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Abstract

Matching problems arise in numerous practical settings. Fairness and efficiency are two de-
sirable properties in most such real world scenarios. This dissertation work presents new
approaches and models for capturing and solving fairness issues in different practical settings
and develops algorithms to identify fair and/or efficient matchings. The thesis is organised
into two logical parts: one-sided preferences and two-sided preferences.

Part 1: One-Sided Preferences

Fair and Efficient Delivery

Motivated by the classical delivery problem, we introduce a novel model of fair division where
delivery tasks must be fairly distributed among a set of agents. The delivery tasks are placed
on the vertices of a given acyclic graph. The cost incurred by the agents is determined by the
distance they travel from the hub where they start to service their assigned tasks. We study the
existence of fair and efficient allocations of tasks to agents. We choose the fairness notions:
EF1 and MMS and efficiency notions: Pareto optimality and Social optimality. We find that
while all these notions can be satisfied independently, the only combination of fairness and
efficiency that can always be guaranteed is MMS and PO. For the remaining combinations,
we provide characterisations of the space of instances for which they can be achieved. We
find that most of the relevant problems are NP-Hard. We provide an XP-algorithm which finds
the different combinations of fairness and efficiency whenever they exist.

Repeated Matchings

We propose a novel repeated matching model where the valuations of agents may change
with how often they have received an item in the past. We study achieving fairness and effi-
ciency separately as well as in conjunctions in this setting. We find that optimizing for social
welfare is NP-Hard for general valuations and tractable when the valuations are monotone
with time. We also prove that maximizing for social welfare over the space of EF1 repeated
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Abstract

matchings is NP-Hard. Further, we provide algorithms and non-existence results for EF1 and
EFX repeated matchings in different settings.

Part 2: Two Sided Preferences

Fairness and Stability in Many-to-One Matchings

We seek to optimize a fairness measure over the space of stable many-to-one matchings,
motivated by a college admissions setting. With leximin optimality as the fairness notion,
we first show the intractability of this problem. We identify a minimal set of assumptions
that makes this problem solvable in polynomial time. This requires that the agents on either
side have the same ordinal rankings over the agents on the other side and that these must be
strict. We show that on relaxing to weak rankings, the problem becomes APX-Hard. When
we remove the ranking assumption but maintain strict preferences, the problem is NP-Hard.
Additionally, we show that the leximin optimal stable matching can be efficiently computed
in the special case of two colleges.

Incentive Compatibility in Stable Fractional Matchings

We investigate the existence of incentive compatible mechanisms that find stable fractional
matchings. We show, for general settings, that no incentive compatible mechanism can be
stable. We characterise the space of instances that have a unique stable fractional matching.
We prove for this set of instances that any stable matching mechanism will be incentive
compatible.
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Chapter 1
Introduction

This chapter presents an informal introduction to the space of matching problems
and their applications, along with the pertinent fairness and efficiency issues that
arise in solving the problems. We then provide an overview of the work presented
in this thesis.

From the dawn of civilization there have been countless examples of people needing to
be divided into pairs or groups for a variety of different purposes. There are just as many
different instances of items to be divided amongst people. Be it matching students to colleges,
tasks to workers or offices to employees, such matching settings have existed for millennia.
The problem of coming up with adequate matchings in all these settings becomes even more
challenging due to the personal preferences of the people involved. Thus, the need to ensure
that these matchings are fair, i.e., they minimize the unhappiness of anyone, and efficient, or
non-wasteful, is just as old as the matching problems.

e

(a) Labour Markets (b) Ride Hailing Platforms (c) Refugee Resettlement

Figure 1.1: Some Matching Applications

Most cultures have stories of people struggling to be just to those around them, against
their own interests. Perhaps as a consequence of this, for the longest time, philosophers,

1



policy makers and ethicists have been pondering the exact meaning of fairness. They have
recently been joined by computer scientists. With the use of automated systems becoming
increasingly prevalent in solving such problems on a daily basis, it is crucial that the algo-
rithms deployed in the backend are designed to meet these elusive ideals. This has led to the
emergence of computational social choice being a significant part of the field of algorithmic
game theory, at the intersection of Economics and Computer Science.

A simple example of fairness and efficiency issues in matchings can be seen when trying
to distribute two chocolate bars between two children. Assuming that we correctly know
the preferences of the children, let us now discuss how to divide the bars between them. If
both bars are completely identical, each child can be given one bar each, and this solution
would be fair and efficient. Now if both bars were equal in size but one bar had nuts and
both children preferred having nuts in their chocolate, then half of each bar must be given
to be completely fair. On the other hand, if one child preferred nuts, while the other was
indifferent, giving half of each bar to each child would fair but not efficient. To be both fair
and efficient the child who prefers nuts, should receive the bar with nuts and the other child
the other bar. This increases the happiness of the child who prefers nuts without decreasing
the happiness of the other child. Now if the bar with nuts were smaller in size, a fair and
efficient solution would require more precise knowledge of exactly how much a bar with
nuts is preferred to one without nuts. Thus, finding fair and efficient solutions can be very
challenging, even in such seemingly simple settings.

The formal study of matchings based on agent preferences began with the seminal work
of Gale and Shapley [52]. Since then extensive work has gone into the study of the theory
and applications of matchings [1, 10, 33, 35, 82, 96, 101, 102, 104]. For their work in this
area, David Gale and Alvin Roth won the Nobel Prize for Economics in 2012. This thesis is a
continuation of the long line of work that tries to capture everyday situations mathematically
as matching settings and attempts to develop algorithms that will produce fair and efficient
solutions to these problems. In particular, this thesis looks at newer matching models which
are either less explored or entirely unexplored by prior work. We explore the computational
tractability of finding fair and efficient matchings in these new settings.

1.1 Matching Problems

Matchings can successfully model a large variety of everyday situations. Some of these in-
clude college admissions, hospital-resident matching, kidney exchange, refugee resettlement,
ride-hailing platforms, labour markets, e-commerce markets, land division, and estate settle-
ments among many others. Matchings can look very different across the various applications

2



and thus, the way fairness and efficiency manifest across the different matching models can
vary. While there are many different matching models, we will only consider bipartite match-
ing models, where there are two sets of agents or one set of agents and one of items which
have to matched. By agents, we mean people who may have diverse preferences over the set
of outcomes. By items, we mean things/people who do not have any preference over any of
the outcomes. When agents have to be matched to agents, we say that the matching setting
has two-sided preferences. When agents must be matched to items, we say that such settings
have one-sided preferences.

Matchings with One-Sided Preferences

Agents may need to be matched to items for numerous reasons. Take for example, a simple
situation of dividing delivery packages among the delivery agents. The packages have to
be delivered to different locations across a town or city. It would typically be easier for a
delivery agent to deliver a set of packages whose destinations are closer to each other than
delivering a set of packages in different parts of the city. Thus an agent’s preferences over the
different sets of packages assigned to them would depend on the addresses that they need to
be delivered to and the distances between them.

For the majority of the agents, the motivations behind their preferences would be con-
sistent: the distance they need to travel, the weights of the packages, the total number of
packages they are delivering etc. It would be unusual to have agents who prefer delivering
one package over another, when the two packages have the same size and delivery loca-
tion. Consequently, fairness and efficiency can be sought without requiring preferences to
be elicited from every single delivery agent. Further, given that these conditions remain the
same, the agents preferences will not change with time.

This need not extend to other one-sided matching settings. Consider a setting where
research groups in a university must get access to research/experimental resources available
at the university. A group working on game theory for example would have little use for time
on a telescope. Even within computing facilities, different research goals would have diverse
requirements which would be very customized to the projects. As a result, the preferences
of different research groups could be very different and would require explicit elicitation.
Further, these preferences could change with time. When first using a certain equipment, the
researchers from a given group may spend a lot of time learning to use it and not be able
to get any significant research results. With more time spent on the machine, their research
output would gradually increase. Once the required experiments are run on a particular
resource, the research group’s value for it may decrease dramatically. Hence, if the schedules



of access are to be decided several weeks in advance, such variations must be taken into
account.

Observe that in the examples given above the matching settings are different. Matching
delivery agents to their packages requires that each package be the responsibility of exactly
one agent. However, one agent may be allocated multiple packages to deliver within a day.
Such a matching is called a many-to-one matching. For the case of scheduling the access to
research equipment, it is reasonable to expect a researcher to work on exactly one project
for the duration of an access slot of a few hours or so. Similarly, for most research equip-
ment, typically, only one experiment can be run at a time. Thus, within one time slot, each
researcher can be matched to only one facility and vice versa. Such a matching is called a
one-one matching. However, over a month or so, it is feasible to grant different researchers
access to a piece of equipment. Analogously, a researcher may get time on different pieces
of equipment/resources over this time. Thus, over the scope of the time for which a sched-
ule is being made, this would be a many-to-many matching. These differences in matching
requirements persist even when agents have to be matched to agents.

Y

(a) Package Delivery (b) Resource Matching (c) College Admissions

Figure 1.2: More Examples of Matching Settings

Two-Sided Preferences

The simplest and perhaps the most well studied example of many-to-one matchings with
two-sided preferences comes from school choice or college admissions. Here students must
be matched to colleges. Typically, a student would only attend one college (for the dura-
tion of a program at least) but a college admits many students to any one of its programs.
Here too, students can have varied preferences over the colleges. Colleges in turn can have
differing preferences over the students. These variations can come from differences in the
programs that are offered at the various colleges, and the students inclinations. They can
also come from a variety of other factors such as different methods for estimating the quality
of a student/college, location preferences, financial constraints etc.

4



There can often be homogeneity in agent preferences in these settings however. In In-
dia for example, there are centralized entrance exams for admissions into specific programs,
which become the basis for admission to the large majority of colleges offering those pro-
grams. For these colleges, the students are ranked based on their scores to these entrance
exams. For students, their knowledge of the various colleges offering the program they’re
interested would be informed by various rankings and surveys produced by newspapers and
magazines. As a result, there can be a lot of consistency in preferences. Such consistency
can be useful for designing algorithms. We find that such consistency helps us not only in
many-to-one matchings, but also in the case of two-sided one-one matchings. This type of
consistency helps us find matchings that satisfy efficiency and fairness notions.

Agent Preferences

However we choose to efficiency and fairness in the various matching settings, it is necessary
to take into account the agents’ preferences over various matching outcomes. For the scope
of this thesis, we shall assume that agents are indifferent over any outcomes in which their
own matching is the same. For all remaining matchings, agent preferences can be expressed
either by an ordinal relation over the outcomes, called ordinal valuations, or by a cardinal
function, called the valuation function of the agent.

When preferences are expressed ordinally, we will assume a single linear order over all
matching outcomes. When preferences are expressed cardinally, for each agent, every match-
ing outcome will be associated with a cardinal value, the value of the agent for that outcome.
An agent will prefer one outcome to another if their value is higher for it. Thus, given cardinal
valuations, we can construct the ordinal valuations that are implied. Finally, we shall assume
that all agents preferences are expressed the same way, whether ordinally or cardinally. We
can now discuss how efficiency and fairness can be defined.

1.2 Efficiency in Matchings

Efficiency is a somewhat overloaded term in economics and computation. Algorithmic effi-
ciency typically refers to the amount of time an algorithm takes as a function of the size of
its input. Economic efficiency, on the other hand, looks at efficiency from the point of view
of the agents involved, specifically their preferences. While we shall be discussing the time
complexity of our algorithms, by efficiency, we shall be referring to a dominantly economic
viewpoint of efficiency.

There can be many different ways to measure the efficiency of a matching outcome.
Clearly, any such definition must take into account the preferences or valuations of the agents



involved. The most basic way is using Pareto Optimality (PO). Informally, a matching is said
to be Pareto Optimal if there does not exist another matching which gives an agent higher
value, without reducing the value obtained by another agent. While it is not trivial to satisfy,
or even trivial to verify if a given matching is PO, it is not hard to see that this leaves a room
for very many different matchings. Take for instance, a simple many-to-one matching setting
n identical agents and m identical items. Any agent’s value for the matched set (of items), is
simply the number of items matched to them. Here, any matching would be Pareto Optimal.

Consequently, stricter notions of efficiency are often pursued. A particularly popular one
is Social Welfare, which aims to maximize the sum of all the agents’ values. Clearly, this
requires that agents express their preferences as cardinal valuations. However, the majority
of the work done on two-sided matchings considers settings with ordinal valuations. While
Pareto Optimality is well defined here, social welfare is not. As a result in these settings, PO
is strengthened to stability: there should not be any two agents who would like to abandon
their respective partners and match with each other. Stability was first introduced by Gale
and Shapley [52], and has since become a standard requirement for most work on two-
sided matchings. Even with cardinal valuations, being stable is a standard goal for two-sided
matchings. It is simple to see that stability becomes somewhat trivial in matching settings
with one-sided preferences.

While matchings that are stable or those that maximize social welfare will always be
Pareto optimal, they need not imply each other. That is, a social welfare maximizing matching
need not be stable and vice versa. Matchings that optimize for these efficiency measures
need not be fair themselves. Recall the example of dividing m identical items among n
identical agents. Giving one single agent all of the items will satisfy Pareto Optimality and
also maximize social welfare. This is clearly unfair. As a result, it is important to specifically
seek fairness in the matching outcomes.

1.3 Fairness in Matchings

Like efficiency, there are various approaches towards fairness [5, 9, 30, 86, 92]. One is an
egalitarian or Rawlsian approach which aims to maximize the happiness of the least happy
person. More formally, the aim is to maximize the minimum value attained by any of the
agents. This problem is also called the Santa Claus problem. The notion of leximin optimality
takes this approach one step further. Over all matchings, it seeks to maximize the minimum
value, and if there are multiple such matchings, out of these it seeks the one that maximizes
the second lowest value. This continues till either there is only one matching left or all
possible values are optimized for, contingent on the previous ones. We find that this notion is
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able to capture fairness quite well for both one-sided and two-sided preferences.

The problem with this approach to fairness is that it is not verifiable by the agents involved,
without knowledge of the preferences of other agents. A similar but verifiable approach to
egalitarian welfare, specifically for many-to-one matchings one-sided preferences, is maximin
fairness. All the agents are asked to partition the items into n disjoint sets (where n is the
number of agents). The matching ultimately chosen need not be the one proposed by the
agent, but will ensure that the agent gets at least as much value as the minimum out of
all their values for the n sets specified. Consequently, agents would then themselves try to
maximize the minimum value they would receive out of any of the n sets. This is called the
maximin fair share. A matching that gives each agent value at least as much as their maximin
fair share is said to satisfy maximin fairness (MMS).

It is worth noting that leximin optimality is an optimization based fairness notion whereas
maximin fairness is a threshold based fairness notion. Consequently, a leximin optimal match-
ing always exists but the existence of an MMS matching is not trivial to establish. In fact, an
MMS matching need not always exist with diverse valuations. However, when agents have
identical valuations, it can be shown that leximin optimality implies maximin fairness. It
is not very surprising though that trying to attain either is computationally intractable in
general.

An alternate verifiable approach to fairness is through envy-freeness. A matching is said to
be envy-free, if no agent prefers the matching of another agent to their own. This is relatively
straightforward for agents to verify on their own, with only knowledge of their own valuations
and the whole matching required. Unfortunately, envy-free solutions need not exist when
matchings are forced to be integral, i.e. when agents and items can’t be partially matched. As
a result, in such settings, we study envy-freeness up to one item/agent(EF1), where an agent
may envy the matching of another agent, but this envy would be mitigated should one item
or agent be removed from the other’s matching. While all one-one matchings are EF1, for
most typically studied many-to-one matching settings, EF1 matchings can usually be found in
polynomial time. Further, the EF1 property is also verifiable by agents. Consequently, it has

become a rather popular fairness notion among the computational social choice community.

1.4 Research Directions

There has been significant work on studying fairness and efficiency in matching settings. The
work in this space has mostly focused on achieving fairness or efficiency under settings by
a centralized process, where agents report their preferences and based on them a matching
is selected. The study of one-sided and two-sided preferences has been largely independent
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in the past. Work on two-sided preferences has often focused on stable matchings, looking
at the various properties of the space of stable matchings [103, 114] or those of matching
mechanisms that produce stable matchings [2, 66, 101, 115, 119]. The large majority of this
work has assumed that agents have ordinal valuations. Consequently, fairness considerations
have either been procedural [6, 74] or have tried to minimize the worst rank matched to
any agent [68, 114]. Cardinal valuations in two-sided matching settings are mostly recent
[36, 49, 59, 71, 90, 91] and influenced by the work done on fairness in one-sided settings.

One-sided matching settings, typically called allocation settings, have largely considered
cardinal valuations. Efficiency investigations have largely focused on social welfare [17, 21,
44]. Fairness in allocation settings has considered Envy-freeness and its relaxations [14, 17,
33, 37, 41, 82, 96] as well as exact and approximate MMS [10, 12, 14, 33, 63, 65]. Leximin
optimality has been studied, usually to show the existence of other fairness notions or for
restricted settings [21, 29, 41, 45, 77, 96]. Several other fairness concepts have been also
been studied in these settings such as Nash Social Welfare, Equitability and its relaxations.
These notions of fairness have been studied both independently and in conjunction with the
ones we study in this thesis. Some work in this space has also looked at algorithms that satisfy
both fairness and efficiency.

Co-existence of Fairness and Efficiency

While it is crucial to study both fairness and efficiency independently, their co-existence is
extremely desirable. Analogous to the case of efficient matchings, it is not necessary that
an arbitrary matching that satisfies EF1 or MMS will always satisfy Pareto Optimality. There
have been many attempts to find “welfare” functions that satisfy both fairness and efficiency.
To this end the Pigou-Dalton principle was proposed. It states that any welfare function can
only be optimized by solutions where a transfer of value from a richer agent to a poorer one
results in a solution where the richer agent is now poorer than the poorer agent was initially.
That is, all other things being equal, a welfare function should give higher value to solutions
where agent values are more equitable.

Clearly this is satisfied by Leximin Optimality. Additionally, leximin also satisfies Pareto
Optimality. Another fairness notion that satisfies the Pigou-Dalton principle is Nash Social
Welfare [18, 19, 35]. A matching that maximizes Nash Social Welfare will also be PO. Prior
Work which considers fairness and efficiency simultaneously has also looked at both the ex-
istence and computation of fair allocations that satisfy Pareto optimality [15, 35]. There has
also been some work on maximizing social welfare over the space of fair matchings [17, 21].

The fairness and efficiency criteria described, with the exception of stability, can only be



formally defined when agents’ preferences can be captured by cardinal valuation functions.
As we look at fairness in terms of envy-freeness and its relaxations and leximin optimality,

this dissertation only considers settings where agent preferences are cardinally expressed.

1.5 Thesis Overview

In this thesis, we aim to achieve fairness and efficiency in different matching settings. We
provide an overview of the settings considered in each chapter in Figure 1.3. The dissertation
is divided into two logical parts: one-sided preferences and two-sided preferences. In each we
consider one setting with many-to-one matchings and one with one-one matchings. For each
setting studied, we aim to resolve whether polynomial time algorithms can find fair and/or
efficient matchings. Before discussing our technical contributions, we discuss necessary pre-
liminaries in Chapter 2. Here, we discuss the necessary definitions of matchings, efficiency
and fairness. We also provide a history of the classical results in these settings.

One-Sided Preferences Two-Sided Preferences

Many-to-one matchings

One-one matchings

Figure 1.3: Thesis Overview

1.5.1 Part 1: One-Sided Preferences

One-sided preferences have been widely studied, largely for allocation settings where agents
may get multiple items. Within this, a variety of different fairness notions have been studied.
Most basic settings assume that agents values for a set of items is the sum of their values for
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each item. Some prior work has also looked at more complicated valuations that need not be
additive, but may be submodular or even subadditive. Further, these values do not typically
change with time. In this part, we propose two new realistic models where fair and efficient
matchings are needed. For both we look at the existence and computation of efficient and/or
fair matchings. We find that it is computationally intractable to find matchings that satisfy
both fairness and efficiency.

