates, while red points { unsuccessful candidates.

Denition 2.5 (Mean E ective Seat Threshold). Mean e ective seat threshold t; =
htXix2p, is our measure of the di culty of winning a seat.

3 Nonparametric Seats-Votes Function Estimates

One possible approach to identifying the

R n R n R n R

model seats-votes function is to construct
one theoretically. We might start with 3 .0035 9 .0073 15 .0144
some probabilistic model of intra-district 4 .0137 10 .0067 16 .0148
vote distribution, then use it to calculate 5 .0152 11 .0142 17 .0176
the seat threshold, and use a probabilis- 6 .0137 12 .0186 18 .0182
tic model of inter-district vote distribution 7 .0136 13 .0152 19 .0133

8 .0068 14 .0171 20 .0168

to calculate the probability of district vote
share exceeding the seat threshold. Finally,
either by Convo'ving binomial distributions Table 2: Classi CatiOﬂ error R for the e ective
or by the central limit theorem we obtain Seat threshold classi er.
the seat distribution.

One unavoidable weakness of any theoretical seats-votes curve lies in the fact that a
systematic deviation therefrom might just as easily arise from electoral bias as from incon-
gruities between the theoretical distributional assumptions and the empirical reality. To
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