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Zusammenfassung

Wabhlverfahren werden nicht nur in der Politik, sondern auttvielen Gebieten der Infor-
matik eingesetzt (z.B. bei Multi-Agenten-Systemen in déngtlichen Intelligenz). Brams und
Sanver [BS06] fuhrten zwei Wahlsysteme ein, die das bakafipproval Votingmodifizieren:
Sincere-strategy Preference-based Approval Vo{i&8-AV) und Fallback Voting(FV). Diese
beiden Wahlsysteme werden in der vorliegenden Arbeit imbkik auf Wahlkontrolle un-
tersucht. In solchen Kontrollszenarien versucht ein egerAgent, das Wahlergebnis durch
Hinzufugen/Entfernen/Partitionieren von entweder Kdaten oder Wahlern zu beeinflussen.

Es wird gezeigt, dass SP-AV gegen 19 der ublichen 22 TypenWahlkontrolle resistent
ist, d.h., die entsprechenden Kontrollprobleme sind NR}h&Inter allen naturlichen Wahlsyste-
men, deren Sieger in Polynomialzeit bestimmt werden kinbesitzt SP-AV somit die meisten
Resistenzen gegen Wahlkontrolle. Insbesondere ist SPrRA¢h(Copeland Voting siehe Fal-
iszewski et al. [FHHRO08a]) das zweite solche Wahlsysters, gigen alle Typen der konstruk-
tiven Wahlkontrolle resistent ist. Anders &®peland Votingst SP-AV jedoch auch weitgehend
resistent gegen die destruktiven Kontrolltypen. AufRerdgnd gezeigt, dass FV — ebenso wie
SP-AV — vollstandig resistent gegen alle Typen von Kantgidkontrolle ist.

Christian et al. [CFRSO06] zeigten, dass das Prob@ptimal Lobbyingim Sinne der
parametrisierten Komplexitat schwer zu losen ist. Invdetiegenden Arbeit wird ein effizienter
Algorithmus entworfen und analysiert, der sogar die vgeatieinerte Variant®ptimal Weighted
Lobbyingdieses Problems in einem logarithmischen Faktor apprextmund es wird gezeigt,
dass dieser Approximationsfaktor fur diesen Algorithmicht verbessert werden kann.

Weiterhin wird das Gewinnerproblem fiir Dodgson-Wahlertetsucht. Hemaspaandra,
Hemaspaandra und Rothe [HHR97] zeigten, dass dieses Rrabléstandig fur parallelen Zu-
griff auf NP ist (d.h. vollstandig fur di@Q—Stufe der Polynomialzeit-Hierarchie). Homan und
Hemaspaandra [HHOG6] stellten eine effiziente Heuristik dog unter geeigneten Voraussetzun-
gen Dodgson-Gewinner mit einer garantierten Haufigkededind.h., diese Heuristik ist ein so
genannter “frequently self-knowingly correct algorithnih der vorliegenden Arbeit wird dieser
Algorithmus-Typ in Bezug zur Klass@verage-Case Polynomial TinfdvgP) gesetzt. Es wird
gezeigt, dasgedesVerteilungsproblem in AvgP beziiglich der Gleichvertedgueinen solchen
frequently self-knowingly correct algorithimat, der in Polynomialzeit lauft. AuRerdem werden
einige Eigenschaften des verwandten Begpiffsbability weight of correctneskinsichtlich der
von Procaccia and Rosenschein [PR07] eingefihrten sograluntaVerteilungen untersucht.
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Abstract

While voting systems were originally used in political swe, they are now also of central im-
portance in various areas of computer science, such agiattifitelligence (in particular within
multiagent systems). Brams and Sanver [BS06] introducscksg-strategy preference-based ap-
proval voting (SP-AV) and fallback voting (FV), two eleaticystems which combine the pref-
erence rankings of voters with their approvals of candiglae study these two systems with
respect to procedural control—settings in which an ageskss®o influence the outcome of elec-
tions via control actions such as adding/deleting/partitig either candidates or voters.

We prove that SP-AV is computationally resistant (i.e., tberesponding control problems
are NP-hard) to 19 out of 22 types of constructive and destrucontrol. Thus, for the 22 control
types studied here, SP-AV has more resistances to conyréhree, than is currently known for
any other natural voting system with a polynomial-time vé@nproblem. In particular, SP-AV
is (after Copeland voting, see Faliszewski et al. [FHHRD®&3& second natural voting system
with an easy winner-determination procedure that is knawmatve full resistance to constructive
control, and unlike Copeland voting it in addition displdysad resistance to destructive control.

We show that FV has full resistance to candidate control.

We also investigate two hard problems related to votingpftteénal weighted lobbying prob-
lem and the winner problem for Dodgson elections. Regartlisgormer problem, Christian et
al. [CFRSO06] showed that optimal lobbying is intractablehie sense of parameterized complex-
ity. We propose an efficient greedy algorithm that nonesefgpproximates a generalized variant
of this problem, optimal weighted lobbying, and thus thegiordl optimal lobbying problem as
well. We also show that the approximation ratio of this aigpon is tight.

The problem of determining Dodgson winners is known to bemete for parallel access to
NP [HHR97]. Homan and Hemaspaandra [HHO6] proposed aneaitigreedy heuristic for find-
ing Dodgson winners with a guaranteed frequency of suceesistheir heuristic is indeed a “fre-
quently self-knowingly correct algorithm.” We prove thateey distributional problem solvable
in polynomial time on the average with respect to the unifalisiribution has a frequently self-
knowingly correct polynomial-time algorithm. Furthermnepwe study some features of probability
weight of correctness with respect to Procaccia and Rokeimss junta distributions [PRO7].
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Chapter 1

Introduction

“Elections in which great care is taken to prevent any expbc hidden struc-
tural bias towards any one candidate, aside from those baakhiases that
naturally result from an electorate that is equally wellonined about various
assets and liabilities of each candidate”

(Democracy Watch on fair elections)

Computational social choice is a new field emerging at therfate of social choice
theory and computer science. This new field has two main ddges. First, it applies
techniques developed in computer science to problems famialschoice theory, for
example to study the complexity of problems related to \w{see, e.g., the survey by
Faliszewski et al. [FHHROQ9]) or fair division (see, e.g.L[B]). Second, it transfers
concepts from social choice theory into computer sciengs) as preference aggregation.

The study of voting procedures is a central task within cow@anal social choice.
Voting provides a particularly useful method for prefereraggregation and collective
decision-making. While voting systems were originally dise political science, eco-
nomics, and operations research, they are now also of tenfrartance in various areas
of computer science, such as artificial intelligence (irtipatar, within multiagent sys-
tems). In automated, large-scale computer settings, y@tystems have been applied,
e.g., for planning [ER93] and similarity search [FKS03]ddrave also been used in the
design of recommender systems [GMHS99] and ranking algogt[DKNS01], where
they help to lessen the spam in meta-search web-page rankfgneta-search engine
can be viewed as a machine that treats conventional seagihesras voters who rank
web-pages, as candidates, resulting from a search queryoail lmverview in computa-
tional social choice is presented by Chevaleyre et al. [CBEZM

1



2 CHAPTER 1. INTRODUCTION

For such applications, it is crucial to explore the compatet! properties of voting
systems and, in particular, to study the complexity of peaid related to voting (see, e.g.,
the survey by Faliszewski et al. [FHHRO09]).

Now, what exactly are voting systems and elections? Aniele& = (C,V) is spec-
ified by a finite seC of candidates and a finite collectidhof voters who express their
preferences over the candidate€inwhere distinct voters may of course have the same
preferences. A voting system is a set of rules to aggregatedters’ individual prefer-
ences in order to determine the winners of a given election.

Elections have a long history going back to Athenian denwyooithe ancient Greece.
The greek used a procedure called ostracism to expel promditezens from the city-
state for ten years. Every citizen could scratch the namaather citizen they wished to
expel on potshards (papyrus was at that time very expensd/eéad to be imported from
Egypt, potshards, on the other hand, were easily availatdetiordable), and deposited
them in urns. The citizen who was named most of all was exgppétieten years. This
voting system, where each voter gives one point to his or tuest sesired candidate and
zero to any other candidate, and where the winner is eachdaedvith the maximum
number of points, is called plurality. Of course, the antigreek have used elections
not only for expelling citizens, but also to elect their govaent. The Greek philosopher
Aristotle, a student of Plato and teacher of Alexander theaGmwas one of the first who
tried to compare better and worse forms of governments amsbdecies.

In the following centuries, nothing really mentionable paped in the matter of vot-
ing systems until the year 1785, when Marie-Jean-Antoirelds de Caritat, the Mar-
quis de Condorcet, and Jean-Charles de Borda, two frendimematicians and political
scientists, argued about whose voting system was betterddCoet suggested a system
based on strict preference rankings, where the candidatedeteats every other candi-
date in a head-to-head contest is the winner [Con85].

Many voting systems require voters to specify their prafeeerankings either over
the whole set or a subset of candidates. We say that a vet&f has a preferenoeeak
order >= onC, if = is transitive(i.e.,x = y andy = zimply x = z) andcompletg(i.e., for
any two distinct candidatesy € C, eitherx = y ory = X). X >= y means that voter likes x
at least as much ag If ties are excluded in the voters’ preference rankings, ldads to
alinear order or strict ranking denoted by-. A strict ranking is always antisymmetric
(i.e., for any two distinct candidatesy € C eitherx - y ory > x holds, but not both at
the same time) and irreflexive (i.e., for eack C the following does not holdx > X).
Condorcet’s system clearly requires a strict ranking frachevoter.

Borda’s system (called Borda count) was also based on preferrankings, but he
distributed points among the candidates in the following.waet say we haven candi-
dates. Each voter gives— 1 points to his or her most preferred candidate; 2 points
to his or her second favourite one and so on until the leastipesl candidate, who then



gets zero points. A winner is each candidate with the highaste.

Condorcet pointed out that Borda’s system is very susdegtistrategic voting (i.e.,
if a voterv wants his or her top candidate, sayto win, v could ranka’s most serious
opponent on last place, even if this candidate is#somnost despised candidate). Such an
influence is also callechanipulation On the other hand, Condorcet’s system itself had a
major problem, in fact, Condorcet winners do not alwaystexis

Example 1.1.Let E= (C,V) be an election, where € {a,b,c} is the set of candidates
and V= {vy,vo,v3} is the set of voterS with the following votes:

vi : a > b > c
Vo, b > c = a,
V3 : C > a » b,

where a- b = ¢ means that a is this voter’s favourite candidate, b is hisi@r second
favourite, and c is the voter’s most despised candidates #aisy to see that there is no
Condorcet winner, since a beats b, b beats c, and c beats a@aa-to-head contest. This
yields the strict cycle a, b, ¢, a. This problem is known asdbedorcet paradox.

Nearly a century later, in 1876, the mathematician Charledg3on (a.k.a. Lewis
Carroll, the author of “Alice’s Adventures in Wonderlandif)troduced a new vot-
ing system based on a combinatorial optimization problesmehow related to Con-
dorcet’s system [Dod76]. Dodgson was most likely not awdr€andorcet’s work, see
Black [Bla58]. His idea was very simple and elegant. If thera Condorcet winner, that
candidate is undoubtedly also the Dodgson winner. In theratesof a Condorcet winner,
then those candidates who are “closest” to being a Condwiceter are the Dodgson
winners. Dodgson defined the “closeness” of a candidé&bea Condorcet winner as the
minimum number of sequential swaps between adjacent catedidn the voters’ pref-
erence rankings that are needed to makiee Condorcet winner. Another century later,
Hemaspaandra, Hemaspaandra, and Rothe proved that detgriodgson winners is
computationally hard [HHR97].

Despite of the fact that systems like Condorcet’s systenBamda count require from
each voter strict preference rankings over all candid#tes,esulting societal preference
allows ties. We will see later systems, where the voterstdwmtessarily have to specify
a strict preference ranking over all candidates.

As the discussions of Condorcet and Borda have already stbffgrent voting sys-
tems could yield different winners. As an example, considerfollowing election.

Example 1.2.Let E= (C,V) be an election, where € {a, b, c,d} is the set of candidates
and V= {vy,Vv,,Vv3} is the set of voters with the following votes:

Lin this thesis we will sometimes slightly abuse notation biting “set of voters” instead of “multiset
of voters.”
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vi . a > b > c = d,
v, :a > b > c > d,
v : b >~ ¢ > d > a

If we use plurality rule, then candidate a is clearly the wenrsince a has two first places,
b one first place, and both ¢ and d have no first places at all. l@@nother hand, if we
apply the rules of Borda count, we get sd@g= 6, scoréb) = 7, scordc) = 4, and
scorgd) = 1, thus candidate b is the winner.

Which one of the candidates would really deserve it to wirhm previous example?
Candidatea who had the most first places, or candidatesho was constantly in front
positions. Well, the answer is, it depends.

In the early 1950's, the economist Kenneth Arrow delibataieer the question if it
was possible to find a “fair” voting system, where fair is mdarthe way that the system
should satisfy some reasonably stated conditions. Dursgdsearch he reached some
insuperable barriers, which made him draw the shockinglosion that, under certain
assumptions, there can't possibly exist a “fair” votingteys [Arr63]. Let’s take a closer
look at this devastating theorem, starting with Arrow’siantof a voting system. Aoting
systenmaps the voters’ individual preference rankings into algipgeference ranking.
Arrow first stated five fairness criteria:

Universality There should be no restrictions on how voters can rank théidates (ex-
cept of transitivity).

Nondictatorship The voting system should not be dependent on only one vdtat, t
is, there sould never be a voter whose preference rankingeiges the societal
preference ranking, regardless of the other votes.

Independence of Irrelevant Alternatives The voting system should determine the same
ranking among a subset of candidates as it would for the wdedlef candidates. If
a voter changes his or her preference ranking outside thses\ithus, he changes
the preference ranking for irrelevant alternatives), tti@a should not have any
effect whatsoever on the societal preference ranking mstibset.

Citizen Sovereignty If a candidatea is ranked higher than candiddbein the societal
preference ranking, then there has to be at least one voteramiksa higher tharb.

Monotonicity If a voter modifies his or her preference ranking by rankinguadidate
higher in his or her profile, then this candidate can’t be eahllower in the societal
preference as before the change.

Transitivity seems to be a reasonable and fair restrictibis. natural to assume that if a candidate
beats, andb beatsc, then alsa beatsc.
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Arrow’s impossibility theorem says, that it is not possibdedesign a voting system
with at least two voters and more than two candidates satgstie five conditions stated
above. For the proof of the theorem, see [Arr63]. For furitiscussions and interest-
ing examples we draw the attention of the reader to [HKO5].elated line of research
has shown that, in principle, all natural voting systems lsarmanipulated by strategic
voters. Most notable among such results is the classicat wbGibbard [Gib73] and
Satterthwaite [Sat75]. The study of strategy-proofnesstilsan extremely active and
interesting area in social choice theory (see, e.g., DugganSchwartz [DS00]) and in
artificial intelligence (see, e.g., Everaere et al. [EKMO07]

After Arrow’s result, several social choice theorists anatinematicians tried to find
a way to circumvent this paradox. They all agreed that thg solution is to weaken the
criteria. One suggestion was a voting system called appvowimg. In approval voting
each voter has to vote “Yes” or “No” for each candidate. Thaners of the election
are the candidates with the maximum number of “Yes” votesfirat glance, approval
voting does not even satisfy the definition of a voting systermArrow’s sense, since
the voters don’t have to specify a preference ranking overaasididates. However, the
ballots in approval voting can also be seen as a kind of praéerranking. Let us redefine
approval voting in the following way, with two more condii® according to Hodge and
Klima [HKO5]: (i) Ballots must be preference weak orders gmisome candidates (where
also the empty set as well as the whole set of candidates laveedl) are tied for first
place and all the other candidates are tied for last plagd.h{e societal preference order
is determined by the number of first places that the canddeateive, and the candidate
with the maximum number of first places is ranked highest andinsuntil the candidate
with the minimum number of first places, who is then on the fdeste. It is immediately
clear from this alternative definition that approval votwglates Arrow’s universality
condition.

Approval voting was introduced by Brams and Fishburn ([BFB¥83], see
also [BF02]), axiomatized by Fishburn [Fis78] and Sertelrf8], and analyzed by Brams
and Fishburn [BF78, BF83] and Merrill [Mer88]. Of all singlallot nonranked systems,
Brams and Fishburn appealed for the use of approval votimgphasizing that it is the
only voting system allowing the voters to approve of an umigsd number of candi-
dates. In their enthusiasm about approval voting they ealactit “the electoral reform
of the twentieth century”. In fact, approval voting is in usenany companies, states and
institutions to elect officers, for example in the InstittdeOperations Research and Man-
agement Science, in the American Mathematical SocietyhenEEE, or in the United
Nations to elect the Secretary-General. To read more alppubaal voting we point the
reader to the textbooks by Arrow [BF02] and Hodge and Klim&QH].

In Chapter 2, we outline all definitions and problems relévan this work, espe-
cially, in Section 2.1 a detailled discussion about the cataonal model we will use. In
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Section 2.3 follows a short introduction of basic princgptd parameterized complexity
theory, and Section 2.4 provides two useful parameterizaplgproblems for this thesis.

Chapter 3 gives a review over elections and voting systemsedtion 3.1, we will
introduce all voting systems considered in this work, ansbrighers, sincere-strategy
preference-based approval voting (SP-AV, for short), atibdck voting (FV, for short).
Section 3.2 and Section 3.3 comprehend detailled disaussibout the three main pos-
sibilities to affect the outcome of an election namely, erih manipulation, and con-
trol. In contrast to manipulation, where, as shown earlgegroup of manipulators
change their preferences to make their favourite candidate in bribery an external
agent seeks to influence the outcome of the election via ahgrspme voters’ prefer-
ence lists (see Section 3.2 for the formal definitions of malaition and bribery). In
electoral contro] an external actor—traditionally calletie chair—seeks to influence
the outcome of an election via procedural changes to thei@hé structure, such as
adding/deleting/partitioning either candidates or wt@ee Section 3.3 for the formal
definitions of our control problems). We consider botnstructivecontrol (introduced
by Bartholdi, Tovey, and Trick [BTT92]), where the chair'ed is to make a given can-
didate the unique winner, ardkstructivecontrol (introduced by Hemaspaandra, Hema-
spaandra, and Rothe [HHRO7a]), where the chair’'s goal is¢eemt a given candidate
from being a unique winner.

We investigate those twenty types of constructive and detste control that were
studied for approval voting [HHRO7a] along with two additad control types introduced
by Faliszewski et al. [FHHRO7a] for a voting system that wegppsed by Brams and
Sanver [BS06] as a combination of preference-based anddoting.

The study of voting systems from a complexity-theoreticspective was initiated
by Bartholdi, Tovey, and Trick’s series of seminal papersutlihe complexity of win-
ner determination [BTT89b], manipulation [BTT89a], and@edural control [BTT92] in
elections.

One of the simplest preference-based voting systems igljpjur The purpose of
Chapter 4 is to show that Brams and Sanver’'s combined systdapt{ed here so as to
keep its useful features even in the presence of contrarejtcombines the strengths, in
terms of computational resistance to control, of pluradityl approval voting.

Some voting systems aimmuneto certain types of control in the sense that it is
never possible for the chair to reach his or her goal via tlmeesponding control action.
Of course, immunity to any type of control is most desirabkeit unconditionally shields
the voting system against this particular control type. ddninately, like most voting
systems, approval voting sisceptibl€i.e., not immune) to many types of control, and
plurality voting is susceptible to all types of control. Hewver, and this was Bartholdi,
Tovey, and Trick’s brilliant insight [BTT92], even for syshs susceptible to control, the
chair’s task of controlling a given election may be too hasthputationally (namely, NP-



hard, see Definition 2.3) for him or her to succeed. The vasiyggem is then said to be
resistantto this control type. On the other hand, if a voting systenusceptible to some
type of control, but the chair’s task can be solved in polyraitime, the system is said
to bevulnerableto this control type.

The quest for a natural voting system with an easy winnegrdehation procedure
that is universally resistant to control has lasted for ntbien 15 years now. Among
the voting systems that have been studied with respect ttratcare plurality, Con-
dorcet, approval, cumulative, Llull, and (variants of) @@nd voting [BTT92, HHRO7a,
HHRO7b, PRZ07, FHHRO7a, FHHRO08a, BUO8]. Among these systgturality and
Copeland voting (denoted Copel&®din [FHHRO08a]) display the broadest resistance
to control, yet even they are not universally control-riesis The only system cur-
rently known to be fully resistant—to the 20 types of constitee and destructive control
studied in [HHRO7a, HHRO7b]—is a highly artificial systermstructed via hybridiza-
tion [HHRO7b]. (It should be mentioned that this system wast designed for direct,
real-world use as a “natural” system but was rather intertdedle out the existence of
an Arrow-like impossibility theorem [HHRO7Db].)

As mentioned above, in Chapter 4 we study a voting systemctirabines the vot-
ers’ preference rankings with their approvals/disappgswathe candidates in a natural
way. While approval voting nicely distinguishes betweenhegoter’s acceptable and
inacceptable candidates, it ignores the preference rgakime voters may have about
their approved (or disapproved) candidates. This shortepmotivated Brams and San-
ver [BS06] to introduce a voting system that combines apgdrand preference-based
voting, and they defined the related notions of sincere amdssible approval strategies,
which are quite natural requirements. We adapt their seastategy preference-based
approval voting system in a natural way such that, for edestiwith at least two candi-
dates, admissibility of approval strategies (see Definitidl) can be ensured even in the
presence of control actions such as deleting candidategaatitioning candidates or vot-
ers. The purpose of Chapter 4 is to study if, and to what extieisthybrid system (where
“hybrid” is not meant in the sense of [HHRO7b] but refers tondmning preference-based
with approval voting in the sense of Brams and Sanver [BS@6&prits the control resis-
tances of plurality (which is perhaps the simplest prefeeenased system) and approval
voting. We show that SP-AV, in fact, does combine all thestasices of plurality and ap-
proval voting. In addition, we show that SP-AV is even resisto a control type (namely,
“destructive control by partition of voters in model TE,"es8ection 4.2 and Table 4.1) to
which both plurality and approval are vulnerable.

More specifically, we prove that sincere-strategy prefegdmased approval voting is
resistant to 19 and vulnerable to only three of the 22 type®ofrol considered here. In
comparison, Condorcet voting is resistant to three and inento four control types leav-
ing seven vulnerabilities, approval voting is resistanfoiar and immune to nine control
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| Numberof || Condorcet| Approval | Copeland | Plurality | SP-AV | FV |

resistances 3 4 15 16 19 > 14
immunities 4 9 0 0 0 0
vulnerabilities|| 7 9 7 6 3 <8

References [BTT92, [BTT92, [FHHRO7a| [BTT92, [HHRO7a, | this thesis
HHRO7a] | HHRO7a] | FHHRO08a]| HHRO7a, | ENRO8b],
FHHRO7a]| this thesis

Table 1.1: Comparison of voting systems with respect torocbnt

types leaving enine vulnerabilities, Copeland voting gstant to 15 control types leaving
seven vulnerabilities, and plurality is resistant to 16toalitypes leaving six vulnerabil-

ities. Table 1.1 shows the number of resistances, immusniéied vulnerabilities to our
22 control types that are known for each of Condorcet, agy@rality, and Copeland
voting (see [BTT92, HHRO7a, FHHRO08a]), SP-AV (see Theoreinahd Table 4.1 in

Section 4.2.1), and for fallback voting (see Theorem 5.1).

Note that Table 1.1 lists only 14 instead of 22 control types@ondorcet voting.
This is due to the fact that, on one hand, Condorcet winnei tmeiunique if they ex-
ist at all (so it doesn’t make sense to distinguish betweentwlo tie-handling rules TP
(“ties promote”) and TE (“ties eliminate”) in the two typesamntrol by partition of can-
didates (with or without run-off) and in control by partiti@f voters) and, on the other
hand, that the two additional control types in Section 3dhétructive and destructive
control by adding a limited number of candidates [FHHROHayen't been considered
for Condorcet voting [BTT92, HHRO7a].

