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Stable Marriage problem by Gale and Shapley (1962)
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“Each person ranks those of
the opposite sex in accordance
with his or her preferences for a
marriage partner.”

A set of marriages is stable, if there
is no “blocking pair”: a man and a
woman who are not married to each
other but prefer each other to their
actual mates.

The Gale-Shapley algorithm finds a stable matching in O(m) time.

set of stable matchings = core of the corresponding NTU-game
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Stable (fractional) matchings vs (fractional) core
bipartite graph

nonbipartite graph hypergraph

Marriage problem

Roommates problem Coalition Formation Game

Gale-Shapley ‘62:

Tan ‘90: Aharoni-Fleiner ’03 (Scarf ’67):

∃ stable matching

∃ stable half-matching ∃ stable fractional matching

For every vertex v , let <v be a linear order on the edges incident
with v . A weight-function x : E (G ) → {0, 1} is a matching if∑

v∈e x(e) ≤ 1 for every v ∈ V (G ).

A matching is stable if for every e ∈ E (G ), either x(e) = 1,
or there is a vertex v ∈ e s.t.

∑
e≤v f x(f ) = 1.

(every non-matching edge is “dominated” at some vertex.)
I Gale-Shapley (1962):

Stable matching may not exist!

I Irving (1985): A stable matching can
be found in O(m) time, if one exists.

I Tan (1990): Stable half-matching
always exists! i.e. x(e) ∈ {0, 1

2 , 1}.

Aharoni-Fleiner (2003): Stable fractional matching always exists
(i.e. x(e) ∈ [0, 1]) ∼ the fractional core of a CFG is nonempty.

hyper−
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An example for CFG: matching with couples

National Resident Matching Program (since 2009 in SFAS too)
Couples can submit joint preference lists...

Applicants: Bill Adam and Eve
1st choice: Queens (Memorial, Queens)
2nd choice: Memorial

ranking of NY Queens: Eve, Bill
ranking of NY Memorial: Bill, Adam

A E

M Q

B

Roth (1984): Stable matching may not exist.

Ronn (1990): The related decision problem is NP-complete.

Biró-Irving (2010): NP-complete even for master lists.

But what is the meaning of a fractional solution?
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Biró-Irving (2010): NP-complete even for master lists.

But what is the meaning of a fractional solution?



An example for CFG: matching with couples

National Resident Matching Program (since 2009 in SFAS too)
Couples can submit joint preference lists...

Applicants: Bill Adam and Eve
1st choice: Queens (Memorial, Queens)
2nd choice: Memorial

ranking of NY Queens: Eve, Bill
ranking of NY Memorial: Bill, Adam

A E

M Q

B

Roth (1984): Stable matching may not exist.

Ronn (1990): The related decision problem is NP-complete.
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Stable b-matchings: agents with capacities
bipartite graph

nonbipartite graph hypergraph

College Admissions

Stable Fixtures CFG with agent-capacities

Gale-Shapley ‘62:

Biró-Fleiner ‘03: Biró-Fleiner ’10 (Scarf ’67):

∃ stable matching

∃ stable half-matching ∃ stable fractional matching

Let b : V (G ) → Z+ be vertex-bounds.
A weight-function x : E (G ) → {0, 1} is a (b)-matching if∑

v∈e x(e) ≤b(v) for every v ∈ V (G ).

A b-matching is stable if for every e ∈ E (G ), either x(e) = 1,
or there is a vertex v ∈ e s.t.

∑
e≤v f x(f ) =b(v).

(every non-matching edge is “dominated” at some vertex.)

Biró-Fleiner (2003): A stable half-matching can be found
efficiently for nonbipartite graphs.

Cechlárová-Fleiner (2005), Irving-Scott (2007): A stable
(b-)matching can be found in O(m) time, if one exists (“Stable
Multiple Activities” or “Stable Fixtures”).

Biró-Fleiner (2010): A stable fractional matching can be found by
Scarf’s algorithm for hypergraphs.
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Biró-Fleiner ‘03: Biró-Fleiner ’10 (Scarf ’67):

∃ stable matching

∃ stable half-matching ∃ stable fractional matching

Let b : V (G ) → Z+ be vertex-bounds.
A weight-function x : E (G ) → {0, 1} is a (b)-matching if∑

v∈e x(e) ≤b(v) for every v ∈ V (G ).

A b-matching is stable if for every e ∈ E (G ), either x(e) = 1,
or there is a vertex v ∈ e s.t.