Chapter 3: Fair and Efficient Matching of Delivery Tasks to Agents

This chapter looks at delivery settings where agent valuations are typically identical. Here,
the values are all non-positive. That is, agents have a cost of servicing their assigned orders.
These costs depend on how much the agents have to travel in order to delivery the packages
assigned to them. In this setting, we assume that there are n agents and an unweighted graph
§ = (X, E) with a special node & also called the hub. Each node is the delivery location of
one package. The cost of an agent is the number of edges that the agent has to travel to start
from the hub, service all the orders assigned and return to the hub. As finding an optimal
route to service the assigned orders is clearly computationally intractable, we assume that
the given graph is a tree. This makes the routing problem as well as finding social welfare
maximizing solutions, straightforward.

We consider both EF1 and MMS in this space. We find that both EF1 and MMS solutions
always exist (Section 3.3). However, fair solutions that maximize social welfare need not
(Section 3.4). We also consider Pareto optimality and find that while EF1 and PO need not
co-exist, MMS and PO do, via leximin. Further, with the exception of EF1 solutions that
need not satisfy any efficiency guarantee, finding MMS solutions and all other combinations
of fairness and/or efficiency is NP-Hard. We then develop an exponential-time algorithm,
parameterized in the number of agents, that finds the Pareto frontier, and can be used to
find any combination of fairness and efficiency in that we consider (Section 3.5). We also
complement these theoretical results with detailed experimentation (Section 3.6).

Chapter 4: Repeatedly Matching Items to Agents Fairly and Efficiently

We introduce a new model of repeated matchings where the value of an agent for an item
depends on how often they have been matched in the past. The same set of n agents and
n items have to be repeatedly matched over 7" rounds. This makes problems that may be
straightforward for one-shot matchings harder. We find that maximizing social welfare in this
setting is NP-Hard, even when 7" = 3 (Section 4.3). However, this problem becomes tractable
when the valuations are monotone in time. This is true for both monotone increasing and
monotone decreasing values (Section 4.3.2).
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For fairness, we consider relaxations of envy-freeness. We find that EF1 repeated match-
ings need not exist when item values can be positive or negative (Section 4.4). For the case
of identical valuations and even the case of time-constant valuations, EF1 repeated match-
ings always exist and can be found tractably. Thus, for the case of time-constant valuations
fair (EF1) and efficient (Social welfare maximizing) matchings can be found in polynomial
time. However, maximizing social welfare over EF1 repeated matchings proves to APX-Hard
(Section 4.5.1). We also give an algorithm for finding EF1 repeated matchings under gen-
eral (non-negative) valuations for 7"mod n € {0, +1,2} We propose an alternate relaxation
of envy-freeness called swap envy-freeness (swapEF) and show that it exists for mixed items
for all the settings where EF1 repeated matchings exist for non-negative valuations (Section
4.6).

1.5.2 Part 2: Two-Sided Preferences

With two-sided matchings, stability is often non-negotiable. Consequently, for the space of
two-sided matchings, we keep stability as an invariant. Here for one-one matchings, EF1 is
satisfied by default. As a result, we consider fairness only in two-sided many-to-one match-
ings. Further, as these settings have been well studied in the past, especially with regards to
stability, we can look at satisfying incentive compatibility in addition to stability.

Chapter 5: Achieving Fairness and Stability in Many-to-One Matchings

We consider fairness in stable many-to-one matchings where n students need to be matched
to m colleges. While envy-freeness and its relaxations are not compatible with stability, we
find that leximin optimality proves to be able to ensure fairness to agents on either side. We
provide a comprehensive exploration of when the problem of finding the leximin optimal
stable matching is computationally tractable. We find that finding the leximin optimal over
the space of stable matchings is NP-Hard in general.

We then identify a minimal set of assumptions that makes this problem tractable. These
are strict preferences and rankings. The combination of these two properties gives a structure
over the space of stable matchings, which we use to iterate over this space and optimize for
leximin (Section 5.3). For the settings where agents have strict rankings over agents on the
other side we find an O(m?n?) time algorithm. If agent values are also isometric, we can find
the leximin optimal over all stable matchings in essentially linear time.

Relaxing either the requirement of rankings or strict preferences makes the problem com-
putationally hard (Section 5.4). Finding the leximin optimal stable matching when the only
assumption is isometric valuations is NP-Hard, even with only m = 2 colleges. Thus strict
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rankings are essential for tractability. We find that relaxing strict rankings to weak rankings
makes the problem APX-Hard. Meanwhile, removing the ranking requirement, but still insist-
ing on strict preferences, the problem remains intractable. However, this reduction is from a
problem that has an FPTAS, and we show that for m = 2 colleges and n students, the problem
of finding the leximin optimal over stable matchings can be solved in time polynomial in n.

Chapter 6: Stability and Incentive Compatibility in Fractional Matchings

In the final technical chapter, we consider fractional one-one matchings. Fractional matchings
are useful in modelling a large variety of everyday situations. The study of stable fractional
matchings is relatively recent, and thus incentive compatibility concerns were hitherto unex-
plored. Incentive compatibility requires that agents have an incentive to be truthfully report
their true preferences. In other words, an agent should not be able to receive a more prefer-
able outcome by lying about their true preferences. Clearly, there are many real life matching
applications where this would be an extremely desirable property.

We look at a setting with n» men and n women for which we need to find stable fractional
matchings. We find that in general, no matching mechanism that always returns a stable
fractional matching can be incentive compatible (Section 6.3). In fact, if we were to relax the
stability requirement to !/2, even then, incentive compatibility is not possible. We then find a
space of matchings instances, which we call CMFP, where all stable matching mechanisms will
be incentive compatible (Section 6.3.2). We show that under strict preferences, a matching
instance has a unique stable fractional matching if and only if it belongs to this space. Further,
testing for membership in this space can be done in O(n?) time. In order to characterize the
space of matching instances with unique stable fractional matchings, we give an algorithm
that returns a stable matching that is not integral whenever the instance is not in CMFP.
Through this we also prove an interesting structural property of the space of stable fractional
matchings.

We believe that this dissertation investigates several new, relevant and interesting prob-
lems in the space of applied matching theory. We believe this work will encourage further
research in this space. We conclude in Chapter 7 with a summary of our contributions and
directions for future work.
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Chapter 2
Preliminaries

This chapter provides a summary of the relevant topics required to understand
the technical details in this topics. We go over these topics to the extent required
for this thesis. We start with some preliminaries and formally define matching.
We then specifically look at one-sided matchings. We define the various notions
of efficiency and give a brief overview of the work done in the space of stable
matchings. We then define the necessary definitions of fairness for this thesis and
give a brief history of classical results in both one-sided and two-sided matching
settings.

2.1 Matching Definitions

The study of matchings covers a variety of practical contexts. The most commonly studied
from these is one-to-one matchings, many-to-one matchings and many-to-many matchings.
The large majority of these settings look at a bipartite matching setting with two sets of agents
with preferences, based on which they must be matched. To this end, a typical matchings
instance is described using two sets of agents, say £ and R, along with valuation functions
capturing their preferences. We shall use u; to denote the valuation function of agent i € £
and v, to denote the valuation function of agent ¢ € R. Thus, a matchings instance is typically
denoted by a tuple (£, R, (u;)icz, (v;)jexr)-

For the purposes of this thesis, a matching x is a subset of the edges in the complete
bipartite graph between £ and R. Alternately, the notation p(a) is used to denote the set of
a’s partners under . For any a € £ U R, the partner(s) of « under p are the set of agents {d’
s.t. (a,a’) € u}. A one-to-one matching is one such that for any agent there is at most one
incident edge in the matching. An example of such a setting is matching patients to hospital
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beds in various facilities. Depending on the type of illness, patients have different values for
the various types of beds, based on the facilities provided with each type of bed. The nature
of care provided to the patient dictates the preferences of the hospital for having each patient
in that type of bed. Other examples include matching employees to office spaces, matching
research groups to research facilities and matching students to beds in college dorms.

A many-to-many matching typically allows an agent to have multiple incident edges in
the matching. They are useful in capturing setting such as matching students to courses
where multiple students may attend the same course and each student may attend multiple
course. Additionally many-to-many matchings are often instrumental in modelling repeated
one-one matchings where multiple repetitions/rounds of the matching are independent of
past outcomes. This is exemplified by ride hailing platforms where both riders and drivers do
multiple trips.

Finally, the third well-studied model of bipartite matchings is that of many-to-one match-
ings. A many-to-one matching has one set of agents, say £ for whom at most one incident
edge can be included in the matching, whereas the agents from R do not have this restric-
tion. Such matchings are motivated most commonly as college admissions or hospital resident
matchings. Many-to-one matchings, where all the agents in £ are indifferent over the agents
in R are typically called allocations. For such settings, preferences are elicited only from the
agents in R.

2.1.1 Valuations and Preferences

The set of partners of an agent shall determine their value for the matching. An agent’s
preferences over various matchings are determined by their preferences over their partners
under the respective matchings. By an agent’s preference, we shall mean an ordinal relation
or a linear ordering over the other set of agents. When there are ties in this relation, such
preferences are called weak preferences. When there are no ties, these preferences are strict.

The majority of work on two-sided matchings, does in fact only consider these ordinal
preferences. However, ordinal preferences can be very restrictive in being able to capture the
efficiency and fairness of matchings. Thus, for this thesis we use cardinal valuation functions
to capture the preferences of the agents. This functions attach a value for all agents. The
values of an agent are only specified for agents of the opposite set. From these valuation
functions, we can define the value that the agent has for a given matching.

For most of this thesis, the value that an agent has for a matching is the sum of their values
for all their partners under the matching. That is for i € £, the value for matching . is u; () =
> jenty Wi(d)- Similarly, for j € R, the value for matching p is v;(u) = >~ ;) v;(4). Valuations
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that are more general than additive valuations need to be specified for every feasible subset
of partners. This can often make them hard to specify without access to an oracle. However,
in this thesis we shall only consider those valuation functions whose values can be computed
in time polynomial in the number of agents. The negative of valuations shall be called costs.
We shall only consider costs when all agents have non-positive valuations.

2.1.2 One-sided Preferences

As discussed in the previous chapter, there are many settings where agents have to be matched
to items. Here items can be captured by agents who are indifferent across all matching
outcomes. We can now simplify much of the notation of two-sided matchings. We shall use
A to denote the set of n agents and G to denote the set of m items. Here A corresponds to
the set R and G to the set £ which now represents items. Items can be thought of as agents
that are indifferent between all matching outcomes. Items which give all agents non-negative
values are called goods. The items for which all agents have non-positive values or costs are
called chores or bads.

While most work on one-sided preferences has considered cardinal valuations, some work
has also considered ordinal valuations. However, this thesis only considers cardinal valua-
tions. To this end, we have a valuation function for each agent i € A, v; : 29 — R. When
multiple items are allowed to be matched to a single agent, such matchings are typically called
allocations. Thus, an instance of an allocation setting is denote by the tuple (A, G, (v;)icg)-

Definition 2.1 (Allocation) A = (A,,---, A,) is said if it is an n-partition of §. That is, for
any i,j € [n] s.t. i # j, A;NA; =0 and Ui A; = G.

We shall use I1" to denote the space of all feasible allocations. The valuation of an agent
i € Aforaset S C G isdenote by v;(S). We shall use the term allocation to refer to a many-
to-one matching with one sided preferences. A one-one matching with one-sided preferences
will be called a matching only. The computation of matchings that maximize social welfare
can be done in polynomial time whenever the valuations are additive. However it is non-
trivial to maximize social welfare over the space of fair allocations . We now define some
properties which we would like for the resulting outcome to satisfy.

2.2 Efficiency

Beginning with efficiency, we first define the most commonly used definition of efficiency. For
the purposes of this section, we will use the notation of two-sided matchings, but it can easily
be extended to one-sided matchings.
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Definition 2.2 (Pareto Optimality (PO)) A matching u Pareto dominates if for all agents i €
L wi(p) > u;(p') and for all agents j € R v;(p) > v;(1') and there exists some agent a € LU R
for whom the value from p is strictly greater than the value from /. An outcome is Pareto

optimal if it is not Pareto dominated by any other outcome.

This is a well studied property, however many outcomes can satisfy it. Thus, there has
been much study on stronger notions of efficiency. Ideally, we would want an outcome which
maximises the sum total of the agents’ values. The sum of all agent values for a given match-
ing is called its social welfare. The outcome that maximizes this is said to be socially optimal.

Definition 2.3 (Social Optimality (SO)) A matching (si,--- ,s,) is socially optimal if

SW(s1, -+ .8n) = Yoy ui(s1, -+ ,s,) is the maximum over all possible outcomes.

Clearly, any outcome that satisfies SO, must also satisfy PO. While Pareto optimality can
easily be defined for settings with ordinal preferences only, social welfare cannot. Given that
the majority of work on two-sided matchings considers ordinal preferences, the way efficiency
was captured, was through stability.

2.2.1 Stable Matchings

Stable matchings were first introduced in the seminal work of Gale and Shapley [52]. Since
then, there have been multiple definitions of stability in various contexts but for the purposes
of this thesis, we shall define stability as the absence of blocking pairs. We extend the typical
definition to matchings with cardinal valuations as follows:

Definition 2.4 (Blocking Pair) An agent pair (i, j) with i € £ and j € R form a blocking pair
for 1 if they both prefer each other more than one of their partners under p. That is there exist
i" € u(j) and j' € p(i) such that v;(i') < v;(i) and w;(j') < u;(5).

Definition 2.5 (Stable Matching) A matching . is said to be stable if there does not exist any
blocking pair under p.

It is straightforward to see that under strict preferences, stability does in fact imply Pareto
optimality. For a one-one bipartite matching setting, Gale and Shapley [52] gave an effi-
cient algorithm to find a stable matching. The algorithm essentially chooses one side as the
proposing side and the other as the accepting side. An unmatched agent in the proposing
side proposes to the agent on the other side whom she most prefers out of those she hasn’t
proposed to. An agent on the accepting side accepts a proposal if she is unmatched or she

16



prefers the proposing agent to the one she is matched with. This process repeats till there are
no unmatched agents.

This translated to what is popularly known as the Deferred Acceptance mechanism to find
a stable matching for a many-to-one matching setting. An important property of the Gale-
Shapley algorithm is that it always computes an optimal matching for the proposing side.
That is, for any agent on the proposing side, she is matched to her most preferred out of any
partner under a stable matching. For agents on the accepting side, however, the converse
happens, where each agent on the accepting side is matched to her least preferred partner
out of all partners she is matched to under a stable matching.

Foundational Results on Stable Matchings

Roth [101] found that while no matching mechanism that computes a stable matching can
be incentive compatible for all agents, the Gale Shapley mechanism is incentive compatible
for the proposing side. This sparked a long series of investigations on manipulating the Gale
Shapley mechanism [66, 67, 110, 115, 119]. An important result was by Vaish and Garg
[119] where they looked at optimal manipulations for a single agent under the Gale Shapley
mechanism. They showed that lattice of stable matchings when one agent reports her optimal
manipulation and all others are truthful is a subset of the lattice of stable matchings under the
original instance. Consequently, whenever a matching instance has a unique stable matching,
the Gale Shapley mechanism is DSIC for all agents involved.

Another important set of results is on the structure of the space of stable matchings.
Starting with the work of Vande Vate [121] who showed that the space of stable matchings
has a linear programming formulation, followed by subsequent refinements of this result
[103, 105, 114]. This important result not only gave intuition into the space of stable match-
ings, but also provided a tool to optimize over this space for various desirable objective func-
tions. As a result of this work, we can efficiently optimize for for various desirable criteria
like social welfare and other welfare functions like Nash welfare over this space.

While stability has been extensively studied for matchings under two sided preferences,
under one-sided preferences, it does not make much sense. Every matching or allocation is
in fact stable as items have no reason to form blocking pairs. Thus, for these settings notions
like Pareto Optimality and Social Optimality make more sense. That said, stability continues
to be an extremely desirable, and often non-negotiable, property for two-sided preferences.
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2.3 Fair Allocations

Stability became so integrated in the framework of two-sided matchings, the attempts at
studying fairness in this space was also restricted to the space of stable matchings. However,
for one-sided matchings, fairness is equally crucial, increasingly so, in recent years. To this
end, in the past decade, the computational problem of fairly dividing indivisible items among
agents (essentially matchings with only agents on one side having preferences) has received
enormous attention by the EconCS research community [17, 19, 30, 33, 36, 41, 96]. While
the last decade has seen a surge in the work done in fair allocations, the study was initi-
ated much earlier with fair cake cutting [112]. The most plausible fairness notion is often
considered to be envy-freeness.

2.3.1 Envy-freeness and Extensions

Definition 2.6 (Envy-free) Given a fair allocation instance (A, G, (v;);eq) an allocation A =
(Ay,---, A,) is said to be envy-free if for any i,j € A, v;(4;) > vi(A;).

In the setting of indivisible items, (see Amanatidis et al. [5], Aziz et al. [9] for a recent
survey of the area), envy-free solutions need not exist. The closest relaxation is envy-free
upto any item (EFX).

Definition 2.7 (EFX) Given a fair allocation instance (A, G, (v;)icq) an allocation A = (Ay, -+, A,)
is said to be EFX if for any i, j € A, for all g € A; we have that v;(A4;) > v;(A4;\ g).

The existence of the EFX objective is still not resolved for the general case of any number
of agents and items. A relaxation of envy-freeness that exists in standard settings is envy-

freeness upto one item (EF1).

Definition 2.8 (EF1) Given a fair allocation instance (A, 9, (v;);eq) an allocation A = (A, --- , A,)
is said to be EF1 if for any i, j € A, there exists g € A; s.t. v;(A;) > v;(4; \ g).

It was defined by Budish [33] (and, implicitly, a few years earlier by Lipton et al. [82]).
In contrast to envy-freeness which is usually impossible to achieve, EF1 is always achievable
in the standard setting and is also compatible with notions of economic efficiency [15, 35].
These papers assume that items are goods, i.e., agents have non-negative valuations for them.
An important result from this space is from Caragiannis et al. [35] showing that an EF1 and
Pareto Optimal allocation is guaranteed to exist. Non-positive valuations, i.e., indivisible
chores, have also received attention. More importantly, a series of recent papers consider
mixed items that can be goods for some agents and chores for others [8, 22, 24].

18



Envy Graphs. A common approach to finding allocations that satisfy some relaxation of
envy-freeness uses envy graphs [8, 14, 27, 82, 96]. The envy graph of an allocation A refers
to a directed graph where there is a single vertex for each agent i € A and there is an edge
between i and j if ¢ prefers the bundle allocated to j , A; over their own bundle A;. In
this thesis, we find such approaches instrumental in both one-sided and two-sided matching
settings.

Envy-graph based algorithms typically start with an empty bundle allocated to each agent
and then pick either a source, if allocating a good, or a sink, if allocating a chore, of the envy
graph to give the next item to. Any cycle on the envy graph can be "resolved” by giving each
agent on the cycle the bundle currently given to their successor on the cycle. This is repeated
till all items are allocated. This is typically called cycle elimination. Algorithms employing
these techniques will usually maintain a property as an invariant and can sometimes require
some additional processing either before or after cycle elimination, before allocating the next
item.

2.3.2 Maximin and Leximin

While envy-based fairness certainly has its merits, it can often lead to highly inefficient so-
lutions, as eliminating envy often requires some degree of inefficiency. Another approach to
fairness is by using a threshold based notion, trying to optimize the guarantee for the worst
off agent. For goods it is called the Maximin Share. It aims to ensure that each agent gets at
least as much value as they would if they were to create a partition of the items then receive
their least preferred of the bundle. We first define the value of the MMS threshold.

Definition 2.9 (Maximin Share) We say that v; is the maximin share (threshold or value) of

i € A, if v; = max e Miljep) v;(A4;).

Definition 2.10 (MMS) We say that an allocation A = (A4, --- , A,) satisfies MMS if for all
i € [n], v;(A;) > v; which is the maximin share threshold.