We also study approval voting and SP-AV with respect to desire bribery. Fal-
iszewski et al. [FHHO6a] proposed bribery as another wapnfidiéncing the outcome of
elections and showed in particular that approval votingssstant to constructive bribery.
In contrast, we prove that approval voting is vulnerabledstdictive bribery, even when
weights and prices are assigned to the voters.

In Chapter 5, we study the second voting system, calleddelvoting (FV for short),
introduced by Brams and Sanver [BS06], which combines intarabway voters’ pref-
erence rankings with their approvals/disapprovals of #Hreates. The main difference
in the presentation of the ballots between SP-AV and FV isith&V only the candidates
a voter approves of are ranked, candidates the voters dmappf are not.

The name “fallback” derives from the fact that during the mendetermination, fall-
back voting successively falls back on lower-ranked appdosandidates until a candi-
date is found, who is approved of by a strict majority (i.egrenthan 50%) of the voters.
Fallback voting was first mentioned by Brams and Kilgour [BK# the context of bar-
gaining, not in voting.

We prove that fallback voting is, like SP-AV and majorityllfuresistant to candidate



control, and is fully susceptible to voter control.

The topic of Chapter 6 is motivated by a problem related tongohamely the optimal
weighted lobbying problem. Regarding the former problernrigian et al. [CFRS06]
defined its unweighted variant as follows: Given a 0-1 matiat represents the No/Yes
votes for multiple referenda in the context of direct dermagygr a positive integek, and
a target vector (of the outcome of the referenda) of an eatexctor (“The Lobby”), is
it possible for The Lobby to reach its target by changing tbes of at mosk voters?
They proved the optimal lobbying problem complete for thenptexity class W2], thus
providing strong evidence that it is intractable even foalmalues of the parametér
However, The Lobby might still try to find an approximate gada efficiently. We pro-
pose an efficient greedy algorithm that establishes thedpptoximation result for the
weighted version of this problem in which each voter has egpior changing his or her
0-1 vector to The Lobby’s specification. Our approximatiesuit applies to Christian et
al.’s original optimal lobbying problem (in which each vobas unit price), and also pro-
vides the first approximation result for that problem. Intgattar, we achieve logarithmic
approximation ratios for both these problems. In a diffecamtext, this result has been
independently achieved by Sandholm et al. [SSGL02]. Fosé#hke of completeness, we
will present their approach in Section 6.3.

Chapter 7’s work, while not directly about elections, is ivated by models and no-
tions from two papers that are from the study of elections)eig, the work of Homan and
Hemaspaandra on greedy algorithms for Dodgson electioHg]ldnd the work of Pro-
caccia and Rosenschein on the relationship between justigbdiions and manipulation
of elections [PRO7].

The Dodgson winner problem was shown NP-hard by Bartholdiyey, and
Trick [BTT89b]. Hemaspaandra, Hemaspaandra, and RotheRBHH optimally im-
proved this result by showing that the Dodgson winner prolalecomplete for ﬁ"“ the
class of problems solvable via parallel access to NP. Shmesethardness results are in
the worst-case complexity model, it is natural to wondeni at least can find a heuristic
algorithm solving the problem efficiently for “most of thepuits occurring in practice.”
Homan and Hemaspaandra ([HHa], see also the closely retaddof McCabe-Dansted,
Pritchard, and Slinko [MPS]; [HHa] discusses in detail theikrities and contrasts be-
tween the two papers’ work) proposed a heuristic, callede®réNinner, for finding
Dodgson winners. They proved that if the number of voterattyexceeds the number
of candidates (which in many real-world cases is a very pideigassumption), then their
heuristic is drequently self-knowingly correct algorithra notion they introduced to for-
mally capture a strong notion of the property of “guarantseccess frequency” [HHa].
We study this notion in relation with average-case compyexi

We also investigate Procaccia and Rosenschein’s notioretrministic heuristic
polynomial time for their so-called junta distributionspation they introduced in their
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study of the “average-case complexity of manipulatingtedes” [PR0O7]. We show that

under the junta definition, when stripped to its basic thneperties, every NP-hard set
is <h-reducible to a set in deterministic heuristic polynomiaie relative to some junta
distribution and we also show a very broad class of setsudiicy many NP-complete

sets) to be in deterministic heuristic polynomial time tiekato some junta distribution.



Chapter 2

Preliminaries

In this chapter we will give a brief overview of computatibcamplexity theory. For
the formal definitions and specifications of the followingions, see any textbook about
complexity theory (e.g., [Rot05, Pap95, HO02]).

We first establish some basic notation that is commonly usedathematics. Let
Z=A{...,—2,-1,0,1,2 ...} the set of integersYy = {0,1,2,...} the set of nonnegative
integers, andN™ = {1,2,3,...} the set of positive integers. L& denote the set of ra-
tional numbers defined as the quotient of two integ@g@xhe set of nonnegative rational
numbers, and)™ the set of positive rational numbers. For any Seet ||S|| denote the
cardinalityof S i.e., the number of elements $

2.1 The Computational Model

Fix the alphabek = {0,1}. X* is the set of strings with finite length ov& For any
w € 2*, |w| denotes théengthof w. Let 2" denote the set of all lengthstrings inZ*.
Any subsetl C 2* is called alanguageor a problem the complement ok is defined
by L =3* —L. ||L|| denotes analogous to common sets the cardinality, ¢iiat is, the
number of strings in languade The characteristic functiory_ of L tells us whether
or not a string over the alphabgtis in the languagé, i.e., x.(w) =0 if w¢ L, and
xL(w) =1if we L. Foranyxy e *, x <y means thak precedes yn lexicographic
order, andk — 1 denotes thé&xicographic predecessaf x.

One main objective of complexity theory is to classify peynk according to their
computational complexity, and to determine their hardngss is, given a languade
how hard is it for an algorithm to decide whether or not a gisgingw € >* belongs
to L? Before going into this, we have to clarify what an algoritten An algorithm
for computing a functionf is a well-defined computational procedure with a finite set
of rules that provides an outpditw) from an input stringv € Z*. An algorithm either

11
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terminates after a finite number of steps computing the e@sunctionf on inputw or
rejects the input string, or never halts at all. We call aroatgm that decides whether
w € L adecision algorithnfor L. For formal definitions and many algorithmic problems
see [CLRSO01].

Our goal in this work is to classify the underlying problemsarms of their complex-
ity. Complexity classes are characterized by several patens

First, by the underlying computational model. We will use furing machine as our
algorithmic device. ATuring machinas a mathematical model with an input tape and a
fixed number of work tapes which models the computation oflapuapose computer.
A Turing machine can be either used asa@meeptor which accepts a languads or as
atransducey which computes a function. We will use in this thesis Tunmgchines as
acceptors. For the formal definition of Turing machines,[&=e05].

Second, after choosing the algorithmic device (in our chseluring machine), we
have to specify the way our machine accepts its input. Inwlis, we will distinguish
between deterministic Turing machines (DTM, for short) amhdeterministic Turing
machines (NTM, for short). Of course, there are many othgegysuch as probabilistic
or alternating Turing machines, but these are not relewaatit work. The main differ-
ence between DTMs and NTMs lies in their way of computatiorhil&/an NTM can
have more than one (even infinitely many) computation pahs-calledccomputation
tree, a DTM has only one computation path on a given input stringgneas every con-
figuration other than the initial configuration is uniquekgtermined by its predecessor
configuration.

Since there are many different aspects of how to evaluatedh®putation of an al-
gorithm, such as the time or the space needed for the congu#dt., the third and last
parameter we have to choose for the characterization of @leaity class is the resource
used. In this work we will focus on the resource time, i.eg ttumber of computation
steps used in the algorithm. A DTM is adeterministic polynomial-time bound Turing
machine(DPTM for short), if there exists a fixed polynomip) such that for each in-
put stringw, the DTM M reaches its accepting or rejecting final configuration in asim
p(|w|) steps. An NTMN is anondeterministic polynomial-time bound Turing machine
(NPTM for short), if there exists a fixed polynomig| such that for each input string,
every computational path &f has length at mogt(|w]).

For a Turing machine (deterministic or nondeterministic)letL(M) denote thdan-
guangeaccepted byl. There exists a tool which can make Turing machines more pow-
erful, namely oracles. Anracle Turing machine Mvith oracleA (written asM?), where
A C Z*, is a conventional Turing machine that makes use of thenmédion provided by
theoracle A M” has an additional work tape called theery tapeand three additional
statesz,, zes andzno. An oracle Turing machin®” works analogously to a conventional
Turing machine until it changes to state At this point,MA interrupts its computation,



2.2. COMPLEXITY CLASSES, PROBLEMS AND ALGORITHMS 13

and if a stringg is on the query tape theévi” receives from the oracle the answer “Yes”
if g€ A, or “No” if q¢ A, within one step. On a “Yes” answdy] jumps into the state
Zyesand continues its computation, and on a “No” answéft, changes into the staig,
and continues its computation. Note that the oracle givestiswer to the question “Is
q < A?” in only one step no matter how hard it is to dechldn this sensey” on inputw

is the computation d¥l on inputw, relative to A Is the running time of an oracle Turing
machine bounded by some polynomial, we write DPOTM in themeinistic case, and
NPOTM in the nondeterministic case.

Unless stated otherwise, we will always considenrst-case complexitif we talk
about running times, that is, we consider the maximum nurobasteps an algorithm
makes on any lengthinputw. Worst-case complexity is based on #enotation.

Definition 2.1. Let g: N — N be a function. Define the family of functiofigg) as
0(9) ={f :N—NJ|(3c> 0)(Ing € N)(¥n > np)[f(n) <c-g(n)]}.

We say that the functions i grow asymptotically no faster than g.

We usually use the termg(n) or €(n3) instead of¢’(g) whereg(n) = n or where
g(n) = n3, respectively. Note that thé-notation neglects constant factors and finitely
many exceptions. Having some of the most basic terms and w®Ineed, in the next
section we will introduce complexity classes and techrsqeéevant to this thesis.

2.2 Complexity Classes, Problems and Algorithms

Before classifying our election problems, we introduce ¢beplexity classes that will
come up later in this thesis. The two most important compfesliasses are P and NP.
We say that a languandebelongs to P if there exists a polynomial-time algorithnt tha
on each inputv € ¥* decides whethew € L (i.e., there is a deterministic polynomial-
time Turing machine that accefty A languagd. is in NP if there is a nondeterministic
Turing machine that accepts Many natural problems (natural in the sense that these
problems have already been encountered in practice) bétoNg when formalized as

a decision problemi.e., as a problem whose solution is either “Yes” or “No”. cBla
natural problem is, for example, to partition a given setméger numbers (which sum
up to an even number) into two subsets in a way, that the sulmeahtegers in the two
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subsets is the same. The formal description of this probéem i

Name: Partition.

Given: A sequence of nonnegative integefssy, ..., s, such thatyi ; s is an even num-
ber.

Question: Does there existasubset {1,2,...,n} suchthal;caS = Yic(12,...n}-AS?

While the problems in P are said to be easy to solve, the sedddlP-complete prob-
lems (see Definition 2.3) are considered to be “intractahle’, to be computationally
hard unless P- NP.

Here we already face one of the most significant questionowfptexity theory,
namely, whether or not P equals NP? Clearly; RIP, since a DTM is a special NTM.
Unfortunately, it is not known if P is a proper subset of NP ot.n

To exactly classify a problem in terms of its complexity,dtriot enough to give an
algorithm that decides it. This gives only an upper boundwéf could compare our
problem with problems whose complexity is known, for exagnpb show that our given
problem is at least as hard as the known problem, that wouduseto precisely capture
the complexity of the problem. Fortunately, complexitydhehas a powerful tool for
such comparisons, namely, so-called reductions.

Definition 2.2. Let A and B be two languages over the alphabetWe say that As
polynomial-time many-one reducible B (A<}, B) if and only if there is a polynomial-
time computable function :fZ* — Z* such that

we A< f(w)eB
holds for all we >*.

Of course, there are also other reducibilities beside motyal-time many-one re-
ducibility, such as polynomial-time truth-table redudti®s, polynomial-time Turing re-
ducibilities, strong nondeterministic reducibilitiesydamany others. A number of dif-
ferent reducibilities can be found, e.g., in the textboolRothe [Rot05]. Since we will
use only the polynomial-time many-one reducibilities irstthesis, we will simply use
the term reducibility, unless stated otherwise. Based dnaibility, we can define the
notions of hardness and completeness.

Definition 2.3. Let ¥ be any complexity class, and let B be a language @veiVe say
that B is <h, -hard for¢ if and only if every language i@ reduces to it (i.e., A B for
all A € ¥). Bis called <}, -completefor % if and only if Be ¢ and B is <, -hard for %.
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When clear from context, we will use the termg-hard” and “¢’-complete” instead
of “ <k -hard forg” and “ <k, -complete forg”. The first problem that was proved to be
NP-complete is the so called Satisfiability problem. Befgireng the formal definition
of this problem, we have to make a digression to Boolean logic

Definition 2.4. e The two basic boolean constants drae and falseg denoted byl
andO, respectively. LetxXxy,... beboolean variables.e., x € {0,1}. Variables
and their negations are calleliterals

e Boolean formulasre inductively defined as follows:

1. The boolean constants and every boolean variable is agaodiormula.

2. Let F and G be two boolean formulas, then the following teare also
boolean formulas:
— —F (thenegationof F),
— F A G (theconjunctionof F and G),
F v G (thedisjunctionof F and G),
— F = G (F impliesG, i.e., F— G=-F v(G), and
— F <= G (F and G aresquivalenti.e., F<= G = (F AG)V (-F A=G)).

3. Nothing else is a boolean formula.

e A truth assignmenfor a boolean formula F, with variables; %o, ..., X,, assigns
“true” or “false” to each variable xj € F for all 1 <i < n. A truth assignment
satisfiegd~ if the aggregated value of F is true.

e A boolean formula H is iconjunctive normal formif
H=ANL)),
i

where ;. j are literals.

Boolean operations such as negation or conjunction areadkliy their truth table as
illustrated by Table 2.1.
The satisfiability problem is then defined as follows:

Name: Satisfiability (SAT).
Instance: A boolean formul& in conjunctive normal form.
Question: Is there a satisfying truth assignment fFoP
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Xp | Xo || =X | X1 VX | X AXo | X1 = X2 | X1 <= Xp
0|0 1 0 0 1 1
0|1 1 1 0 1 0
1,0 0 1 0 0 0
1|1 0 1 1 1 1

Table 2.1: Truth table for the boolean operations in Debni2.4.

The NP-completeness of SAT was shown independently by C@ao{l] and
Levin [Lev73].

In Chapters 4 and 5, we show that special control problemscamputationally
resistant to certain types of attacks”. We do so by proviraj these problems are NP-
hard. To this end, we provide reductions from the NP-conegbedblems Hitting Set and
Exact Cover by Three-Sets (X3C, for short). To learn morasatiese two problems, we
refer to the textbook of Garey and Johnson [GJ79], where mstarydard problems are
described and discussed. X3C is defined as follows.

Name: Exact Cover by Three-Sets (X3C).

Instance: A setB = {bs,by,...,bsn}, m> 1, and a collection = {S,S,...,S} of
subsets§ C Bwith ||S|| = 3 for eachi.

Question: Is there a subcollectios” C .& such that every element Bfoccurs in exactly
one setiny’?

In Theorems 4.5 and 4.7 we will use a slightly modified ver&i6X3C namely, with
the restriction thain > 1. Note that this modified problem is still NP-complete.
The formal definition of our second NP-complete problemtikiit Set is as follows.

Name: Hitting Set.

Instance: A setB= {by,by,...,by}, acollection” ={S,S,...,S} of subsets§ C B,
and a positive integde < m.

Question: Does.¥ have a hitting set of size at mokti.e., is there a seB’ C B with
|B|| < k such that for each SN B’ # 0?

Again, in Theorem 5.2 we will use a slightly modified versidnHitting Set. This
time, we require that > 1. The resulting problem is still NP-complete.

Most of our NP-hardness proofs in Chapter 4 are via redusfimm the above defined
Hitting Set problem. However, in the proof of Theorem 4.6 wid use a version of
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Hitting Set with the restriction that(k+ 1) + 1 < m—Kk s required in addition.

Name: Restricted Hitting Set.

Instance: A setB={by,by,...,by}, acollection” ={S,S,..., S} of subset§ C B,
and a positive integéf < msuch than(k+1) +1 < m—Kk.

Question: Does.¥ have a hitting set of size at moksti.e., is there a se8’ C B with
|B'|] < k such that for each SN B’ # 0?

Restricted Hitting Set is also NP-complete [HHRO7a].

Another NP-complete problem we will use in Chapter 6 is SeteCavhich is defined
as follows.

Name: Set Cover.

Instance: A setB= {by,by,...,bn}, acollection” ={$,S,..., S} of subsets§ C B,
and a positive integer < m.

Question: Does.¥ contain a cover foB of sizek or less, i.e., is there a sef’ C . with
.|| < k such that every element Bfbelongs to at least one member.#f?

In addition to decision problems, there are also other typgsoblems, such as op-
timization problems. In optimization problems, we want tadfthe "best” solution out
of all feasible solutions. An optimization problem is eitl@minimization problem or a
maximization problem.

Definition 2.5. An NP minimization problenfl is a 3-tuple(l,sol(x), f), where
e | is the set of input instances,
e sol(x) is the set of all feasible solutions for any input X, and

¢ f isafunction that assigns a positive integéx,fs) to each solution & sol(x). We
say that {x,s) is thequality of solution s for instance x.

An optimal solutionfor an input instance x | is the smallest function value of(X,s),
denoted by OPTx).

NP maximization problems can be defined analogously withdifference that the
optimal solution is the maximum value 6fx;s).
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Set Cover in the form defined above is a decision problem tltmatn be redefined as
a minimization problem as well [Vaz03]:

Name: Find Minimum Set Cover.

Instance: A setB={by,by,...,bn}, acollection” ={S,S,..., S} of subsets§ C B,
and a cost function: . — Q™.

Question: Find a minimum cost subcollection of that contains a cover fds.

Unlike decision problems, where the only two possible amswaee "Yes" and "No*,
NP-optimization problems sometimes have an algorithm dhets a near-optimal solu-
tion in polynomial time, even if there is no fast exact sauti Such algorithms are called
approximation algorithms.

Definition 2.6 ([Vaz03]). Let 1 be a minimization problem as defined in Definition 2.5
andletd: ZT — QT be afunction withd > 1. An algorithm A is dactord approximation
algorithm for I if, for any instance »x |, the algorithm outputs in polynomial time a
feasible solution & sol(x) such that fx,s) < &(|x|) - OPT(x).

For details, techniques, and further discussions aboun@ation problems and ap-
proximation algorithms, see the textbooks by Vazirani P&jz and by Garey and John-
son [GJ76].

For the following complexity classes, we first have to defireedlass of complements
of the sets in a complexity clas§ asco¢ = {L|L € ¢}. To capture the complexity
of problems beyond NP, we will generalize the classes P, N& caNP by defining the
polynomial hierarchy built upon NP. Before starting witlathlet us recall the definition
of an oracle Turing machine.

Definition 2.7. LetP* be the complexity class of all sets L such that there exis8@TM
M with access to an oracle AX* with L= L(MA). Analogously, leNP* be the complex-
ity class of all sets L such that there exists an NPOTM N witleas to an oracle & >*
with L = L(NA). This definition can be extended to the notion of computatitative to
a complexity clas®’

P = | J P*andNP” = [ J NPA.

Ac? Ac?

Now we can define the polynomial hierarchy.

Definition 2.8 (IMS72]). Thepolynomial hierarchys inductively defined as follows:

o AN=30=TM§=P,
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Figure 2.1: Polynomial hierarchy (the figure is due to RotRet05]).

e Foreveryi>0, AP

P =P, 5P =NP7, andn?,; = coNP-,

i+1

o PH=J;i-oZ!.

Note thatA} = P, 3! = NP, andn% = coNP. Figure 2.2, which is taken from [Rot05],
illustrates the inclusions in the polynomial hierarchy.

Hemaspaandra, Hemaspaandra, and Rothe proved that theddodmner problem
is P]\“P-complete [HHR97]. The complexity cIas#FPcan be described as foIIowsﬁ'FFﬁ's
the class that contains the sets that can be accepted by aNDROAccessing an NP ora-
cle with the restriction that the machiefirst has to compute the list of all query strings,
and pass them over to the oracle at once, the oracle givesitheees in one step for all
query strings. This type of oracle access is calladhllel oracle accessThere are several
other characterizations ofH“?’, for instance, &7 or P¥?199 introduced by Papadimitiriou

and Zachos [Pz83]. 'Bllod — P]\“P has been proven by Hemaspaandra [Hem8*ﬁ‘]’. i®
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between NRJcoNP and PP in the polynomial hierarchy. There are several other natu-
ral problems which are ﬁiﬂ-complete, e.g., Odd Minimum Vertex Cover (see [Wag87]),
YoungWinner (see [RSV02, RSV03]), and YoungRanking (se€s8\62, RSV03]).

2.3 Basic Facts from Parameterized Complexity Theory

Parameterized complexity is a new field in computational glexity theory introduced
by Downey and Fellows in the late 1980s. The main goal of patarized complex-
ity is to analyze the behaviour of computationally intréd¢éaproblems. For a detailed
representation, see, e.g., the textbooks by Downey andw=lDF99] and Flum and
Grohe [FGO06] and the surveys by Lindner and Rothe [LR0O8] aesb@ [Ces03].

In parameterized complexity,@rameterized language a subseL C >* x *. For
each pair of string$x,y) € Z* x Z*, we say thay is theparameter We consider only
positive integers as parameters in this thesis, thus we efmedthe domain of the lan-
guagelL asZ* x N*. Then, aparameterized decision probletakes as an input a pair
(x,y) € Z* x N* and outputs "Yes" if(x,y) € L, and "No"“ if (x,y) ¢ L.

Just like in classical complexity theory, in parameterizethplexity theory we can
also classify the problems according to tractability artdaictability. We start with the
formal definition of fixed-parameter tractability.

Definition 2.9. Let LC =* x NT. L is said to befixed-parameter tractabléthere exists
an algorithm with running time (k)n? that decides on inpux,y) € =* x N* whether
(x,y) € L, where n= |x|, k= |y is the parametery is a constant independent of k, and f
iIs some computable function.

We also say that the fixed-parameter tractable problemsgétahe class FPT (Fixed
Parameter Tractable), which is the parameterized analdg) of he basic idea behind
fixed-parameter tractability is to split the input into twars, one easy to solve part (this
would bex in our definition), where we get the polynomial running time and a hard
part (this is then the parametg), which we "turn over to the devil* (as suggested by
Downey and Fellows [DF99, p. 8]), which accounts for the tiorc f (k). That is, if we
fix the parametek, it is easy to determine whethéx,y) € L.

Before we start with fixed-parameter intractability, we &éao establish the parame-
terized analog of the polynomial-time many-one redudipithe so called parameterized
reducibility.

Definition 2.10. Let A and B be two parameterized problems witBA >* x N*, where
> is afixed alphabet. We say thaig\pt many-one reducible # if there is an algorithm
W that computes from a given instanpek) € A an instancéx’, k') € B, such that:
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(1) Forall (x,k) € Z* x NT, (x,k) € A<= (X,K) € B holds.
(2) There exists a function f such thatk f (k).

(3) The running time o® is bounded by (k) - [x|9, for some arbitrary function g and
constanto.

Turning now to fixed-parameter intractability, we say thabaameterized problem is
fixed-parameter intractablé there is no FPT-algorithm that solves the problem. Akin to
polynomial hierarchy in classical complexity theory, #heés also a hierarchy in parame-
terized complexity theory to classify fixed-parameterantable problems, the so-called
W-hierarchy

FPT=WI[0] CW[l] CW[2]C---.

Instead of giving the very complex formal definition of thelérarchy and its mem-
bers, we only describe intuitively the two classes relevadtiis thesis, namely V¥ and
W(2]. To do so, we first define the Short Nondeterministic TuringMae Computation
problem.

Name: Short Nondeterministic Turing Machine Computation.

Instance: A single-tape NTMM, an input stringg, and a positive integex.

Parameter: k.