∑
e≤v f x(f ) =b(v).

(every non-matching edge is “dominated” at some vertex.)
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Biró-Fleiner (2010): A stable fractional matching can be found by
Scarf’s algorithm for hypergraphs.



Stable b-matchings: agents with capacities
bipartite graph nonbipartite graph hypergraph

College Admissions Stable Fixtures CFG with agent-capacities
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Stable Allocations: cooperations with capacities
bipartite graph

nonbipartite graph hypergraph

Part-time jobs

P2P networks CFG with capacities
Bäıou-Balinski ‘02: B-F ‘10, D-M ‘10: Biró-Fleiner ’10 (Scarf ’67):
∃ integral stable al-
location

∃ half-integral stable
allocation

∃ stable allocation

Beside the vertex-bounds, let c : E (G ) → R+ be edge-capacities.
A weight-function x : E (G ) → R+ is an allocation if x(e) ≤ c(e)
for every e ∈ E (G ) and

∑
v∈e x(e) ≤ b(v) for every v ∈ V (G ).

An allocation is stable if for every e ∈ E (G ), either x(e) = c(e),
or there is a vertex v ∈ e s.t.

∑
e≤v f x(f ) = b(v).

(every “non-saturated” edge is “dominated” at some vertex.)

Bäıou-Balinski (2002): An integral stable allocation can be found
in O(m2) time for bipartite graphs.

Biró-Fleiner (2010): A half-integral stable allocation can be found
in O(m3 log B) time for the integral stable allocation problem on
nonbipartite graphs, where B is the maximal vertex-bound.

Dean-Munshi (2010): A half-integral stable allocation can be
found in O(m log n) time with high probablity.

Biró-Fleiner (2010): A stable allocation can be found by Scarf’s
algorithm for hypergraphs.
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Bäıou-Balinski (2002): An integral stable allocation can be found
in O(m2) time for bipartite graphs.
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Biró-Fleiner (2010): A half-integral stable allocation can be found
in O(m3 log B) time for the integral stable allocation problem on
nonbipartite graphs, where B is the maximal vertex-bound.

Dean-Munshi (2010): A half-integral stable allocation can be
found in O(m log n) time with high probablity.
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A weight-function x : E (G ) → R+ is an allocation if x(e) ≤ c(e)
for every e ∈ E (G ) and

∑
v∈e x(e) ≤ b(v) for every v ∈ V (G ).

An allocation is stable if for every e ∈ E (G ), either x(e) = c(e),
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e≤v f x(f ) = b(v).
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Biró-Fleiner (2010): A half-integral stable allocation can be found
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Biró-Fleiner (2010): A stable allocation can be found by Scarf’s
algorithm for hypergraphs.
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An allocation is stable if for every e ∈ E (G ), either x(e) = c(e),
or there is a vertex v ∈ e s.t.

∑
e≤v f x(f ) = b(v).

(every “non-saturated” edge is “dominated” at some vertex.)Bäıou-Balinski (2002): An integral stable allocation can be found
in O(m2) time for bipartite graphs.

Biró-Fleiner (2010): A half-integral stable allocation can be found
in O(m3 log B) time for the integral stable allocation problem on
nonbipartite graphs, where B is the maximal vertex-bound.

Dean-Munshi (2010): A half-integral stable allocation can be
found in O(m log n) time with high probablity.

Biró-Fleiner (2010): A stable allocation can be found by Scarf’s
algorithm for hypergraphs.



Some experiments with couples

in NRMP and SFAS...

















Some experiments with couples (100 applicants)

Number of couples
Algorithm 2 5 10 15 20 25

Roth-Perantson approach 975 925 796 705 613 536
Best heuristic of Biró-Irving 983 966 916 882 851 826
Scarf (integral solution) 930 838 670 562 483 387
Scarf half-intergral solution 999 991 966 944 902 851

Scarf fractional solution 70 162 330 438 517 613
Av. # of fractional weights 3.4 3.55 3.91 4.27 4.37 4.73
# of fractional weights = 1 27 52 87 104 125 132
# of fractional weights = 2 13 31 58 71 79 91
# of fractional weights = 3 4 9 25 32 51 51
# of fractional weights = 4 5 20 40 64 58 61



Open questions

What is the

I meaning of a fractional solution?

I running time of the Scarf algorithm?

I complexity of the problem of finding a fractional core element?

... for special families of NTU-games?

Further applications?


