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Belief change operators

Revision

Update

Merging

Belief revision is the process of accomodating a new piece of
evidence that is more reliable than the current beliefs of the agent.
In belief revision the world is static, it is the beliefs of the agents
that evolve.

In belief update the new piece of evidence denotes a change in the
world. The world is dynamic, and these (observed) changes modify
the beliefs of the agent.

Belief merging is the process of defining the beliefs of a group of
agents. So the question is: Given a set of agents that have their
own beliefs, what can be considered as the beliefs of the group?
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Revision Update

Merging Confluence
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Framework

e Propositional logic:
m A formula ¢ is build from

> A set P of propositional symbols (a, b, ...)
> And logical connectives (—, A, V,—,...)

= An interpretation w is a function from P to {0,1}

= mod(p) ={weW |w =}
u A formula is complete if it has a unique model

o A base ¢ is a (finite set of) propositional formula
o A profile W is a multi-set of bases : W ={¢;,...,p,}
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Revision Belief revision is the process of accomodating a new piece of
evidence that is more reliable than the current beliefs of the agent.
In belief revision the world is static, it is the beliefs of the agents

that evolve.

5/24



Revision

Revision Belief revision is the process of accomodating a new piece of
evidence that is more reliable than the current beliefs of the agent.
In belief revision the world is static, it is the beliefs of the agents

that evolve.
3 principles:

e Primacy of update
o Coherence
e Minimal change

5/24



Revision

Revision Belief revision is the process of accomodating a new piece of
evidence that is more reliable than the current beliefs of the agent.
In belief revision the world is static, it is the beliefs of the agents

that evolve.
3 principles:

e Primacy of update
o Coherence
e Minimal change

5/24



Revision

Revision Belief revision is the process of accomodating a new piece of
evidence that is more reliable than the current beliefs of the agent.
In belief revision the world is static, it is the beliefs of the agents

that evolve.
- 3 principles:

/ \ e Primacy of update
// \ o Coherence
/ / N e Minimal change
/ \ :

5/24



Revision

Revision Belief revision is the process of accomodating a new piece of
evidence that is more reliable than the current beliefs of the agent.
In belief revision the world is static, it is the beliefs of the agents

that evolve.
- 3 principles:

/ \ e Primacy of update
// \ o Coherence
/ / N e Minimal change
/ \ :

5/24



Revision

Revision Belief revision is the process of accomodating a new piece of
evidence that is more reliable than the current beliefs of the agent.
In belief revision the world is static, it is the beliefs of the agents

that evolve.
- 3 principles:

/ \ e Primacy of update
// \ o Coherence
/ / N e Minimal change
/ \ :

5/24



Revision

p=(bA—m)V (=bAm)
p=>b

6/24



mod(p) = {10,01}

(bA=m)V (=b A m)
b

P
1

mod(u) = {10,11}
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Revision

o= (bA—=m)V (=bAm) mod(p) = {10,01}
w=>b mod(p) = {10,11}

pou=bA-m
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Update In belief update the new piece of evidence denotes a change in the
world. The world is dynamic, and these (observed) changes modify
the beliefs of the agent.
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Merging Belief merging is the process of defining the beliefs of a group of
agents. So the question is: Given a set of agents that have their
own beliefs, what can be considered as the beliefs of the group?
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a,b—c a, b - a

A({4P17‘;027<P3}) =b— c, b

9/24



Merging Belief merging is the process of defining the beliefs of a group of
agents. So the question is: Given a set of agents that have their
own beliefs, what can be considered as the beliefs of the group?

¥1 P2 ©3
a,b—)C a,b - a

A{p1,902,03}) =b—c,b,a
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Confluence

g: german car
e: expensive car
s: sport car

p1=—gA-eAs mod(p1) = {001}
va=(gNeAs)V(-gAh—-eAs) mod(py)=14{001,111}

uw=-(gN-eAs) mod(p) =W\ {101}

o Belief/Goal Merging:
Au({pr, 02}) =g AmeAs
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Confluence

g: german car
e: expensive car
s: sport car

p1=—gA-eAs mod(p1) = {001}
va=(gNeAs)V(-gAh—-eAs) mod(py)=14{001,111}

uw=-(gN-eAs) mod(p) =W\ {101}

o Belief/Goal Merging:
Au({p1,02}) =g Aens
o Confluence:

Ou{p1,02}) = (g AN—eNs)V(-gAheAs)=—-gAs
001 011

m Unperfectly known goals
u Potential evolution
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Revision [Alchourrén-Gardenfors-Makinson 85]

(R1) poputp

(R2) If oAk Lthen popu=pAp

(R3) If p¥ L then popuk L

(R4) If o1 = and 1 = p then @10 1 = o0 pip
(R5) (pop) Aot po(ung)

(R6) If (popu)Ng¥ L then po(ung)r (pou)A¢
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(R5) (pop) Aot po(ung)

(R6) If (popu)Ng¥ L then po(ung)r (pou)A¢

A faithful assignment is a function mapping each base ¢ to a pre-order <, over
interpretations such that:

o lfwlpand W = o, then w ~,

o lf w=pand W' = o, then w <, W

o If o = ¢, then <, =<,

Theorem (Katsuno-Mendelzon 91a)

An operator o is a revision operator (ie. it satisfies (R1)-(R6)) if and only if there
exists a faithful assignment that maps each base ¢ to a total pre-order <, such
that

mod(yp o ) = min(mod (), <,).
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Update [Kastuno-Mendelzon 91b]

(U1) poptp

(U2) If o p, then popu=¢p

(U3) If o ¥ L and pu¥ L then popuk L

(U4) If o1 =2 and p1 = pp then @10 1 = 020 ip

(US) (pop)No bt po(und)

(U6) If oo 1 b o and o pp - g, then p o py = @ o

(U7) If ¢ is a complete formula, then (po 1) A (pop2) F oo (1 V o)
(U8) (prVep2)on=(p1op)V(p20n)

Theorem

An update operator < satisfies (U1)-(U8) if and only if there exists a faithful
assignment that maps each interpretation w to a partial pre-order <, such that

mod(p o u) = U min(mod(u), <)
wl=p
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Update [Kastuno-Mendelzon 91b]

(U1) poukp

(U2) If o p, then popu=¢p

(U3) If ¥ L and ¥ L then popuk¥ L

(U4) If o1 = @2 and py = pp then oy oy = w20 o
(US) (pop)Nobpo(und)

(U8B) (p1V2)on=(prop)V(p2opn)
(U9) If ¢ is a complete formula and (¢ o ) A ¢ ¥ L, then
po(pne)k(pop) Ao

Theorem

An update operator ¢ satisfies (U1)-(U5), (U8) and (U9) if and only if there exists
a faithful assignment that maps each interpretation w to a total pre-order <,
such that
mod(p o) = ) min(mod(u), <.)
wi=p
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Merging [Konieczny-Pino-Pérez 99|

(IC0) &,(¥) 4

(IC1) If p is consistent, then A, (W) is consistent

(1C2) If AV is consistent with y, then A, (V)= AV A p

(IC3) If W1 = W5 and pg = pp, then A, (V1) = A, (Vo)

(1C4) If o1 pand @ - g, then A, ({1, p2}) A 1 is consistent if and
only if A, ({¥1,¥2}) A g2 is consistent

(|C5) A#(wl) A\ AM(WQ) F A,L(\Ul [ \Ug)

(1C6) If A, (V1) A AL(W2) is consistent, then
A“(\Ill (] \Uz) = A#(\Ul) A A“(w2)

(1C7) D, (W) A i = Dy nn (W)
(1C8) If AL, (W) A po is consistent, then A, (V) F AL (V)
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Merging [Konieczny-Pino-Pérez 99|

A syncretic assignment is a function mapping each profile W to a total pre-order
<y over interpretations such that:

e lfwEWVand W' E WV, then w ~y W

o lfwEWVand W' £V, then w <y W’

If Wy =Wy, then <y, =<y,

Vw @ W E ¢ W Sopugen w

If w <y, w and w <y, ', then w <y, v, W’

If w <y, W and w <y, W', then w <y, v, W’

An operator /\ is an IC merging operator if and only if there exists a syncretic
assignment that maps each profile V to a total pre-order <y such that

mod(A,,(W)) = min(mod(p), <v)
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Revision vs Update

Proposition

If o is a revision operator (i.e. it satisfies (R1)-(R6)), then the operator < defined
by:
o on=\ g, oup
wiep
is an update operator that satisfies (U1)-(U9).