Question: Is there a computational path & on inputx, such thatM reaches a final
accepting state in at moksteps?

This problem was proven to be \lf-complete by Cai et al. [CCDF97]. This result can
be seen as the analogon of Cook’s theorem for parameterzedlexity. Cesati [Ces03,
p. 658] suggested the following characterization dfijAmembership:

"Turing way to W[1]-membership: To show that a parameterized prob-
lem L belongs to W1|, devise a parameterized reduction frarto the Short
Nondeterministic Turing Machine Computation problem.*

The class W{2] can be characterized analogously with thE2)Atomplete Short Multi-
Tape Nondeterministic Turing Machine Computation problem

Name: Short Multi-Tape Nondeterministic Turing Machine Compiga.

Instance: A multi-tape NTMM, an input string, and a positive integex.

Parameter: k.

Question: Is there a computational path & on inputx, such thatM reaches a final
accepting state in at moksteps?
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Cesati's description for \[2] is then [Ces03, p. 663]:

"Turing way to W2]-membership: To show that a parameterized prob-
lem L belongs to W2], devise a parameterized reduction frarto the Short
Multi-Tape Nondeterministic Turing Machine Computaticoiplem.”

Although both W1]-complete and W2]-complete problems are fixed parameter in-
tractable, somehow the \d]-complete problems seem to be easier. It is unlikely, that a
problem solved by a short multi-tape NTM knsteps can always be solved by a short
single-tape NTM ink steps as well. There are many naturall}Atomplete and \2|-
complete problems. The parameterized versions of Indeperfset, Set Packing, and
Clique are, for instance, Y}]-complete, and the parameterized versions of Dominating
Set, Hitting Set, and Set Cover, on the other hand, g&-d6mplete.

2.4 Graphs

Last but not least, in this chapter, we present some basiensotrom graph theory. The
history of graph theory goes back into the year 1736, wheisthiss mathematician and
physicist Leonhard Euler (1707-1782) published the firgigpan this field. The problem
he solved is known as the Seven Bridges of Konigsberg.

Many problems proven to bé&/[2]-complete are derived from problems concerning
graphs. In the following we present the definition of an uectied graph along with two
related graph problems.

Definition 2.11. Anundirected grapl® is a pair G= (V,E), where V= {v1,vz,..., vy}

is a finite (nonempty) set aferticesand E= {{vi,vj} |1 <i < j <n} isthe set ofedges
Any two vertices connected by an edge are cadldfacent The vertices adjacent to a
vertex v are called tha@eighborsof v, and the set of all neighbors of v is denoted by
N[V], i.e., NV] = {ue V |{u,v} € E}. Thedegree of vertex in graphG is the number of
neighbors of v, denoted by dgw), i.e., deg(v) = |[N[V]||. Theminimum degree o6 is
defined as mindé®) = minyey (degs(V)).

In this thesis we only consider undirected graphs withoutipla edges or self-loops,
i.e., edges of the forffiv, v} are not allowed. The two graph problems related to this work
are based on the notion of dominating sets, which we will @afiext.

Definition 2.12. Let G= (V,E) be a graph, where V is the set of vertices and E is the set
of edges. A subset\Z V is called adominating seif for all vertices ve V, either ve V’

or there exists at least one vertexcl/’ such that{u,v} € E. If V' is a dominating set
and ||V'|| = k then we will say that Vis a k-dominating set If in addition there are no
adjacent vertices in Y we will say that V is anindependenk-dominating set 06.
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Figure 2.2 shows a 5-dominating set and an independent éadting set for the
same graph. The encircled vertices correspond to a 5-ddmgnset and an independent
6-dominating set in figure (a) and (b), respectively.

(a) 5-dominating set (b) Independent 6-dominating set

Figure 2.2: Examples fdt-dominating set and independédntiominating set.

The first parameterized graph problem we consider is k-Datimg Set, which was
proved to be |2]-complete by Downey and Fellows [DF99].

Name: k-Dominating Set.

Instance: A graphG = (V,E), whereV is the set of vertices anfl is the set of edges,
and a positive integek.

Parameter: k.

Question: DoesG have &-dominating set?

The second parameterized graph problem is Independentikfiating Set, which
was also shown by Downey and Fellows to bé&Atomplete [DF95].

Name: Independent k-Dominating Set.

Instance: A graphG = (V,E), whereV is the set of vertices anfl is the set of edges,
and a positive integek.

Parameter: k.

Question: DoesG have an independektdominating set?

For more details and results about graphs we recommend ttibotks of
Harary [Har69] and Diestel [Die05].
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Chapter 3

Elections

As most commonly in literature, votes will here be represdmtonsuccinctly: one ballot
per voter. Note that some papers (e.g., [FHHO6b, FHHRO7&F®8a]) also consider
succinct input representations for elections where nlidiiges of votes are given in bi-
nary.

Voting systems are one of the most popular and rudimentary ways of reaching c
mon decisions. Voting systems aggregate individuals'gyesfces into a collective deci-
sion. The outcome of the election always depends on the gagoe rules used in the
voting system. Lots of different voting systems were introed in the literature, for a
brief overview we point the reader to the work of Brams andhBisn [BF02]. In this
chapter we define the voting systems and the aspects undshr thiely shall be examined.

3.1 Voting Systems

In general an election is a pdtr= (C,V), whereC is a finite set of candidates aktis

a finite collection of voters who express their preferences all candidates i€. How
the voter preferences are represented depends on the ggstegn used. We distinguish
between two models. As in most papers on electoral contxokfgtions are, e.g., [PRZ07,
FHHRO8a]), we define the control problems in the unique-wimmodel. In this model,
via the control action, the chair seeks to either make a dateg candidate the unique
winner (in the constructive case) or to prevent a designedadidate from being a unique
winner (in the destructive case). As we have seen in Chaptdifférent aggregation
rules can yield different winners for the same election. ingptsystems have two main

1Recall, that an election is not a voting system. An electioari event, where individuals can express
their preferences, whereas a voting system is a procedaggtegate the different preferences in an election
to yield a common decision.

25
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characteristics. First, the form how ballots are represkniThey can be represented as
approval/disapproval vectors like in approval voting, askings over the candidate set
just like in Borda count, or as a preference table in an oreti-voter model. Second,
the way how the voting rules determine the winner of the @actin the following we
describe two families of voting systems that are importarthis thesis.

Preference-based systemstet E = (C,V) be an election with candidate s€t=
{c1,6,...,cm}. Each voter has to specify a weak preference otget= cj, =
... = Cj,, over all candidates, whefg1, j2,..., jm} = {1,2,...,m}. This ranking
is a linear ordering—with or without ties—of all candidateghere the leftmost
candidate is the most preferred and the rightmost candiddtee most despised
one.

Scoring protocols: LetE = (C,V) be an election with candidate &t {c;,Cp,...,Cm}-
Given a scoring vectdio, ay, . . ., dm) of nonnegative integers such that> ap >
--- > am. Each voter has to rank his or her candidates, and giygmints to the
candidate he or she ranks on tjihk place.

As one can see, scoring protocols are also preference-bgstums. Of course, there
are other families of voting systems beyond the two intreditere, e.g., irrational voting
systems as mentioned above. In the rational-voter modslieguired from each voter to
specify a weak preference order over the set of candidatdbelirrational-voter model,
each voter specifies his or her preferences via prefereblee tanlike in the rational-voter
model, in the irrational-voter model the voters’ preferendon’t necesseraly have to be
transitive. However, irrational voting systems are beythredscope of this thesis, we are
well aware of the fact that the behavior of voters doesn’egis\vfollow a rational pattern.
For a detailled discussion and more information on theiornal-voter model, see the
papers of Faliszewski, Hemaspaandra, Hemaspaandra, énel [RBIHRO7a, FHHRO08a,
FHHRO8c]. Let us now describe the voting systems used initbik.

Approval voting: Every voter draws a line between his or her acceptable arutepd
able candidates by specifying a 0-1 approval vector, wheep@sents disapproval
(a“No”-vote) and 1 represents approval (a “Yes’-vote),d@ts not rank them. The
winners are those candidates with maximum number of ap[sadast as described
in Chapter 1, approval voting can be seen as a prefereneelisgstem, where all
the approved candidates tie for first place, and all the gissed candidates tie for
last place. It should be noted that approval voting is notaisg protocol, since
each voter can approve of a different number of candidathks. storing protocol
version of approval voting would deapproval voting, where each voter has to ap-
prove of exactlyk candidates, i.ek-approval is the scoring protocol with scoring
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vector (01,0, ...,0m) With a; = --- = ax =1 andag,1 = --- = am = 0 where
k < mis required.

SP-AV: Sincere-strategy preference-based approval voting is larichysystem of
preference-based and approval voting. Each voter has tofggetie-free linear
ordering over all candidates. This is usually a left-tdatiganking (separated by a
space) of all candidates (e.@,b o, with the leftmost candidate being the most
preferred one. The border between the approved and disagghocandidates is in-
dicated by inserting a straight line into such a ranking, nehel candidates left
of this line are approved and all candidates right of thie Bme disapproved (e.g.,
“a | b ¢ means that is approved, while botl andc are disapproved). There
are also two important properties to keep in mind. First, aguire admissibility,
which means that the highest ranked candidate has to bevagobob and the least
preferred candidate has to be disapproved of by each vogésond, each voter’s
ballot has to be sincere, that is each candidate left of tipeoapl line has to be
approved of and every candidate right of the approval liretbabe disapproved
of. The winners of an election are again those candidatdsti highest number
of approvals. We will give the formal definition of SP-AV andlatailed discus-
sion of these two requirements in Chapter 4. SP-AV is, jugtpgsoval voting, a
preference-based system yet not a scoring protocol.

Fallback voting: Each voter has to decide for each candidate if he or she wauats-t
prove of, or disapprove of the candidate. Furthermore, eatgr has to give a strict
preference ranking (i.e., irreflexive, antisymmetricnsidive and complete) for the
candidates he or she approves of. The aggregation procediaeplace on several
levels. On the first level, only the highest ranked candi&late considered. Every
candidate with a strict majority (i.e., more than half of tfegers approved of the
candidate) is a winner. If there is no such candidate, themwaee to the second
level. Now we consider the two highest ranked candidatesah dallot. If there
is a candidate with a strict majority, he or she is the winiffethere are more than
one candidates with strict majority then each candidatk thi¢ highest number of
approvals is a winner. Otherwise, we keep moving to the rexdl$ step by step,
until there is a candidate with a strict majority. If no su@ndidate was found,
each candidate with the highest number of approvals is aexioirthe election. We
will give the formal definition of Fallback voting in Chaptér Note, that fallback
voting is also a preference-based system, even if the votdyshave to rank the
approved candidates, since the candidates a voter diseggpbodcan be considered
as candidates tied for last place. Fallback voting is nobaiisg protocol.

Plurality: Each voter has to give a strict preference ranking over alficiates, the can-
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didate with the most first places is the winner. In contrashwie aforementioned
voting systems, plurality is a scoring protocol with scgrirector(a1, a2, ..., 0m),
wherea; =1 anda; =a3=---=am=0.

Condorcet: Each voter has to specify a tie-free linear ordering ovecatididates. The
winner of the election is the candidate who wins by a strigomiiy of votes against
all other candidates in a head-to-head contest. Note, tGanaorcet winner does
not always exist, but if there is one, then that candidateesnique winner. Even
though we only allow rational voter preferences, as we ceeklin Example 1.1,
the resulting societal preference can indeed be irrational

Dodgson: Each voter has to specify a tie-free linear ordering overcatididates. If
there exists a Condorcet winner then in that case that catadid also the Dodg-
son winner. Otherwise the candidate who is “closest” to ¢paiiCondorcet winner
is a winner of the election. To define closeness, Dodgsondssigned a score
to each candidate, the so-called DodgsonS& V) of candidatec in election
E = (C,V), defined as the smallest number of sequential swaps of adjeardi-
dates in the voters’ preference lists which makes candidat€ondorcet winner
of the election. The candidate with the smallest Dodgsoressadhe winner of the
election, namely th®odgson winner

A voting system is useful in practice only if its winner detenation is easy, i.e.,
if the winners of the election can be found within polynordtiate. Except for Dodg-
son’s system, all the above mentioned voting systems haeagnwinner problem. The
Dodgson winner problem was showrWPFbompIete by Hemaspaandra, Hemaspaandra,
and Rothe [HHR97].

For some of the proofs discussed in the following two chaptero properties of vot-
ing systems will be defined. First, the notion of a voicedmgsystem will be introduced.

Definition 3.1. Let & be any voting systemé&’ is said to bevoicedif in every one-
candidate election, this candidate wins.

And, second, we need the unique version of\tfeak Axiom of Revealed Preference
denoted by Unique-WARP. It says that, if a candidaigthe unique winner in a sét of
candidates, theais the unique winner in every subset®that include<.

3.2 Bribery and Manipulation

There are three main types of how to affect the outcome of actieh, namely, proce-
dural control, manipulation, and bribery. tontrol, an external agent—usually called
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the chair—seeks to change the outcome of the election byfymoglithe structure of
the election via adding/deleting/partitioning either digiates or voters. Imanipulation

a coalition of evil voters tries to influence the result of #lection by voting strategi-
cally (i.e., they might not express their real preferenc¢dshelps to reach their desired
outcome). Irbribery, an external actor—the briber—tries to reach his or herddsut-
come by changing some voters’ votes. In this section, wa&dhice manipulation and
bribery. Control shall be considered in the next section.

Faliszewski et al. [FHHO6a] introduced the problem of brjbfor election systems.
There are many different settings for bribery. The simpbest is when the briber tries
to influence as few voters as possible. In this case, theme iistegerk specified in the
problem description, which is the limit of the number of w#dlowed to be altered.

We now formally define our bribery and manipulation problemisere each problem
is defined somewhat different than so far, by stating thelprobinstance together with
two questions, one for the constructive and one for the detsie case.

Let & be any voting system. Bribery is defined as follows.

Name: &-bribery.

Instance: An electionE = (C,V), whereC is the candidate set andis the collection
of voters specified via their preference lists over all cdatis, a distinguished
candidate € C and a nonnegative integler

Question (constructive): Is it possible to change at mdswvotes inV such that is the
unique winner of the resulting electi¢g@,V’)?

Question (destructive): Is it possible to change at mdstvotes inV such that is not a
unigue winner of the resulting electi¢@,V’)?

Talking about bribery without bringing money into play isvirever, not really drawn
from life. Itis much more likely that each voter has his orimelividual price for changing
his or her preference. In such a scenario, the prices of ttesyavould be a part of the
problem instance.

Name: &-$bribery.

Instance: An electionE = (C,V), whereC is the candidate set aNd= {v1,Vvo,...,Vin}
is the collection of voters specified via their preferenstsliover all candidates,
their prices(p1, p2, - - ., Pm), a distinguished candidateand a nonnegative integer
B (the briber’s budget).

Question (constructive): Is there a subsé&t’ C V such thaty,. ., pi < B and bribing
these voters would malethe unique winner of the election?

Question (destructive): Is there a subs&t’ CV such thafy . - pi < Band bribing these
voters would prevent from being a unique winner of the election?

It is also possible to assign a weight to each voter, or to nrspkeial restrictions how
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the briber should bribe a voter. For all these special typésilbery and many interesting
facts about them we point the reader to the papers [Fal08 0BHH-HHRO7a].
Manipulation is not much different from bribery. Létbe again a voting system.

Name: &-Manipulation.

Instance: An election(C,V), a designated candidate= C, and a collectio®v’ C V of
manipulators.

Question (constructive): Is it possible to cast the votes 9f such thatc is the unique
winner of the electiorfC,V) under the election syste#i?

Question (destructive): Is it possible to cast the votes \@f such that is not a unique
winner of the electioiC,V) under the election syste#i?

The difference between bribery and manipulation lies ircthikection of voters whose
votes can be changed. In bribery the briber can freely cheotss he or she wants to
influence, in manipulation the collection of voters to beugficed is predefined. For
further information on manipulation, we refer to [FHHR].

The problem&-Weighted-Manipulation can be defined again analogousti tie
difference that there is a weight attributed to each vote.

3.3 Control

In this section we introduce the 22 control actions we wilkkvaiith. The control prob-
lems considered here were introduced by Bartholdi, Toveg, Bick [BTT92] for con-
structive control and by Hemaspaandra, Hemaspaandra, atie fFHHRO7a] for de-
structive control. In constructive control scenarios, ¢hair’'s goal is to make a favorite
candidate the unique winner, in destructive control sdesam the other hand, the chair
tries to prevent a despised candidate from being a uniquearirs is common, the chair
is assumed to have complete knowledge of the voters’ pratereankings and approval
strategies (see [HHRO7a] for a detailed discussion of ggsiaption).
We now formally define our control problems.

Control by Adding Candidates

In this control scenario, the chair seeks to reach his or bat lgy adding to the elec-
tion, which originally involves only “qualified” candidatesome new candidates who are
chosen from a given pool of spoiler candidates.

In their study of control for approval voting, Hemaspaandi@maspaandra, and
Rothe [HHRO7a] took into account only the case of addingr@mitednumber of spoiler
candidates (which is the original variant of this problendafned by Bartholdi, Tovey,
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and Trick [BTT92]). We consider the same variant of this peab here to make our
results comparable with those established in [HHRO7a]fdoutompleteness we, in ad-
dition, consider the case of addinglimited number of spoiler candidates, where the
prespecified limit is part of the problem instance. This amariof this problem was in-
troduced by Faliszewski et al. [FHHRO7a, FHHRO08a] in anglagth the definitions of
control by deleting candidates and of control by adding ¢etiteg voters. They showed
that, for the election system Copel&nthey investigated, the complexity of these two
problems can change drastically depending on the paramesere [FHHRO08a].

We first define the unlimited variant of control by adding daiates.

Name: Control by Adding an Unlimited Number of Candidates.

Instance: An election(CUD,V) and a designated candidate C, where the se€ of
qualified candidates and the §&bf spoiler candidates are disjoint.

Question (constructive): Is it possible to choose a sub&¥tC D such that is the unique
winner of electioNCuUD’,V)?

Question (destructive): Is it possible to choose a subdet C D such thatc is not a
unique winner of electiogCuUD’,V)?

This is a quite natural control action. Imagine a fictitiousgidential election, where
the candidate with the most supporters is the winner, andg atenths before the election
there are two leading big parties whose candidates aredatedi and candidat®é. We
assume thaa is expected to be slightly aheadlofn the polls. Now, if the chair doesn’t
want candidate to win, he or she could introduce a third candidate, gaywho has a
manifesto similar to that of candidage It is most likely that some o&'s supporters
would rather prefer to support candidateThese very same supporters would now make
their second favourite candidate (candidaitéose the election against candidate

The problem Control by Adding a Limited Number of Candidagedefined analo-
gously, with the only difference being that the chair seekseach his or her goal by
adding at most spoiler candidates, whefds part of the problem instance.
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Control by Deleting Candidates

In this control scenario, the chair seeks to reach his or ballgy deleting (up to a given
number of) candidates.

Name: Control by Deleting Candidates.

Instance: An election(C,V), a designated candidate- C, and a nonnegative integér

Question (constructive): Is it possible to delete up tocandidates fron€ such that is
the unique winner of the resulting election?

Question (destructive): Is it possible to delete up tbcandidates (other thas) from C
such that is not a unique winner of the resulting election?

This is again a natural control action. Let us recall outdititory from the adding
candidates case. At the point, where all three candidatefripresident, candidateis
in the most promising position. But, if candidatéacked out because he or she knows
that he or she has no chance to win the election, and that wesldt in a fiasco of
candidatea as well, candidata would have again the best chances to win the election.

Control by Partition and Run-Off Partition of Candidates

There are two partition-of-candidates control scenatioboth scenarios, the chair seeks
to reach his or her goal by partitioning the candidateGeatto two subsetsC; andCy,
after which the election is conducted in two stages. In @bty partition of candidates,
the election’s first stage is held within only one group, €ayand this group’s winners
that survive the tie-handling rule used (see the next papjrrun against all members
of C, in the second and final stage. In control by run-off partitafnrcandidates, the
election’s first stage is held separately within both gro@sandC,, and the winners
of both subelections that survive the tie-handling ruledusen against each other in the
second and final stage.

We use the two tie-handling rules proposed by Hemaspaahid@aaspaandra, and
Rothe [HHRO7a]: ties-promote (TP) and ties-eliminate (TI&)the TP model, all the
first-stage winners of a subelectiq@y, V) or (Cp,V), are promoted to the final round. In
the TE model, a first-stage winner of a subelecti@, V) or (C,,V), is promoted to the
final round exactly if this person is that subelection’s wrgvinner.

Note that partitioning the candidate getinto C; andC; is, in some way, similar
to deletingC; from C to obtain subelectiofCy,V) and to deletingz; from C to obtain
subelectionC,,V). Also, depending on the tie-handling rule used, the finajestaf the
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election may have a reduced number of candidates.

Name: Control by Partition of Candidates.

Instance: An election(C,V) and a designated candidate C.

Question (constructive): Is it possible to partitiorC into C; andC, such thafc is the
unique winner of the final stage of the two-stage election lnictv the winners of
subelectior{Cy,V) that survive the tie-handling rule used run against all catds
in C, (with respect to the votes M)?

Question (destructive): Is it possible to partitiorC into C; andC, such thatc is not a
unique winner of the final stage of the two-stage election mctv the winners of
subelectior{Cy,V) that survive the tie-handling rule used run against all catds
in C, (with respect to the votes M)?

Control by partition of candidates is in use for example atfrovision Song Contest
Finals, where some artists are directly qualified for thel finsually the artists represent-
ing countries who are the Song Contest’s biggest financgauers), whereas numerous
other candidates have to participate in a qualifying roursd. fi

Next, we define control by run-off partition of candidates.

Name: Control by Run-Off Partition of Candidates.

Instance: An election(C,V) and a designated candidate C.

Question (constructive): Is it possible to partitiorC into C; andC; such thafc is the
unique winner of the final stage of the two-stage election mctv the winners of
subelectionCy,V) that survive the tie-handling rule used run (with respedhto
votes inV) against the winners of subelecti¢@,, V) that survive the tie-handling
rule used?

Question (destructive): Is it possible to partitior€C into C; andC, such thatc is not a
unique winner of the final stage of the two-stage election mctv the winners of
subelectionCy,V) that survive the tie-handling rule used run (with respedhto
votes inV) against the winners of subelecti¢@,, V) that survive the tie-handling
rule used?

Let us examine the example of the Eurovision Song Contesti$-ggain, in which
every European nation organises a national voting first terdene their representative
who is then entitled to participate in the European Song €riiinals. Admittedly this is
a poor comparison in some sence, since in this example treen@tonly two subelections
but many more. Nevertheless it is appropriate enough t@sepit how this control action
works.

One could ask now, what is the computational difference betvthe two tie-handling
rules? Well, quite a lot. Later in the results, we will shownhsignificant differences
between the two tie-handling rules can be.
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Control by Adding Voters

In this control scenario, the chair seeks to reach his or barlgy introducing new voters
into a given election. These additional voters are chosem fa given pool of voters
whose preferences and approval strategies over the cagsliilam the original election
are known. Again, the number of voters that can be added sppogfied.

Name: Control by Adding Voters.

Instance: An election(C,V), a collectiorW of additional voters with known preferences
overC, a designated candidate= C, and a nonnegative integér

Question (constructive): Is it possible to choose a sub&®t C W with |W’'|| < ¢ such
thatc is the unique winner of electiofC,vV UW')?

Question (destructive): Is it possible to choose a subs&t C W with |W’|| < ¢ such
thatc is not a unique winner of electio(€,V UW’)?

A good example for control by adding voters are local eledim Germany. A few
years ago only German citizens with registered domicile givan city were allowed
to vote in that city for mayor. Nowadays, everyone (Germaroogigner) is allowed
to participate in the local elections with the only restantthat they have a registered
domicile in that city.

Control by Deleting Voters

The chair here seeks to reach his or her goal by suppressirtg @uprespecified number
of) voters.

Name: Control by Deleting Voters.

Instance: An election(C,V), a designated candidate= C, and a nonnegative integér

Question (constructive): Is it possible to delete up tovoters fromV such that is the
unique winner of the resulting election?