MMS has been investigated thoroughly for the case of goods [10, 17, 57, 63, 98]. It is
known that while an allocation satisfying MMS need not exist, an a-MMS is guaranteed to

exist, for a = 3/1 4 - [55].

Definition 2.11 («-MMS) We say that an allocation A = (A, --- , A,) satisfies alpha-MMS if
foralli € [n], v;(A;) > av; for some fixed alpha € [0, 1).
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A stronger notion of fairness is leximin optimality. The most convenient way of identifying
such a matching is using leximin tuples. The leximin tuple of any allocation or matching is
simply the tuple containing the values of all the agents under this matching, listed in non-
decreasing order. Hence, the position of an agent’s valuation in the leximin tuple may change
under different matchings. The leximin tuple of a solution A will be denoted by £ 4. The ™
index of £ 4 is denoted by £ 4[t].

Definition 2.12 (Leximin Domination) We say that A leximin dominates A’ if there exists a
valid index k such that L 4[k'] = L [K'] for all k' < k and L a[k] < L a[k].

We shall say that the leximin value of A is greater than that of A’ if A leximin dominates A’.
This shall be denoted by £, > £,. We shall say that A is leximin inferior to A’, when A’
leximin dominates A.

Definition 2.13 (Leximin Optimal) A leximin optimal solution A* is one that is not leximin
dominated by another allocation. In other words, A* first maximizes the value of the worst-off

agent, then maximizes the value of the second worst-off agent and so on.

It is easy to see that a leximin optimal allocation will always be pareto optimal. Further,
when agents have identical valuations, with no item having a zero marginal value to any
set, the leximin optimal is also guaranteed to be EFX. The hardness of finding the leximin
optimal allocation was established in [23, 96]. To the best of our knowledge, approximations
to leximin have not been defined beyond the special case of two agents, where the problem
reduces to egalitarian welfare. Bezakova and Dani [23] establish the APX-Hardness, for any
factor better than !/2, of maximizing egalitarian welfare, or the Santa Claus problem. Here
we aim to maximize the minimum value of any agent. Clearly, the leximin optimal does this
and hence the hardness result extends to leximin.

An important assumption for our algorithms to be able to bypass the hardness is rankings.
Prior fair division literature has called such preferences as same order preferences [30], fully
correlated valuation functions[4] or instances with such preferences as ordered instances
[10, 55]. Such preferences also generalize other well studied subclasses of preferences like
identical valuations [11, 16] and single parameter environments [17]. To the best of our
knowledge such settings have not previously been studied for leximin.

In special case of dichotomous valuations [29, 77], leximin optimality can be achieved in
polynomial time. Bogomolnaia and Moulin [29] show that the maximum weight matching is
stable under dichotomous preferences and satisfies a variety of properties including leximin
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optimality. Recent results by Benabbou et al. [21] and Chen and Liu [41] study the proper-
ties of a leximin optimal allocation for restricted settings. Leximin has been used to ensure
fairness in sortition [45, 46] and shows significant improvement on the systems currently in
use.

2.4 Fairness in Two-Sided Matchings

Fairness in two-sided matching settings has often been defined from context-specific angles,
such as college admissions [81, 93, 123, 126], focusing only on the colleges and not on
the students. Our work looks at fairness from a broader perspective. Some prior literature
has focused on combating the inherent bias towards the proposing side in the Gale Shapley
algorithm [32, 68, 73, 109]. There is also some work on procedural fairness of the matching
algorithms [74, 118].

However, these notions of fairness can be seen as group fairness notions and consider
the two groups of agents, rather than ensuring fairness for each agent individually. Further,
matching literature has almost exclusively considered settings with ordinal preferences, and
looks for ordinal fairness notions. We consider cardinal valuations and adopt almost envy-
freeness and leximin optimality from fair allocation literature. It is important to note that envy
is typically defined very differently in matching settings. ‘Justified” envy has been studied
for the many-to-one matching setting, such as that of school choice, and is a relaxation of
stability in these settings as in [6, 122, 123, 126]. This is not the same as the notion of envy-
freeness commonly studied in fair division literature such as [33, 47, 82, 112, 120] among
many others.

Some recent work has looked at envy-based fairness in many-to-many matchings [49, 59],
in contrast to our many-to-one matching setting, and does not require stability. Both of
these use EF1 as their notion of fairness, we find that this need not coexist with stability,
as discussed in Appendix B.1. A very recent paper by Karni et al. [71] formulates a notion
of stability which is natural for many-to-one matchings under randomized mechanisms and
seeks to achieve fairness. However, Karni et al. [71] look at fairness for only those agents
that are matched to multiple agents (colleges) whereas we look at fairness for all agents.
Moreover, Karni et al. [71] take as input ordinal valuations and not cardinal, and further
imposes certain restrictions on the preferences of the colleges; the notion of fairness also
needs metrics on the set of students and the set of colleges. We note that in contrast to Karni
et al. [71], we look at deterministic algorithms with cardinal valuations and seek to satisfy
fairness for all the agents involved.
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It is also important to note that the notion of justified envy-freeness studied in prior work
[7, 122, 124] is different from the envy-freeness notion studied in allocation literature. Jus-
tified envy-free means no blocking pairs, and is also called pairwise stability or just, stability,
as in this thesis.
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Chapter 3

Fair and Efficient Matching of Delivery
Tasks to Agents

We initiate the study of fair distribution of delivery tasks among a set of agents
wherein delivery jobs are placed along the vertices of a graph. Our goal is to fairly
distribute delivery costs, captured by a submodular function, among a fixed set of
agents while satisfying some desirable notions of economic efficiency. We adopt
well-established fairness concepts, envy-freeness up to one item (EF1) and minimax
share (MMS) to our setting. We show that fairness is often incompatible with the
efficiency notion of social optimality. Then we characterize instances that admit
fair and socially optimal solutions by exploiting graph structures. It turns out
that achieving fairness in conjunction with Pareto optimality is computationally
intractable. This is complemented by designing an XP algorithm (parameterized
by the number of agents) for finding MMS and Pareto optimal solutions on every
instance. The same algorithm can be modified to find efficient solutions along
with EF1, when such solutions exist. We complement our theoretical results by
experimentally analyzing the price of fairness on randomly generated graph struc-
tures.

3.1 Introduction

With the rise of digital marketplaces, package delivery services have become crucial compo-
nents of a multitude of e-commerce platforms such as Amazon, Flipkart, and eBay. In addition
to these novel platforms, traditional postal and courier services also require swift turnarounds
for distributing packages. Prior work has extensively investigated the optimal partitioning of
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Figure 3.1: Example graph

tasks among the delivery agents under the guise of vehicle routing problems (see [116] for an
overview). However, these solutions are primarily focused on optimizing the efficiency (of-
ten measured by delivery time or distance travelled [75, 95]), and do not consider fairness
towards the delivery agents. This is particularly important in the settings where agents do
not receive monetary compensation, e.g., in volunteer-based social programs such as Meals
on Wheels [94] or where agents earn a fixed monthly income like postal workers.

In this chapter, we consider the fair distribution of delivery orders that are located on the
vertices of a connected graph, containing a warehouse (the hub). Agents are tasked with
picking up delivery packages (or items) from the hub, deliver them to the vertices, and return
to the hub. In this setting, the cost incurred by an agent 7 is the total distance traveled,
that is, the total number of distinct edges traversed by i in the graph. This makes the costs
submodular. Let us illustrate this through an example.

Example 3.1 Let there be seven delivery orders {a,b,...,g} and a hub (h) that are located on
a graph as depicted in Figure 3.1. An agent’s cost for servicing a set of orders or vertices depends
on the graph structure and is submodular. For instance, the cost of delivering an order to vertex
f is the distance from the hub h to f, which is 4 1; but the cost of delivering to f and g is only 5
since they can both be serviced in the same trip.

Let there be two (delivery) agents. If the objective were to simply minimize the total distance
travelled (social optimality), then there are two solutions with the total cost of 7: either one
agent delivers all the items or one agent services a while the other services the rest. However;
these solutions do not distribute the delivery orders fairly among the agents.

One fair solution may assign {a, b, f} to the first agent and {c, d, e, g} to the other;, minimizing
the cost discrepancy. However, since both agents benefit from exchanging f for ¢, this allocation
is not efficient or, more precisely, not Pareto optimal. After the exchange, the first agent services

{a, b, c} and the second agent {d, e, f, g}, which in fact is a Pareto optimal allocation.

1Formally, there is also the cost of returning to h, but since, on trees, each edge must be traversed by an
agent twice (once in each direction), we do not count the return cost for simplicity.
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- PO SO

EF1
existence Ve X (Prop. 3.6) X (Thm. 3.2)
computation P (Prop. 3.1) NP-h (Prop. 3.4) NP-h (Prop. 3.2)
MMS
existence Ve v  (Prop. 3.3) X (Thm. 3.3)

computation NP-h (Thm. 3.1) NP-h (Prop. 3.4) NP-h (Prop. 3.2)

Table 3.1: Resolving the existence of fair and efficient delivery allocations

The above example captures the challenges in satisfying fairness in conjunction with effi-
ciency, and consequently, motivates the study of fair distribution of delivery orders. The
literature on fair division has studied many different fairness concepts, EF1 and MMS, among
the more popular ones. A key question is how to adopt these fairness concepts to the de-
livery problems, and whether these fairness concepts are compatible with natural efficiency
requirements.

3.1.1 Technical Contributions of this Chapter

In this chapter, we initiate the study of fair distribution of delivery tasks among a set of
agents. The tasks are placed on the vertices of a graph and have submodular service costs.
The primary objective is to find a fair partition of m delivery orders (represented by vertices
of a tree), starting from a fixed hub, among n agents. We restrict our attention to tree graphs
as they allow for tractable routing solutions (unlike cyclic graphs [70]). Despite this, these
acyclic, undirected graphs provide a rich framework for studying fair and efficient solutions.
We consider two well-established fairness concepts: EF1 and MMS. For both, we explore
their existence and computation along with efficiency notions of social optimality (SO) and
Pareto optimality (PO). Table 3.1 summarizes of our results. v denotes that the allocation
always exists, and X that it need not exist. For every X we provide a counterexample of such
a combination of fairness and efficiency not existing.

We first show that an EF1 allocation always exists and can be computed in polynomial
time (Proposition 3.1). In contrast, while an MMS allocation is guaranteed to exist, its com-
putation remains NP-hard (3.1). While fair socially optimal solutions may not always exist,
by exploiting the structure of the graph we provide conditions for which a socially optimal
solution exists (Proposition 3.5), which implies a characterization for the existence of EF1
and SO allocations (Theorem 3.2) as well as MMS and SO allocations (Theorem 3.3).
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Despite the intractability of satisfying MMS, we design an XP algorithm (Algorithm 3.2) that
computes the Pareto frontier of a given instance in polynomial time when the number of
agents is constant (Theorem 3.5). It allows us to find an MMS and PO solution and check
whether an instance admits an EF1 and PO allocation (Theorem 3.6). This is a consequence
of Theorem 3.4, in which we show that, intriguingly, while an EF1 and PO allocation does
not always exist, when such an allocation exists it must satisfy MMS.

We complement our theoretical findings with detailed experiments on randomly gener-
ated graph structures. Specifically, we check how often an EF1 and PO allocation exists and
we analyze the price of fairness, i.e., the increase in the total cost of agents that is needed to
obtain a fair solution.

3.1.2 Relevant Prior Work

A primary distinction of this model from more standard fair division settings is that we con-
sider submodular costs or supermodular values. On the other hand, submodular valuations
and their subclasses have been well studied in prior work. Typically, submodular valuations
require oracle access as the functions tend to be too large to be sent as an input to the algo-
rithm. Depending on the type of oracle access, the abilities and efficiency of the algorithm
changes. Submodular valuations and its subclasses have also been explored in fair division
literature, especially in the context of MMS [10, 12, 13, 21, 57, 79]. Additionally, while the
majority of the work in this space has looked at settings with goods, some recent work also
looks at chores, either alone or in conjunction with goods [8, 24, 34, 48, 65, 68].

Submodular costs have been studied in various algorithmic settings, be it combinatorial
auctions, facility location or other graph problems like shortest cycles. Of these the only
study to look at a cost model similar to ours is [113] where the authors consider submodular
facility costs using a rooted tree whose leaves are the facilities. The facility costs of opening
a certain set of facilities was the sum of the weights of the vertices needed to be crossed from
the root to reach reach these facilities from the root. While this is very similar to the cost
functions in our model, it is important to note that this work has no fairness considerations,
only aiming to minimise the total costs. Needless to say, this can cause a large discrepancy in
the workloads of different facilities.

Fairness with Graphs

Some prior work has also looked at fair division on graphs [25, 31, 84, 85, 117]. The first
difference of this body of work with our setting is that they solely consider items with non-
negative values or goods. Secondly, with the exception of Misra and Nayak [84], all other
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papers looked at settings where items are placed on the vertices of a graph and each agent
must receive a connected bundle. Our model does not have such a restriction. The purpose
behind the prior work done in fair division on graph is to partition the graph into n vertex-
disjoint connected subgraphs. The value of the agents comes only from the vertices in their
bundle, and does not depend on vertices outside of their bundle. The relaxations of envy are
also based on removing items that lie on the boundary of the sets.

In our case, the subgraphs traversed by the agents will always intersect in the hub. Addi-
tionally, for us, the bundle that an agent receives need not form a connected subgraph. The
cost depends on the distances of these vertices to the hub, which is in not allocated. Thus,
agents can incur costs from having to traverse vertices that are not in their bundles. Misra
and Nayak [84] look at a setting where agents are connected by a social network and only
envy neighboring agents.

Work on fairness in delivery settings is scarce and almost entirely empirical [61, 87].
Further, no positive theoretical guarantees have been provided. The aim is typically to achieve
fairness by income distribution, which differs from our approach. We look for fairness in the
workload of the delivery agents, as there can be many settings where agents receive no or
fixed monetary compensation for their work.

While fairness has been studied in routing problems, the aim has been to balance the
amount of traffic on each edge [75, 95]. This does not capture the type of delivery instances
that we look at. Some work has also looked at ride-hailing platforms and aims to achieve
group and individual fairness in these settings [42, 106]. However, these studies are largely
experimental and do not provide any theoretical guarantees. Further, these models also do
not look at models with submodular costs. In fact, they use linear programs to achieve their
experimental results.

There is a large body of work that looks at supply chain optimization [28, 54, 56, 88, 89].
The focus is to make each portion of the supply chain more efficient. In our setting, we
assume that the equipment and logistic technicalities of the supply chain are already fixed.
The study of fairness in this area focuses largely on fair profit distribution [40, 100, 107, 125].
We can now discuss the relevant notations and definitions needed to present our work.

3.2 Notation and Preliminaries

In our setting, n delivery agents must collectively deliver m delivery orders/packages. Each
agent starts from the hub & to deliver any assigned order. Each of the order and the hub lie
on a distinct vertex on the undirected acyclic graph or tree § = (X, E') which is rooted at h.
Further, the vertex set X has cardinality m + 1, i.e. there is a vertext for each of the m orders
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and one for the hub h. Thus, we denote a delivery instance by the ordered triple I = (A, G, h).
We present some basic graph definitions including paths, walks, etc. in Section 3.2.1. The
goal is to assign each vertex in graph G, except for the hub, to a unique agent that will service
it. For this setting, an allocation A = (A4, ..., 4,) is an n-partition of vertices in X \ {h}. We
are interested in complete allocations such that U;c4A4; = X \ {h}.

An agent’s cost for servicing a vertex x € X, denoted by ¢(x), is the length of the shortest
path from the hub & to z. An agent’s cost for servicing a set of vertices S C X \ {h} is equal to
the minimum length of a walk that starts and ends in /h and contains all vertices in S divided
by two. On trees, in each such walk, each edge is traversed by an agent twice, once in both
directions. For simplicity, we drop the return cost, hence the division by 2. A walk that visits
the vertices in S may form a superset of S, i.e. S’ O S. Thus, the cost function ¢ is monotone
and submodular and belongs to the class of submodular coverage functions.

We use G|s to denote the minimal connected subgraph containing all vertices in S U {h}.
Thus, we have ¢(S) = |E(G|s)|. We focus our attention on trees. For arbitrary cyclic graphs,
computing the minimum length of the walk is NP-hard [70]. We say that an agent servicing
S, visits all vertices in G|g. We first give the necessary graph definitions.

3.2.1 Graph Preliminaries

We now give relevant graph preliminaries for the work done in this chapter.

Definition 3.1 (Graph) A graph is defined by a pair § = (X, E), where V (or X(9)) is a set of
vertices and F (or E(9)) is a set of (undirected) edges.

Definition 3.2 (Walk) A walk is a sequence of vertices (xo, ..., x) such that every two consec-

utive vertices are connected by an edge.

The length of a walk is the number of edges in it, i.e. the number of (distinct) vertices
minus 1.
A path is a walk in which all vertices are pairwise distinct.

Definition 3.3 (Connected Graph) A graph is connected if there exists a path between every

pair of vertices in X.

In a connected graph, the distance between vertices v and v, i.e., dist(u, v), is the minimum
length of a path connecting u and v.

Definition 3.4 (Subgraph) A subgraph of graph G is any graph H = (U, M) such that U C X
and M C E.
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A subgraph is induced (by a set of vertices U) if for every edge (u,v) € E such thatu,v € U
we have (u,v) € M.

Definition 3.5 (Tree) A tree is a graph in which between every pair of vertices there exists
exactly one path.

A tree can alternately be recognized as a connected graph with the number of edges being
one less than the number of vertices or a connected acyclic graph. A rooted tree is a tree
with one vertex, h € X, designated as a root. For every vertex u € V, its ancestor is every
vertex in a path from u to h except for u. For such vertices u is a descendant. An ancestor (or
descendant) of a vertex connected to it by an edge is called a parent (or child respectively). A
vertex without children is called a leaf. A vertex that is not a leaf is called an internal vertex.
A subtree rooted in u is an induced subgraph 7, = (U, M) rooted in u, where U contains « and
all its descendants. By a branch outgoing from h we understand a set of nodes of a subtree
rooted in a child of the root h.

We are now equipped to define fairness and efficiency in this model.

3.2.2 Fairness Concepts

Here we shall show how we adapt popular fairness notions to our setting. We adapt envy-
freeness up to one order (EF1) [33, 82] as for every pair of agents, if one agent envies another
agent, then the envy can be eliminated by the removal of one vertex (delivery order) from
the allocation of the envious agent.

Definition 3.6 (Envy-Freeness up to One Order (EF1)) An allocation A = (Ay,--- ,A,) is
EF1 if for every pair i, j € A, either A; = () or there exists x € A; such that c¢(A; \ {z}) < c¢(A)).

From prior investigations [15, 17, 35], EF1 has proven to be tractably computable and
quite compatible with efficiency notions like SO and PO. In our model, we find that some
results for EF1 in standard fair division settings extend but several do not. In comparison to
EF1, MMS is harder to satisfy, even independently, in typical fair allocation settings.

In this setting, where none of the orders give positive values, MMS can be relabelled as
minimax share (MMS), which ensures that each agent gets at most as much cost as they
would if they were to create an n-partition of the delivery orders but then receive their least
preferred bundle.

Definition 3.7 (Minimax Share (MMS)) An agent’s minimax share cost is MMS; (1) = minseqr
max;ea ¢(A;), where 11" is the set of all complete allocations. Given an instance I, allocation
A= (A, -+, A,) is MMS if c(A;) < MMS;([) for every i € A.
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Under non-negative identical valuations, MMS implies EF1. We shall give a proof of this
shortly. Recall that we consider positive costs, that is non-positive valuations. For this setting,
we show in Example 3.2, that EF1 and MMS do not imply one another under submodular
costs functions even when the cost functions are identical. We now give a summary of work
on MMS and EF1 and how they relate to each other.