Moreover, for each update operator ¢, there exists a revision operator o such that
the previous equation holds.
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Revision vs Merging

Proposition

If I\ is an IC merging operator (it satisfies (ICO-1C8)), then the operator o,
defined as p ot = A, (), is an AGM revision operator (it satisfies (R1-R6)).
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Confluence

An operator ¢ is a confluence operator if it satisfies the following properties:
(UCD) 0,,(¥) - s
(UC1) If p is consistent and W is p-consistent, then {,(W) is consistent
(UC2) If W is complete, W is consistent and A W F i, then ¢, (V) = AV
(UC3) If Wy = W5 and p1 = pp, then O (V1) = Oy (V2)
(UCA4) If 1 and 5 are complete formulae and @1 F p, w2 - p,

then O, ({®1,92}) A 1 is consistent if and only ¢, ({1, ¢2}) A 2
is consistent

(UC5) 0u(V1) A Ou(W2) F Ou(W1 U W)

(UC6) If Wy and VW, are complete profiles and ¢, (V1) A Ou(W2) is
consistent, then ¢, (V1 UW3) F ¢, (V1) A Ou(V2)

(UCT) Op(W) A pia = Qpuynps (V)

(UC8) If W is a complete profile and if ¢, (V) A pp is consistent
then <>H1AM2(W) = <>m(w) A 2

(UC9) Ou(WU{pVe'}) = 0u(VU{ph) VOuVU{g'})
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o A multi-set of interpretations e will be called a state.

o If W={p1,...,0n} is a profile and e = {w1,...,w,} is a state such that
wi | ¢; for each i, we say that e is a state of the profile W, that will be
denoted by e = V.

o If e={wi,...,wy,} is a state, we define the profile W, by putting
llIe - {So{wl}, sy (P{w,,}}

Lemma

If & satisfies (UC3) and (UC9) then { satisfies the following

Ou(V) = \/ Ou(We)
eV
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Representation theorem

A distributed assignment is a function mapping each state e to a total pre-order
< over interpretations such that:

oW <qu,.w W ifWFw
o Wy W
o If w < w and w <, W, then w <g e, W'

o If w<g w and w <, W, then w <g e, W'

Theorem

An operator { is a confluence operator if and only if there exists a distributed
assignment that maps each state e to a total pre-order <. such that

mod(0, (V) = |J min(mod(y), <) (1)
eV
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Confluence vs Update and Merging

If & is a confluence operator (i.e. it satisfies (UCO-UC9)), then the operator o,
defined as ¢ o = O, (), is an update operator (i.e. it satisfies (U1-U9)).

Proposition

If A\ is an IC merging operator (i.e. it satisfies (ICO-1C8)) then the operator ¢
defined by
<>u(“l’) = \/ Au(“l’e)
eV
is a confluence operator (i.e. it satisfies (UC0-UC9)).

Moreover, for each confluence operator ), there exists a merging operator /\ such
that the previous equation holds.
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Example of confluence operators

A distance d between interpretations
= Drastic distance, Hamming (Dalal) distance, ...
o An aggregation function f

® sum, leximax, ...

w < w' if and only if d(w, e) < d(w', €), where (e = {w1,...,wn}):

d(w,e) = f(d(w,w1)...,dw,w,))

mod(0,,(W)) = U,y min(mod(y1), <)
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Let W = {1, 92} and p :

mod(p) = W\ {101}

mod(p1) = {001}

e = {001,001}

The corresponding states are:

mod(y,) = {001,111} e = {001,111}
w | oot | 111 er ) QP | (i Gmax
Y Gmax | ¥  Gmax
000 1T | 3 |2 1t |4 31
L 0 [ 20 00 |2 20 x x
00| 2 | 2 |4 2 |4 2
011 | 1 1|2 11 |2 1 x x
100 2 | 2 |4 22 |4 22
11| 1| 1|2 11 |2 1
mo| 3 | 1 |6 33 |4 31
mr | 2 | o |4 22 |2 20 x
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mod(Ogh=(W)) = {001,011,111}
mod(Qa-cma(W)) = {001,011}
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Conclusion

Confluence operators

Pointwise merging

Negotiation

Belief vs Goal aggregation
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