Question (destructive): Is it possible to delete up tbvoters fromV such that is not a
unigue winner of the resulting election?

This control action is broadly used. In the United Statesidential election in 2000,
for instance, 5800 names were erased off the voters list by Governor Jeb &ubec-
retary Harris of Florida, with the explanation that theseev® were people with criminal
records. The winner of the election was George W. Bush, wippéias to be Jeb Bush’s
older brother. Quite a coincidence, isn'’t it?



3.3. CONTROL 35

Control by Partition of Voters

In this scenario, the election is conducted in two stagemagad the chair now seeks to
reach his or her goal by partitioning the votstsnto two subcommitteed/; andV,. In
the first stage, the subelectiofts, V1) and(C,V-) are held separately in parallel, and the
winners of each subelection who survive the tie-handling nsed, move forward to the
second and final stage in which they compete against each othe

Name: Control by Partition of Voters.

Instance: An election(C,V) and a designated candidate C.

Question (constructive): Is it possible to partitiorV into V; andV, such thatc is the
unique winner of the final stage of the two-stage election lnictv the winners of
subelectionC,V;) that survive the tie-handling rule used run (with respedh®
votes inV) against the winners of subelecti¢@, V) that survive the tie-handling
rule used?

Question (destructive): Is it possible to partitiorV into V; andV, such thatc is not a
unique winner of the final stage of the two-stage election Inictv the winners of
subelectionC,V;) that survive the tie-handling rule used run (with respedht®
votes inV) against the winners of subelecti¢@, V) that survive the tie-handling
rule used?

A good example for control by partition of voters is again Yrated States presiden-
tial election in 2000, where George W. Bush won against Ale&Gerven though Al Gore
had a total of approximately 50@00 more votes than George W. Bush. What a misfortu-
nate situation for Al Gore since the president of the Uniteates is not directly elected
by the people, but elected by the electors of the Electorde@e, where different states
have different voting powers. Just as in the case of conyrpHotition of candidates, here
we have again more than two subelections, which doesntyregual our definition of
control by partition of voters. Although it illustrates shtontrol scenario.

Immunity, Susceptibility, Vulnerability, and Resistance

The following notions—which are taken from Bartholdi, Tgyand Trick [BTT92]—will
be central to our complexity analysis of the control protdem

Definition 3.2. Let& be an election system and letbe some given type of control.

1. & is said to bammune tod-controlif

(a) @ is a constructive control type and it is never possible fa thair to turn
a designated candidate from being not a unique winner intogbthe unique
winner via exertingb-control, or
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(b) @ is a destructive control type and it is never possible forchair to turn a
designated candidate from being the unique winner intodaeiot a unique
winner via exertingb-control.

2. & is said to besusceptible t@b-controlif it is not immune taP-control.

3. & is said to bevulnerable to®-controlif & is susceptible tab-control and the
control problem associated with is solvable in polynomial time.

4. & is said to baesistant tab-controlif & is susceptible t@-control and the control
problem associated wit# is NP-hard.

Immunity, susceptibility, resistance, and vulnerabitign be defined analogously for
bribery and manipulation as well. By definition, all resista and vulnerability results in
particular require susceptibility. To avoid a tedious groovering each of the 22 types
of control separately, we will use the general susceptybriesults and links between
susceptibility cases established by Hemaspaandra, Heavaga, and Rothe [HHRO72].

Theorem 3.1([HHRO7a]) 1. Avoting system is susceptible to constructive control by
adding candidates if and only if it is susceptible to desimgccontrol by deleting
candidates.

2. A voting system is susceptible to constructive contralddgting candidates if and
only if it is susceptible to destructive control by addingndalates.

3. A voting system is susceptible to constructive contra@dying voters if and only
if it is susceptible to destructive control by deleting vste

4. A voting system is susceptible to constructive contralddgting voters if and only
if it is susceptible to destructive control by adding voters

Since the above statements are easy to see, we won't prasanprioofs here. The
proofs of the following two theorems are not trivial, so wdlwspecify them.

Theorem 3.2([HHRO7a]) 1. If a voting system is susceptible to constructive control
by partition of voters (in model TE or TP), then it is suscelatito constructive
control by deleting candidates.

2. Ifavoting system is susceptible to constructive cottygdartition or run-off parti-
tion of candidates (in model TE or TP), then it is susceptibleonstructive control
by deleting candidates.

2Although [HHRO7a] does not consider the case of control tiragla limited number of candidates
explicitly, it is immediate that all proofs for the “unlingitd” case in [HHRO7a] work also for this “limited”
case.
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3. If a voting system is susceptible to constructive coriyopartition of voters in
model TE, then it is susceptible to constructive control &égting voters.

4. If a voting system is susceptible to destructive contygdrtition or run-off parti-
tion of candidates (in model TE or TP), then it is susceptibldestructive control
by deleting candidates.

Proof. The proof is due to [HHRO7a]. We start with part 1. L(€ V) be an election,
c € C a candidate who is not the unique winner of the election urdéng system#’.
Suppose that voting systefis susceptible to constructive control by partition of vete
(in model TE or TP), i.e.¢c can be made the unique winner of the election by exerting
control by partition of voters (in model TE or TP). L&t c C be the set of candidates who
attends in the final stage of the election. Singe the winner of the final stage, i.e.js
the unique winner of the electiq€’,V), deleting the subs& — C’ of candidates makes
c the unigue winner of the resulting election. Note tBat4 C, since in that case each
candidate would participate in the final stage, tbesuldn’t win the election via control
by partitioning of voters. Thus, the voting systéms susceptible to constructive control
by deleting candidates.

The same argumentation holds also for part 2.

Let us turn to part 3. LefC,V) be an electionc € C a candidate who is not the
unique winner of the election under voting systém Suppose that voting syste#is
susceptible to constructive control by partition of votarsnodel TE. Then, there is a
successful partitioriVy,V,) of V such thatc is the unique winner of the resulting two
stage election. Becauses in the final round of the election, he or she has to be a winner
of one of the subelecions, w.l.0.g say(@,V;). Since we are in the TE modai,is the
unique winner of subelectiofC,V1). Thus, by deleting/, of the voter's seV, c is the
unique winner of the resulting election, so voting syst&ns susceptible to constructive
control by deleting voters.

For part 4, let(C,V) be an election¢c € C a candidate who is the unique winner
of the election under voting syste#& Suppose that voting syste#h is susceptible to
destructive control by partition of candidates (in model GiETP). LetC’ C C be again
the set of candidates who attends in the final stage of thdaiedf c € C/, then deleting
the subse€ — C’ of candidates makesnot a unique winner of the election. Otherwise,
there is a subelection, sé&@,,V ), wherec participated, but lost. Thus, deleting the subset
C — C; of candidates preventsfrom being the unique winner of the election. Thus, the
voting systemy?’ is susceptible to destructive control by deleting candislatfThe same
proof holds also for the run-off partition case. 0

There are also three susceptibility links for voiced vosiygtems.
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Theorem 3.3([HHRO7a]) 1. If a voiced voting system is susceptible to destructive
control by partition of voters (in model TE or TP), then it issseptible to destruc-
tive control by deleting voters.

2. Each voiced voting system is susceptible to constructiw&ol by deleting candi-
dates.

3. Each voiced voting system is susceptible to destructwéra by adding candi-
dates.

Proof. ([HHRO7a]) We first prove part 1. Lef be a voiced voting system applied to the
election(C,V) with the unique winnec € C. Suppose thaf is susceptible to destructive
control by partition of voters (in model TE or TP). Let us a®®&y that€’ is immune to
destructive control by deleting voters, i.e., for any sab8e& V, cis the unique winner of
(C,V'). This yields that is the unique winner of both first stage subelecti@®3/;) and
(C,V-) in the partition of voters case. Thusis the only participant in the final stage and
is the unique winner of the election. This is a contradictimiour basic assumption that
& is susceptible to destructive control by partition of veteFhus, our second assumption
that& is immune to destructive control by deleting voters is false

For part 2, les” be a voiced voting system applied to the electiGrV ), wherec € C
is not the unique winner of the election. Deleting all thedidates corresponding to the
setC — {c} would leavec as the only candidate, and sin€es a voiced voting system,
this candidate is the unique winner of the election. Tlfus susceptible to constructive
control by deleting candidates.

Part 3 follows from part 2 of this theorem and part 2 of TheoBin U

In the following two chapters, we will analyze how two votisgstems, sincere-
strategy preference-based approval voting and fallbatkgobehave under different
control actions.



Chapter 4
Control in SP-AV

This chapter considers in detail a voting system introduigeBrams and Sanver [BS06],
that combines approval and preference-based voting, wgpeact to our 22 control ac-
tions.

4.1 Definitions and Conventions

To distinguish this system from other systems that BramsSamyver introduced with the
same purpose of combining approval and preference-based)yBS], we call the vari-
ant considered here (including the conventions and rulég texplained belowgincere-
strategy preference-based approval vot{&gr-AV, for short).

Definition 4.1 ([BS06]). Let (C,V) be an election, where the voters both indicate ap-
provals/disapprovals of the candidates and provide arge-finear ordering of all candi-
dates. For each voterg V, anAV strategy ofv is a subset,SC C such that v approves of
all candidates in $and disapproves of all candidates inCS,. The list of AV strategies
for all voters in V is called arhV strategy profile for(C,V). (We sometimes also speak
of V's AV strategy profile forC.) For each o= C, let scorgcy)(c) = [[{ve V|ce S}
denote the number of c's approvals. Every candidate c witHdhgest scorg v (c) is a
winner of the electioiC,V).

An AV strategy of a voter ve V is said to beadmissibleif S, contains v’'s most
preferred candidate and does not contain v’s least preteoandidate. $is said to be
sinceref for each ce C, if v approves of ¢ then v also approves of each candidatea@n
higher than c (i.e., there are no gaps allowed in sincere apgl strategies). An AV
strategy profile for(C,V) is admissible(respectivelysincerg if the AV strategies of all
voters in V are admissible (respectively, sincere).

39
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Admissibility and sincerity are quite natural requirengenn particular, requiring the
voters to be sincere ensures that their preference ran&imjtheir approvals/disapprovals
are not contradictory. Admissibility yields a candidat¢ wéh at least two candidates.
Note that an AV strategy is never admissible for less thandamdidates. We mention
in passing that in the work of Erdélyi, Nowak and Rothe [EMRDIt is specifically
required for single-candidate elections that each votestrapprove of this candidate.
In this thesis, we drop this requirement just like in [ENRD8Ir two reasons. First, it
in fact is not needed because the one candidate in a singtkdede election will always
win—even with zero approvals (i.e., SP-AV is a “voiced” vigisystem). Second, it is
very well comprehensible that a voter, when given just alsingndidate, can get some
satisfaction from denying this candidate his or her apdr@xeen if he or she knows that
this disapproval won't prevent the candidate from winning.

Note further that admissible AV strategies are not domuhatea game-theoretic
sense [BF78]. Informally, an AV stratedy, dominates an other AV stratedy, if S,
is always as good as, or better th@nregardless of the setup. Sincere strategies for at
least two candidates are always admissible if voters araereallowed to approve of
everybody nor to disapprove of everybody (i.e., if we reguiotersv to have only AV
strategiesS, with 0 # S, # C), a convention adopted by Brams and Sanver [BS06] and
also adopted here Henceforth, we will assume that only sincere AV strategyfifes are
considered (which by the above convention, whenever theratdeast two candidates,
necessarily are admissible), i.e., a vote with an insinseetegy will be considered void.

We extend our conventions on how to represent preferenesepied in Section 3
as follows. In our constructions, we sometimes also insestitasetB C C into such
approval rankings, where we assume some arbitrary, fixeer @fdthe candidates iB
(e.g., ‘a | B ¢’ means that is approved of, while alb € B andc are disapproved of).

Definition 4.2. Let k> 1 be a fixed integer. In-pproval votingk-AV, for short), every
voter approves of exactly k of thexnk candidates, and all candidates with the largest
number of approvals wirSincere-strategy preference-bageapproval voting SP-k-AV,
for short) in addition requires the voters to either appravalisapprove of the candidates
via a sincere AV strategy, where the above-mentioned ctiomsnapply: For elections
with one candidate, each voter must approve of this candjdatd for electiongC,V)
with at least two candidates, each votee W is required to have an AV strategy Bith

0 +# S, # C, which implieg|C|| > k+1for k > 1.

Before starting with the control scenarios, we have to cdlseéxamine the control

1Brams and Sanver [BS06] actually preclude only the GaseC for votersv. However, an AV strategy
that disapproves of all candidates obviously is sincerengeadmissible, which is why we also exclude
the case of, = 0.

2When there are less th&rcandidatesk-approval voting is not applicable.
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actions considered. Control actions—specifically, thodk mespect to control via delet-
ing or partitioning candidates or via partitioning votersyay have an undesirable impact
on the resulting election in that they might violate our camyons about admissible AV
strategies. That is why we define the following rule that press (or re-enforces) our
conventions under such control actions:

Whenever during or after a control action it happens thathtaio an election
(C,V) with ||C|| > 2 and for some votev € V we haveS, =0 or S, = C,
then each such voter’'s AV strategy is changed to approvesobhher top
candidate and to disapprove of his or her bottom candidates flile re-
enforces B# S, # C for eachv € V.

We have to tailor the control problems to sincere-strategyepence-based approval
voting by requiring every election occuring in every cohprmblems?® to have a sincere
AV strategy profile and to satisfy the above conventions atesbr In particular, this means
that when the number of candidates is reduced (due to dgledimdidates or partitioning
candidates or voters), approval lines may have to be movaddordance with the above
rule.

For example, approval voting is known to be immune to eightheftwelve types of
candidate control considered in [HHRO7a]. The proofs os¢heesults crucially employ
the links between immunity/susceptibility for various tahtypes in Theorems 3.1, 3.2,
3.3 and the fact that approval voting satisfies the uniqusimerof the Weak Axiom of
Revealed Preference (see [HHRO7a, BTT92]). In contrast approval voting, sincere-
strategy preference-based approval voting does not salisgue-WARP, and we will
see later in Section 4.2.2 that it indeed is susceptible ¢b &ge of control considered
here.

Proposition 4.1. Sincere-strategy preference-based approval voting dasssatisfy
Unigue-WARP.

Proof. Consider the electio(C,V) with candidate se = {a, b, c,d} and voter collec-
tionV = {v1,Vv2,v3,v4}. Removing candidaté changes the profile as follows according
to the SP-AV rules:

vi: bca|d bc| a
w: c|ladb is changed to c|lab
v3: abc| d (by removingd): ab|c
vs: bac| d balc

3Be it before, during, or after a control action—so, in parie, this also applies to the subelections in
the partitioning cases.
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Plurality SP-AV AV

Control by Constr.| Destr. || Constr.| Destr. || Constr.| Destr.
Adding an Unlimited Number of CandidatesR R R R I \%
Adding a Limited Number of Candidates || R R R R I \%
Deleting Candidates R R R R V I
Partition of Candidates TE:R | TE:R || TE:R | TE:R || TE:V | TE:I

TP:R | TP:R || TP:R | TP:R | TP:1 TP: 1
Run-off Partition of Candidates TE:R | TE:R || TE:R | TE:R || TE:V | TE:I

TP:R | TP:R || TP:R | TP:R || TP: I TP: |
Adding Voters \% Y R \% R \%
Deleting Voters \% \% R \% R \%
Partition of Voters TE:V | TE:V || TE:R | TE:V | TEER | TE:V

TP:R | TP:R || TP:R | TP:R || TP:R | TP:V

Table 4.1: Overview of SP-AV results. Key: | means immune,&ans resistant, V means
vulnerable, TE stands for ties-eliminate, and TP for tismpote. Results for SP-AV are
new; their proofs are either new or draw on proofs from [HH&O0 Results for plurality
and approval voting, stated here to allow comparison, aestdBartholdi, Tovey, and
Trick [BTT92] and to Hemaspaandra, Hemaspaandra, and RathR07a]. (The results
for control by adding a limited number of candidates for plity and approval voting,
though not stated explicitly in [BTT92, HHRO7a], follow imediately from the proofs of
the corresponding results for the “unlimited” variant of foroblem.)

Note that the approval/disapproval line has been movedterse,, v3, andv,. Al-
thoughc was the unique winner ifC,V), cis not a winner in({a,b,c},V) (in fact,b is
the unique winner if{a, b, c},V)). Thus, SP-AV does not satisfy Unique-WARPL]

4.2 Results for SP-AV

4.2.1 Overview

Theorem 4.1 below (see also Table 4.1) shows the compleestyts regarding control of
elections for SP-AV. As mentioned in the introduction, withresistances and only three
vulnerabilities, this system has more resistances andrfewrerabilities to control (for
our 22 control types) than is currently known for any othewra voting system with a
polynomial-time winner problem.

Theorem 4.1. Sincere-strategy preference-based approval voting ist@st and vulner-
able to the22 types of control defined in Section 3.3 as shown in Table 4.1.
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4.2.2 Susceptibility
We start with susceptibility to candidate control.

Lemma 4.1. SP-AV is susceptible to constructive and destructive obhyradding can-
didates (in both the “limited” and the “unlimited” variant bthe problem), by deleting
candidates, and by partition of candidates (with or withaut-off and for each in both
tie-handling models, TE and TP).

Proof. From Theorem 3.3 and the obvious fact that SP-AV is a voicemhg®ystem,
it immediately follows that SP-AV is susceptible to constive control by deleting can-
didates and to destructive control by adding candidate®dgih the “limited” and the
“unlimited” variant of the problem).

Now, consider the electiofC,V) with candidate se€ = {a,b,c,d,e, f} and voter
collectionV = {v1,vs,...,vg} and the following partition ofC into C; = {a,c,d} and
Co={b,e f}:

(C,V) is partitioned into  (C1,V) and (Cp,V)
vi: abc|def acl|d b|ef
vo: bc| adef c|ad b|ef
v3: ac| bdef ac|d b|ef
vs: bac| def acl|d b|ef
vs: abdec|f ad]| c belf
Ve: abdfc|e ad| c bfl|e

With six approvalsgc is the unique winner ofC,V). However,a is the unique winner
of (C1,V), which implies that is not promoted to the final stage, regardless of whether
we use the TE or TP tie-handling rule and regardless of whetbeemploy a partition of
candidates with or without run-off. Thus, SP-AV is susdelgtito destructive control by
partition of candidates (with or without run-off and for &aa both tie-handling models,
TE and TP). By Theorem 3.2, SP-AV is also susceptible to detwe control by deleting
candidates. By Theorem 3.1 in turn, SP-AV is also susceptdbtonstructive control by
adding candidates (in both the “limited” and the “unlimitedriant of the problem).
Finally, we modify the above election as follows. L@E,V’) be identical to
(C,V), except thatv’ = {v1,vo,...,v5,v7} and v; has the sincere approval strategy:
a ed f c| b. Note thata is not the unique winner ofC,V’), asa loses toc by 5
to 6. However, if we partitio€ intoC; = {a,c,d} andC, = {b, e, f}, thenais the unique
winner in (C1,V’) andb is the unique winner ifC,,V’). Since both subelections have
a unique winner, it does not matter whether the TE rule or tRedle is applied. The
final-stage election ig{a,b},V’) in the case of run-off partition of candidates, and it is
({a,b,e, f},V’) in the case of partition of candidates. Simogins againsb in the former
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case by 4 to 2 and in the latter case by 5 to 4 (amehd f do even worse thah in this
case),a is the unique winner in both cases. Thus, SP-AV is susceptidtonstructive
control by partition of candidates (with or without run-@fiid for each in both models,
TE and TP). O

We now examine susceptibility in regards to voter control.

Lemma 4.2. SP-AV is susceptible to constructive and destructive obhyr adding vot-
ers, by deleting voters, and by partition of voters in bo#hhandling models, TE and TP.

Proof.  Consider the electioC,V) with candidate seC = {a,b,c,d,e f} and
voter collectionV = {vy,vs,...,vg} and partitionV into Vq = {v1,Vvo,v3,va} andV, =
{Vs,Vs,V7,Vg}. Thus, we change:

(C,V) into (C,V1) and (C, Vo)
vi: abc| def abc|def
w: ac|bdef ac|bdef
v3: cbad]|ef cbad|ef
vi: ab|decf abldecf
vs: adc| bef adc|bef
Ve: ebcd| af ebcd|af
vv: decf| ba decf|ba
vg: d f | bace df|bace

With six approvalsg is the unique winner ofC,V). However,a is the unique winner of
(C,V1) andd is the unique winner ofC, V), which implies that is not promoted to the
final stage, regardless of whether we use the TE or TP tielingdle. (In the final-stage
election({a,d},V), d wins by 5 to 3.) Thus, SP-AV is susceptible to destructivetimn
by partition of voters in models TE and TP. By Theorem 3.3 andesSP-AV is a voiced
system, SP-AV is also susceptible to destructive contratiéigting voters. Finally, by
Theorem 3.1, SP-AV is also susceptible to constructiverobby adding voters.

Now, if we leta andc change their roles in the above election and argument, we see
that SP-AV is also susceptible to constructive control bytipan of voters in models
TE and TP. By Theorem 3.2, susceptibility to constructivetoa by partition of voters
in model TE implies susceptibility to constructive contbyl deleting voters. Again, by
Theorem 3.1, SP-AV is also susceptible to destructive obbyr adding voters. [

4.2.3 Candidate Control

Theorems 4.2 and 4.4 below show that sincere-strategyrprefe-based approval vot-
ing is fully resistant to candidate control. This result sldobe contrasted with that of
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Hemaspaandra, Hemaspaandra, and Rothe [HHRO7a], whodphoweunity and vul-
nerability for all cases of candidate control within ap@bvoting (see Table 4.1). In
fact, SP-AV has the same resistances to candidate contpbliasity, and we will show
that the construction presented in [HHRO7a] to prove pityraésistant also works for
sincere-strategy preference-based approval voting ceakts of candidate control except
one—namely, except for constructive control by deletingdtdates. Theorem 4.4 estab-
lishes resistance for this one missing case.

All resistance results in this section follow via a reduntitom the NP-complete prob-
lem Hitting Set introduced in Section 2.2. Note that somewfmroofs for SP-AV are
based on constructions and arguments presented in [HHROapve the correspond-
ing results for approval voting or plurality, whereas thmagnder of our results require
new insights to make the proof work for SP-AV. For completsnave will present each
construction here (even if the modification of a previousstarction is rather straightfor-
ward), noting the differences to the related previous cansbns.

Theorem 4.2. SP-AV is resistant to all types of constructive and desivaatandidate
control defined in Section 3.3 except for constructive @iy deleting candidates.

Resistance of SP-AV to constructive control by deletinglidates, which is the miss-
ing case in Theorem 4.2, will be shown as Theorem 4.4 below.

The proof of Theorem 4.2 is based on a construction for gtyrial[HHRO7a], except
that only the arguments falestructivecandidate control are given there (simply because
plurality was shown resistant to all cases of constructaedadate control already by
Bartholdi, Tovey, and Trick [BTT92] via different consttians). We now provide the
proof of Theorem 4.2 and the construction from [HHRO7apstly modified so as to be
formally conform with the SP-AV voter representation) imer to (i) show that the same
construction can be used to establish all but one resistanic€P-AV toconstructive
candidate control, and (ii) explain why constructive cohlry deleting candidates (which
is missing in Theorem 4.2) doest follow from this construction.

Proof of Theorem 4.2. Susceptibility holds by Lemma 4.1 in each case. The registan
proofs are based on a reduction from Hitting Set and emplays@oction 4.3 below,
slightly modified so as to be formally conform with the SP-Avter representation.

Construction 4.3 ([HHRO7a]). Let (B,.”,k) be a given instance of Hitting Set, where
B={bi,by,....bn}isaset, ={S,S,...,S}is acollection of subsets S B, and k<

m is a positive integer. Define the electi@\ V), where C= BU {c,w} is the candidate
set and where V consists of the following voters:

1. There ar&(m— k) + 2n(k+ 1) + 4 voters of the form:

c| wB.
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2. There aren(k+ 1) + 5 voters of the form:

w | c B

3. Foreachil <i <n,there are2(k+ 1) voters of the form:

S |cw(B-9).