MMS and Envy-Freeness

The notion of the maximin fair share was introduced by [33], which was also the first time the
notion of EF1 was explicitly defined ([82] define it implicitly). When valuations are identical,
MMS allocations are guaranteed to exist, as the allocation that defines the MMS value will
satisfy MMS for all agents. Unfortunately, MMS allocations need not exist when valuations
are not identical. However, for additive goods, a 3/s-MMS is guaranteed to exist [57]. For
additive chores, a 4/3-MMS allocation is guaranteed to exist [10].

It is well-known that EF implies MMS for additive items, via Proportional share. However,
EF1 does not imply MMS, even for identical additive valuations. In fact even the stronger
notion of envy-freeness up to any item (EFX) does not imply MMS for identical valuations.
Take a simple example. Let there be two agents and four goods, g; and g- both giving a value
of 2, and g3 and g, giving a value of 1 each. Here an MMS allocation would give both agents
a value of 3. Now, the allocation ({g1, 92}, {93, 94}) is EFX (and hence, EF1) but clearly not
MMS.

From Plaut and Roughgarden [96] we know that when valuations are identical and the
marginal values are positive for all goods, the leximin optimal allocation will be EFX and
hence EF1. Now the leximin optimal under identical values is always MMS, hence an alloca-
tion that is both MMS and EFX always exists here. Further, Barman and Krishnamurthy [10]
give an algorithm that satisfies both EFX and 2/3-MMS for identical additive valuations.

Unfortunately, even EF need not imply MMS under our setting. Consider the instance
and allocation depicted in Figure 3.2. The visible allocation, i.e., ({a,c}, {b,d}), is EF but
not MMS. Both agents incur a cost of 3, but the MMS cost is 2. In this model, we find an
interesting relationship between efficient and EF1 allocations and MMS.

OO O-OH@

Figure 3.2: EF does not imply MMS
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3.2.3 Economic Efficiency

We now show how we adapt standard efficiency notions to our setting. Our first notion
of efficiency is social optimality that requires that the summed total cost of the agents is
minimum. In this setting, it means that the summed total cost is equal to the number of
edges in the graph. In such a case, each vertex (except for the hub) is visited by only one
agent.

Definition 3.8 (Social Optimality (SO)) An allocation A = (Ay,--- , A,) is socially optimal
if > " c(A;) = |E(G)|. In other words, for every pair of agents i # j € A, the only vertex they
both visit is the hub, i.e., V(G|4,) NV (G|a,) = {h}.

An allocation that assigns all vertices to a single agent is trivially SO. Further, it is straight-
forward to verify if a given allocation is SO. However, as we discussed in Example 3.1 it may
result in a rather unfair distribution of orders. Therefore, we consider a weaker efficiency
notion that allows for some overlap in vertices visited by the agents.

Definition 3.9 (Pareto Optimality (PO)) An allocation A = (Ay,---,A,) Pareto dominates
A" if for all agents i € A c(A;) < c(A]) and there exists some agent j € A such that c¢(A;) <
c(A}). An allocation is Pareto optimal if it is not Pareto dominated by any other allocation.

Observe that SO implies PO. Thus, it is simple to find one PO allocation, namely, one in
which a single agent services all the orders. However, given an arbitrary allocation, checking
if it is PO is not straightforward. We now follow up on Example 3.1 and analyze allocations

satisfying our notions.

Example 3.2 Consider an instance with 2 agents and the graph from Figure 3.1. As previously
noted, there are only two SO allocations with minimum total cost, and neither is EF1 or MMS.
PO allocation ({d,e, f, g}, {a,b,c}) is MMS (g must be serviced, hence, the MMS cost cannot be
smaller than 5), but it is not EF1. In fact, there is no EF1 and PO allocation in this instance, as
an agent servicing g has to service f,e and d as well (otherwise giving them to this agent would
be a Pareto improvement). But then, even when we assign the remaining vertices, a,b, ¢, to the
second agent, it will not be EF1. Finally, observe that allocation ({a,b, f},{c,d, e, g}) is EF1, but
not MMS.

In order to study the (co-)existence of these fairness and efficiency notions, we use leximin
optimality. In this setting, a leximin optimal allocation first minimizes the cost of the worst-
off agent, then minimizes the cost of the second worst-off agent, and so on. We note that a
leximin optimal allocation is always Pareto optimal.
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3.2.4 Overview of Main Results

We can now give a formal summary of the results presented in this chapter. Firstly, we find
that while both EF1 and MMS allocations exist independently, only finding EF1 allocations is
computationally tractable.

Proposition 3.1 Given a delivery instance I = (A, G, h), an EF1 allocation always exists and

can be computed in polynomial time.

Theorem 3.1 Given a delivery instance I = (A, G, h), an MMS allocation always exists, how-
ever; finding such an allocation is NP-hard.

From Example 3.2 we can see that allocations that are EF1 or MMS and SO need not exist.
We further find that verifying whether they do for a given instance is NP-Hard.

Proposition 3.2 Given a delivery instance I = (A, G, h), an SO allocation that satisfies EF1
or MMS need not exist. Moreover, checking whether an instance admits such an allocation is
NP-hard.

Despite this intractability, we provide a characterization for when fair and SO allocations
exist.

Theorem 3.2 Given a delivery instance I = (A, G, h), there exists an EF1 and SO alloca-
tion if and only if there exists a partition (Py,..., P,) of branches outgoing from h such that

ZBEPf B’ - ZBer ’B| < L for every Za] c A

Theorem 3.3 Given a delivery instance I = (A, S, h), there exists an MMS and SO alloca-
tion if and only if there exists a partition (P, ..., P,) of branches outgoing from h such that
> pep, | Bl < MMS;(I) for every i € A.

Moving on to Pareto Optimality, while EF1 and PO allocations need not exist from Example
3.2, MMS and PO allocations always do. We find that finding either combination is also
intractable.

Proposition 3.3 Given a delivery instance I = (A, S, h), an MMS and PO allocation always
exists.
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Proposition 3.4 Given a delivery instance I = (A, G, h), checking whether there exists an EF1
and PO or finding an MMS and PO allocation is NP-hard.

We then give an interesting characterization for the existence of EF1 and PO allocations
and prove an interesting relation between EF1 and MMS through it.

Theorem 3.4 Given a delivery instance I = (A, S, h), every EF1 and PO allocation satisfies
MMS.

In our final technical result, we give an algorithm that can help check for the existence of
fair and efficient allocations. This algorithm is in polynomial time when the number of agents
is constant.

Theorem 3.5 Given a delivery instance I = (A, G, h), Algorithm 3.2 computes its Pareto frontier
and runs in time O((n + 2)!m3"*2).

Theorem 3.6 There exists an XP algorithm parameterized by n, that given a delivery instance
I = (A, S, h), computes an MMS and PO allocation, and can decide whether the instance admits
MMS and SO, EF1 and PO, and EF1 and SO allocations.

We complement these theoretical findings by detailed experimentation on the existence
of fair and efficient solutions, the cost that fairness imposes on efficiency and the execution
and running time of the algorithm.

3.3 Fair Allocations

In this section, we consider EF1 and MMS allocations without any efficiency requirement.

Proposition 3.1 Given a delivery instance I = (A, G, h), an EF1 allocation always exists and
can be computed in polynomial time.

This is computed by Algorithm 3.1. Recall that our cost functions are submodular and
monotone. Therefore, an EF1 allocation can be obtained by adapting an envy graph algorithm
from [82]. It starts with each agent having an empty set. We then pick an agent who currently
has minimum cost (i.e., a sink of the envy graph) and give them a vertex that will give
minimum marginal cost out of the unassigned vertices. This is repeated till all vertices in
X \ {h} are allocated. The algorithm described above always returns an EF1 solution for
chores as long as valuations are monotone. The proof is analogous to the proof in [82].
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Algorithm 3.1: Computing an EF1 allocation
Input: Fair Delivery Instance [ = (A, G, h) with |V| =m + 1
Output: An allocation A
Initialize allocation A with A; < (;
P« V\h;
Let G 4 be the envy graph of A;
while P # () do
i < sink(G);
x; <—argmin . p c(A; Ux) — c(A4;);
A+ A; Uy > Give sink of envy graph a new task;

N O A W N =

An MMS allocation in our setting always exists. It follows from the fact that agents have
identical cost functions (an allocation that minimizes the maximum cost will satisfy MMS).
However, finding such an allocation is NP-hard. To establish this, we first show the hardness
of finding the MMS cost.

Theorem 3.1 Given a delivery instance I = (A, G, h), an MMS allocation always exists, how-
ever, finding such an allocation is NP-hard.

Proof: We give a reduction from 3-PARTITION. In this problem, we are given 3k positive
integers S = {s1, ..., s3 } that sum up to k7 for some 7' € N. The task is to decide if there is
a partition of S into k pairwise disjoint subsets, P = Py, ..., P, C S such that the elements in
each subset sum up to 7. This problem is known to be NP-hard [70], even when the values
of the integers are polynomial in k.

For each instance of 3-PARTITION let us construct a delivery instance with k& agents. To
this end, for each integer s; € S, let us take s; vertices z;, ..., z;’, which, with the hub, A,
gives as a total of 3kT + 1 vertices. Next, for every i € [3k], let us connect all consecutive
vertices in sequence h,x}, ..., z;' with an edge to form a path. In this way, we obtain a graph
that consists of the hub and 3k paths of different lengths outgoing from the hub (such graphs
are known as spider or starlike graphs). See Figure 3.3 for an illustration. In this figure, for
two agents, the MMS cost is equal to 12, as there is no partition of integers 3, 3, 3,6, 6, 1 into
two subsets such that the integers in each sum up to 11.

Let us show that the minimax share cost in this instance is 7, if and only if, there exists
a desired partition in the original 3-PARTITION instance. If there is a partition P, consider
allocation A obtained by assigning to every agent j € A, all vertices corresponding to integers
in P, i.e., Aj = Ug.ep {2}, ..., 2;'}. In this allocation, the cost of every agent will be equal to
T. Further, the maximum cost of an agent in any allocation cannot be smaller than 7. If it
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were, it would make the total cost smaller than the number of edges in the graph, which is
not possible. Hence, the MMS cost is 7.

Conversely, if we know that the MMS cost is 7, we can show that a 3-Partition exists. Take
an arbitrary MMS allocation A. Consider the leaves in the bundle of an arbitrary agent j € A,
i.e., vertices of the form z]' € A; for some ¢ € [3k]. Observe that to service each such leaf,
agent j has to traverse s; edges and these costs are summed when the agent services multiple
leaves. Now, we know that the total cost of j is at most 7, i.e., ¢(A4;) < T. Thus, the sum of
integers corresponding to the leaves serviced by each agents is at most 7. Hence, the leaves

serviced by agents give us a desired partition P. O
Q N ‘) h ‘) ‘N ) N )
/ / / / / / /

O
O

N N N N
/ / / /
Figure 3.3: Example of a spider (or starlike) graph.

We have discussed the interactions of MMS with EF and its relaxations in various settings
and demonstrate that in our setting EF need not imply MMS.

3.4 Characterizing Efficient and Fair Solutions

We have already established in Example 3.2 the possible incompatibility of fairness and ef-
ficiency in our setting. In this section, we characterize the space of delivery instances for
which fair and efficient allocations exist. We first discuss social optimality and then turn our
attention to Pareto optimality.

3.4.1 Social Optimality

We start with a simple characterization of all SO allocations, irrespective of their fairness.

Proposition 3.5 Given a delivery instance I = (A, S, h), an allocation A is SO, if and only
if, every branch, B, outgoing from h, is fully contained in a bundle of some agent i € A, i.e.,
B C A,

Proof: Given a fair delivery instance, for any allocation, observe that the sum of the costs of
all agents can never be smaller than the number of edges in the graph, i.e., |E| = m. Indeed,
since every vertex has to be serviced by some agent, each edge must appear in G

4, for some
i € A. Moreover, if every branch outgoing from the hub is fully contained in some bundle,
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every edge appears in G

4, for exactly one ¢ € A. Hence, in every allocation satisfying the
assumption, the total costs is equal to m and thus the allocation is SO.

Now, consider an allocation in which there exists a branch, B, and agents i # j such that
BNA; #0and BN A; # (). Let u be a vertex in B connected to the hub, 4. Then, edge (h,u)
appears in both G| 4, and G|4,. Since every other edge appears in G|, for at least one k € A,
we get that the total cost is greater than m. Thus, such an allocation is not SO. a

Proposition 3.2 Given a delivery instance I = (A, G, h), an SO allocation that satisfies EF1
or MMS need not exist. Moreover, checking whether an instance admits such an allocation is
NP-hard.

Proof: Example 3.2 shows that there can exist instances where no SO allocation satisfies
MMS or EF1. Now recall the proof of Theorem 3.1. Observe that the MMS allocations in the
case when the original instance does admit a 3-Partition must also be SO. Hence, finding an
MMS and SO allocation when one exists is NP-hard.

Now from Proposition 3.7 for any EF1 and SO allocation, A = (A, ..., A,), for any i, j, it
must be that |¢(A;) — c¢(A;)] < 1. As > | ¢(A;) = nT, there exist i s.t. ¢(A;) < T if and only if
there exists i’ such that ¢(A;) > T. Thus, for such an i, EF1 is violated. Consequently, an EF1
and SO allocation must give cost 7" to all agents.

Hence, an EF1 and SO allocation exists if any only if a there exists a 3-Partition. O
Despite this, we exploit the graph structure of our setting to characterize EF1 and SO as well
as MMS and SO allocations. To this end, we first characterize SO allocations in general in the
following proposition.

Theorem 3.2 Given a delivery instance I = (A, G, h), there exists an EF1 and SO alloca-
tion if and only if there exists a partition (Py,..., P,) of branches outgoing from h such that

> pep, | Bl = Xpep, |Bl < 1, for every i, j € A.

Proof: From Proposition 3.5, we know that each SO allocation must be a partition of whole
branches outgoing from h. Observe that if an agent’s bundle consists of a union of whole
branches, then removing a vertex from its bundle reduces the cost of the agent by 1, if the
vertex is a leaf, or by 0, otherwise. Hence, in order to achieve EF1 the costs of agents cannot
differ by more than one. O

We note that for most vertices in a tree the condition of Theorem 3.2 is not satisfied. In
fact, the set of vertices for which this condition may hold can be characterized using a notion
of the center of a graph.
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Definition 3.10 The center of a tree § = (X, F) is the maximal subset of vertices C' C X such
that for every x € C'it holds that

> yex dist(z,y) = mingex Y-,y dist(2',y),
where dist(x, y) is the length of a shortest path from z to y.

The center of the tree has been studied in computational social choice literature [111] and
in theoretical computer science in general [58]. In particular, it is known that the center of a
tree is always a single vertex or a pair of vertices connected by an edge. Moreover, if for some
vertex v, there exists a partition of the branches outgoing from v such that the differences
between the number of vertices in each bundle are equal or less than 1, then v has to be in
the center. Thus, we obtain a following necessary (but not sufficient) condition.

Corollary 3.1 Given a delivery instance I = (A, G, h), there exists an EF1 and SO allocation
only if the hub is in the center of the tree.

While deciding whether an EF1 and SO allocation exists is NP-hard (Proposition 3.2), the
condition in Corollary 3.1 can be verified using a linear-time algorithm for checking if a vertex
is in the center of a tree. Hence, we can say for example, that in the graph from Figure 3.1,
an SO and EF1 allocation would be possible only if the hub was at vertex b or d.

Finally, as a consequence of Proposition 3.5, we obtain a characterization of MMS and SO
allocations.

Theorem 3.3 Given a delivery instance I = (A, G, h), there exists an MMS and SO alloca-
tion if and only if there exists a partition (P, ..., P,) of branches outgoing from h such that
> pep, |Bl < MMS;(I) for every i € A.

Proof: From Proposition 3.5 we know that the allocation has to be a partition of whole
branches outgoing from h. Hence, the theorem follows from the definition of MMS. O

3.4.2 Pareto Optimality

We now look at a slightly weaker notion of efficiency, Pareto optimality. Recall that all SO
allocations are PO. The central result of this section is the proof that every EF1 and PO
allocation will satisfy MMS as well. We first discuss the existence of PO allocations that also
satisfy EF1 or MMS.
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Proposition 3.6 Given a delivery instance I = (A, G, h), an EF1 and PO allocation need not
extst.

This was demonstrated in Example 3.2. In contrast, MMS and PO solutions always exist.

Proposition 3.3 Given a delivery instance I = (A, S, h), an MMS and PO allocation always
extsts.

Proof: By definition, the leximin optimal allocation always exists. Since the cost functions
are identical for all agents, this allocation will be MMS and PO by definition. a
We shall show that EF1 and PO allocations must also satisfy MMS. To this end, we first
prove an insightful necessary condition for EF1 and PO allocations: in every EF1 and PO
allocation, the difference in the cost of any pair of agents cannot be greater than 1.

Proposition 3.7 Given a delivery instance I = (A, G, h) and an EF1 allocation A, if |c(4;) —
c(A;)| > 1 for some agents i, j € A, then A is not PO.

Proof: Without loss of generality, assume that A is sorted in non-increasing cost order, i.e.,
c(Ay) > --- > c(A,) otherwise we can relabel the agents). We will show that if ¢(A,) <
¢(A;) — 1, then A is not PO, i.e., it is Pareto dominated by some allocation A’ (not necessarily
EF1).

For every vertex z € V' \ {h}, by p(z) let us denote the parent of z in a tree G rooted in
h. Also, for every agent i € A, let w(i) be the worst vertex in ¢’s bundle, i.e., the vertex which
on removal gives the largest decrease in cost (if there is more than one we take an arbitrary
one). Formally, w(i) = argmax,c 4. c(A;) — c¢(A; \ {z}). Since A is EF1, for every agent i with
maximal cost, i.e., such that ¢(A4;) = ¢(A;), we have

(A \ {w(i))) < e(Ay) < e(A;) — 1. (3.1)

Observe that this is only possible if the parent of w(:) is not serviced by i, i.e., p(w(i)) € A;.
In order to construct allocation A’ which pareto dominates A, we look at the agent ser-
vicing the parent of the worst vertex of agent 1, call this agent 7; . If ¢; incurs maximum
cost, we look at the agent servicing the parent of the worst vertex of i;. We continue in this
manner and obtain a maximal sequence of pairwise disjoint agents 1 = g, 41, ..., i, such that
p(w(is—1)) € A;, and c¢(A;,) = c¢(A,) for every s € [k]. The cost incurred by the agent servicing
the parent of the worst vertex of i, which we denote by i* (i.e., p(w(ix)) € A;<) can create
two cases. Either i* does not incur maximum cost, i.e., ¢(A4;+) < ¢(A4;) (Case 1), or it does and
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it appears in the sequence, i.e., i* = ¢; for some j < k (Case 2).

Case 1. Consider allocation A’ obtained from A by exchanging the bundles of agent i, and
agent i* with the exception of w(i;) (which continues to be serviced by i;). Formally,

A if ¢ ¢ {ig, i}
Ay =S Ap U{w(iy)} ift =i,
A\ fw(ip)y ift =

Since costs of agents in A \ {i*,i;} are not affected, decreases without increasing the other’s
cost. To this end, observe that since parent of w(i;) belongs to A;., adding this vertex to A;-
increases the cost by 1, i.e.,

c(A,) = c(Ai) + 1. (3.2)

Now, let us consider two subcases based on the original difference in costs of agents i, and

-k

1.

Case 1a: If ¢(A;,) > c(As+)+1, then from Equation 3.2 we get that c(A;, ) = c(A#)+1 < c(Ay,).
Hence, the cost of i, decreases. On the other hand, Equation 3.1 yields

c(Aj) = c(Ai \{w(ix)}) < c(An) < o(A45:)

, so agent i* does not suffer from the exchange.
Case 1b: c¢(4;,) = ¢(A) + 1. Now, the cost of i, stays the same by Equation 3.2. However,
since ¢(A,) < ¢(A;) — 1, it must be that ¢(A,) < ¢(A4;«). Thus, from Equation 3.1 we have

c(Ap) < e(An) < c(Ai),
i.e., the cost of i* decreases.