4. For each j,1 < j <m, there are two voters of the form:

bj [ wc (B—{bj}).

Sincescorgcwy v)(C) —SCOrgcwi vy (W) = 2k(n—1) +2n—1 is positive (because of
n> 1), cis the unique winner of electiai{c,w},V). The key observation is the following
proposition, which can be proven as in [HHRO7a].

Proposition 4.2([HHRO07a]) 1. If.¥ has a hitting set Bof size k, then w is the unique
SP-AV winner of electioB' U {c,w},V).

2. Let DC BU{w}. If cis not the unique SP-AV winner of electidu {c},V), then
there exists a set'B_ B such that

(@) D=Bu{w},
(b) wis the unique SP-AV winner of electi®{ U {c,w},V), and
(c) B'is ahitting set of of size less than or equal to k.

Proof.

1. Suppose thd® is a hitting set of¥ of sizek. Then we have the following scores
in election(B' U {c,w},V):

scordc) = 2(m—Kk)+2n(k+1)+4,
scorgw) = 2(m—Kk)+2n(k+1)+5,
scorgbj) < 2n(k+1)+2 foreachj, 1< j<m.

Thus,w is the unique SP-AV winner of electiqiB’ U {c,w},V).

2. LetD C BU{w}. Supposet is not the unique SP-AV winner of electidi U

{c},V).
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(@) Since for eacly € DN B, scorgp (¢} v)(b) < scorep ey v)(c), andc is not
the unique SP-AV winner of electigid U {c},V), c can only lose the election
againsw. Thus,D = B'U{w}, whereB' C B.

(b) This part follows immediatly from pafg).

(c) Let/ be the number of sets i not hit byB’, then:

scoreguiewv)(W) = 2n(k+1)+5+2(m—[|B])),
scoregucwv)(€) = 2(Mm—K)+2n(k+1)+4+2(k+1)C.

From part (a) we know, tha&coreg (cwy v)(W) > SCOr€g/icwyv)(C), i-€.,
2n(k+1)+5+2(m—||B/||) > 2(m—k) +2n(k+ 1) + 4+ 2(k+ 1)/.
Since all variables are integers, the above inequalityigspl
0> |IB/|| —k+ (k+1)¢
thus,/ = 0, and sd' is a hitting set of” of size less than or equal ko

U

Corollary 4.1. SP-AV is resistant to constructive and destructive cortychdding can-
didates (both in the limited and the unlimited version ofphablem).

Proof. This corollary follows immediately from Proposition 4.2awmapping the Hit-
ting Set instancéB, ., k) to the set{ c,w} of qualified candidates and the 80f spoiler
candidates, to the voter collectid and by havingc be the designated candidate in
the destructive case and by havingbe the designated candidate in the constructive
case. U

Corollary 4.2. SP-AV is resistant to destructive control by deleting cdaths.

Proof. Letthe election(C,V) be given as in Construction 4.3 with distinguished candi-
datec. We claim that¥” has a hitting set of size at mdstif and only if c can be prevented
from being a unique SP-AV winner by deleting at most k candidates.

From left to right: Suppose has a hitting seB’ C B of sizek. According to
Proposition 4.2¢ is not the unique SP-AV winner of the electiof’ U {c,w},V). Thus,
by deleting the seB — B’ of candidates, whergB — B'|| = m—Kk, c is prevented to be a
unique SP-AV winner of the election.

From right to left: Suppose, thatan be prevented from being a unique SP-AV winner
by deleting at mosin— k candidates. Leb C BU{w} be the set of deleted candidates,
such that ¢ D. Itimmediately follows from Proposition 4.2, th@t-D — {c} = B'U{w},
whereB' is a hitting set of of size at mosk. O
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Corollary 4.3. SP-AV is resistant to constructive and destructive corityopartition of
candidates and run-off partition of candidates (for eaclvath models TE and TP).

Proof. We only prove the constructive case. Let the elec(i@rV) be given as in
Construction 4.3 with distinguished candidate We claim that¥ has a hitting set of
size at mosk, if and only if w can be made the unique SP-AV winner by partition or
run-off partition of candidates (for each in both models Td aP).

From left to right: Supposey’ has a hitting seB’ C B of sizek. Partition the set of
candidates into the two subs€@s= B’ U {c,w} andC, = C — C;. According to Propo-
sition 4.2,w is the unique SP-AV winner of the electidB’ U {c,w},V). Then, the score
of wis at least 2m— k) 4+ 4n(k+ 1) + 9 in the final stage, and the score of any participant
from the other subelection is at most(R+ 1) + 2, thusw is the unique winner of the
election.

From right to left: Suppose, there exists a partition su@htwhis the unique SP-AV
winner of the election. In this case,is not the unique SP-AV winner of the election.
Then, there has to be a sub&et_ BU {w} of candidates such thatis not the unique
SP-AV winner of the electiofiD U {c},V). Due to Proposition 4.2, there exists a skze
hitting set of.7.

For the destructive case simply change the rolesasfdw. 0

Corollaries 4.1, 4.2, and 4.3 complete the proof for Theofetn [ Theorem 4.2

Turning now to the missing case mentioned in Theorem 4.2abdhy does Con-
struction 4.3 not work for constructive control by deletoandidates? Informally put, the
reason is that is the only serious rival ofv in the election(C,V) of Construction 4.3,
so by simply deleting the chair could make the unique SP-AV winner, regardless of
whether.¥ has a hitting set of size However, via a different construction, we can prove
resistance also in this case.

Theorem 4.4. SP-AV is resistant to constructive control by deleting ¢dates.

Proof.  Susceptibility holds by Lemma 4.1. To prove resistance, wwide a re-
duction from Hitting Set. Let(B,.”,k) be a given instance of Hitting Set, where
B={by,by,...,bn} isaset.” ={S,S,...,S} is a collection of subset§ C B, and
k < mis a positive integet.

Define the electioriC,V), whereC = BU {w} is the candidate set andis the col-
lection of voters. We assume that the candidatd® ame in an arbitrary but fixed order,
and for each voter below, this order is also used in each sab¥2 For example, if

“Note that ifk = m thenB is always a hitting set of size at most(provided that¥ contains only
nonempty sets—a requirement that doesn’t affect the NPptataness of the problem), and we thus may
require thak < m.
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B = {by,b2,b3,bs} and some subs& = {by,b3} of B occurs in some voter then this
voter preferdy to bz, and so does any other voter whose preference list corfiains
V consists of the followingd(k+ 1) + 4m— 2k + 3 voters:

1. Foreach, 1<i <n, there are &k+ 1) voters of the form:
S| (B-S)w

2. Foreach, 1 <i <n, there are &k+ 1) voters of the form:
(B-S) w|S.

3. Foreach, 1< j <m, there are two voters of the form:

bj | w (B—{bj}).

4. There are @n— k) voters of the form:

B | w

5. There are three voters of the form:

w | B.

Since for eacl; € B, the difference
scorge vy (W) —scorge vy (bj) = 2n(k+1) +3—(2n(k+1) +2+2(m—k)) = 1—2(m—k)

is negative (due t& < m), w loses to each member & and so does not win election
(C,V).

We claim thats has a hitting seB’ of sizek if and only if w can be made the unique
SP-AV winner by deleting at most — k candidates.

From left to right: Suppose” has a hitting seB’ of sizek. Then, for eaclb; € B,

SCOrep/qwy v) (W) — Scoregygw v) (b)) =

2n(k+1) +2(m—K) +3— (2n(k+1) + 2+ 2(m—K)) = 1,

since the approval line is moved fo(r@— k) voters in the third group, thus transferring
their approvals from members Bf- B’ tow. Sow is the unique SP-AV winner of election
(B'U{w},V). SinceB'U{w} =C— (B—B/), it follows from ||B|| = mand||B/|| = k that
deletingm— k candidates fron® makesw the unique SP-AV winner.
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From right to left: LetD C B be any set such thdD|| < m—k andw is the unique
SP-AV winner of electiofC—D,V). LetB’' = (C—D) — {w}. Note that8’ C B and that
we have the following scores ({8’ U{w},V):

scoregupwyv)(W) = 2(n—£)(k+1)+2(m—|B)+3,
scoreguwyvy(bj) < 2n(k+1)+2(k+1)f+242(m—k) foreachb; € B,

where/ is the number of set§ € .7 that are not hit byB', i.e.,B'NS = 0. Recall that
for eachi, 1 <i <n, all of the Zk+ 1) voters of the formS | (B—S) w in the first
voter group have ranked the candidates in the same orders, Tdrueach, 1 <i < n,
wheneveB' NS = 0 one and the same candidatdBirbenefits from moving the approval
line, namely the candidate occurring first in our fixed ondgiofB’. Call this candidaté
and note that

scoreguqwv)(b) = 2n(k+1)+2(k+1)0+2+2(m—Kk).

Sincew is the unique SP-AV winner ofB' U {w},V), w has more approvals than any
candidate irB’ and in particular more tham Thus, we have

SCOreg/w.v) (W) — SCoregjw v)(b)
= 2(n—0)(k+1)+2(m—||B||) +3—2n(k+1) — 2¢(k+1) —2—2(m—Kk)
1+2(k—||B']|) — 46(k+1) > O.
Solving this inequality fo¥, we obtain
142(k—|B|)  4+4k
Ak+1) CAk+D

Thus? = 0. It follows that 1+ 2(k— ||B||) > 0, which implies||B’|| < k. Thus,B’is a
hitting set of size at mo#t 0

0<i< =1

4.2.4 \oter Control

Turning now to control by adding and by deleting voters, knewn from [HHRO7a] that
approval voting is resistant to constructive control andlimerable to destructive control
(see Table 4.1). These proofs can be modified so as to also apply to sincexegir
preference-based approval voting.

SProcaccia, Rosenschein, and Zohar [PRZ07] proved in thigrésting “multi-winner” model (which
generalizes Bartholdi, Tovey, and Trick’s model [BTT92] dyding a utility function and some other pa-
rameters) that approval voting is resistant to constraationtrol by adding voters. According to Foot-
note 13 of [HHRO7a], this resistance result immediateliofes from the corresponding resistance result in
[HHRO5, HHRO7a], essentially due to the fact that lower tagiim more flexible models are inherited from
more restrictive models.
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Theorem 4.5. SP-AV is resistant to constructive control by adding vo&rd by deleting
voters and is vulnerable to destructive control by addingex®and by deleting voters.

Proof.  Susceptibility holds by Lemma 4.2 in all cases. To provestasice to con-
structive control by adding voters (respectively, by dalgtvoters), the construction of
[HHRO7a, Thm. 4.43] (respectively, of [HHRO7a, Thm. 4.44Prks, modified only by
specifying voter preferences consistently with the votapproval strategies (and, in the
deleting-voters case, by adding a dummy candidate who apdieved and ranked last
by every voter in the construction to ensure an admissibles#stegy profile). These
constructions provide polynomial-time reductions frora iP-complete problem Exact
Cover by Three-Sets defined in Section 2.2.

We now give the proof for these two resistance results. Ih bases, we start from an
X3C instancgB,.¥).

In the case of constructive control by adding voters, fonagiX3C instancéB,.”),
whereB = {by,by,...,bgn}, m>1,isasetand” = {S,S,..., S} is a collection of
subsetsS C B with ||S|| = 3 for eachi, we define the electio(C,V), with candidate set
C = Bu{w} and withV consisting ofm— 2 registered voters each of the form

B | w

Further, we defin®V to consist of the followingn unregistered voters: For eaghL <i <
n, there is one voter of the form

wS§|[(B-S).

We claim that¥” has an exact cover fd if and only if w can be made the unique
SP-AV winner by adding at most voters.

From left to right: Suppose” contains an exact cover f& Add them voters ofW
corresponding to this exact cover\fo LetW’ C W be the set of unregistered voters thus
added. Therscorec yw (W) = mandscorgc yw (bi) = m—1forall 1<i < 3m, so
w is the unique winner.

From right to left: LeWW’ be any subset & such that|W’|| < mandw is the unique
winner of the electiodC,V UW’). It follows that||W’'|| = m, and eachb; € B can gain
only one point. Thus, thenvoters inW’ correspond to an exact cover f8r

In the case of constructive control by deleting voters, @efire valuelj = ||{S €
< |bj € S}|| for eachj, 1 < j < 3m. Define the electioiC,V), whereC = BU {w,d} is
the set of candidatesy is the distinguished candidate, avids the following collection
of 2n voters:

1. Foreach, 1<i <n, there is one voter of the form:

S| (B-S) wd
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2. For each, 1 <i <n, there is one voter of the form:
w B | (B—Bj) d,
whereB; = {b; € B|i <n—/j}.

Note thatscorgc (W) = n andscorec v (bj) = nfor all b; € B.

We claim that¥” has an exact cover fd if and only if w can be made the unique
SP-AV winner by deleting at most voters.

From left to right: Suppose” contains an exact cover f@. Delete them voters
corresponding to this exact cover. 1\t C V be the set of voters thus deleted. Then
scorge vy (W) = n, scorgcy v (d) < n, andscorgcy _y+)(bj) =n—1 for all bj € B.
Thusw is the unique winner.

From right to left: LetV’ be any subset of such that|V’|| < mandw is the unique
winner of the electior{C,V —V’). We can assume that the voters corresponding’ to
have disapproved of the distinguished candidateSince each candidatg € B must
lose at least one point and by our assumption that only vdtens the first group have
been deleted, it follows that the deleted voters correspoactover. Since the number of
deleted voters is at most, they correspond to an exact cover Br

The polynomial-time algorithms showing that approval mgtis vulnerable to de-
structive control by adding voters and by deleting votersiR@7a, Thm. 4.24] can be
straightforwardly adapted to also work for sincere-stratereference-based approval vot-
ing, since no approval lines are moved in these control smena~or completeness, we
provide these proofs.

In the case of destructive control by adding voters, the tinpuahe algorithm is an
election(C,V), a collectionW of additional voters (where each votein V UW has a
sincere AV strategy, with 0 # S, £ C), a distinguished candidates C, and a honneg-
ative integer. The output will be either a subsét’ C W of voters such thatW’|| < ¢,
and adding the voters &' to V ensures that is not a unique winner, or it will be
“control impossible” if no such subset exists.Gf= {c} then output “control impossi-
ble” and halt, since one candidate is always the unique wimukzpendent of the num-
ber of voters. If||C|| > 1 andc is already not the unique SP-AV winner of the elec-
tion (C,V) then outputW’ = 0 and halt. Otherwise, for each candidates ¢ define
surplugc,d) = scoreéc) — scordd). Among all candidates # ¢ such that there exist
surplusc ) (c,i) voters inW who approve of and who disapprove @ let j be one such
candidate for whictsurplusc .y (c, j) is minimum. Output thesurplusc (¢, j) voters
fromW who approve off and disapprove d. If there is no such candidajethen output
“control impossible” and halt.

In the case of destructive control by deleting voters, tipirio the algorithm is an
election(C,V) (where each voter € V has a sincere AV stratedy, with 0 # S, # C),
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a distinguished candidatec C, and a nonnegative integér The output will be either a
subsel’ C V of voters such thatV’|| < ¢ and deleting the voters &f fromV ensures
thatc is not a unique winner, or it will be “control impossible” ibrsuch subset exists. If
C = {c} then again output “control impossible” and halt||€| > 1 andc already is not
a unique SP-AV winner of the electid,V), then outpuV’ = 0 and halt. Otherwise, let
j # ¢ be the candidate for whosurplusc v (C, j) is minimum. Ifsurplusc .y (c, j) > ¢
then output “control impossible” and halt. Otherwise, auttihesurplusc .y (c, j) voters
fromV who approve ot and disapprove of.

We now prove that, just like plurality, sincere-strateggfprence-based approval vot-
ing Is resistant to constructive and destructive contrgbastition of voters in model TP.
In fact, the proof presented in [HHRO7a] for plurality in seetwo cases also works for
SP-AV with minor modifications. In contrast, approval va@tis vulnerable to the destruc-
tive variant of this control type [HHRO7a].

Theorem 4.6. SP-AV is resistant to constructive and destructive coriiyopartition of
voters in model TP.

Proof. The proof is again based on Construction 4.3, but the reslués now from
Restricted Hitting Set (see Section 2.2). Now, the key oladem is the following propo-
sition, which can be proven as in [HHRO7a].

Proposition 4.3 ([HHRO7a]) Let (B,.#,k) be a given Restricted Hitting Set instance,
where B= {by,by,....bn} isaset,” ={S,S,...,S} is a collection of subsets § B,
and k< m is a positive integer such thatk+1) +1 < m—k. If (C,V) is the election
resulting from(B,.,k) via Construction 4.3, then the following three statememés a
equivalent:

1. . has a hitting set of size less than or equal to k.
2. V can be partitioned such that w is the unique SP-AV wirmenadel TP.
3. V can be partitioned such that c is not the unique SP-AV e&vilmmodel TP.

Proof. Itis trivial thatif V can be partitioned such thatis the unique SP-AV winner in
model TP, thert is not the unique SP-AV winner. Thus, statement two impliatesnent
three.

Let (B,.”,k) be a given Restricted Hitting Set instance as defined aboRedposi-
tion 4.3. Suppose, tha? has a hitting seB’ of size less than or equal to Partition
V into V; andV, such thal/; consists of one voter of the fornt | w B, and for each
b; € B’ one voter of the formb; | w ¢ (B—{b;}), andV> =V —V;. The winners
of subelection(C,V;) are all candidates correspondingBoandw, since they all have
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a score of 1, all the other candidates have no points at althdrsecond subelection
(C,V,), cis the unique winner, sincxa:orchvz)(bj) < 2n(k+1)+2 foreach 1< j <n,
scorgcy,) (W) = 2n(k+1) +5, andscorec ) (€) = 2(m—Kk) +2n(k+ 1) + 3. Note, that
SCorgc y,)(C) — scorgcy,) (W) = 2(m—k— 1) > 0 due to the restriction in the Restricted
Hitting Set instance. By Proposition 4\2,s the unique SP-AV winner of the final stage.
This proves that the first statement implies the second ardidtatements.

Showing that statement three implies statement one willpteta the proof. Suppose
there is a partition 0¥ intoVy andV, such that is not the unique SP-AV winner inthe TP
model. We claim that is an SP-AV winner of one of the subelectiaits V;) or (C,V,).

For a contradiction, suppose tlaits not a winner in both subelections. Then, there have

to be two candidatesy € BU {w} such that candidateis the winner of(C,V;) andy is

the winner of(C, V). Then, the following holds:

(4.2.1) scorge ) (X) +scorgcy,)(y) > scorgcy,)(C) +scorgcy,)(c) +2
> scorgey)(C) +2.

Sincec has the highest score of all candidate§@nV ), we havex #y. Then,
scorgc v;) (X) +scorec ) (Y) scorgc ) (W) + scorec ) (bj)
2n(k+1)+5+2n(k+1)+2
2n(k+1) +5+2(m—Kk)
scorgcyy(c) +1,

VAR VANRVANRVAN

which contradicts to Equation 4.2.1. Thass a winner of one of the subelectio(@, V1)
or (C,V,) and will participate in the final round of the election.

Sincec is not a unique SP-AV winner of the final stage of the electibru {c},V),
whereD C BU{w}, by Proposition 4.2, has a hitting set of size less than or equal
tok. 0

Theorem 4.6 now follows immediately from Proposition 4.3. [ Theorem 4.6

Finally, we turn to control by partition of voters in model TEor this control type,
Hemaspaandra et al. [HHRO7a] proved approval voting i@sish the constructive case
and vulnerable in the destructive case. We have the sambsrésusincere-strategy
preference-based approval voting. Our resistance proibfeiconstructive case (see the
proof of Theorem 4.7) is similar to the corresponding probiffesistance in [HHRO7a].
However, while our polynomial-time algorithm showing vatability for SP-AV in the
destructive case (see the proof of Theorem 4.8) is basecaothesponding polynomial-
time algorithm for approval voting in [HHRO7a], it extendeetr algorithm in a nontrivial
way.
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Theorem 4.7. SP-AV is resistant to constructive control by partition ajters in
model TE.

Proof. Susceptibility holds by Lemma 4.2. The proof of resistaredased on the
construction of [HHRO7a, Thm. 4.46] with only minor changdset an X3C instance
(B,.) be given, wher® = {by,by,... by}, m>1,isasetand” = {S,S,...,S} is
a collection of subset§ C B with ||S|| = 3 for eachi. Without loss of generality, we may
assume that > m. Define the valué; = ||[{S € .| b; € S}|| for eachj, 1< j <3mas
in the proof of Theorem 4.5.

Define the electiorfC,V), whereC = BU {w,x,y} UZ is the candidate set with the
distinguished candidate, Z = {z,2,,...,2,}, and wheré/ is defined to consist of the
following 4n+ myvoters:

1. For each, 1 <i <n, there is one voter of the form:

y §[w(B-S)ui{xpuz).
2. Foreach, 1 <i <n, there is one voter of the form:

y z | w (BU{XU(Z-{z})).
3. For each, 1 <i <n, there is one voter of the form:

w (Z-{z}) Bi | xy 7 (B-Bj),
whereB; = {bj € B|i <n—/;}.

4. There aren+ myvoters of the form:

x|y (Bu{w}uz).

Since the above construction is only slightly modified frdme proof of [HHRO7a,
Thm. 4.46], so as to be formally conform with the SP-AV votgpnesentation, the same
argument as in that proof shows that has an exact cover fd if and only if w can
be made the unique SP-AV winner by partition of voters in nhdde Note that, in the
present control scenario, approval voting and SP-AV cderdinly in the run-off, but the
construction ensures that they don't differ there.

From left to right, if & has an exact cover fd3 then partition the set of voters as
follows: Vi consists of then voters of the forny § | w ((B—S)U{x}UZ) that cor-
respond to the sets in the exact cover, ofthem voters who approve of only, and of
the n voters who approve of andz, 1 <i <n. LetV, =V —V;. It follows thatw is
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the unique SP-AV winner of both subelecti@@, V) and the run-off, simply because no
candidate proceeds to the run-off from the other subeledti® V1), in whichx andy tie
for winner with a score ofi+ meach.

From right to left, supposev can be made the unique SP-AV winner by par-
tition of voters in model TE. Let(V1,V2) be a partition ofV such thatw is the
uniqgue SP-AV winner of the run-off. According to model T&, must also be the
unique SP-AV winner of one subelection, say @,V;). Note that each voter of
the formy z | w (BU{x}U(Z—{z})) has to be inV, (otherwise, we would have
scorgc v, (W) = scorecy,)(z) for at least ond, and sow would not be the unique
SP-AV winner of(C,V;) anymore). However, if there were more tharvoters of the
foomy § [ w (B—S)U{x}uZ) in V, thenscorgcy,)(y) > n+m, and soy would
be the unique SP-AV winner of the other subelectigd,V,). But then, also in the
SP-AV model,y would win the run-off againstv becausescorq{v\,’y},v)(y) =3n+m>
N = SCOrgyy; v)(W), which contradicts the assumption thahas been made the unique
SP-AV winner by the partitior{V1,V,). Hence, there are at mostvoters of the form
y S| w((B-S)u{x}UZ) in V,, and thesanm voters correspond to an exact cover
of B. O

Theorem 4.8. SP-AV is vulnerable to destructive control by partition aiters in
model TE.

Proof.  Susceptibility holds by Lemma 4.2. To prove vulnerabilitye describe a
polynomial-time algorithm showing that (and how) the claan exert destructive con-
trol by partition of voters in model TE for sincere-stratgagference-based approval vot-
ing. Our algorithm extends the polynomial-time algorithes@ned by Hemaspaandra
et al. [HHRO7a] to prove approval voting vulnerable to tlyige of control. Specifically,
our algorithm adds Loop 2 below to their algorithm, and wd exiplain below why it is
necessary to add this second loop.

We adopt the following notation from [HHRO7a]. L&E,V) be an election, and for
each votewv €V, let S, C C denotev's AV strategy. In each iteration of Loop 1 in the
algorithm below, we will consider three candidatasy, andc. Define the following five
numbers:

We=|{veVi|a¢gsS, bgS, ceSi}ll, Le=[{veVlacS,besS, cZS}|,
Da=[{veV]acS, b¢S,cZS}|, Dp=[|{veV]agS, beS, cZS}| and
Dac=|{veVl]ae S, b¢ S, ceS}.

In addition, we introduce the following notation. Given deation (C,V) and two
distinct candidates,y € C, letdiff (x,y) denote the number of votersVhwho preferx to
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y minus the number of voters Wiwho prefery to x. DefineBy to be the set of candidates
y # xin C such thadiff (y,x) > 0.

The input to our algorithm is an electi@@,V ), where each voter € V has a sincere
AV strategyS, with 0 # S, # C (otherwise, the input is considered malformed and outright
rejected), and a distinguished candidate C. On this input, our algorithm works as
follows.

1. Checking the trivial cases: can be done as in the case of approval voting, see
the proof of [HHRO7a, Thm. 4.21]. In particular,@ = {c} then output “control
impossible” and halt, since cannot help but win. I contains more candidates
than onlyc but c already is not the unique SP-AV winner (€,V) then output the
(successful) partitiortV, 0) and halt. Otherwise, ifC|| = 2 then output “control
impossible” and halt, asis the unique SP-AV winner dfC,V) in the current case,
and so, however the voters are partitioneanust win—against the one rivalling
candidate—at least one subelection and also the run-off.

2. Loop 1: For eacha,b € C such that|{a,b,c}|| = 3, check whethey can be parti-
tioned intoVy andV; such thascorec \,) (@) > scorgcy,)(c) andscorec ) (b) >

scorgc v, (C). As shown in the proof of [HHRO7a, Thm. 4.21], this is equeérglto
checking

If (4.2.2) fails, thisa andb cannot prevent from being the unique winner of at
least one subelection and thus also of the run-off, so we rapwe test the nexa
andb in this loop. If (4.2.2) holds, however, output the partitid/1,V2) and halt,
whereV; consists of the voters contributing iy, of the voters contributing tB 4,
and of min\W¢, D,) voters contributing t&\, and where/, =V — V.

3. Loop 2: For eachd € B, partitionV as follows. LetV; consist of all voters itV
who approve ofl, and letV, =V —V;. If d is the unique winner ofC,V;), then
output(Vy,V2) as a successful partition and halt. Otherwise, go to thechexB..

4. Termination: If in no iteration of either Loop 1 or Loop 2 a successful gati of
V was found, then output “control impossible” and halt.

Let us give a short explanation of why Loop 2 is needed for S stressing the
difference with approval voting. As shown in the proof of [RB7a, Thm. 4.21], if
none of the trivial cases applied, then condition (4.2.2d&dor somea,b € C with
I{a,b,c}|| = 3 if and only if destructive control by partition of voters model TE is
possible for approval voting. Thus, for approval votingLdop 1 was not successful
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for any sucha andb, we may immediately jump to the termination stage, where the
algorithm outputs “control impossible” and halts. In castr, if none of the trivial cases
apply, then the existence of candidateandb with ||{a,b,c}| = 3 who satisfy (4.2.2)

is not equivalent to destructive control by partition of votersimodel TE being possible
for SP-AV: it is a sufficient, yet not a necessary conditiorheTreason is that even if
there are no candidatasandb who can prevent from winning one subelection (in some
partition of voters) and from proceeding to the run-off, iight still be possible that
loses or ties the run-off due to our rule of moving the applrbme in order to re-enforce
our conventions for SP-AV in this control scenario.

Indeed, if Loop 1 was not successfalwill lose or tie the run-off exactly if there
exists a candidaté # ¢ such thadiff (d,c) > 0 andd can win one subelection (for some
partition of voters). This is precisely what is being chetke Loop 2. Indeed, note
that the partition(Vy,V2) chosen in Loop 2 fod € B is the best possible partition for
d in the following sense: Id is not the unique SP-AV winner of subelectidd, V)
then, for eactW C V, d is not the unique SP-AV winner of subelecti¢@,W). To see
this, simply note that ifl is not the unique SP-AV winner dfC,V;), then there is some
candidatexwith scorec v, (X) = scorec y,)(d) = [[V1||, which by our choice 0¥ implies
scorgc w)(X) > scorec ) (d) for each subset/ C V. O

Comparing Theorem 4.6 and Theorem 4.8, one can see thatitiestrontrol by
partition of voters in SP-AV yield different results depémgl on the tie-handling rule
used.

4.3 Bribery and Manipulation in SP-AV

Faliszewski et al. [FHHO6a] introduced the problem of brjoer voting systems. In this
scenario, an external agent seeks to influence the outcoareaéction by bribing some
of the voters so as to change their preferences over thedztedi

Faliszewski et al. [FHHO6a, FHHOG6c] proved that approvdingis resistant to con-
structive bribery (even in the unweighted, unpriced vdr@anthe problem). Since the
voters’ approval lines are not moved in bribery (as the nuntbecandidates remains
unchanged), the same result for SP-AV can be shown anallygous

Theorem 4.9. SP-AV is resistant to constructive bribery.

Faliszewski et al. showed the NP-hardness of construgbipeoal-bribery via reduc-
tion from the NP-complete problem X3C (see Section 2.2).

In contrast, Theorem 4.10 below shows vulnerability to desive bribery for ap-
proval voting and SP-AV, even in the weighted, priced varadrihe problem.
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Theorem 4.10.Both approval voting and SP-AV are vulnerable to destrechvibery,
even in the weighted, priced version of the problem.

Proof. Again, since the voters’ approval lines are not moved indibit is enough
to prove the theorem for approval voting; an analogous patsudf works for SP-AV. We
describe a polynomial-time greedy algorithm that deteasihow the briber can bribe
some voters, without exceeding his or her budget, such tthigtiaguished candidate will
not be a unique approval winner if that is at all possible.

We introduce the following notation. Lety, denote the weight and lgs, denote
the price of votewn. Leta andb be any two distinct candidates in an electirwith
score:(a) > score:(b). Define thecost-effectiveness of voter v for the candidates a and b

by

% if ais approved and is disapproved by

\%
CE/(a,b) = \% if either botha andb are approved or bothandb are disapproved

Vv
oo otherwise

The cost-effectiveness gives us the price per unit weigittttltan gain ore when voter
v is being bribed suitably. We sayvoter y is more cost-effective than a voteriy vi's
cost-effectiveness is less thayis. The input of the algorithm is an electi¢@,V), with
distinguished candidatec C, and a budgékt. Recall that each voterc V has a nontrivial
sincere AV strategy, with 0 # S, # C, a weightw, and a pricep,. The algorithm works
as follows:

(1) Trivial cases: If C = {c} then output “bribery impossible” and halt, since there is
no other candidate who could win the electionc i§ already not the unique winner
then output the given AV strategy profile f(€,V) and halt.

(2) Loop: For each candidaic C, compute the cost-effectiveness & a) for each
voterv € V. Keep bribing the most cost-effective voteas long as the budgét
is not exceeded in the following way: I€ {s approved and is disapproved by)
or (bothc anda are approved by) or (bothc anda are disapproved by) then
bribe v to approve ofa and to disapprove dof. If this makes sure that isn’t the
unigue winner anymore, then output the thus modified AV sgaprofile and halt.
Otherwise go to the nexte C.

(3) Termination: If we haven't found a candidatein any loop iteration, such that we
could successively bribe voters to reach our goal, thenubdbpibery impossible”
and halt.
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Let us give a short explanation of the loop. Since the disiisiged candidate has
a surplus okcorec v () — scorgcy)(a) points against candidatg the briber wishes to
buy at least that many points as cheap as possible. This ctlexehat the loop does:
The briber seeks greedily to bribe the cheapest voters, fteretiae other, until either the
budget limitk is exceeded (in which case the algorithm halts without ssgjoar until the
bribery was performed successfully. 0

Note that our algorithm presented not only solves the deeigroblem for destructive
bribery but also determines how to successfully bribe it ihpossible.
We are turning now our attention to manipulation.

Theorem 4.11.Constructive and destructive approval-manipulation, @ppl-weighted-
manipulation, SP-AV-manipulation and SP-AV-weightedimalation are inP.

Proof. We only give the proof for constructive SP-AV-weighted-nparation. Let
(C,VUV’') be an election, wher€ is the set of candidate¥, = {vi,Vz,...,vy} is the
collection of voters who already cast their vot¥$,= {Vn:1,Vni2,---,Vnim} is the col-
lection of manipulators, let € C be the distinguished candidate, andvigbe the weight
assigned to voter, e VUV with 1 <i <n+m.

If scorec.y)(c) > scorec .y (X) for eachx € C with x # ¢, then each manipulator puts
c left of the approval line. This way, no candidate can getalasc, thusc is the unique
SP-AV winner of electionC,V UV’). Otherwise, there is at least one candidateC
with scorgc ) (c) < scorgcy)(X). Letx be a candidate with highest score(@ V). If

m
scorgcv)(X) —scorgcyy(c) > z Wi,
i=n+1
then it is impossible for the manipulators to make candidates unique SP-AV winner,
sincec can gain on at most™ .. ; w; points. Otherwise, the manipulators’ votes have the

following form:
c | (C—{c}h)

Clearly,cgainsony ", ., w; points, all the other candidates get no points at all. Thus,
cis then the unique SP-AV winner.

The destructive cases goes analogously with the differéraddf it is possible to make
c not a unique SP-AV winner, then the manipulators cast theesin the following way:

(C—{c}) | c

Clearly, the algorithm runs in polynomial time and it agaot only solves the decision
problem for constructive weighted manipulation but alstedaines how to successfully
manipulate if that is possible.



4.4. CONCLUSIONS AND OPEN QUESTIONS 61

Since SP-AV-manipulation is the single weight special cab&P-AV-weighted-
manipulation, it follows that SP-AV-manipulation is alsoR. U

4.4 Conclusions and Open Questions

We have shown that Brams and Sanver's SP-AV system [BSO&sistant to 19 of
the 22 previously studied types of control. On the one haik&, Copeland voting
[FHHRO8Db], SP-AV is fully resistant to constructive corlfrget unlike Copeland it
additionally is broadly resistant to destructive contr@n the other hand, like plural-
ity [BTT92, HHRO7a], SP-AV is fully resistant to candidatentrol, yet unlike plurality it
additionally is broadly resistant to voter control. Thus, these 22 types of control, SP-
AV has more resistances, by three, and fewer vulneralsilibecontrol than is currently
known for any other natural voting system with a polynontiale winner problem.

We have also shown that both approval voting and SP-AV amevable to destructive
bribery, even when weights and prices are assigned to tleesvot

An interesting open direction is to investigate control -&V or even in any other
voting system in a parameterized point of view. That is, feareple, fix the number
of candidates allowed to delete, is the resulting problemdfigarameter tractable or in-
tractable?

The main open question is still if there is a natural votingteyn with an easy winner-
determination procedure which is resistant against anyrabaction. In the following
chapter we will investigate fallback voting with respecbir 22 control actions.
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Chapter 5

Control in Fallback Voting

This chapter considers in detail the second voting systémdaced by Brams and San-
ver [BS06], that combines approval and preference-bastdgvavith respect to our 22
control actions.

5.1 Definitions and Conventions

We start with the definition of fallback voting.

Definition 5.1 ([BS06]). Let (C,V) be an election, where the voters both indicate ap-
provals/disapprovals of the candidates. For each voter ¥, an AV strategy ofv is
defined analogously to SP-AV as a subget & such that v approves of all candidates in
S, and disapproves of all candidates inCS,. Each voter v« V also provides a tie-free
linear ordering of all candidates in\SThe list of AV strategies for all voters inV is again
called anAV strategy profile for(C,V).

For each ce C, let scorgcyy(c) = [[{ve V|c e S;}| denote the number of c's ap-
provals, and let scof&v)(c) be theleveli score ofc which is the number of ¢’s approvals

ranked on " position or higher.
Winner determination:

1. On the first level, only the highest ranked approved caatd&lare considered. If
there is a candidate € C who has strict majority on this level, then c is the unique
level 1 FV winner of the election.

2. If there is no level 1 winner, the two highest ranked appdogandidates are con-
sidered in each approval strategy. If there is exactly onededate cc C who has
strict majority on this level, then c is the unique level 2 Fiver of the election.

63
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If there are at least two candidates with strict majorityetha level 2 FV winner is
a candidate with the highest level 2 score.

3. If there is no level 1 or level 2 winner, the voters descawll by level to lower
levels until there is at least one candidate who was apprdyetthe strict majority
of the voters. Denote this level by level i. If there is onlg ench candidate, he
or she is the unique level i FV winner of the election. If thare more than one
candidates with strict majority, then a candidate with thghest level i score is a
level i FV winner of the election.

4. Otherwise, every candidate with the highest sggyg(c) is a winner of elec-
tion (C,V).

Note that a level 1 FV winner is always the unique FV winnermgéection. In con-
trast to sincere-strategy preference-based approvaigiati fallback voting, regardless
of the control action, no changes have to be made on the §alwmialogously to SP-AV,
we also require sincerity in fallback voting, but unlike 8%-fallback voting allows for a
voter to have an empty approval strategy, iS¢+ 0 or even a complete approval strategy,
thus,S, =C, i.e., admissibility is not required.

We will represent votes in fallback voting like in SP-AV withe difference that all
candidates right from the approval line are represented st aithout ranking (e.qg.,
“a b | {c,d}” means that andb are approved of anais ranked first placey is ranked
second, whereasandd are both disapproved of, and they are not ranked).

Fallback voting, like SP-AV, does not satisfy Unique-WARP.

Proposition 5.1. Fallback voting does not satisfy Unique-WARP.

Proof. Consider the electio(C,V) with candidate se = {a, b, c,d} and voter collec-
tionV = {vq,vo,...,Vg}:

vi=Vw=v3: a c | {b, d}
vi=Vvs: bdc | {a}
ve: dac | {b}

There is no level 1 FV winner, and the unique level 2 FV winrfehe electionC,V)
is candidatea with score(zqv)(a) = 4. By removing candidatie from the election, we get
the subelectioiC’,V) with C' = {a,c,d}. There is again no level 1 FV winner. However,
there are two candidates on the second level with strict ntygjoamely candidata and
C. Sincescon%c,’v)(c) = 5is higher tharscor«%c,’v)(a) =4, the unique level 2 FV winner
of the subelectioriC’,V) is candidate. Thus, FV does not satisfy Unique-WARR



5.2. RESULTS FOR FALLBACK VOTING 65

SP-AV FV AV

Control by Constr.| Destr. || Constr.| Destr. || Constr.| Destr.
Adding an Unlimited Number of CandidatesR R R R I \%
Adding a Limited Number of Candidates || R R R R I \%
Deleting Candidates R R R R V I
Partition of Candidates TP:R | TP:R || TE:R | TE:R || TE:V | TE:I

TP:R | TP:R || TE:R | TE:R | TP:1 TP: 1
Run-off Partition of Candidates TP:R | TP:R || TE:R | TE:R || TE:V | TE:I

TP:R | TP:R || TE:R | TE:R || TP: I TP: |
Adding Voters R Y S S R \%
Deleting Voters R \% S S R \%
Partition of Voters TE:R | TE:V || TE:S | TE:S | TE:R | TE:V

TP:R | TP:R || TE:S | TE:S || TP:R | TP:V

Table 5.1: Overview of fallback voting results. Key: | starabain for immune, S for
susceptible, R for resistant, V for vulnerable, TE means-ékminate, and TP means
ties-promote. For entries with “S” it is open whether resmiste or vulnerability holds.

5.2 Results for Fallback Voting

5.2.1 Overview

Theorem 5.1 and Table 5.1 show the results regarding cootrellections for fallback
voting.

Theorem 5.1. Fallback voting is resistant, vulnerable, and suscepttbléhe22 types of
control defined in Section 3.3 as shown in Table 5.1.

5.2.2 Susceptibility
Again, we start with the susceptibility statements for gdate control.

Lemma 5.1. Fallback voting is susceptible to constructive and degivaccontrol by
adding candidates (in both the “limited” and “unlimited” ces), by deleting candidates,
and by partition of candidates (with or without run-off arat £ach in both models TE
and TP).

Proof. From Theorem 3.3 and the fact that FV is a voiced voting systellows that
FV is susceptible to constructive control by deleting cdatks, and to destructive control
by adding candidates (in both the “limited” and “unlimiteclses).

Now, consider the electiofC,V) given in Proposition 5.1. The unique FV winner of
the election is candidate Partition the set of candidates as follows: Ggt= {a,c,d}
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andC;, = {b}. The unique FV winner of subelectid€,,V) is candidate as shown in
Proposition 5.1. In both partition and run-off partitionezndidates and for each in both
models TE and TP, candiddbauns against candidatain the final stage of the election.
The unique FV winner is in each case candidatéhus, FV is susceptible to destructive
control by partition of candidates (with or without run-@fid for each in both models
TE and TP). By Theorem 3.2 FV is also susceptible to destricontrol by deleting
candidates. By Theorem 3.1 FV is also susceptible to cartsteucontrol by adding
candidates (in both the “limited” and “unlimited” cases).

In the following, let’s change the roles afandc, with candidatec being our distin-
guished candidate. In electid®,V), c loses against candidage By partitioning the
candidates as described abovgets the unique FV winner of the election. Thus, FV is
susceptible to constructive control by partition of cardiés (with or without run-off and
for each in both models TE and TP). 0

We now turn to susceptibility to voter control.

Lemma 5.2. Fallback voting is susceptible to constructive and degtveccontrol by
adding voters, by deleting voters, and by partition of veig@n both models TE and TP).

Proof. Consider the electiofC,V), whereC = {a,b,c,d} is the set of candidates and
V = {vi,V2,Vv3,v4} is the collection of voters. Partitiod into Vi = {v1,vo} andV, =
V —Vi. Thus, we get:

(C,V) into (C,V1) and (C, V)
vi: ac | {bd} ac | {bd}
vo: dc | {ab} dc | {ab}
v3: bac| {d} bac| {d}
va: ba | {cd} ba | {cd}

Clearly, candidata is the unique level 2 FV winner qf,V). However,c is the unique
level 2 FV winner of(C,V;) andb is the unique level 1 FV winner dfC,V>), and so
a is not promoted to the final stage. Thus, FV is susceptiblee&irdctive control by
partition of candidates in both models TE and TP. By Theore®3raBd the fact that FV
is a voiced voting system, FV is susceptible to destructorgrmol by deleting voters. By
Theorem 3.1, FV is also susceptible to constructive cotya@dding voters.

By changing the roles af andc again, we can see that FV is susceptible to construc-
tive control by partition of voters in both models TE and Th. Bheorem 3.2 FV is also
susceptible to constructive control by deleting votersd Ainally, again by Theorem 3.1,
FV is susceptible to destructive control by adding voters. O
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5.2.3 Candidate Control

In the case of fallback voting, we cannot use the constrostmresented in [HHRO7a]
and in Section 4.2.3 for the resistance proofs, but we etlihee to introduce new con-
structions, or, in some cases, significantly modify Corcdion 4.3.

All resistance results in this section follow via reductfomm the NP-complete prob-
lem Hitting Set defined in Section 2.2.

Theorem 5.2. Fallback voting is resistant to all types of constructivedagestructive
candidate control defined in Section 3.3 except for constrecontrol by deleting candi-
dates.

Proof. We start with the construction for these thirteen contrehscios.

Construction 5.3. Let (B,.#,k) be a given instance of Hitting Set, where =B
{b1,by,...,bm} is a set,.” = {S,S,...,S}, n> 1, is a collection of subsets § B,
and k< mis a positive integer. Define the electi@ V), where C= BuU{c,d,w} is the
candidate set and where V consists of the followdngk + 1) +4m+ 11 voters:

1. There ar&m+ 1 voters of the form:
c | Bu{d,w}.
2. There ar&n+ 2k(n— 1) + 3 voters of the form:
c w | Bu{d}.
3. There are&n(k+ 1) + 5 voters of the form:
w c | Bu{d}.
4. Foreachil<i<n,there are2(k+ 1) voters of the form:
dSc| (B-S)u{w}.
5. Foreach j,1 < j <m, there are two voters of the form:
d by w| (B—{bj})u{c}.

6. There ar&2(k+ 1) voters of the form:

dwc]| B
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Since there is no level 1 FV winner in electiofc,d,w},V), and
Score(z{c,d,w},V) (c) = 2(m—-k)+6n(k+1)+9,
SCOr€ . gy v)(d) = 2n(k+1)+2(m+k+1), and
SCOrG|c gy )W) = 4n(k+1)+2m-+10,

cis the unique level 2 FV winner of the electiofc, d,w},V).
The crux of the proofs for the five control problems is thedwling proposition.

Proposition 5.2. 1. If.¥ has a hitting set Bof size k, then w is the unique FV winner
of election(B' U {c,d,w},V).

2. Let DC Bu{d,w}. If c is not the unique FV winner of electid® U {c},V), then
there exists a set'B_ B such that

(@) D=Bu{d,w},
(b) wis the unique level 2 FV winner of electig® U {c,d,w},V), and
(c) B'is a hitting set of” of size less than or equal to k.

Proof.

1. Suppose thad® is a hitting set of of sizek. Then there is no level 1 FV winner
in election(B’'U{c,d,w},V), and we have the following level 2 scores:

Scor§B’U{c,d,w},V) (©) an(k+1)+2(m—k)+9,
SCOr€g cqwy)(d) = 2n(k+1)+2(m+k+1),
Scor%B’U{c,dm},V) (w) = 4n(k+1)+2(m—k)+10,
SCOMg e yv)(0i) < 2n(k+1)+2 for eachbj € B'.

Thus,w is the unique level 2 FV winner of electigB’ U {c,d,w},V).
2. LetD C BU{d,w}. Supposeis not the unique FV winner of electigb U {c},V).

(a) Other tharc, only w is approved by a majority of voters. Thus,dfis not
a unique FV winner of the electiofD U {c},V), then clearlyw € D. In any
election(DuU{c},V), candidatev has no level 1 strict majority, and candidate
¢ has not later than on level 2 strict majority. Thughas to tie or beat
on level 2. For a contradiction, suppode D. Then,scor(%DU{c}.V)(c) >
4n(k+1) +2m+11. The overall score ol is scorgpc) v)(W) = dn(k+
1) +2m+ 10, which contradicts our assumption, thdties or beats on level
2. ThusD = B'U{d,w}, whereB' C B.
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(b) This part follows immediately from pafs).
(c) Let/ be the number of sets i not hit by B/, then:

SCOy ey vy(W) = 4n(k+1)+10+2(m—|B),
Scor%B’U{c,w}N) (€ = 2(m—k)+4n(k+1)+9+2(k+1)L.

From part (a) we know, tha&coreg i wy v) (W) > SCOr€guscwyv)(C), i€,
an(k+1)+10+2(m— ||B'||) > 2(m—k) +4n(k+1) +9+ 2(k+ 1)¢.
Since all variables are integers, the above inequalityigspl
0> ||B'|| —k+ (k+1)¢
thus,/ =0, and sdB' is a hitting set of of size less than or equal ko

0

The following corollaries can be proven analogously as tmeesponding corollar-
ies in Section 4.2.3. For the sake of completeness we wiigurethe proofs for each
corollary.

Corollary 5.1. Fallback voting is resistant to constructive and destruetcontrol by
adding candidates (both in the limited and the unlimitedsiar of the problem).

Proof. This corollary follows immediately from Proposition 5.2avmapping the Hit-
ting Set instancéB,.”, k) to the set{c,d,w} of qualified candidates and the d&tof
spoiler candidates, to the voter collectddnand by having be the designated candidate
in the destructive case, and by haviwde the designated candidate in the constructive
case. U

Corollary 5.2. Fallback voting is resistant to destructive control by dilg candidates.

Proof. Letthe electior(C,V) be given as in Construction 5.3 with distinguished candi-
datec. We claim that¥” has a hitting set of size at mdstif and only if c can prevented
from being a unique FV winner by deleting at mast- k candidates.

From left to right: Suppose” has a hitting seB’ of sizek. Delete them— k
candidates8 — B'. Now, both candidates andw have strict majority on level 2, but
SCOrg ¢ dwiup,v)(C) = 4n(k+1) +2(m—K) + 9 andscore 4 wiug v) (W) = 4n(k+1) +
2(m—K) + 10, thusw is the unique level 2 FV winner.