Case 2. When * = i, for some j < k, we have a cycle of agents i* = i;,7;1, ..., such that
c(A;,) = (A1) and p(w(is)) € A;,,, for every s € {j,...,k} (we denote i, as i, as well for
notational convenience). Here, we consider two subcases, based on whether somewhere in
the cycle the parent of the worst vertex of one agent is the worst vertex of the next agent,
i.e., p(w(is)) = w(isy1) for some s € {j,...,k}.
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Case 2a: there exists s s.t. p(w(is)) = w(isy 1) for some s € {j,... k}.
Consider A’ obtained from A by giving w(is; ) to agent i;. Formally,

A, ift & {ig, 0501}
Ay = Ai \{w(isn)} ift =g
Ais U {’LU(Z.S_;,_l)} ift = 2.5

Now, the cost of agent i, decreases as it no longer services its worst vertex. Since agent
is was servicing a child of w(is;1), it was visiting w(i,11) on the way. Hence, the cost of i
stays the same. As the bundles of the remaining agents did not change, A’ Pareto dominates
A.

Case 2b: for no s, p(w(is)) = w(isy1) for some s € {j,...,k}.
Finally, if in the cycle there is no agent for which the parent of its worst vertex is the worst
vertex of the next agent, we swap the worst vertices along the cycle. Formally,

A, ifte{j+1,... k+1}
A \w(i)YU {w(iy)} ifte{j+1,... k+1}

A =

Since each agent i, is servicing the parent of the worst vertex of the previous agent in the
cycle, i.e., p(w(is—1)) € Aj_, servicing w(i,_;) incurs an additional cost of 1. However, from
Equation 3.1 giving away the worst vertex decreases the cost of more than 1. Hence, the cost
of each agent in the cycle decreases. The other agents’ costs stay the same, thus A’ Pareto
dominates A.

O
We now show that EF1 and PO imply MMS.

Theorem 3.4 Given a delivery instance I = (A, G, h), every EF1 and PO allocation satisfies
MMS.

Proof: We will actually show a stronger result: that an EF1 and PO allocation A is necessarily
leximin optimal (thus, MMS as well). Without loss of generality, assume that A is sorted in
non-increasing cost order, i.e., ¢c(A;) > --- > ¢(A,) (otherwise we can relabel the agents). By
contradiction, suppose that there exists A’ (also sorted) that leximin dominates A, i.e., there
exists i € A such that ¢(A]) < c¢(A;) and c(A)) = c(A;) for every j € [i — 1]. Fix an agent
j € A such that j > i. From Proposition 3.7 we know that its cost is either c(A4;) = c(4;)
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or ¢(Aj) = c(A;) — 1. On the other hand, we assumed that ¢(A}) < c(4]) < c(4;), hence
c(A}) < c(A;). Thus, A’ Pareto dominates A, which is a contradiction. O

On the other hand, from Example 3.2, MMS, even with PO, does not imply EF1. From the
proof of the above theorem we obtain the following remark.

Remark 1 Given a fair delivery instance I = (A, S, h), an EF1 and PO allocation is leximin
optimal.

Combining this with proposition 3.7 we obtain the following characterization.

Corollary 3.2 Given a delivery instance I = (A, G, h), an EF1 and PO allocation exists if and
only if for every leximin optimal allocation A, max; jea |c(A;) — c(A4;)] < 1.

In Section 3.6, we experimentally analyze how often EF1 and PO solutions do exist on
randomly generated graphs.Finally, by modifying the proof of Theorem 3.1 we show that
finding a PO allocation that is MMS or EF1 (and deciding if PO and EF1 allocation exists) is
NP-hard.

Proposition 3.4 Given a delivery instance I = (A, G, h), checking whether there exists an EF1
and PO or finding an MMS and PO allocation is NP-hard.

Proof: Recall the proof of Theorem 3.1 and Proposition 3.2. In the instances constructed,
we shall now show that any PO allocation must be SO.

Let A be an allocation that is not SO. Thus, there exists vertex «} that is visited by multiple
agents. Clearly, 2 is not a leaf. Recall that the leaf vertex on the branch connecting 2’ to the
hub 7 is x‘;(j).

Let x? be serviced by agent i. Consider allocation A’ which is identical to A with the
exception that ¢ services all of x}, e ,:B;j . Clearly, the cost of i is the same as that in A, but
the costs of all other agents either decrease or remain the same. As multiple agents, including
i visit 2, the cost of at least one agent reduces. Consequently, A’ pareto dominates A. Thus,
every PO allocation in our constructed graph must be SO.

Hence, any polynomial time algorithm to find an MMS and PO allocation or find an EF1
and PO allocation when one exists, would also find the corresponding SO allocations and
solve 3-Partition. Thus, we have the proposition. a

43



3.5 Computing Fair and Efficient Solutions

We have shown that finding an allocation that satisfies a combination of fairness and effi-
ciency requirements (or deciding if it exists) is computationally hard. In this section, we
develop a recursive algorithm for computing each combination of the fairness-efficiency no-
tions that is XP with respect to the number of agents, i.e., when the number of agents is
bounded, the running time of our algorithm is polynomial.

Let us start by defining a notion of Pareto frontier as a set of Pareto optimal solutions and
introduce Algorithm 3.2 that finds such set for every delivery instance.

Definition 3.11 Given a delivery instance I = (A, G, h), its Pareto frontier is a minimal set of
allocations F such that for every PO allocation A there exists B € F and permutation of agents
0 such that c(A;) = c(By), for every i € A.

Algorithm 3.2 Overview. Throughout the algorithm, we keep allocations in the list &, each
allocation sorted in non-increasing cost order. First, we initialize it with just one empty
allocation. Then, we look at vertices directly connected to the hub. For each, say u, we run
our algorithm on a smaller instance where the graph is just the branch outgoing from / that u
is on, and w is the hub. In each allocation in the output, 3, we add « to the bundle of the first
agent. Finally, we combine these allocations, with allocations on previously handled branches
using an auxiliary procedure (Algorithm 3.3). Broadly, it looks at all possible combinations of
allocations in both lists, and keeps only the ones that are not Pareto dominated by any other.

Algorithm 3.2: FindFrontierPO(n, G, h)

Input: number of agents n, graph G rooted at h
Output: Frontier &

1 F=[0,...))];

2 for u € children of h do

3 T, := subtree rooted in u;

4 F’ .= FindParetoFrontier(n, T, u);

5 for A € ¥ do

6 | add uto A ;

7 F = CombineFrontiers(F, F) > Algorithm 3.3;

Example 3.3 We run our algorithm on an instance with 2 agents and the graph from Figure
3.1. First, we run our algorithm on two smaller instances: one where the graph is just vertex a
and one where it is the branch containing vertices b,c,d, e, f and g. Vertex a is a leaf, so from
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lines 3-5, we get just one allocation, i.e., F = {({a},0)}. When b is the hub, we obtain two
allocations: either one agent services g along with all vertices on the way and the other agent
services ¢, or one agent services everything.

Thus, ' = {({b,d.e, f,g},{c}),{b,c,d,e, f,g},0)}. Finally, we combine F with F'. We
consider all four possible combinations. However, one of them, ({a,b,d,e, f,g},{c}) is Pareto
dominated by another, ({b,c,d,e, f, g}, {a}) (the cost of the first agent is the same, but for the
second agent it decreases by 1). In conclusion, we return three allocations: ({b,d,e, f, g}, {a,c}),
({b,c,d,e, f,g},{a}), and ({a,b,c,d,e, f,g},0). We note that the first one is in fact MMS and
PO allocation.

We begin by introducing some additional notation. By ©,,, we denote the set of all per-
mutations on set A. For a permutation # € O, and allocation A = (A4;,...,4,), by 6(A)
we understand allocation (Ag), - . ., Agm)), i-€., allocation where agent i receives the original
bundle of agent 6(i). For two partial allocations, A = (Ay,...,A,)and B = (By, ..., B,), with
disjoint set of distributed vertices, i.e., | ;.4 Ai N U;cq Bi = 0, by C = A ® B, we understand
allocation C' = (A; U By, ..., A, UB,). For two allocations A and B we write A <pp B, when
A is Pareto dominated by B. We write A <pp B, when it is weakly Pareto dominated, i.e.,
c(A;) > ¢(B;) for every i € A. Now, we are ready to describe auxiliary Algorithm 3.3 that
combines two lists of allocations, ¥ and F'.

Algorithm 3.3: CombineFrontiers(F, ")

Input: Number of agents n, Frontiers (F, F")

Output: Res

Res = [ ], empty list of allocations;

for AcF, BeF 0€0,do

C =sort(A® 0(B)) ;

if thereisno D € Res s.t. C <pp D then
add C to Res;
while there is D € Res s.t. D <po C' do

L remove D from Res;

g O A W N =

Algorithm 3.2 Overview First, we initialize empty output list Res (line 1). Then, we iterate
over all possible triples (A, B, ), where A and B are allocations from input lists ¥ and ¥,
respectively, and 6 is a permutation of agents A (line 2). For each such triple, we consider
allocation C' = sort(A®0(B)), i.e., the allocations in which agent i, receives bundle A; U By,
sorted in non-increasing cost order. In the next step, we check if there exists an allocation D
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in Res that weakly Pareto dominates C' (line 4). If this is the case, we disregard C' and move

to the next triple. If this is not the case, then we add allocation C to the list Res (line 5) and

remove all allocations D from Res that are Pareto dominated by C' (lines 6-8). We note that

operations in lines 4-8 can be performed more efficiently if we keep allocations in Res in a

specific ordering, but since it is not necessary for our results, we do not go into details for the

sake of simplicity. After considering all pairs and permutations, we return list Res (line 11).
Now, let us prove the correctness of our algorithm.

Theorem 3.5 Given a delivery instance I = (A, G, h), Algorithm 3.2 computes its Pareto frontier
and runs in time O((n + 2)!lm>"*2).

Proof: We shall first establish the correctness of the algorithm and then its running time.

Correctness. Let us start by showing that the output is a Pareto frontier, which we will prove
by induction on the number of edges in a graph. If there is only one edge, the graph consists
of the hub, h, and one vertex connected to it, say u. Then, there is only one possible allocation
(up to a permutation of agents), namely, ({u},0,...,0), and it is PO. Observe that this is also
the only allocation returned by our algorithm for such a graph. Hence, the inductive basis
holds.

Now, assume that our algorithm outputs a Pareto frontier for every instance, in which
the number of edges is smaller or equal to M for some M € N and consider an instance
(A, G, h)y with M + 1 edges. Take arbitrary PO allocation A. We will show that in the output
of Algorithm 3.2 for this instance, J, there exists allocation B such that ¢(A;) = ¢(By(;)) for
some permutation § € O,,.

If ~ has only one child, u, then observe that every agent that services some vertex in A
has to visit u. Also, the agent that services u services also other vertices (otherwise giving u
to an agent that services some other vertex would be a Pareto improvement). Hence, partial
allocation A’ obtained from A by removing u is still PO and the cost of each agent is the same
in both allocations. Observe that A’ is also a PO allocation in instance (A, T,,u). Let ¥ be
the output of Algorithm 3.2 for instance (A, T,,u). Since T, has M edges, from inductive
assumption we know that there exists B’ € 3" and ¢ € ©,, such that c¢(A}) = ¢(By, ), for every
1€ A.

Let B be an allocation obtained from B’ by adding u to the bundle of agent 1. Since we
sort allocation so that consecutive agents have non-increasing costs, we know that B; # ().
Hence, cost of each agent in B is the same as in B'. Hence, c(A;) = c¢(4;) = c¢(By,)) = c(By())-
Since B is in the output of the algorithm, the induction thesis holds.
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Now, assume that h has more than one child. Let us denote them as y!,...,y" and by
Y ..., Y* let us denote the respective branches outgoing from h. Let A', ..., A* be partial
allocations obtained from A by restricting A to one branch from Y?, ... Y* respectively (i.e.,
removing all vertices not in the branch from all of the bundles). Observe that since A is PO,
each allocation A!, ..., A* is also PO (otherwise a Pareto improvement in A’ for some j € [k]
would be a Pareto improvement also in A). With the same reasoning as in the previous
paragraph, by line 6 of Algorithm 3.2 in the iteration of the loop for each child 3/, list F
contains an allocation B’ such that ¢(A7) = c(Bg]. () for some %7 € ©, and every i € A.

Now, when we combine F with F’, we consider all possible combinations of allocations in
F and J' along with all possible permutations of agents. Hence, in the output of the algorithm,
there will be allocation B and permutation § € ©,, such that By = B ,yU- - -UB}; (&) for every
i € A, unless there is some allocation D that weakly Pareto dominates B. Since A!, ..., A*

are partial allocations of separate branches and B*, ..., B* as well, we have

c(Boi)) = Zje[k] C(ng(i)> = Zje[k] C(Ag) = c(4),
for every i € A. Hence, B is PO. Thus, if there is D that weakly Pareto dominates B,
then ¢(D;) = ¢(B;) for every i € A. Either way, there exists an allocation in J that for
corresponding agents gives the same costs as allocation A. Therefore, F is a Pareto frontier,
which concludes the induction proof.

Running Time. In the rest of the proof, let us focus on showing that the running time of
Algorithm 3.2 is O((n+2)!m3"*1). To this end, recall that in lines 2-10 of auxiliary Algorithm
3.3 we consider all triples (A, B, 6), where A is an allocation in &, B an allocation in 37, and
0 a permutation in ©,,. Since the cost of an agent is an integer between 0 and m and at any
moment we cannot have two allocation with the same cost for every agent in F or F’ (because
one is weakly Pareto dominated by the other), the sizes of ¥ and " are bounded by (m + 1)".
Hence, the loop in lines 2-10, will have at most n!(m + 1)?" iterations. For each triple, we
have to sort the resulting allocation, which can take time nlog(n). Moreover, we may need
to check whether resulting allocation C' Pareto dominates or is Pareto dominated by all of the
allocations already kept in Res. The size of Res is also bounded by (m + 1) and checking
Pareto domination can be done in time n. All in all, the running time of Algorithm 3.3 is
in O((n + 2)!m3"). Finally, observe that in Algorithm 3.2 we call Algorithm 3.3 less than m
times, thus final running time is in O((n + 2)!m?*"*1). O

Now, let us show how we can use Algorithm 3.2 to find allocation satisfying certain fair-
ness and efficiency requirements (or decide if they exist).
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Finally, we show how Algorithm 3.2 can be used to obtain the desired allocations.

Theorem 3.6 There exists an XP algorithm parameterized by n, that given a delivery instance
I = (A, S, h), computes an MMS and PO allocation, and can decide whether the instance admits
MMS and SO, EF1 and PO, and EF1 and SO allocations.

Let us split the proof into four lemmas devoted to each combination of fairness and effi-
ciency notions. We start with MMS and PO allocations.

Lemma 3.1 There exists an XP algorithm parameterized by n that for every delivery instance
(A, G, h) finds an MMS and PO allocation.

Proof: Observe that the allocation in the Pareto frontier that leximin dominates all other
allocations in the frontier is a leximin optimal allocation. Since Algorithm 3.2 returns a
Pareto frontier, and Pareto frontier contains at most O(m") allocations, we can find such an
allocation in XP time by Theorem 3.5. Therefore, the lemma follows from Proposition 3.3. O

Next, let us move to EF1 and PO allocations.

Lemma 3.2 There exists an XP algorithm parameterized by n that for every delivery instance
(A, G, hy decides if there exists an EF1 and PO allocation and finds it if it exists.

Proof: From the proof of Theorem 3.4 and Proposition 3.7 we know that an EF1 and PO
allocation is leximin optimal and the pairwise differences in the costs of agents are at most
1. Observe that it is an equivalence, i.e., leximin optimal allocation in which the pairwise
differences in the costs of agents are at most 1 is EF1 and PO (PO because of leximin optimal-
ity, and EF1 because for every agent there exists a vertex that removed from a bundle of this
agent reduces the cost by at least 1). By Lemma 3.1, we can find a leximin optimal allocation
in XP time with respect to n. Therefore, it remains to check if the pairwise differences in the
costs of agents are at most 1. If it is true, then we know that this allocation is EF1 and PO.
Otherwise, we know there is no EF1 and PO allocation. O
Now, let us consider MMS and SO allocations.

Lemma 3.3 There exists an XP algorithm parameterized by n that for every delivery instance
(A, G, h) decides if there exists an MMS and SO allocation and finds it if it exists.

Proof: For MMS and SO, observe that an SO allocation is also necessarily a PO allocation.
Having the Pareto frontier from Theorem 3.5 and MMS value from Lemma 3.1, we can simply
check all allocation in the frontier if they satisfy MMS and SO. O
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Finally, we focus on EF1 and SO allocations.

Lemma 3.4 There exists an XP algorithm parameterized by n that for every delivery instance
(A, G, hy decides if there exists an EF1 and SO allocation and finds it if it exists.

Proof: For EF1 and SO, observe that Theorem 3.4 also implies that EF1 and SO allocation is
MMS. From Lemma 3.3 we know that we can find all MMS and SO allocations in the Pareto
frontier in XP time with respect to n. Hence, we can check if any one of them satisfies also
EF1 and this will give us the solution. O
From Lemmas 3.1, 3.2, 3.3 and 3.4 we have the result.

3.6 Experiments

We now present our experimental results complementing the theoretical findings presented
earlier in the chapter. In each experiment, we generated random trees based on Priifer se-
quences [99] using NetworkX Python library [62]. For each experiment and a graph size, we
sampled 1,000 trees.

Experiment 1. Running Time of Algorithm 3.2

We run Algorithm 3.2 for graphs of sizes 10, 20, ..., 100 and every number of agents from 2 to
6. The running times are reported in Figure 3.4 (the running time for 2 agents is not reported
as it would be indistinguishable from the running times for 3 agents in the picture). The
exponent in the running time of our algorithm for n = 6 agents is significant. Consequently,
we see the sharp increase in the running time with growing graph size in this case.

\(i)/ 1001 no. agegts

g 801 1

< 60{ —"5

(@) snes 6

£ 40

[

c 201

E 0 PP A _4_.-’"

10 20 30 40 50 60 70 80 90 100
graph size

Figure 3.4: Running Time of Algorithm 3.2
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Experiment 2. Existence of Fair and Efficient allocations

We next checked how often the fairness and efficiency combinations that need not always
exist, actually exist. Recall that an MMS and PO solution always exists. Hence, we look at the
probability of existence of the remaining combinations. That is, of the trees generated, we
looked at the fraction of trees that for which the required fairness and efficiency combinations
are satisfied. To this end, we generated trees of sizes 10, 20, ..., 100 and for each tree we run
Algorithm 3.2 with the number of agents varying between 2 to 6. Based on the output, we
checked for the number of trees that admitted an allocation with the required combinations.
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N W A~ U1 O

e 49 54 57 .63 .66 .65 .67 .68 .72
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(b) EF1 and SO allocations (c) MMS and SO allocations

Figure 3.5: Probability of existence of fair and efficient allocations

EF1 and PO allocation existence. First, we checked how often there exists an EF1 and
PO allocation. As shown in Figure 3.5, the probability of finding an EF1 and PO allocation
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increases steadily when we increase the size of the graph, but drops sharply when we increase
the number of agents. Intuitively, on larger graphs we have more flexibility in how we fairly
split the vertices in a PO way. However, when there are more agents, it may still be difficult
to satisfy fairness for each agent.

EF1 and SO allocation existence. The results for EF1 and SO allocations are presented in
Figure 3.5b. There, we see a sharp decrease in probability with the increase in either number
of agents or the size of a graph. For the former it is clear, as with larger number of agents
it is difficult to be fair to all of them. For the size of a graph, recall Corollary 3.1 in which
we have shown that EF1 and SO allocation exists only if the hub is in the center of a tree.
Moreover, the tree always contains one or two vertices. Hence, with the increase in the size,
the probability that the hub will be in the center decreases.

MMS and SO allocations existence. The results for MMS and SO allocations are presented
in Figure 3.5c. As can be seen in the picture, the probability does not vary much between
different numbers of agents (especially for small graphs). A plausible explanation for that
phenomenon is that for MMS we only have to care to not be unfair to the worst off agent. If
we have a small graph and a lot of agents, then probably some of them will not be assigned
to any vertex either way. However, the number of such agents does not impact whether an
allocation is MMS or not. Hence, the visible effect.

Experiment 3. Pareto Frontiers

In this experiment, we analyze the trade-off between fairness and the total cost of agents in
singular Pareto frontiers. To this end, we conduct multiple simulations, with graphs of size
either 100 or 400 and the number of agents between 2 and 4. For 4 agents, we only run
the experiment on graphs of size 100. For each one of 1000 trees generated (for each graph
size and number of agents pair), we look at each allocation in the Pareto frontier and report
the total cost of both agents on the y-axis and the difference in costs of agents on the x-axis.
Then, we connect all such points for allocations in one Pareto frontier to form a partially
transparent blue line. By superimposition of all 1000 of such blue lines, we obtain a general
view on the distribution of the Pareto frontiers. With the thick red line we denote the average
total cost, for each difference in costs. We see that particular Pareto frontiers can behave very
differently, but the general pattern is quite strong.

Two Agents

With a graph size of 400 and 2 agents, shown in Figure 3.6b the total cost does not vary much
when the difference in costs is between 0 and 250, however it is much steeper for the larger
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agents with graphs of size m.

differences. These findings imply that it is usually not effective to focus on partial fairness as
the additional total cost that we incur by guarantying complete fairness instead of partial is

not significantly large.

The plot for the size 100 and 2 agents, shown in Figure 3.6a looks very similar to the one
presented in Figure 3.6b. Again, we can say, that the total cost for agents increases sharply
when we decrease the difference in costs of agents from 400, but the further we go, this

increase is slower.
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Three Agents

For 3 agents and both graph sizes, shown in Figures 3.6c and 3.6d, the plots look similar to
these for 2 agents in their right-hand side part. However, a little to the right from the middle
of the picture, we see a sudden sharp increase in the total cost that later also flattens.

We offer the following interpretation of this fact: in the rightmost part of the plot we begin
with an allocation where the first agent is serving all of the nodes, which gives us the minimal
total cost, but also the maximal difference between the costs of two agents. Then, when we
want to decrease the difference, we have to take some of the vertices served by the first agent,
and give it to some other agent. However, as only the maximal difference between the agents
is important to us, we can, for now, split the vertices only between the first two agents, which
is easier (i.e., results in a smaller total cost). However, when we reach the difference in cost
that is around half of the graph size, this is no longer possible. To decrease the difference
further, we have to start assigning vertices to the third agent, which brings additional cost.
Thus, the increase in the total cost in the left-hand side half of the plot.

Four Agents

The situation for 4 agents, shown in Figures 3.6e, is similar to that of 3 agents, but here after
the first increase in a bit more than a half of the plot, where we start assigning vertices to the
third agent, we see a second increase in a bit more than a third of the plot, where we start
assigning vertices to the forth agent.

15 2.0
n 14 nlé
= =
=3 =16
‘s G

1.0 1.0

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500
graph size graph size
(a) Price of MMS with 2 agents (b) Price of MMS with 3 agents

Figure 3.7: Distribution and median prices of fairness

Experiment 4. Price of fairness.

In our final experiment, we analyze price of fairness of MMS allocations. To this end, we
generated trees of sizes 50, 100, 150, ..., 500 for two and three agents and ran Algorithm 3.2.
We define the price of fairness as the ratio of the minimum total cost of agents in an MMS
allocation to the minimum total cost in any allocation (i.e., the number of edges in a graph).
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The results are reported in boxplots in Figure 3.7a and 3.7b. The peak median cost for 2
agents is around 1.2 and for 3 agents is around 1.3. The increase in the price of fairness is
consistent with the observations in the previous experiment. As can be seen, in both cases, the
median price gradually decreases with the increase of the graph size. These results suggest
that as the size of the instance grows, the efficiency loss due to MMS becomes negligible in
most cases (at least for a small number of agents).

3.7 Conclusions and Future Work

We introduced a novel problem of fair distribution of delivery orders on tree graphs. We
provided a comprehensive characterization of the space of instances that admit fair (EF1 or
MMS) and efficient (SO or PO) allocations. We showed that these problems are computation-
ally hard and developed an XP algorithm parameterized by the number of agents for each
combination of fairness-efficiency notions. We complemented this with detailed experimen-
tation.

Our work paves the way for future research on developing approximation schemes or per-
haps algorithms parameterized by graph characteristics (e.g., maximum degree or diameter)
in this domain. Another intriguing direction is generalizing our fair delivery framework to
account for cyclic graphs, heterogeneous cost functions, or capacity constraints on delivery
orders assigned to each agent. A detailed discussion is provided in Chapter 7.1.
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Chapter 4

Repeatedly Matching Items to Agents
Fairly and Efficiently

In this chapter, we consider a novel setting where items are matched to the same
set of agents repeatedly over multiple rounds. Each agent gets exactly one item
per round, which brings interesting challenges to finding efficient and/or fair re-
peated matchings. A particular feature of our model is that the value of an agent
for an item in a particular round depends on the number of rounds in which the
item has been used by the agent in the past. We present a set of positive and nega-
tive results about the efficiency and fairness of repeated matchings. For efficiency,
we pursue social welfare maximization. In general, it is NP-Hard to find a social
welfare maximizing repeated matching. However, when values are monotone in
time, either monotone increasing or decreasing, the problem becomes tractable.
For fairness, when all the items are goods, an adaptation of envy-freeness up to
one good (EF1) will be satisfied under certain conditions. Furthermore, it is in-
tractable to achieve fairness and (approximate) efficiency simultaneously, even
under conditions when they are achievable separately. For mixed items, which
can be goods for some agents and chores for others, we propose and study a new

notion of fairness that we call swap envy-freeness (swapEF).

4.1 Introduction

The standard fair division setting involves a set of items and agents who have values for
these items. The objective is to compute an allocation which gives each item to a single agent
so that some notion of fairness is satisfied. Prior work has typically explored various settings
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Figure 4.1: Matching research groups to university resources

where agents’ allocations do not change with time. Typically, the number of items allocated to
an agent is not explicitly restricted, with the exception of some very recent work [27, 49, 59].
However, sometimes in practice, the same set of items must be allocated to the same set of
agents repeatedly. More crucially, another feature that distinguishes such scenarios from the
standard setting is that the value of an agent for an item changes over time and typically
depends on how many times the agent has received the item in the past. This can make
solutions that were fair when the agents were allocated the items once, no longer fair when
these agents get these items every time.

Consider the following example, there are different research labs that all need access to
several expensive research facilities in a university. The access of the labs to the facilities
must be fairly coordinated/scheduled throughout the semester or year. This is a fair division
problem with the labs and the facilities playing the role of the agents and the items, respec-
tively. To be fair among labs and efficient overall, such a scheduling should take into account
the values the labs have for facilities, which typically change over time. For instance, during
the first few weeks of access to a facility, the researchers in a lab may need time to learn
how to operate it. During that time, the value the lab gets by accessing a facility can be very
low, even negative. As the researchers gain more experience, their research output increases,
and so does the lab’s value for the facility. Once the researchers have run their intended
experiments, the lab’s value for the facility decreases again until the next experiment.

To capture such situations, we introduce a new model of repeated matchings with n agents
who must be matched with exactly one of n items in each of 7' rounds, repeatedly. An
important novelty of our model is that valuations are history-dependent: the value an agent
has for an item in a round depends on how many times the agent has used the item in
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previous rounds. Such valuations cause many challenges to achieving efficiency and fairness.
We use social welfare (the total value of the agents from the items they get in all rounds) to
as the index of the efficiency of repeated matchings.

We also use relaxations of envy-freeness as fairness concepts. We adapt the well-known
envy-freeness up to one item (EF1) and use it when all valuations are non-negative (i.e., when
items are goods). A repeated matching is EF1 if the value of every agent i for her bundle
is at least as high as her value for the bundle of any other agent j after removing the last
copy of an item from j’s bundle. We observe that EF1 is not suitable when valuations can
be positive or negative (i.e., when items are mixed), and introduce the notion of swap envy-
freeness (swapEF) to assess fairness of repeated matchings for mixed items.

4.1.1 Technical Contributions of this Chapter

More specifically, the technical contributions of this study are as follows. We prove that the
problem of computing a repeated matching with maximum social welfare is NP-hard, even
when 7' = 3. Our hardness reduction defines instances with non-monotone valuations. Sur-
prisingly, we find that the problem becomes solvable in polynomial time when the valuations
are monotone. This is when the value an agent has for an item can only decrease or increase,
but not both, in terms of the number of rounds the agent had been matched to the item in the
past. For the case of monotone non-increasing valuations, earlier work on b-matchings can be
leveraged to find the optimal solution. When the valuations are monotone non-decreasing,
we find a neat reduction to the case of time-constant valuations which can be solved ef-
ficiently. In Appendix A.2, we describe how to find a social welfare maximizing repeated
allocation.

We begin our fairness considerations with EF1 as a fairness concept. We find that un-
der identical valuations, EF1 repeated matchings always exist and can be found in polyno-
mial time. Furthermore, we show that any instance with general valuations and 7" mod n €
{0,1,2,n — 1} (i.e., including all instances with at most four agents/items) has an EF1 re-
peated matching, which can be computed efficiently. We establish that, unfortunately, EF1 is
not compatible with social welfare maximization and even approximating the maximum so-
cial welfare over EF1 repeated matchings is NP-hard. This holds even for settings where EF1
solutions and social welfare maximizing solutions can be found in polynomial time separately.
These interactions are illustrated in Figure 4.2.

Moreover, at a conceptual level, we propose and study a new fairness notion called swap
envy-freeness (swapEF). Here, we find that under identical valuations, swapEF repeated
matchings can be found using the same algorithm as used for EF1. Furthermore, we show
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Figure 4.2: Fairness and Efficiency Interactions under Repeated Matchings

that swapEF repeated matchings always exist and can be computed efficiently on instances
with 7" mod n € {0,1,2,n—2,n—1} and mixed items (i.e., including all instances with at most
five agents/items). We conclude the chapter by showing the non-existence of EFX solutions
in our setting. Our hardness results are proved on instances with goods. Our positive results
besides those for EF1, apply to instances with mixed items.

We begin with setting up the notation and relevant definitions in Section 4.2. In Section
4.3 we focus on maximizing social welfare. Here, we give our hardness result for maximiz-
ing social welfare in general and polynomial-time algorithms for monotone valuations. We
explore settings under which we can satisfy EF1 and algorithms that find EF1 solution in
Section 4.4. In Section 4.5.1, we find that even in settings where EF1 repeated matchings
can be found in polynomial time, maximizing social welfare over the space of EF1 repeated
matchings is intractable. We devote Section 4.6 to the study of swap envy-freeness.

4.1.2 Prior Relevant Work

The standard fair allocation setting assumes that each item is given to exactly one agent
with no explicit cap on the number of items one agent can get. Biswas and Barman [27]
consider a fair division model where the items are partitioned into categories and there are
cardinality constraints on how many items an agent can be allocated from each category. They
show how to compute an EF1 allocation by extending the envy-cycle elimination algorithm
of Lipton et al. [82]. Even though cardinality constraints can imply allocations which look like
repeated matchings, our history-dependent valuations cannot be expressed by their model.
Another extension of the standard setting is considered by Gafni et al. [51] where each item
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may have multiple copies. They study relaxations of envy-freeness with mixed items, in a
model where each agent can get at most one item copy. Some work has also been done on
envy-freeness and its relaxations, in the roommate matching model where agents get value
from their rooms as well as roommates [38, 78, 80]. Here the size of the bundle an agent
gets (their room and roommates) is determined by the capacity of the room.

The concept of repeated matching has been considered before, actually using EF1 as fair-
ness concept. However, history-dependent valuations have not. Hosseini et al. [64] look
at a dynamic one-sided repeated matching model with ordinal preferences that change over
time. They study strategyproofness and give a mechanism that is EF1. As the model of pref-
erences studied is entirely different, their results are not applicable to our model. Gollapudi
et al. [59] study a two-sided repeated matching setting where the agent values may change
in each round, but they too, do not take into account how often the two agents have been
matched in the past. In addition, due to the two-sided nature of their setting, their results
are not applicable to our case.

Finally, relaxations of envy-freeness have been considered extensively in the literature.
For mixed items in particular, [3] summarizes the several variations of EF1 that have been
proposed in the literature and proposes new ones. Others include EFL, envy-freeness up to
one less preferred good [14], EFR, envy-freeness up to a random good [43] and iEF, interim
envy-freeness [37]. The setting of identical valuations has also been specifically explored,
both for the existence of almost envy-free solutions [41, 96] and other fairness objectives
[11, 16]. To the best of our knowledge, swap envy-freeness appears to be novel.

4.2 Notation and Preliminaries

This chapter considers instances with a set A of n agents and a set G of n items.We look at
repeated matchings, where the items are matched to the agents in 7" rounds. By matching,
here, we mean a one-one matching in each round. More formally, we consider instances of
the form I = (A, G, {v;}ica, T), where T denotes the number of rounds and, for each agent
i € A, v; is a function from § x [T] to R, where v;(g,t) denotes the valuation of agent : for
item g when it is matched to the item for the ¢ time. A repeated matching A = (A, ..., AT) is
simply a collection of matchings, with one matching A’ per each round ¢ € [T]. Furthermore,
we denote by A; the multiset (or bundle) which contains copies of the items to which agent
i € A is matched in the 7" rounds.

Hence, defining the bundles A; for i € A given the repeated matching A is trivial. The
opposite task is also largely straightforward. Let N (B, ¢g) be the multiplicity of item ¢ in bun-
dle B. Given bundles of items A; for i € A with |4;| = T (i.e., each agent gets 7' copies
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of items) and ) ,_, N(A;,g9) = T (i.e., T copies of each item g are allocated), a consistent
repeated matching! for instance [ is obtained as follows. We construct the bipartite multi-
graph G = (A, G, F) so that the set of edges F consists of (a copy of) edge (i, g) for every
(copy of) item g such that g € A;. The graph G is T-regular and, thus, by Hall’s matching
theorem (see 97), can be decomposed into 7" matchings of edges M, ..., Mr. These match-
ings correspond to a repeated matching by interpreting the edge (i, g) in matching M, as the
assignment of item ¢ to agent i in the ™ round.

With a slight abuse of notation, we use v;(B) to denote the value agent i € A has when

she gets the bundle B, i.e.,
N(B,g)

vi(B)=>_ > wvilg.t).

geg t=1

Hence, for a repeated matching A, v;(A;) is the total value from each item copy agent i
receives in all rounds. The social welfare of A is simply the sum of the agents’ values for their
bundle, i.e., SW(A) = 3", , vi(4).

Valuations

We shall look at specific types of valuations under which we will try to find efficient and/or
fair repeated matchings. A well-motivated setting is that of identical valuations where v; =
vy = --- = v,. This assumption proves particularly useful in finding fair solutions. Another
important class of valuation functions is that of monotone valuations.

Definition 4.1 (Monotone Valuations) The valuation function v; is monotone non-increasing
(respectively, monotone non-decreasing) if for every item g € G, and t € [T — 1], we have that
vi(g,t) = vi(g,t + 1) (respectively, vi(g,t) < vi(g,t + 1)).

These two classes of valuation functions intersect in the class of constant valuations.

Definition 4.2 (Constant Valuations) Valuation function v; is said to be constant if for every
item g € G, we have that v;(g,1) = v;(9,2) = --- = v;(g9, T) = v;i(9).

We extend EF1 to repeated matchings as follows.

Definition 4.3 (EF1) A repeated matching A is EF1 if for every pair of agents i,j € A, there
exists an item g € G such that v;(A;) > v;(A4; \ {g})-

!We remark that this repeated matching is not unique. However, this does not affect the values of each
agent for her bundle and the bundle of any other agent, which are the same in all different consistent repeated
matchings.
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We remark that the operation A, \ {¢g} removes one copy of item g from the bundle A; if ¢
belongs to A; and leaves A; intact otherwise.

We refer to the items as goods on instances where all valuations are non-negative, i.e.,
when v;(g,t) > 0 for every i € A, g € G, and ¢t € [T]. When there are no restrictions on the
valuations, we refer to the items as mixed.

4.2.1 Overview of Main Results

We now give a formal overview of the work presented in this chapter. We first look at social
welfare maximization. In general, this is NP-Hard.

Theorem 4.1 Given a repeated matching instance, computing a repeated matching of maximum
social welfare is NP-hard.

When the valuations are monotone non-increasing, prior work on b-matchings can be used
to maximize social welfare. For the case of monotone non-decreasing valuations we give a
neat reduction to constant valuations to show that the problem is tractable.

Theorem 4.2 Given a repeated instance with monotone non-decreasing valuations, a repeated

matching of maximum social welfare can be computed in polynomial time.

For fairness, we first consider identical valuations and give an algorithm to find an EF1
repeated matching.

Theorem 4.3 Given a repeated matching instance with identical and non-negative valuations,
an EF1 repeated matching exists and can be computed in polynomial time.

We find that we can extend the ideas used in the case of identical valuations to more
general settings.

Theorem 4.4 Given a repeated matching instance I with n agents/goods and T rounds such that
T mod n € {0,1,2,n — 1}, an EF1 repeated matching exists and can be computed in polynomial
time for non-negative valuations.

We then look at maximizing for social welfare over the space of EF1 repeated matchings.
We find that this is APX-Hard, even in the relatively more straightforward setting of constant
valuations.

Theorem 4.5 For every constant ¢ > 0, approximating the maximum social welfare of EF1 re-
peated matchings on instances with n agents/goods and T rounds within a factor of O (min{n'/3~¢, T'~<})
is NP-hard.
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We then consider an alternate notion of fairness that we show exists in more general
settings than EF1.

Lemma 4.1 Given a repeated matching instance I = (A, G, v, T) with identical valuations, the
repeated matching returned by Algorithm 4.1 is swapEF.

Theorem 4.6 Given a repeated matching instance I with mixed items, n agents, and T rounds
such that T modn € {0,1,2,n — 2,n — 1}, a swapEF repeated matching exists and can be
computed in polynomial time.

4.3 Maximizing Social Welfare

We first study the complexity of the problem of computing a repeated matching of maximum
social welfare. Notice that if 7" = 1, this task can be easily done by computing a maximum-
weight perfect matching in the complete bipartite graph G = (A, G, A x §G), in which edge
(7,9) has weight v;(g,1). For T" > 1, an approach that seems natural computes gradually a
maximum-weight perfect matching for each round, taking into account the matching deci-
sions in previous rounds.

For example, consider the instance with three agents and two rounds (i.e., n = 3, A =
{1,2,3}, § = {91,92,93}, and T" = 2). The agent valuations are as follows: wv;(gs,1) =
v1(gs,1) = 1 — € (for small but strictly positive ¢), v2(g2,1) = v3(g3,1) = 1, while all other
valuations are 0. We can show that a greedy approach of sequentially taking maximum
weight matchings for each of 7" rounds will not maximize social welfare.

A maximum-weight perfect matching on the complete bipartite graph G = (A, G, A x 9)
with weight v;(g,1) on edge (i,g) assigns item g¢; to agent ¢ in the first round; this gives
value 1 to agents 2 and 3. Then, the natural way to compute the matching of the second
round is to compute a maximum-weight perfect matching in the complete bipartite graph
G = (A, 9,A x G) with weight v;(g;,2) to edge (i, g;) (because agent i already uses item i in
the first round) and weight v;(g, 1) to edge (i, g) for g # g¢;. In this way, the matching of the
second round will give value of 1 — ¢ to agent 1 only, by matching her to either item g, or item
g3. Thus, the social welfare is 3 — e.

In contrast, consider the repeated matching in which the first-round matching assigns
item g, to agent 1, item ¢, to agent 2, and item g3 to agent 3, and the second-round matching
assigns item ¢; to agent 1, item g, to agent 2, and item ¢; to agent 3. Agent 1 gets value 1 — ¢
in both rounds, agent 2 gets value 1 in the second round, and agent 3 gets value 1 in the first
round. Hence, the social welfare is now 4 — 2e.
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This example demonstrates that computing a repeated matching of maximum social wel-
fare can be a challenging task. Actually, as our first result indicates, the problem is computa-
tionally hard.