From right to left: Suppose thatcan be prevented from being a unique FV winner
by deleting at mosn— k candidates. LeD C Bu {d,w} be the set of deleted candidates,
such thatc ¢ D. It immediately follows from Proposition 5.2, th&— D — {c} = B'U
{d,w}, whereB' is a hitting set of” of size at mosk. O
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Corollary 5.3. Fallback voting is resistant to constructive and destruetcontrol by
partition of candidates and run-off partition of candidatéor each in both models TE
and TP).

Proof. We only prove the constructive case. For the destructive e&ssimply change
the roles ofc andw. Let the election(C,V) be given as in Construction 5.3 with distin-
guished candidate. We claim that¥ has a hitting set of size at mdstif and only ifw
can be made the unique FV winner by exerting control by pantior run-off partition of
candidates (for each in both models TE and TP).

From left to right: Supposey” has a hitting seB’ C B of sizek. Partition the set
of candidates into the two subs&s = B’ U {c,d,w} andC, = C —C;. According to
Proposition 5.2y is the unique level 2 FV winner of the subelectid@i U {c,d,w},V).
Then, the score of/in the final stage is at leas{@— k) +4n(k+ 1) +9, and the opponents
of win the final stage are only candidates fr@and their score is at moshgk + 1) + 2.
Thus,w is the only candidate in the final stage with strict majoriysis the unique FV
winner of the resulting election.

From right to left: Suppose, there exists a partition suelwvhs the unique FV winner
of the election. In this case,is not an FV winner of the election. Then, there has to be a
subseD C BU{d,w} of candidates such thatis not a unique FV winner of the election
(Du{c},V). Due to Proposition 5.2, there exists a diddtting set of.. 0

Construction 5.3 does not work for constructive control bleting candidates in fall-
back voting for the same reason as why Construction 4.3 dogerk for constructive
control by deleting candidates in SP-AV, namely, by detgtirthe chair could makev
the unique FV winner, regardless of whether or 6thas a hitting set of sizk. The
following theorem provides a construction with which we alde to show resistance in
this case too.

Theorem 5.4. Fallback voting is resistant to constructive control byetelg candidates.

Proof. Susceptibility holds by Lemma 5.1. L¢B,.” k) be a Hitting Set instance
with B = {by,bo,...,bm}, and a collection = {S,,S,...,S} of subsets§ C B, and a
positive integek < m.

Define the electioriC,V), whereC = BUC' UD UE U {w} is the set of candidates,
whereC' = {c1,¢p,...,C41}, D = {d1,d,...,dp}, E = {e1,e,...,en}, andw is the
distinguished candidate. The number of candidateB is p= S ;(n+k—||S]|) =
n?+kn—SN,||S|. Then\V is the following collection of 2n+k+ 1) + 1 voters:

1. Foreach, 1<i <n, there is one voter of the form:
S Djw| (B-S)UCUE,

whereDi = {d;_y)n 1511 (527 Ginrio-si, (150 -
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2. Foreach, 1< j <k+1, there is one voter of the form:
E C—{cj} ¢; | BUDU{w}.

3. There ard& -+ 1 voters of the form:

w | BUC'UDUE.

4. There aren voters of the form:

C' | BUDUEU{w}.

5. There is one voter of the form:

C' w | BUDUE.

Note that there is no unique FV winner in the above electioa candidates i’ and
w are all leveln+k+ 1 winners.

We claim that¥ has a hitting set of sizk for B if and only if w can be made the
unique FV winner by deleting at mosttandidates.

From left to right: Suppose” has a hitting seB’ of sizek. Delete the correspondig
candidates. Now, candidate is the unique leve(n+ k) FV winner of the resulting
election.

From right to left: Suppose can be made the unique FV winner by deleting at most
k candidates. Since in electid@,V) there werek+ 1 candidates other thamwith strict
majority on leveln+ k+ 1, by deletingk candidates, there is still at least one candidate
other thanw with strict majority on leveh+k+ 1. Thus,w must be a unique FV winner
on a level lower or equal tham+ k. This is only possible, if in alh votes in the first voter
groupw moved forward at least one place. This, on the other hanahlyspmssible if.
has a hitting seB’ of sizek. O

5.3 Conclusions and Open Questions

We have shown that Brams and Sanver’s fallback voting syf8&8a6] is, like plurality,
fully resistant to candidate control. The 8 voter contraesare all susceptible but it still
remains open whether FV is resistant or vulnerable to thesta actions.

Also the question whether fallback voting is still intraat@under parameterized com-
plexity theoretic aspects for these control actions isgpién.
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Chapter 6
Optimal Lobbying

In the American political system citizens and corporatiare allowed to make
contributions to representatives. We can make the assompliat a politician
who accepts such a donation will vote according to the wisbieshe contribu-
tor (if the donation is big enough). Christian et al. [CFRBOG8troduced and
studied the problem Optimal-Lobbying under parameterioesnplexity theoretic
aspects. We investigate in this chapter the more generaghtesl version of
Optimal-Lobbying, Optimal-Weighted-Lobbying. We dedeaia greedy algorithm for
Optimal-Weighted-Lobbying and we determin the approxioratatio of our algorithm.

6.1 Framework

Suppose there aravoters who vote om referenda, and there is an external actor, which
is referred to as “The Lobby” and seeks to influence the ouécofithese referenda by
making voters change their votes. It is again assumed that ®bby has complete in-
formation about the voters’ original votes, and that The g budget allows for influ-
encing the votes of a certain number, $aypf voters. Formally, the Optimal-Lobbying

73



74 CHAPTER 6. OPTIMAL LOBBYING

problem as a decision problem is defined as follows [CFRS06]:

Name: Optimal-Lobbying

Instance: An mxn 0-1 matrixL (whose rows represent the voters, whose columns rep-
resent the referenda, and whose 0-1 entries represent deodves), a positive in-
tegerk < m, and a target vectore {0,1}".

Question: Is there a choice d rows inL such that by changing the entries of these rows
the resulting matrix has the property that, for eqch < j <n, the jth column has
a strict majority of ones (respectively, zeros) if and omiye jth entry of the target
vectorx of The Lobby is one (respectively zero)?

Optimal-Lobbying can be rephrased as a parameterizedggmbvhere the parameter
is the numbek of voters to be influenced.

Theorem 6.1([CFRS06]) Optimal-Lobbying is W2]-complete.

Proof Sketch. We just give a sketch of proof in this place, for the completmpwe
refer to the original paper from Christian et al. [CFRS06ihe®f the basic techniques to
proveW|2]-completeness is to show in the first step\t]-hardness of the problem via
reduction from a knowiW|[2]-hard problem, in the second step to prove membership to
W(2] via reduction from the underlying problem to a problem knawibe inW/[2].

To showW [2]-hardness, Christian et al. reduced from g2]-complete problenk-
Dominating Set. LetG, k) be a given instance é¢Dominating Set, wher& = (V,E) is
a graph with the set of vertic&s= {v1,v,...,Vy}, and the set of edgds Furthermore,
let n be odd andnindedG) > k. Note, thatk-Dominating Set remaing/[2]-complete
under the above restrictions [CFRS06].

Define the lobbying matrisk as follows. L has 21— 2k + 1 rows, where the top
rows are labeledy,vo,...,v,. L hasn+ 1 columns labeled as,r1,r2,...,rn. The first
column,rt, has only zeros in the taprows and ones in the bottom- 2k + 1 rows, thus
there are R— 1 more zeros than ones . In any columnrj, wherei=1,2,...,n, in
the topn columns there is a zero in a rowy if and only if vj € N[vj]. Initially, in the
bottomn — 2k + 1 rows every entry is a one. For each columnwherei =1,2,...n,
arbitrarily flip n—k— ||N[ri]|| + 1 entries from one to zero. Note, that now in all these
columns there are one more zeros than ones. Let the target bex = 1"+1, and let the
parameter bé&.

Now, (G,Kk) is a yes-instance df-Dominating Set if and only ifL,x k) is a yes-
instance of Optimal-Lobbying.

From left to right: Suppose th& has ak-dominating set. Choose the corresponding
k rows in the tom rows inL. In the first columny; flip all the k entries from zero to one,
then there are exactly one more ones than zergs 8ince the selectddrows correspond
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to a dominating set, for each of the remainmgolumns we can flip at least one zero to a
one. Thus, there is a majority of ones in each column.

From right to left: Suppose that we can choas®ws inL, such that flipping some
entries in these rows will lead to a majority of ones in eadoom. Since initially there
were X — 1 more zeros than ones g, the k chosen rows must have been among the
top n rows. On the other hand, in each of theemaining columns at least one entry
was flipped from zero to one, that is, each of the vertices weighbours of at least one
vertice out of thek chosen ones, thus thekevertices correspond to a dominating set.
Thus, Optimal-Lobbying i8V[2]-hard.

We are not going to show here the membership of Optimal-Lotghbin the class
W(2], we point the reader to the proof in [CFRS06], where the rédngoes onto the
W(2]-complete problem Independek#®ominating Set.

This result is considered strong evidence that Optimalbyaty is intractable, even
for small values of the parameterHowever, even though the optimal goal of The Lobby
cannot be achieved efficiently, it might be approximablehimitsome factor. That is,
given anmxn 0-1 matrixL and a target vector e {0,1}", The Lobby might try to reach
its target by changing the votes of as few voters as possible.

We consider the more general problem Optimal-Weightedblyoly, where we as-
sume that influencing the 0-1 vector of each vateexacts some pricerice(vi) € Qg .

In this scenario, The Lobby seeks to minimize the amount ofiegcspent to reach its
goal. The formal definition of the minimization problem is:

Name: Optimal-Weighted-Lobbying

Instance: An mxn 0-1 matrix L (whose rows represent the voters, whose columns
represent the referenda, and whose 0-1 entries represévéedNeotes), there is
a cost functionc that maps from the set of rows to the rational numbers with
c(vi) = price(vi), and a target vectore {0,1}".

Question: Find a minimum cost subset of the set of rows such that by chgnie
entries of these rows the resulting matrix has the propbkéty for eachj, 1 < j <n,
the jth column has a strict majority of ones (respectively, zgroand only if the
jth entry of the target vectorof The Lobby is one (respectively zero).

The problem Optimal-Lobbying is the wunit-prices special seca of
Optimal-Weighted-Lobbying, i.e., whengrice(v;) = 1 for each votern;. It follows
that Optimal-Weighted-Lobbying (redefined as a paramegdrrather than an optimiza-
tion problem, where the parameter is The Lobby’s budget afeydo be spent) inherits
the W2]-hardness lower bound from its special case Optimal-Laldoyi

Proposition 6.1. Optimal-Weighted-Lobbying is W[2]-hard.

In the following section, we describe and analyze an efficggredy algorithm for
approximating Optimal-Weighted-Lobbying.
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6.2 Results

Let a matrixV € {0,1}"™" be given, where the columms,ra,...,ry of L represent the
referenda and the rows, o, ..., vy Of L represent the voters. Without loss of generality,
we may assume that The Lobby’s target vector is of the feen1" (and thus may be
dropped from the problem instance), since if there is a zepoat positionj, we can
simply flip this zero to one and also flip the correspondingg@nd ones in columm).

For each columnj, define thedeficit d to be the minimum number of zeros that need
to be flipped to ones such that there are strictly more oneszé@s in this column. Let
Do = ¥ ]_, dj be the sum of all initial deficits.

Figure 6.1 gives the greedy algorithtn which proceeds by iteratively choosing a
most “cost-effective” row oL and flipping to ones all those zeros in this row that belong
to columns with a positive deficit, until the deficits in allemns have decreased to zero.
We assume that ties between rows with equally good costiefémess are broken in any
simple way, e.g., in favor of the tiegl with lowesti.

Let R be the set of columns df whose deficits have already vanished at the begin-
ning of an iteration, i.e., all columns R already have a strict majority of ones. Lefre
denote the entries of restricted to those columns notR) and let #(vijr:) denote the
number of zeros iv;jre. (Fori such that §(vijre) = 0, we consideprice(Vi) /#o(Vijre)
to be+.) During an iteration, theost per flipped entry in row; \(for decreasing the
deficits in new columns by flipping’s zeros to ones) iprice(Vi) /#(Vijr). We say a
votery; is more cost-effectivihan a votew; if vi's cost per flipped entry is less thayis.
When our algorithm chooses to alter a rgwwe will think of its price being distributed
equally among the new columns with decreased deficit, ankdaatinstant will perma-
nently associate with every flipped entmy, in that row its portion of the cost, i.e.,
cos{(e) = price(Vi) /#o(Vijre)-

Clearly, the greedy algorithm in Figure 6.1 always stopsd,iggrunning time is poly-
nomial, since the while loop requires only linear (in theuhpize) time and has to be
executed at moddo = y''_;dj < n-[(m+1)/2] times (note that at mos(m+ 1)/2]
flips are needed in each column to achieve victory for The &gosition).

Now, enumerate thBg entries ofl that have been flipped in the order in which they
were flipped by the algorithm. L&y, e, ..., ep, be the resulting enumeration. Let OPT
be the money that would be spent by The Lobby for an optimakehaf voters such that
its target is reached.

Lemma 6.1. For each ke {1,2,...,Do}, we have cose) < OPT/(Dg—k+1).

1The special case of this algorithm, where each column has todvered” only once is the same as the
classical greedy algorithm for Weighted Set Covering, sag, [Vaz03].
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1. Input: AmatrixL € {0,1}™".
2. Initialize:

Compute the deficitdj, 1 < j <n.
D« 3yl ,dj. /* Initially, D = Dg. */
X 0.

3. While D # 0do

Let RDbe the set of columng with dj = 0.
Find a voter whose cost-effectiveness is greatesty;say
Let yi = price(vi) /#o(Vire)-
Choosev; and flip all zeros invj e to ones.
For each flipped entrgin v;, let cost(e) = y.

/* cos{e) will be used in our analysis:/
X — XU{i}.
dj < dj — 1, for each columm; for which a zero was
flipped.

4. Output: X.

Figure 6.1: Greedy algorithm for Optimal-Weighted-Lobfuyi

Proof. Letl denote a voter set that realizes the optimal expenditur&, @Preducing
the deficit to zero. Now, our analysis will follow the structwof the while loop of the
algorithm. So consider the algorithm at some point wheretineent deficitD, is strictly
greater than zero and we are starting a pass through the lvbge So the entry we will
next flip will be namedep,_p1.

If we were to at this point consider changing all the rows asged withl to all ones,
this certainly would reduce the deficit to zero in the curnewatrix, as it in fact would
even reduce the deficit to zero in the original matrix, and pngr passes through the
while loop never flipped any entry in a way that went againstliibbby’s goal (increased
any deficit). Now, the first important thing to note is thatrenenust be a collectioA of
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exactlyD zeros in the rows associated witlsuch that flipping just those zeros reduces
the deficit in the current matrix to zero. (This is clearlyerdue to the way deficits are
computed and the separateness of the columns and theitslgfici

So by buying the rows of at cost OPT we certainly can flip all tH2 entries com-
posingA, i.e., we could image the cost as being distributed equatigt,so we could view
each such flipped entry as being purchased at costyDPHowever, the second impor-
tant thing to note is that this means there is some elematt that contains at least one
element ofA such that for that element, at this momeprice(vi) /#o(Vijre) is at most
OPT/D.? Since our algorithm chooses the most cost-effective rowjlitchoose a row
with at least this cost-effectiveness.

Thus the first element of this iteration through the whiledpahich will beep, _p.1,
is bought at cost at most OPD. So, fork = Do — D + 1 the claim of this lemma is
satisfied, sinc®p— (Dg—D+1)+1=D.

However, note that each additional entry that we flip durimg same pass through
the while loop (e.g., some possibly empty prefixesf_p-2, €p,—p+3, €tc.) will not only
satisfy the claim of this lemma, but also will do even betsrit is (reducing the deficit by
one and is) being bought at the cost of QBT and the claim of the lemma was merely
requiring that these additional elements be bought fopeetsvely, the strictly higher
costs OPT(D — 1), OPT/(D —2), etc.

So, for each pass through the while loop, each entry flippeetsna beats the cost
bound stated in this lemma. O

Theorem 6.2. The greedy algorithm presented in Figure 6.1 approximatesproblem
Optimal-Weighted-Lobbying with approximation ratio atsho

Do
Z% <1+InDg<1+In (n [m;rl'D
i=

Proof. The total price of the set of votek§ picked by the greedy algorithm is the sum
of the costs of those entries flipped. Thaigdgce(X) = Ticx price(vi) = 2521 cosie) <

<1+ T4t Dlo) - OPT, where the last inequality follows from Lemma 6.1. [

2The reason is as follows. Consider for the moment assogiatith each element of each row bthat
contains at least one elementAthe portion of OPT indicated by the row’s price divided by thenber
of elements oA\ in that row. Clearly, the average of thdSeslement costs trivially must equal OPD, the
overall average cost. So since the weighted average eq®algdD then at least one of the values being
averaged must be less than or equal to ZIPFand let us suppose that value is associated withifew.
SinceAis a set oD items that (starting from the current matrix) reduces tHeddy D, every element of
Ain rowi’ must reduce the deficit associated with its column by 1. Anebeoy member oA in rowi’ must
be a member ofire. So the value associated with each membek of row i’, which we already argued
is at most OPTD, is greater than or equal to the valoigce(vy/) /#o(Vi/1re) that the algorithm computes for
each element oA—and indeed each element\f re—in that row.
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L [ rnf[ra]rs [ - | rm | pricew) |
1 0 1 1 1 1
\) 1 0 1 1 1/2
V3 1 1 0 1 1/3
Vi 1 1 1 0 1/n
Vi1 0 0 0 0 1+¢
V2 1 0 0 0 2
Vi3 0 1 0 0 2
Vn+4 O O 1 O 2
Von+1 0 0 0 1 2

Table 6.1: A tight example for the greedy algorithm in Fig@ré

Since the input size is lower-boundedimyn, Theorem 6.2 establishes a logarithmic
approximation ratio for Optimal-Weighted-Lobbying (andafor Optimal-Lobbying).
Note that the proof of Theorem 6.2 establishes an approxoma#tio bound that is
(sometimes nonstrictly) stronger thg@l 1/i. In particular, if the number of zeros
flipped in successive iterations of the algorithm’s whilegoare/y,/,...,¢,, where
01+ 0o+ ---+{p = Do, then the proof gives a bound on the approximation ratio of

01 ly lp P l;

Ly 4t -y
Do Do—/1 Do— (El‘f‘"'—f-fpfl) jzl Do — Zi;igk

This is strictly better thal‘ziD:O1 1/i except in the case that eaéhequals 1. And this
explains why, in the example we are about to give that shoassthie algorithm can at
times yield a result with ratio essentially no better tlﬁ?j1 1/i, each?; will equal 1.

Now, we show that thgiD:O1 1/i approximation ratio stated in Theorem 6.2 is essen-
tially the best possible that can be stated for the greedyrigign of Figure 6.1. Consider
the example given in Table 6.1. The prices for changing ttersb0-1 vectors are shown
in the right-most column of Table 6.1: Setice(vi) = 1/i for eachi € {1,2,...,n}, set
price(v;) = 2 for eachi € {n+2,n+3,...,2n+ 1}, and seprice(vh+1) = 1+ €, where
€ > 0is a fixed constant that can be set arbitrarily small. Noa, flor eachj, 1 < j <n,
we haved; = 1, and henc®g = n.

When run on this input, our greedy algorithm sequentialpsilfori =n,n—1,...,1,
the single zero-entry of votef to a one. Thus the total money spentis 1/2+---+
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1/n=1+1/2+---+1/Dg. On the other hand, the optimal choice consists of influencin
just votervy, ;1 by flipping all ofvi,1’s entries to ones, which costs only-e.

6.3 Combinatorial Reverse Auctions

Combinatorial auctions are economically efficient allowad of wares in multiagent sys-
tems. In combinatorial multi-unit auctions a seller woukelto sell a set of different

items, where he or she offers a different number of units ohé@m. A group of bidders

give bids, specifying how many units they want to buy fromres&iem and which overall

price they would pay for it. The seller wants to maximize leganue.

The opposite situation is, in which a buyer seeks to get aiceammount of goods
on minimal cost, this case is called a combinatorial revarggion. This setting is not
unnatural, it is indeed used in many market scenarios, famgite, in procurement. We
next give the formal definition stated as a minimization eahn

Name: Multi-Unit Combinatorial Reverse Auction.

Instance: An mx n matrix L (whose rows represents the sellers, whose columns repre-
sent the items), with entriek ; € N* (representing the number of units of itghm
the buyer is willing to buy from sella)), where 1<i <mand 1< j < n, the prices
of the bids(py, p2, ..., pm), Wherep; € QF for all 1 <i < m, and a target vector
X= (X1,X2,...,X%), wherex; € N* forall 1< j <n.

Question: Find a minimum price subset of the rows, such that the auetibreceives all
of the units of items he or she is asking (i.e.,

m m
min’) piyi such that) Aj jyi > x;,
X 2

wherey; € {0,1} and 1< j <n).

Sandholm et al. [SSGLO02] proposed a greedy approximatgorighm for the Multi-
Unit Combinatorial Reverse Auctions problem with the saagafithmic approximation
ratio as ours. Note, that the Optimal-Weighted-Lobbyingipem is a special case of the
Multi-Unit Combinatorial Reverse Auctions problem, witaahA; j € {0,1}.

6.4 Conclusions and Open Problems

Christian et al. [CFRSO06] introduced the optimal lobbyinglgem and showed it com-
plete for W2, and so generally viewed as intractable in the sense of presined com-
plexity. We proposed an efficient greedy algorithm for apprating the optimal solution
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of this problem, even if generalized by assigning pricesaienrs. The greedy algorithm
achieves a logarithmic approximation ratio and we prove ttiat is essentially the best
approximation ratio that can be proven for this algorithme &0 show the connection
between optimal lobbying and combinatorial reverse aunstintroduced by Sandholm et
al. [SSGLO02].

We mention as an interesting open issue whether more elabalgorithms can
achieve better approximation ratios. Furthermore, it \Wdwe interesting to investigate
more general models of lobbying, for instance, when votns with initial probabilities
of voting for an issue and each voter has known costs for astng their probabilities
of voting according “The Lobby’'s” agenda by each of a finité geincrements. Also
other evaluation criteria could be considered, such asingmajority, where the aver-
age probability of all the voters for an issue is above a (dieee threshold.

A further direction for future work could be the investigatiof combinatorial auctions
and reverse auctions, with respect to parameterized caityple
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Chapter 7

Junta Distributions for SAT

This chapter is motivated by the notion of “frequently datbwingly correct algorithms,”
which was proposed by Homan and Hemaspaandra [HHb] in thaik wn how to fre-
quently find winners of Dodgson elections [Dod76].

7.1 A Motivation: How to Find Dodgson Winners Fre-
guently

Recall the definition of Dodgson’s voting system:(@,V) is an election and is some
designated candidate @@, we call (C,V,c) a Dodgson triple An election is won by
those candidates who are “closest” to being a Condorcetexiriiore precisely, given a
Dodgson electioriC,V), every candidate in C is assigned a score, which is denoted by
DodgsonScor&,V, c), and is defined to be the smallest number of sequential egelsan
of adjacent preferences in the voters’ preference ordezdateto make a Condorcet
winner with respect to the resulting preference orders. /aBohas the lowest Dodgson
score wins.

The problem Dodgson-Winner is defined as follows:

Name: Dodgson-Winner.
Instance: An election(C,V) and a designated candidate C.
Question: Is c a Dodgson winner iiC,V)?

The search version of this decision problem can easily bedstAs mentioned earlier,
Hemaspaandra, Hemaspaandra, and Rothe [HHR97] have shatvdetermining the
Dodgson winner is ’ﬁ-‘”-complete.