4.3.1 Intractability of Social Welfare Maximization in General

Theorem 4.1 Given a repeated matching instance, computing a repeated matching of maximum

social welfare is NP-hard.

Proof: We present a polynomial-time reduction from exact 3-cover (X3C). An instance of
X3C consists of a universe U = [3¢] of elements and a collection 8§ of m sets Si,Ss, ..., Sm,
containing three elements of U each. Deciding whether there are ¢ mutually disjoint sets in
8 is a well-known NP-hard problem [53].

Setup. We construct an instance I = (A, G, {v;}ics,T) with T = 3, and n = m + 3¢
agents/items. The set of agents A has a set agent i for every i € [m] and an element agent
m + i for every element ¢ of U. The set of items G has an element item for every element
i € [U], m — q space-filling items 3q + 1, ..., m + 2¢, and g dummy items m + 2q + 1, ..., m + 3q.
The valuations are as follows:

e For every i € [m] and every element g € S;, the set agent 7 has value v;(g, 1) = 1 for the
first copy of element item g.

 For every i € [m] and every g = 3¢ + 1, ..., m + 2q, the set agent i has value v;(g,3) = 3
for the third copy of the space-filling item g.

 For every i € [3¢|, the element agent m + i has value v,,;(i,2) = 3 for the second copy
of the element item i.

* All other valuations are 0 (including the valuation of any agent for a dummy item).

Maximizing social welfare using exact cover. We claim that there are ¢ mutually disjoint
sets in § if and only if there is a repeated matching of social welfare 3m +9¢ in /. We begin by
presenting a repeated matching of social welfare 3m + 9¢ when 8§ has a subcollection X of ¢
disjoint sets. For every i such that S; € X, the set agent i gets one copy of each element item
corresponding to an element g € S;. Agent i gets a value of 3 in this way. For every ¢ such
that S; ¢ X (notice that there are exactly m — ¢ such 7’s), the set agent ¢ gets three copies of
a distinct space-filling item. Hence, the set agents who do not get element items have value
3, too. For i € [3¢|, the element agent m + ¢ gets two copies of the element item i. Again, the
element agents have all value 3. Each of the 3¢ element agents gets one distinct copy of one
of the ¢ dummy items; these do not contribute to the social welfare.
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Finding exact cover using a maximum social welfare matching. Now consider a repeated
matching on instance / that has social welfare 3m + 9¢. This means that each of the m —
q space-filling items gives value 3 to the agents while each of the 3¢ element items gives
total value 4. Notice that these are the maximum contributions from each item to the social
welfare. The only way that each space-filling item gives a value of 3 to the agents is when all
its three copies are given to the same set agent. Hence, m — ¢ of the set agents have three
copies of a space-filling item each. Also, the only way for an element item g to give value 4 to
the agents is when two of its copies are given to the element agent m + g and another copy is
given to a set agent 7 such that g € S;. Hence, every set agent i who does not include a space-
filling item contains a single copy of each of the three items corresponding to the elements in
S; which is not used in any other set agent. Hence, the union of the ¢ sets corresponding to
these set agents includes all elements of U. a

4.3.2 Tractability under Monotone Valuations

Fortunately, the problem of computing a repeated matching of maximum social welfare can be
solved in polynomial time for monotone valuations, even when the items are mixed. Notice
that the instance in the example given at the beginning of Section 4.3 belongs to the category
of monotone non-increasing valuations.

4.3.2.1 Monotone Non-Increasing Valuations

For this particular case, well-known results on b-matchings can be used to find a social welfare
maximizing repeated matching. In the following, we briefly explain how; recall that a b-
matching in a bipartite graph is just a subset of the edges that includes at most b edges that
are incident to any given node. Gabow and Tarjan [50] show how to compute a maximum-
weight b-matching on input an edge-weighted bipartite multigraph in time that is polynomial
in b, the size of the graph, and the number of bits required to represent the edge-weights.
Given a repeated matching instance / = (A, G, {v; }ica, T) where each {v; };c4 is monotone
non-increasing, construct the bipartite multigraph graph G = (A, G, E') where E consists of
T copies of edge (i,g) for each i € A and each g € G. Foreacht € [T],i € Aand g € G, we
set the edge weight of the t™ copy of edge (i, g) to v;(g,t). Now, since the v;s are monotone
non-increasing, we can assume that a maximum-weight 7-matching in G has the following
consecutive edge copies property: if it contains k copies of an edge (i, g), these are the first k&
copies of weights v;(g, 1), ..., v;(g, k). Notice that, if this is not the case, we can redistribute
the edge copies of (i, g) between agents appropriately without violating weight maximality.
Now, a maximum-weight 7-matching M in G naturally defines a repeated matching A, in
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I, where each i is matched to each ¢ as many times as the number of copies of edge (i, g) M
contains. Furthermore, the social welfare of A,, is equal to the weight of M and can be seen
to be optimal. The reason is that any repeated matching corresponds to a 7-matching with
the consecutive edge copies property.

In Appendix A.1, we present an alternative approach for finding social welfare maximizing
repeated matchings for instances with monotone non-increasing valuations. We use an inte-
ger linear program and use an LP solver to compute an extreme solution of the LP relaxation,
which, as we show, is guaranteed to be integral.

4.3.2.2 Monotone Non-Decreasing Valuations

Neither b-matchings nor our linear programming-based approach can be used when all the
valuation functions are monotone non-decreasing. Somewhat surprisingly, it suffices to resort
to an even simpler ordinary matching computation in this case.

Social Welfare Maximization under Constant Valuations We remark that, on repeated
matching instances with constant valuations, there is always a repeated matching of max-
imum social welfare in which every agent gets the same item in all rounds. To see why,
consider any repeated matching A and let ¢ be that round in which the total value the agents
get from the items they get in matching A’ is maximum, that is choose

t € argmax SW(A").
t/=1,-T
Then, the repeated matching which uses matching A’ in all rounds has at least as high social
welfare with A. Hence, a straightforward maximum-weight matching computation can be
used to compute a social welfare maximizing repeated matching for instances with constant
valuations. The proof of the next theorem exploits a connection of instances with monotone
non-decreasing valuations and instances with constant valuations.

Theorem 4.2 Given a repeated instance with monotone non-decreasing valuations, a repeated

matching of maximum social welfare can be computed in polynomial time.

Proof: Consider a repeated matching instance I = (A, G, {v;}ica, T) with monotone non-
decreasing valuations. For each agent i € A, we construct the constant valuation function v
with vf(g) = %Zthl v;(g,t) for each item ¢ € §. That is, the value that agent i gets from a
copy of item g under valuation v{ is i’s average value from g under v; in 7" rounds.

Observe that, by the definition of the valuation v;, v;(A4;) < v§(A;) for any repeated match-
ing A and any agent i € A. This implies that the social welfare of A under the valuations
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v; is not higher than the social welfare under the valuations v{. Hence, the maximum social
welfare among all repeated matchings with respect to valuations v; is not higher than the
maximum social welfare among all repeated matchings with respect to valuations v{. Fur-
thermore, the maximum social welfare under v{ is achieved by a repeated matching A that
uses the same matching in all rounds.

Finally, note that vl(ﬁl) = Zthl vi(giyt) = vf(ﬁi), where g; is the item agent ¢ gets in all
rounds under A. Le., the social welfare of A is the same with respect to the original valuations
v; and the modified valuations v¢. Thus, to maximize the social welfare, it suffices to compute
a single-round matching of maximum social welfare according the valuations v§ and repeat it
for T rounds. O

4.4 Computing Fair Repeated Matchings

In this section, we focus on repeated matching instances with goods (i.e., non-negative val-
uations) and present algorithms that compute EF1 repeated matchings under different con-
ditions. We first discuss how previous work by Biswas and Barman [27] can be adapted to
handle repeated matching instances with constant valuations. We then consider identical val-
uations in Section 4.4.1 and conclude with our results for general non-negative valuations in
Section 4.4.2.

Constant Valuations and Beyond

We now briefly discuss the seemingly related problem of fair division with cardinality con-
straints. Here we comment on whether existing results can be used to obtain EF1 repeated
matchings in our setting. Biswas and Barman [27] consider an extension of the standard fair
division setting where a set of items (goods) needs to be allocated to a set of agents with ad-
ditive valuations for the items. The additional feature of their problem is that the set of items
is partitioned into categories and each category has a cardinality constraint. The objective is
now to compute an allocation of the items to the agents, in which the number of items each
agent gets from each category does not exceed the cardinality constraint of that category.
Biswas and Barman [27] show that allocations that satisfy such cardinality constraints and
are furthermore EF1 do exist and can be computed in polynomial time.

Notice that the results of Biswas and Barman [27] can be used to compute EF1 repeated
matchings for instances with constant valuations. Recall that constant valuations are those
where the value for an item stays constant across all the copies received by the agent. Indeed,
given a repeated matching instance I = (A, G, {v; }ica, T), it suffices to consider a fair division
instance [’ with the n agents in A, 7" distinct items for each item ¢ in G, each of value v;(g)
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to agent i, and a cardinality constraint of 7" for the whole set of items. It can be easily seen
that any EF1 allocation for instance I’ naturally corresponds to an EF1 repeated matching for
instance / and vice versa. Unfortunately, for non-constant valuations, this reduction does not
work as it seems impossible to express the history-dependent valuations in our model with
additive valuations for items in the model of Biswas and Barman [27].

An algorithmic idea for repeated matchings is to begin by assigning |7'/n| copies of each
item to each agent and distribute the remaining 7" mod n copies of each item so that each
agent gets at most one additional copy. Can we achieve EF1 in this way for general valua-
tions? This requires the computation of an EF1 repeated matchings on instances with 7" < n,
in which each agent gets at most one copy of each item (and 7" copies in total). Even though
additivity would not be a problem anymore, it is still not clear how to express such instances
in the model of Biswas and Barman [27] using cardinality constraints defined on a single

partition of the items only.

4.4.1 Identical Valuations

The algorithm we shall now present for repeated matching instances with identical valuations
works as follows. It starts by assigning |7'/n| copies of each item to each agent. If 7" mod n >
0 (i.e., additional copies have to be assigned to the agents so that the repeated matching is
correct), the algorithm works in a round robin fashion for 7" mod n phases. In these phases,
it uses a fixed ranking of the items according to the value v(g, [T//n]) of their [T/n]-th copy.
The ranking assigns each item a distinct integer rank(g) in [n] such that rank(g;) < rank(gs)
implies that v(g;, [T/n]) > v(g2, [T/n]). In each round-robin phase, the agents act according
to the ordering 1,2, ...,n. When it is agent ¢’s turn, she picks a copy of the lowest-rank item
that is available.

The algorithm appears below as Algorithm 4.1. It has access to function rank() defined as
above and uses the matrix f to store the number of copies of each item an agent gets. The
final step is to call routine GenerateFromFreq() to transform f to the repeated matching A;
this routine essentially implements the transformation described in Section 4.2 and is called
at the final step of every algorithm we present in the chapter.

We now use Algorithm 4.1 to prove the next statement.

Theorem 4.3 Given a repeated matching instance with identical and non-negative valuations,
an EF1 repeated matching exists and can be computed in polynomial time.

Proof: Algorithm 4.1 clearly runs in time polynomial in » and 7. It remains to prove that
it always returns an EF1 repeated matching. Consider its application to a repeated matching
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Algorithm 4.1: Computing an EF1 repeated matching under identical valuations
Input: Identical Valuations Instance I = (A, §,v,T) with |[A| =n
Output: A repeated matching A
flig) « |T/n], Vie A, Vg € G;
if T mod n > 0 then
zg < T mod n, Vg € G;
fort =1to T mod n do
fori=1tondo
g’ < argming, , o rank(g) > Give highest valued item which with unallocated
copies ;
Ty < Ty — 1;

fi,g') < [T/n];

o U1 A W DN =

® 3

9 A < GenerateFromFreq(f);

instance [ = (A, G, v, T), where v is non-negative. The repeated matching returned is clearly
EF1 if T is an integer multiple of n; in this case, all agents get the same number of copies of
all items and nobody is envious.

Otherwise, since 7"mod n < n — 1 copies of each item are available in the round-robin
phases and all the remaining 7" mod n copies of each item are picked in consecutive round-
robin steps, no agent gets more than one copy of the same item in the round robin phases.
Let g, be the item agent ¢ gets in the round robin phase ¢t € {1,2,...,7 mod n}. Consider two
agents 7 and j and observe that the repeated matching A returned by Algorithm 4.1 satisfies

v(Ai) = v(A;\ {g;1})
(T mod n)—1
= (v(gie, [T/n]) = v(gjas1, [T/n])) + v(gir mod n)

> (0(gie, [T/n]) = v(gju11, [T/n])) 2 0,

as EF1 requires. The equality follows since both agents i and j get |7//n| copies of each item
at the beginning of the algorithm and, then, the valuation difference is due to the [7'/n]-th
copies of items allocated in the round-robin phases. The first inequality is due to the non-
negativity of valuations. The second one follows since the item that agent i picks at the

round-robin phase ¢ has not higher rank than the item agent j picks in the next phase ¢ + 1.
O
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4.4.2 General Valuations

We now prove that EF1 repeated matchings can be computed in polynomial time for general
non-negative valuations when the number 7' of rounds and the number n of agents/items
satisfy a particular condition.

Theorem 4.4 Given a repeated matching instance I with n agents/goods and T rounds such that
T mod n € {0,1,2,n — 1}, an EF1 repeated matching exists and can be computed in polynomial
time for non-negative valuations.

We prove Theorem 4.4 constructively, by defining two algorithms for the cases 7' mod n €
{0,1,2} (Algorithm 4.2) and 7" mod n = n — 1 (Algorithm 4.3).

Algorithm 4.2 Overview. Algorithm 4.2 computes the number of copies of each item that
each agent gets as follows. First, it gives to each agent |7/n| copies of each item (line 1). If
T mod n # 0, it then runs a round-robin phase (lines 2-7) and then, if 7" mod n = 2, it runs
an additional reverse round-robin phase (lines 8-13). In the round-robin phase, the agents
act according to the ordering 1,2, ..., n (see the for-loop in lines 4-7). When it is agent i’s turn
to act, she gets the item g (identified in line 5) for which her value for the [T/n]-th copy
is maximum among the items that have not been given to agents who acted before i in the
round-robin phase (the set variable P is used to identify these items).

In the reverse round-robin phase, the agents act according to the ordering n,n—1, ..., 1 (see
the for-loop in lines 10-13). When it is agent ¢’s turn to act, she gets the item ¢ (identified
in line 11) for which her value for the next copy is maximum among the items that have
not been given to agents who acted before i in the reverse round-robin phase. Finally, the
algorithm transforms the matrix f indicating the number of copies of each item each agent
gets to a repeated matching by calling routine GenerateFromFreq(). Algorithm 4.2 clearly
runs in polynomial time.

Lemma 4.2 The repeated matching A = (A, ..., A,,) produced by Algorithm 4.2 is EF1.

Proof: Let S denote the multiset that contains each item with multiplicity |7'/n]. If T mod
n = 0, then A, = S for every agent ¢ and, hence, agents are not envious of each other. If
T mod n = 1, the final repeated matching is obtained after the execution of the round-robin
phase. Consider two agents ¢ and j. Denoting by ¢; the item agent j gets in this phase, agent
i has value v;(A4;) > v;(S) = vi(4; \ {g,}), i.e., she satisfies the EF1 condition.

If T'mod n = 2, the final repeated matching is obtained after the execution of the reverse
round-robin phase. Consider two agents 7 and j with ¢ < j. Let g/ and g; be the items the
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Algorithm 4.2: Computing an EF1 repeated matching
Input: Instance [ = (A, G, {v;}ica, T') with |A| =n and T'mod n € {0, 1,2}
Output: A repeated matching A

1 f(i,9) < |T/n|,Vi e A,Vg € G,

2 if T"mod n > 0 then

3 P« G > Initialize for one round of round robin ;
4 fori=1tondo

5 g < argmax,.pvi(g, [T/n]);

6 f(i,9) « [T/n];

7 P+ P\ {g};

8 if 7" mod n = 2 then

9 P+ g > Initialize for reverse order round robin ;
10 fori =nto1ldo

1 G argmaxyep vilg, f(i,9) + 1);

12 f(,9) « f(i,9) +1;

13 P+ P\{g};

14 A + GenerateFromFreq(f);

agents i and j get in the round-robin phase and g7 and g7 be the items they get in the reverse
round-robin phase, respectively. Agent i has value

vi(Ai) > vi(S) + (g, [T/n])
> vi(S) +vilg;, [T/n]) = vi(4; \ {g7})-
The second inequality follows since agent i prefers item g/ to item g; in the round-robin
phase. For agent j, we distinguish between two cases. Let u denote the multiplicity of item

g]? in A;. If g} # g2, we have that, in the reverse round-robin phase, agent j prefers the u-th
copy of g7 to the [T'/n]-th copy of g7, i.e., v;(g7, 1) > v;(g7, [T/n]). Then, we have

v;(4;) = v;(S) +v;(g2, 1)
> 0;(S) +v;(g7, [T/n]) = v;(Ai \ {g; })-

If g; = g7, we have
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Thus, the EF1 conditions for agents i and ; are satisfied. a

Algorithm 4.3 Overview. Algorithm 4.3 uses a similar structure to Algorithm 4.2. It starts
by giving [T'/n| copies of each item to each agent (in line 1) and then removes the copy of
a distinct item from each agent by running a round-robin phase (lines 2-6). When it is agent
7’s turn to act, she gets rid of a copy of the item g (identified in line 4) for which her value for
the [T'/n]-th copy is minimum among the items that have not been gotten rid by agents who
acted before i in the round-robin phase.

Algorithm 4.3: Computing an EF1 repeated matching
Input: Instance [ = (A, G, {v; }ica, T) with |[A| =nand T modn=n—1
Output: A repeated matching A

1 f(i,g9) < [T/n],Vi € A,Vg € G;

2 P+ G;

3 > Initialize for one round of round robin for : = 1 to n do
4 | g« argmingpvi(g, [T/n]);

6 P+ P\ {g};

7 A < GenerateFromFreq(f);

Lemma 4.3 The repeated matching A = (A, ..., A,,) produced by Algorithm 4.3 is EF1.

Proof: Leti and j be two agents and denote by g; and g; the items that are removed from
their bundles in the round-robin phase. We have

vi(A;) = vi(Aj) +vilgy, [T/n]) —vi(gi, [T/n])
> vi(Aj) — vilgs, [T/n]) = vi(A; \ {gi})

as desired. The last equality follows since A; has exactly [T/n| copies of item g;. O
Theorem 4.4 implies the following corollary.

Corollary 4.1 In repeated matching instances with up to four agents/goods, an EF1 repeated
matching always exists.

4.5 Impossibility Results for Repeated Matchings

In this section we shall explore the limitations of EF1 and another related notion of EFX for
the space of repeated matchings. We first find that social welfare maximization over EF1
repeated matchings is intractable to even approximate.
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4.5.1 Incompatibility of Fairness and Efficiency

In this section, we show that achieving the concepts of efficiency and fairness simultaneously
is computationally intractable. In particular, we show in Theorem 4.5 below that even ap-
proximating the maximum social welfare of EF1 repeated matching is hard. Our proof is
inspired by a reduction by Barman et al. [17] but is significantly more involved. Interest-
ingly, it uses instances with constant valuations and comes in sharp contrast to achieving the
two concepts separately. Recall that for such instances, an EF1 repeated matching can be
computed in polynomial time by the techniques of Biswas and Barman [27] , while a polyno-
mial time algorithm for computing social welfare maximizing repeated matchings follows by
Theorem 4.2.

Theorem 4.5 For every constant e > 0, approximating the maximum social welfare of EF1 re-
peated matchings on instances with n agents/goods and T rounds within a factor of O (min{n'/3~¢, T"~<})
is NP-hard.