83
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It certainly is not desirable to have an election system whuasner problem is hard,
as only systems that can be evaluated efficiently are agtua#d in practice. Fortu-
nately, there are a number of positive results on Dodgsatiefes and related systems as
well. In particular, Bartholdi, Tovey, and Trick [BTT89btgved that for elections with a
bounded number of candidates or voters Dodgson winnersgnepdotically easy to de-
termine. Fishburn [Fis77] proposed a “homogeneous” vanaodgson elections that
Rothe, Spakowski, and Vogel [RSV03] proved to have a polyiabtime winner prob-
lem. McCabe-Dansted, Pritchard, and Slinko [MPS] prop@sscheme (called Dodgson
Quick) that approximates Dodgson’s rule with an expondytiast convergence. Homan
and Hemaspaandra ([HHa], see also McCabe-Dansted, Rdtcrad Slinko [MPS]) pro-
posed a greedy heuristic that finds Dodgson winners with aranteed high frequency
of success.” To capture a strengthened version of this pyofeemally, they introduced
the notion of a “frequently self-knowingly correct algdnih”, and they noted [HHa]:

“The closest related concepts | are probably those involving proofs to be
verified, such as NP certificates and the proofs in interagmoof systems.”

This statement notwithstanding, we show how average-calyag@mial time relates
to the notion of frequently self-knowingly correct algdint.

7.2 Average-Case Complexity Theory

To prove a problem NP-hard is a common method of showing itepeational in-
tractability as described in Chapter 2. Many NP-hard pnoislehowever, are eminently
important in practice, which is why various approaches g with NP-hardness have
been proposed, including approximation algorithms (séaptr 6), parameterized com-
plexity (see, Section 2.3), heuristics/algorithms thataways efficient (i.e., polynomial-
time) albeit not always correct (for example, the classd3&l[Sch86]), algorithms that
are always correct albeit not always efficient (for examfile,class APT [MP79]), etc.
A particularly interesting approach is to show that somehdRd problems can be solved
efficiently on the average.

The theory of average-case complexity was initiated by h@vev86]. A problem’s
average-case complexity can be viewed as a more significaasumne than its worst-case
complexity in many cases, for example in cryptographic @pgbns. We here follow
Goldreich’s presentation [Gol97]. Another excellentaatuction to this theory is that of
Wang [Wan97].

Intuitively, Levin observed that many hard problems—imthg those that are NP-
hard in the traditional worst-case complexity model—migbmetheless be easy to solve
“on the average,” i.e., for “most” inputs or for “most prawlly relevant” inputs. He
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proposed to define the complexity of problems with respesbtoe suitable distribution
on the input strings.

We now define the notion of a distributional problem and thmplexity class AvgP.
In this chapter, we consider two heuristic algorithms: tlgoathm Greedy-Winner in-
tends to solve the decision problem Dodgson-Winner, andldparithm Greedy-Score
intends to compute the Dodgson score of some given candidaith heuristics work
well sufficiently often, provided that the number of votersagly exceeds the number of
candidates.

Here, we define only distributional search problems; thendefn of distributional
decision problems is analogous.

Definition 7.1 ([Lev86], see also [Gol97, Wan97]) 1. A distribution function u :
2* — [0,1] is a nondecreasing function from strings to the unit intétat con-
verges to one (i.ey(0) > 0, u(x) < u(y) for each x< 'y, andlimy_,. 4(x) = 1).
The density function associated with is defined byu’(0) = u(0) and ' (x) =
u(x) — p(x—1) for each x> 0. That is, each string x gets weight(x) with this
distribution.

2. Adistributional (search) probleis a pair (f,u), where f: £* — ¥* is a function
andu : 2* — [0, 1] is a distribution function.

3. Afunction t: Z* — N is polynomial on the average with respect to some distribu-
tion u if there exists a constamt> 0 such that

t(x)®

X

<

H'(x)

Xe2*

4. The clas®\vgP consists of all distributional problemd, 1) for which there exists
an algorithme/ computing f such that the running time.af is polynomial on the
average with respect to the distributipn

In Section 7.4, we will focus on the standard uniform disttibn {1 on X*, which is
defined by
~) 1
X)= —————.
= W+ 02"

That is, we first choose an input siz&t random with probability A(n(n+ 1)), and then
we choose an input string of that siz@niformly at random.

In Section 7.4, we we will make use of polynomial-time benggorithm schemes.
This notion was introduced by Impagliazzo [Imp95] to pravah alternative view on the
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definition of Levin’s class AvgP (average polynomial timege$Lev86]). Impagliazzo de-
fines AvgP to be the class of distributional problefhsu,) such that there is an algorithm
computingf in polynomial time on the average with respect to the inpseenbleL,.

We in this chapter use the following notation. For any dusttion u and for each
n e N let u, be the restriction ofu to strings of length exactly, and letu<, be the
restriction ofu to strings of length at most. (When discussing benign algorithms, the
length-0 stringe is routinely completely excluded from the probability dilstition—it
is by convention given weight zero—and so for such cases, Bgjinition 7.2, the “for
eachn € N” should be viewed as changed to saying “for eachN™.")

Definition 7.2 ([Imp95]). 1. Analgorithm computes a function f witenign faultgf
it either outputs an element of the image of f 6 ‘and if it outputs anything other
than?, itis correct.

2. Letu be a distribution onxz*. A polynomial-time benign algorithm schenar a
function f onu is an algorithme?7(x, &) such that:

(@) < runsin time polynomial inx| and1/4.

(b) .« computes f with benign faults.
(c) Foreachd, 0< d < 1, and for each re N*,

Prob,_.[#7(x,0) = 7] < O.
The following theorem gives Impagliazzo’s charactermawf AvgP.

Theorem 7.1([Imp95]). A problem f onu is in AvgP if and only if it has a polynomial-
time benign algorithm scheme gn

7.3 Frequently Self-Knowingly Correct Algorithms

Homan and Hemaspaandra [HHa] proposed the following dieimbf a new type of
algorithm to capture the notion of “guaranteed high suctresgiency” formally.

Definition 7.3 ([HHa]). 1. Let f: S— T be a function, where S and T are sets. We
say an algorithmer : S— T x {“definitely”, “maybe” } is self-knowingly correct
for f if, for each s€ S and te T, whenevery on input s outputst, “definitely”)
then f(s) =t.

2. An algorithme/ that is self-knowingly correct forgz* — T is said to bdrequently
self-knowingly correct foqg if

im I{xe€ Z"|A(x) € T x {“maybe”} }|| _

a =7

0.
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In their paper [HHa], Homan and Hemaspaandra present twqudrdly self-
knowingly correct polynomial-time algorithms, which thesall Greedy-Score and
Greedy-Winner. Since Greedy-Winner can easily be reducedréedy-Score, we fo-
cus on Greedy-Score only and briefly describe the intuitetmnd this algorithm; for full
detail, we refer to [HHa]. (But both heuristics work welltmendously often—in a formal
sense of the notion—provided that the number of voters lygreateeds the number of
candidates.)

Given a Dodgson tripléC,V, c), Greedy-Score determines the Dodgson score of
with respect to the given electiofC,V). We will see that there are Dodgson triples
(C,V,c) for which this problem is particularly easy to solve.

For anyd € C — {c}, let Deficifd] be the number of votesneeds to gain in order to
have more votes thathin a pairwise contest betweerandd.

Definition 7.4. Any Dodgson triple(C,V,c) is said to beniceif and only if for each
candidate de C — {c}, there are at leasDeficit|d] votes for which candidate c is exactly
one position below candidate d.

Given a Dodgson tripl€C,V, c), the algorithm Greedy-Score works as follows:
1. For each candidatkc C — {c}, determine Defic[d].

2. If (C,V,c) is not nice then output‘anything”,“maybe”); otherwise, if(C,V,c) is
nice then output
(Ydec— (¢ Deficit[d], “definitely”).

Note that, for nice Dodgson triples, we have

DodgsonScor€,V,c)= %  Deficitd],
deC—{c}

It is easy to see that Greedy-Score is a self-knowingly corpmlynomial-time
bounded algorithm. To show that it is evéequentlyself-knowingly correct, Homan
and Hemaspaandra prove the following lemma. Their proo$ aseariant of Chernoff
bounds which we introduce next.

Lemma 7.1(Lemma 11.9 of [Pap95])Let x, Xz, . .., Xy be independent random variables
with % € {0,1} for alli, 1 <i <n, and let X= S ; x. Each variable with valud or 0
has probability p orl — p, respectively. Then forall < 6 < 1,

N

0

ProgX > (1+6)pn <e 3P
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Lemma 7.2(Thm. 4.1.3 of [HHa]) Let(C,V,c) be a given Dodgson triple, whel®/ || =
n and ||C|| = m, chosen uniformly at random among all such Dodgson elestiarhe

probability that(C,V, c) is not nice is at mo2(m—1)e &,
Proof. Suppose thaC,V,c) is not nice. Then, for somée V — {c},

_ n .
{i€{1,...n}|c<y d}| ~5 > |{ie{l,...n}|c=y d}].
This is true only if, for somel € V — {c}, at least one of (7.3.1) and (7.3.3) is true, where
. n
(7.3.1) I[{i € {1,...n}|c<y, d}H—é
1 n
.o. > .
(7.3.2) Z am
(7.3.3) I{i € {1,...n}|c =<y d}||
3 n
(7.3.4) < Im

Using Chernoff bounds (see Lemma 7.1), it is easy to proveth@aprobability for
both the events (7.3.1) and (7.3.3) are exponentially sirm%Ij‘W. Here, the fact is used
that for arbitrary fixed candidatesandb, for some random vote, Proba <, b] =1/2
and Prola <y, b] =1/m.

Summing over all candidatese C — {c}, we obtain that the probability th&t,V,c)
is not nice, is< 2(m— 1)e_ﬁf. 0

Homan and Hemaspaandra [HHa] show that the heuristic Gréédger, which is
based on Greedy-Score and which solves the winner probleBodgson elections, also
is a frequently self-knowingly correct polynomial-timegaltithm. This result is stated
formally below.

Theorem 7.2(Thm. 4.4.2 of [HHa]) For all m,n € N*, the probability that a Dodgson
election(C,V) selected uniformly at random from all Dodgson electionsitigwn can-
didates and n votes (i.e., alim!)" Dodgson elections having m candidates and n votes
have the same likelihood of being selected) has the profieatythere exists at least one
candidate c such that Greedy-Winner on inpdtV,c) outputs “maybe” as its second

output component is less th&? — m)e &7,

7.4 AvgP vs. Frequently Self-Knowingly Correct Algo-
rithms

Our main result in this section relates polynomial-timeigaralgorithm schemes to fre-
quently self-knowingly correct algorithms. We show thaemsvdistributional problem
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that has a polynomial-time benign algorithm scheme witlpeesto the uniform distri-
bution must also have a frequently self-knowingly corremlypomial-time algorithm. It
follows that all uniformly distributed AvgP problems havdraquently self-knowingly
correct polynomial-time algorithm.

Theorem 7.3. Suppose that7 (x, d) is a polynomial-time benign algorithm scheme for a
distributional problem f ort (the standard uniform distribution, see Section 7.2). Then
there is a frequently self-knowingly correct polynomiate algorithme?’ for f.

Proof. For eactn € N, let 5(n) = 1/(n+ 1)3. Define algorithme?’ as follows:
1. Oninputx € ¥*, simulates (X, d(|x|)).

2. If &7 (x,0(|x|)) outputs ?, then outpyanything“maybe”).

3. If o7(x,0(]x|)) outputsy € T, wherey #?, then outputy, “definitely” ).

By Definition 7.2, of “polynomial-time benign algorithm semme,” algorithme’ runs in
polynomial time. It remains to show that’ is frequently self-knowingly correct.

Fix an arbitraryn € N*. Now, we must be careful regarding the fact that Impagli-
azzo’s definition of benign algorithm schemes and &% Juarantees are all with regard
to drawing not over inputs of a given length (which is what wishwto consider) but
rather regarding drawing from inputs to and includinga given length. Thus, there is
some danger that even if a benign algorithm performs wellnwtgelength parameter is
n (meaning related to strings of length up to and includapgthat such a “good” error
frequency might be due not to goodness at lemdibit rather to goodness at lengths 1,
n— 2, and so on. However, if one looks carefully at the relatieeghts of the different
lengths this is at most a quadratically weighted effectt(#hahe distribution’s probability
weight at length is just quadratically less than the weight summed over atjtles less
thann), and so our choice a¥(n) = 1/(n+1)3 is enough to overcome this.

Let us now handle that rigorously. Recall thmais fixed and arbitrary. Let us set the
constant (for fixed) &’ to be I/ (n+1)3. So, clearly

Proly,_,[«7(x,8') =7 =
S /(G +1) 1/(n(n+1))
Yty 1/(i(i+1) St 1/(i(i+1)

Since is a benign algorithm scheme, P (x,8") = 7] < &'. So, combining this
and the above equality, and solving for Pgdb7 (x,0") = 7, we have

Proty, [« (x,8') = % <

21 /(0 +1) [ S /(i +12))
1/(n(n+1)) St 1/(i(+1))

JProb [o/(8) =7 + SProty [ (¢.8) = 7.

Proby_, [« (X, o) = ’?]) .
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And so, clearly, Prof[«/(x,8') = 7] <n(n+1)8’ =n(n+1)/(n+1)3. So

im [{x € 2" @'(x) € T x {"maybe”} }|| _

e =]

0,

which completes the proof. 0

Corollary 7.1. Every distributional problem that under the standard umfalistribution
is in AvgP has a frequently self-knowingly correct polynomial-tintgoaithm.

Proof. Impagliazzo proved that any distributional problem on in@osembleu, is in
AvgP if and only if it has a polynomial-time benign algoritrsoheme; see Proposition 2
in [Imp95]. The claim now follows from Theorem 7.3. g

It is easy to see that the converse implication of that in Canp7.1 is not true.

Proposition 7.1. There exist (distributional) problems with a frequentlyfg@mowingly
correct polynomial-time algorithm that are not AvgP under the standard uniform dis-
tribution.

Proof. For instance, one can define a problem that consists onlyriofystin {0}*
encoding the halting problem. This problem is clearly nofAugP, yet it is frequently
self-knowingly correct. 0

7.5 A Basic Junta Distribution for SAT

Procaccia and Rosenschein [PRO7] introduced “junta Higions” in their study of NP-

hard manipulation problems for elections. The goal of agustto be such a hard dis-
tribution (that is, to focus so much weight on hard instahtlest if a problem is easy
relative to a junta then it will be easy relative to any readna distribution (such as the
uniform distribution).

Regarding Procaccia and Rosenschein’s notion of juntag, dtate three “basic” con-
ditions for a junta, and then give two additional ones thettarlored specifically to the
needs of NP-hard voting manipulation problems. They sta& hope that their scheme
will extend more generally, using the three basic condgiand potentially additional
conditions, to other mechanism problems. We will show thatthree basic conditions
for a junta are sufficiently weak that one can construct agjuelative to which the stan-
dard NP-complete problem SAT—and a similar attack can beechout on a wide range
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of natural NP-complete problems—has a deterministic k&arpolynomial-time algo-
rithm. This section’s contribution is to give a construatiadicating that the core three
junta conditions, standing on their own, seem too weak.

Since we will use the Procaccia—Rosenschein junta noti@nnmore general setting
than merely manipulation problems, we to avoid any chanceoafusion will use the
term “basic junta” to denote that we have removed the wordnipudation” and that we
are using their three “basic” properties, and not the twoitadal properties that are
specific to voting manipulation. Our definition of “deternstic heuristic polynomial-
time algorithm” is the same as theirs, and our definition @fsib deterministic heuristic
polynomial-time algorithm” is the same as their notion ofisseptible” (we avoid the
word “susceptible” as that term already has term-of-artmmegs in the study of the com-
plexity of elections, e.g., in [BTT92] and the line of worksitarted, see also Chapter 3)
except we have replaced the word “junta” with “basic juntaird so again we are allow-
ing their notion to be extended beyond just manipulationrmedhanism problems.

Definition 7.5. 1. (see [PRO7]) Leu = {un}nen be a distribution over the possible
instances of arNP-hard problem L. (In this model, eagh, sums to 1 over all
length n instances.) We sayis a basic junta distributionf and only if u has the
following properties:

(a) Hardness: Therestriction ofL to u is the problem whose possible instances
are onlyUnen{X| [X| = n andun(x) > 0}. Deciding this restricted problem is
still NP-hard.

(b) Balance: There exist constantsx 1 and N< N such that for all > N and
for all instances x|x| = n, we havel/c < Proh, [xe L] <1-1/c.

(c) Dichotomy: There exists some polynomial p such that for all n and for all
instances xjx| = n, eitherun(x) > 2P or pn(x) = 0.

2. (see [PRO7]) LefL, i) be a distributional decision problem (see Definition 7.1 in
Appendix 7.2). An algorithmy is said to be aleterministic heuristic polynomial-
time algorithm for(L, i) if <7 is a deterministic polynomial-time algorithm and
there exist a polynomial g and 8 N such that for each &> N,

1
Proh, [x € L < & accepts k< —.
B [x ¢ )

When such @& and.«/ exist, we’ll say that Lis in deterministic heuristic polynomial
time (with respect tq).

3. (see [PRO7]) Le{L,u) be a distributional decision problem (see Definition 7.1
in Appendix 7.2). An algorithme7 is said to be abasic deterministic heuristic
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polynomial-time algorithm foKL, i) if u is a basic junta distribution (for L)
is a deterministic polynomial-time algorithm, and therésexa polynomial q and
N € N such that for each & N,

1
Proh,, [x ¢ L <= & accepts k< o
When such qu and &7 exist, we’ll say that Lis in basic deterministic heuristic
polynomial time (with respect tg).

We now explore their notion of deterministic heuristic pabynial time and their no-
tion of junta, both however viewed for general NP problemd asing the “basic” three
conditions. We will note that the notion in such a settingiisome senses not restrictive
enough and in other senses is too restrictive. Let us sténttwe former. We need a
definition.

Definition 7.6. We will say that a set L isvell-pierced(respectively,uniquely well-
pierced if there exist sets Pos P and Nege P such that PosC L, NegC L, and there

Is some N= N such that at each lengthXa N, each of Pos and Neg has at least one string
at length n (respectively, each of Pos and Neg has exactlgtoimg at length n).

Each uniquely well-pierced set is well-pierced. Note thagler quite natural encod-
ings, such NP-complete sets as, for example, SAT certaielyall-pierced and uniquely
well-pierced. (All this says is that, except for a finite nuenlof exceptional lengths,
there is one special string at each length that can easiiigromly be recognized as in
the set and one that can easily, uniformly be recognized & nioe set.) Indeed, under
quite natural encodings, undecidable problems such asaltiagproblem are uniquely
well-pierced.

Recall that juntas are defined in relation to an infinite liststributions, one per
length (sou = {un}nen). The Procaccia and Rosenschein definition of junta does not
explicitly put computability or uniformity requirementsiguch distributions in the def-
inition of junta, but it is useful to be able to make claims abthat. So let us say that
such a distribution isiniformly computable in polynomial tinfeespectively, isiniformly
computable in exponential tijé there is a polynomial-time function (respectively, an
exponential-time functionj such that for eachand eaclx, f(i,x) outputs the value of
Hi(X) (say, as a rational number—if a distribution takes on otladwes, it simply will not
be able to satisfy our notion of good uniform time).

Theorem 7.4. Let A be anyNP-hard set that is well-pierced. Then there exists a basic
junta distribution relative to which A has a basic determstia heuristic polynomial-time
algorithm (indeed, it even has a basic deterministic heierigolynomial-time algorithm
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whose error weight is bounded not merelylpoly as the definition requires, but is even
bounded bﬂ/Z”Z*”). Furthermore, the junta is uniformly computable in exputre
time, and if we in addition assume that A is uniquely welkged, the junta is uniformly
computable in polynomial time.

It follows that, under quite natural encodings, almost aatural set is in basic deter-
ministic heuristic polynomial time. For example, SAT is ahd halting problem is, both
under natural encodings. All it takes is for the given setdeehat all but a finite number
of lengths at least one element each that are uniformlyye@sibgnizable as being in and
out of the set.

Proof. Let A be well-pierced. So there exists Ay and setd?osandNeg that satisfy
the definition of well-pierced. For eaah> N, let Pogn) denote the lexicographically
smallest lengtim string inPosand letNeg n) denote the lexicographically smallest length
n string inNeg

Define the distributiov = {vp}ncry as follows:

1. For each lengtih > N, put weight 1/2”2 on all lengthn strings other thafogn)
andNegn), and put weight <1— %) on each ofPogn) andNegn).

2. For each length < N, let v, be the uniform distribution over that length, i.e., each
lengthn string has weight 12".

We now show thav is a basic junta distribution.

1. Hardness: Sindg,n{X| |X| = nandv,(x) > 0} equalsz*, the restriction ofA to
v equalsA, and so is still NP-hard.

2. Balance: Since for each length> N both Pogn) € A and Negn) ¢ A have
almost half of the probability weight of all length strings (namely, each has

: (1— %)) v is balanced.
3. Dichotomy: Since for alh > N and for allx, |x| = n, we havev,(x) > 2" and
for all n < N and for allx, [x| = n, we havevy(x) > 27", dichotomy is satisfied.

Note that the junta is uniformly computable in exponentiak, and ifA is uniquely
well-pierced then the junta is uniformly computable in paynial time.

Our basic deterministic heuristic polynomial-time alglom for (A, v) works as fol-
lows: On inputs that areogn), it accepts; on inputs that aré\eeg n), it rejects; and on
every other input, it (for specificity, though it does not teataccepts.

For eachn > N, the error probability of this algorithm on inputs of lengtls at most

(2 —2) /27" < 1/20*n, O
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In the proof we achieve the error boun;ﬂz—” stated in Theorem 7.4. However, this

bound can easily be strengthened Vd”.’f—”, for each fixed constark, by altering the
proof. Note that the altered algorithm will dependion

Loosely put, the above result says that the basic junta tiondiare in some ways
overinclusive. We also note that the definition of junta, #melissue of when we will
have a basic deterministic heuristic polynomial-time alipon, are exceedingly sensitive
to details of encoding.We mention quickly two such effects, one that indirectlygests
overinclusiveness and one that suggests underinclussene

As to the former, note thaveryNP-hard set isch-reducible to a set that is in basic
deterministic heuristic polynomial time. This applies e undecidable NP-hard sets,
such as SAB HP =ge1 {Ox| x € SAT} U {1y|y € HP}, where HP denotes the halting
problem. The proof is nearly immediate. Given an NP-harcAqelver some alphabét
that has cardinality at least two, and w.l.0.g. we assuntélthad 1 are letters df), note
thatA <P-reduces to the s& = {00x|x € =*} U{1x1X*+2| x € A}, and that is easily
seen to be in basic deterministic heuristic polynomial t{imdeed, with error bound not
just 1/polybut even Yexponentig), in particular via the basic junta (relative A that is
the uniform distribution.

Regarding underinclusiveness, note that under the defindf basic junta, no set
that at an infinite number of lengths either has all stringbas no strings can have a
basic deterministic heuristic polynomial-time algorithemce for such sets the balance
condition of the notion of a basic junta can never be satisfietbllows easily that the
notion of having a basic deterministic heuristic polynortilme algorithm is not even
closed under polynomial-time isomorphisfs.

LIn contrast, the £” exponent andx| denominator (see Definition 7.1 in Section 7.2) in Levin'e{86]
theory of AvgP, average-case polynomial-time, were pedgidesigned, in that different setting, to avoid
such problems—problems that one gets by following the tyfespmptotic focus on one length at a time
that the Procaccia and Rosenschein model adopts. On thehathd, even Levin’s theory has many sub-
tleties and downsides, and to this day has not found anytbesembling the type of widespread applicability
of NP-completeness theory; see any of the many surveys ttohia.

2To be extremely concrete, the NP-completeBet {00x|x € 3*} U {1x1‘x‘2+2|x € SAT} is (as per
the above) easily seen to be in basic deterministic hetnigtlynomial time, but the NP-complete set
B’ = {xx|x € SAT}, though it is by standard techniques polynomial-time isgphix toB (see [BH77]), is
not in basic deterministic heuristic polynomial time. letreader wonders why we did not simply use two
P sets, the reason is, under the Procaccia—Rosenscheitialefione needs NP-hardness to have a junta,
and one needs a junta to put something in deterministic stgupolynomial time.
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