Proof: We present a polynomial-time reduction which, given a graph G = (V, E), constructs
a repeated matching instance /() in which the maximum social welfare over EF1 repeated
matchings is in [K, K + 1) if and only if the maximum independent set in graph G has size K.
Our construction leads to instances with n < |V|* agents/items and 7" = |V| rounds. Then,
the theorem follows by the next well-known result by Zuckerman [127].

Theorem 4.7 (Zuckerman [127]) For every constant ¢ > 0, approximating the maximum in-
dependent set of a graph G = (V, E) within a factor of |V|*~¢ is NP-hard.

Let § be such that 0 < § < |[V|72. Let G = (V, E) be a graph. Without loss of generality,
we can assume that G has no isolated nodes, as the existence of such nodes just makes the
independent set problem easier.

Setup. Given graph G = (V, E), the instance I(G) has 7" = |V| rounds and n = (2|V| +
1)|E| + 1 agents/items. For every edge e € E, I(G) has 2|V| + 1 edge agents identified as
(e,7) for i = 1,2,...,2|V| + 1. There is also a special agent s. For every node u € V, there
is a node item g,. The instance also has n — |V| dummy items. For edge ¢ = (z,y) € E,
i € [2|V|+ 1], and t € [T, the valuation of the edge agent (e, i) for the t™ copy of the node
item g, iS v i(gu,t) = 0 if u = x or u = y, and v, ;(g.,t) = 0 otherwise. For node v € V and
t € [T, the valuation of the special agent for the ¢ copy of the node item g, is v,(g.,t) = 1.
All agents have zero valuations for the dummy items.
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Constructing repeated matching from maximum independent set. Let K be the size of
the maximum independent set in G. We claim that any EF1 repeated matching of /(G) has
social welfare less than K + 1. This will follow by two observations for any EF1 repeated
matching A. First, for every edge e, there is some i € [2|V| + 1] such that the edge agent (e, 1)
has value 0. Assume that this is not true for edge e = (z,y). Hence, 2|V| + 1 copies of the
node items g, and g, have been given to the edge agents corresponding to edge e. However,
we only have |V| copies of each item. Second, consider the node items the special agent gets.
As for each edge e = (z,y), there is some agent (e, i) who has zero value, the special agent
can get at most one copy of node items g, or g,. As this holds for every e € E, the node items
that the special agent gets correspond to the nodes in an independent set in G. Hence, her
value is at most K. The total value the edge agents get from the |V/| node items they get is at
most |V]? - § < 1. Hence, the social welfare of repeated matching A is less than K + 1.

Constructing maximum independent set from repeated matching. We now show that
an EF1 repeated matching of social welfare in [K, K + 1) does exist, when the graph G has
an independent set S of size K. First, the special agent gets a single copy of node item g, for
each r € S. The remaining copies of the node items are given to the edge agents in such a
way that each edge agent corresponding to edge e = (z,y) gets at most one copy of either g,
or g,. This is always possible, since for every edge e = (z, y), there are 2|V'| +1 edge agents to
get at most one copy of either node item g, or node item g,. Then, the copies of the dummy
items are distributed so that each agent has exactly |V| item copies. As every edge agent has
at most one copy of a node item, the EF1 conditions between any two of them are satisfied.
Finally, the EF1 is satisfied between any edge agent and the special agent since the special
agent gets at most one item copy for which the edge agent has positive value. O

4.5.2 Impossibility of Almost Envy-freeness in Repeated Matchings

We now explore the non-existence of known relaxations of envy-freeness, namely EF1 and
EFX. EFX is known to exist for identical valuations for any number of agents and for general
valuations for up to 3 agents. We extend this notion to the repeated matchings setting as
follows:

Definition 4.4 (EFX) A repeated matching is said to be EFX if for any pair of agents i and j,
for each good g € A;, v;(A;) > vi(A;\ g).

Clearly, for time-constant valuations, this simplifies to for any pair of agents i and j, for
each good g € Aj, v;(4;) > v;(4;) — v;(g). We now show that for n = 2, this is impossible to
achieve for any odd value of T > 1, that is, if there exists k € Z7\{0} s.t. T = 2k+1. Consider
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two identical agents who have time-constant value 27"+ 1 for ¢g; and 1 for g,. Now, whenever
T is odd, any repeated matching will match one agent to g; more than the other. Let A be an
arbitrary repeated matching and agent i be the agent matched to g; more often. If g» ¢ A,,
thenv;(A4;) =T < 2T+ 1)(T —1) = v;(A;) —v;(q1). I go € Ai, v;(A;) = N(A4j, 1) (2T + 1) +
N(Aj, 92) < N(Aj, 1) 2T+1)+T < (N(Aj, 91)+1)(2T+1) < NAi, 1) (2T +1) < 0;(Ai)—0v;(g2)-
In either case, we can see that EFX is not satisfied.

By a similar argument, we can show that for any n agents and 7" # kn for k € Z*, T > 1,
an EFX repeated matching need not exist. For the case that 7" = kn, matching each agent to
each good £ times produces an envy-free and hence EFX matching.

Failure of standard approaches to EF1 for repeated matchings. We now briefly discuss
why previous algorithms for achieving EF1 do not work in the setting of repeated matchings.
In the case of a round robin (Caragiannis et al. [35]) algorithm where agents get to pick
a good of their choice in turn, as n = m, the same agents will essentially get to pick first,
making the resulting matching envy-free up to 7' goods. Alternately reversing the order in
which the agents get to pick the goods makes the matching envy-free up to 7/2 goods.

The other well-known algorithm for finding EF1 allocations uses cycle elimination in envy
graphs (Lipton et al. [82]). The algorithm allocates a good to a source in the envy-graph, and
then resolves any cycles which may occur. This algorithm can’t be leveraged in a matching
context, as in a single round each agent must get exactly one good and even on allocating a
good to the only source in the envy-graph, it may continue to remain the only source in the
envy graph. We now display an algorithm that goes around this problem by finding an order
to let the agents choose a good based on the envy graph.

Non-existence of EF1 repeated matchings with mixed items. We now specifically turn
our attention to repeated matching instances with mixed items. Consider the following in-
stance with n = 2 and 7' = 1. One of the items is a good and the other is a chore. There are
exactly two possible matchings. In either, the classical extension of EF1 for mixed items from
the fair division literature (e.g., see 8), which requires that the value of an agent is higher
than that of another either by removing a single item from either one of the two bundles,
is not satisfied. Motivated by this simple example, we propose and investigate an alternate
notion of fairness to EF1 for repeated matchings, which we call swap envy-freeness (swapEF).
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4.6 Swap Envy-Freeness

We now define a different relaxation of envy-freeness designed for such repeated one-one
matchings.

Definition 4.5 (swapEF) Let I = (A, G, {v; }ica, T) be a repeated matching instance with mixed
items. A repeated matching A = (Ay, ..., Ay) in I is swapEF if for every pair of agents i,j € A,

either (i) or (ii) is true:
ii. There exist items g; € A; and g; € A; such that v;(A; U{g;} \{g:}) > vi(A; U{g:} \ {g;})

Condition (ii) requires that the value agent : has for her bundle A; after replacing a copy
of item g¢; with an extra copy of item g; is at least as high as her value for the bundle A;
of agent j after exchanging a copy of item g; with a copy of item g¢,. For instance, in the
example of one good and one chore with 7' = 1, we find that while EF1 cannot be satisfied,
each of the two repeated matchings are actually swapEF. This is because the agent who is
matched to the chore will envy the other agent, but should the two be swapped, this envy
would be mitigated. Now if 7" = 2k + 1 in this example with valuations staying constant
with time, any repeated matching that matched one agent to the chore for £ + 1 rounds will
be swapEF. The agent matched to the chore for k& + 1 rounds, will envy the other agent,
but exchanging just one copy of the chore for one of the good would mitigate this envy. We
first find that Algorithm 4.1 successfully finds a swapEF repeated matching, even without the
non-negativity constraint on valuations (the rank definition can be trivially adapted).

4.6.1 Identical Valuations

Lemma 4.1 Given a repeated matching instance I = (A, G, v, T') with identical valuations, the

repeated matching returned by Algorithm 4.1 is swapEF.

Proof: First observe that if 7" is an integer multiple of n, the repeated matching computed by
Algorithm 4.1 creates no envy to any agent and, hence, it is swapEF as well. Now, assume that
T is not an integer multiple of n; the algorithm will execute 7" mod n round-robin phases in
this case. Denote by g, ; the item agent ¢ gets in the round-robin phase t € {1,2,...,T mod n}.
Agent i gets [T/n] copies of each of these items, while it uses only |7T'/n| copies of the rest.
Then, for any pair of agents i and j, observe that

T mod n

o(A) —v(A) = D (vlgar, [T/n]) = v(gss, [T/n])).

t=1
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If i < j, then it is also v(g;, [T/n]) > v(g;+, [T/n]) for every round-robin phase ¢, which
implies that v(A;) > v(A4;). The inequality is clear if both agents 7 and j get a copy of the
same item in phase ¢. If this is not the case, the item agent i picks has lower rank than the
item agent j picks later. This implies that v(g;, [7'/n]) > v(g;+, [T/n]), too.

Now assume that ¢ > j. By the argument above, we also get v(A4;) > v(A;) when agents
¢ and j get a copy of the same item in each round. So, in the following, let us assume that
this is not the case and denote by ¢; and ¢, the first and the last round-robin phase in which
agents ¢ and j get different items. Then,

(A U{gjnt \{9it}) — (A4 U{gie} \ {9 })

t1—1

=3 (olgias /) = olgyes TT/a)

to—1

+o(gjn, [T/n]) +Z (1.6, [T/n]) = v(gje11, [T/n]))

0(Goae [T/0]) + Y (0(gia [T/0]) = v(gz [T/n]))

t=to+1

U(gjﬂfl? (T/TL—I) - U(Qi,tw (T/n—l) >0

The first inequality follows since the first and third sums are equal to 0 and the second one
is non-negative. This is due to the following observations. First, notice that, by definition,
both agents i and j get a copy of the same item in phases from 1 to ¢t; — 1 and from ¢, + 1 to
T mod n. Second, notice that the item g;, that agent 7 picks in round-robin phase ¢ is either
the same with the one that agent j picks in the next round-robin phase ¢ + 1 or one that has
lower rank (and, thus, is at least as preferable). The second inequality is due to the fact that
the item that agent j picks in the round-robin phase ¢; is at least as preferable to the one
agent ¢ picks later in the round-robin phase ¢, > ¢;.

We have established the swapEF requirements in any case and the proof is complete. O

We now turn our attention to general valuations.

4.6.2 General Valuations

We find that we can satisfy swapEF for more general settings than EF1.

Theorem 4.6 Given a repeated matching instance I with mixed items, n agents, and T rounds
such that T modn € {0,1,2,n — 2,n — 1}, a swapEF repeated matching exists and can be
computed in polynomial time.
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The proof of Theorem 4.6 uses Algorithm 4.2 from Section 4.4 for instances with 7" mod
n € {0, 1,2}. For instances with 7" mod n € {n—2,n—1}, we use an extension of Algorithm 4.3
from Section 4.4, which runs an additional reverse round robin phase to remove one more
distinct item from each agent when 7"mod n = n — 2. We refer to this as Algorithm 4.4;
the lines 7-12 implement the reverse round-robin phase, while the lines 1-6 are identical to
Algorithm 4.3.

The properties of Algorithms 4.2 and 4.4 regarding swapEF are given by the next two
lemmas, which, together with the fact that both algorithms run in polynomial time, complete
the proof of Theorem 4.6.

4.6.2.1 Finding swapEF matchings when T mod n is in {0,1,2}
Lemma 4.4 The repeated matching A = (Ay, ..., A,,) produced by Algorithm 4.2 is swapEF.

Proof: Let S denote the multiset that contains each item with multiplicity |7'/n|. If 7" mod
n = 0, then A, = S for every agent i and, hence, the agents are not envious of each other. If
T mod n = 1, the final repeated matching is obtained after the execution of the round-robin
phase. Consider two agents ¢ and j and let g; and g; be the items the two agents get in this
phase, respectively. If v;(g;, [T/n]) > v;(g;, [T/n]), then

vi(Ai) = vi(9) + vilgs, [T/n]) 2 vi(S) +vilgy, [T/n]) = vi(Ay)-

Otherwise, if v;(g;, [T/n]) < vi(g;, [T/n]), then

04 U {5\ {0id) = 0(S) + il [T/m])
> vy(S) + vilgi, [T/n])
= vi(A4; U{gi} \ {g;}).

In both cases, the swapEF conditions are satisfied.

If T'mod n = 2, the final repeated matching is obtained after the execution of the reverse
round-robin phase. Consider two agents i and j. Let g! and gjl- be the items agents i and j
get in the round-robin phase and ¢? and g]? be the items they get in the reverse round-robin
phase, respectively. We distinguish between three cases. If |{g;, g7} N {g},9;}| = 2, then A4,
and A; are effectively identical and agent i does not envy agent j. If [{g;, g7} N {g}, 9} = 1,
assume, without loss of generality, that g = g7 = g and observe that A; has [T/n] copies
of g7 and |T'/n] copies of g; and A; has [T/n] copies of g; and |T/n| copies of g7. If
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vi(gf, [T/n]) = vi(g;, [T/n]), then

vi(A;) = vi(SU{g}) +vilg}, [T/n])
> v(SU{g}) +uvilg;, [T/n]) = vi(4;).

Otherwise, if v;(g7, [T/n]) < vi(g;j, [T/n]), then

vi(Ai U{g; 3\ {g7}) = vi(S) +vilgj, [T/n])
> 0i(S) + vi(gf, [T/n])
=vi(4;U{g/} \ {g;}).
So, the swapEF conditions are satisfied.
It remains to consider the case where g;, g7, g;, and g7 are distinct. Then, A; contains
[T/n] copies of g/ and g7 and |T'/n| copies of gj and g7 and A; contains [T/n] copies of g;

and g7 and |T'/n| copies of g; and ¢7. If i < j, agent i acts before agent j in the round-robin
phase and, hence, vi(g;, [T/n]) > vi(g;, [T/n]). I vi(g7, [T/n]) > vi(g;, [T/n]), then

> vi(S) + vilg;, [T/n]) +vi(g;, [T/n]) = vi(4;),

and agent i does not envy agent j. Otherwise, if v;(g7, [T/n]) < vi(g:, [T/n]), then

vi( AU {gF I\ {g7}) = vilS) + wilgi, [T/n]) +vilg:, [T/n])
> 0i(S) +vilg;, [T/n]) +vi(gl, [T/n])
= v(A U{g I\ {g7}),

and the swapEF condition is satisfied. If i > j, agent ¢ acts before j in the reverse round-robin
phase and, hence, v;(g7, [T/n]) > vi(g7, [T/n]). If vi(g;, [T/n]) > vi(g;, [T/n]), then
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and agent i does not envy agent j. Otherwise, if v;(g;, [T/n]) < vi(g;, [T/n]), then

vi(Ai U{gj} \ {g:}) = vi(S) +vilg?, [T/n]) + vilgj, [T/n])
> () +vilg}, [T/n]) +vilgi, [T/n])
= u(A U{g 1\ {g;}),

and the swapEF condition is again satisfied. O
4.6.2.2 Finding swapEF matchings when T mod n is in {n-1,n-2}

We now show how to compute a swapEF repeated matching in the remaining cases stated in
Theorem 4.6.

Algorithm 4.4: Computing a swapEF repeated matching
Input: Instance I = (A, G, {v; }ien, T) with |[A] =nand T mod n € {n —1,n — 2}
Output: A repeated matching A

1 f(i,g9) < [T/n],Vie A, Vg € G;

2 P+ G > Initialize for one round of round robin ;

3 fori=1tondo

4 | g+« argmingpvi(g, [T/n]);

5 | f(i,9) < f(i,9) — 15

6 | P+ P\{g}

7 if T mod n = n — 2 then

8 P+ g > Initialize for reverse order round robin ;
fori=nto1ldo

10 g < argmingepvi(g, f(4,9));

1 fi,9) < f(i,9) - 1;

12 P+ P\{g};

13 A < GenerateFromFreq( f);

Lemma 4.5 The repeated matching A = (Ay, ..., A,,) produced by Algorithm 4.4 is swapEF.

Proof: Let S denote the multiset that contains each item with multiplicity [7'/n]. We first
consider the case where 7"mod n = n — 1. Let ¢ and j be two agents and denote by ¢; and
g; the items that are removed from their bundles in the round-robin phase. If v;(g;, [T/n]) >
vi(g;, [T/n]), then

vi(Ai Ug:} \ {g;}) = viS) = vilg;, [T/n])
> v;(S) = vi(gi, [T/n]) = vi(A; U {g;} \ {g:})-
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Otherwise, if v;(g;, [T/n]) < vi(g;, [T/n]), then
vi(Ai) = vi(S) —vilgi, [T/n]) > vi(S) — vi(g;, [T/n]) = vi(A;).

Thus, swapEFis satisfied by Algorithm 4.4 whenever t modn = n — 1. If T modn = n —
2, the final repeated matching is obtained after the execution of the reverse round-robin
phase. Consider two agents 7 and j. Let g/ and g} be the items agents ¢ and j remove in the
round-robin phase and g; and g; be the items they remove in the reverse round-robin phase,
respectively. We distinguish between three cases. If |{g}, g7 }N{g}, g7 }| = 2, then A; and A; are
identical and agent i does not envy agent j. If [{g}, 47} N {g;,97}| = 1, assume, without loss
of generality, that g} = g7 = ¢ and observe that A; has |T'/n] copies of g7 and [T'/n] copies
of g; and A; has |T'/n| copies of g; and [T/n] copies of g7. If v;(g7, [T/n]) < vi(gj, [T/n]),
then

vi(Ai) = vi(S\ {g}) —vilg?, [T/n])
> vi(S\ {g}) —vilgj, [T/n]) = vi(4;).

Otherwise, if v;(g7, [T/n]) > vi(g}, [T/n]), then

vi(AU{gi} \{g;}) = vi(S) — vi(g. [T/n]) — vi(g}, [T/n])
> 0;(S) — vi(g, [T/n]) — vi(g;, [T/n])
= vi(4; U{g; } \ {g'})-

So, the swapEF conditions are satisfied in this case.

It remains to consider the case where g/, ¢7, g;, and g7 are distinct. Then, A; contains
|T/n] copies of g} and g7 and [T'/n] copies of g; and g7 and A; contains |T'/n| copies of gj
and g7 and [T'/n] copies of g; and g7. If i < j, agent i acts before agent j in the round-robin
phase and, hence, v;(g;, [T/n]) < vi(g}, [T/n]). I vi(g7, [T/n]) < vi(g3, [T/n]), then

and agent i does not envy agent j. Otherwise, if v;(g7, [T/n]) > vi(g;, [T/n]), then

vilAi U{gi 1\ {g;}) = vi(S) —vilgi, [T/n]) — vilgj, [T/n])
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> 0i(S) — vilg;, [T/n]) — vi(g;, [T/n])
vi( A U{g I\ {g7}),
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Hence, the swapEF condition is satisfied. If i > j, agent i acts before j in the reverse round-
robin phase and, hence, v;(g7, [T/n]) < vi(g;, [T/n]). I vi(g}, [T/n]) < vi(gj, [T/n]), then

> 0i(8) — vilgj, [T/n]) —vilg;, [T/n]) = vi(4;),

and agent i does not envy agent j. Otherwise, if v;(g;, [T/n]) > vi(g;, [T/n]), then

0i(A; U{g; Y\ {g;}) = vi(S) —vilg}, [T/n]) — vi(g;, [T/n])
> 0i(S) —vi(g}, [T/n]) — vilgi, [T/n])
= v;(A; U{g;} \ {4 }),

and the swapEF condition is again satisfied. O
Theorem 4.6 implies the following corollary.

Corollary 4.2 In repeated matching instances with mixed items and up to five agents/items, a
swapEF repeated matching always exists.

We conclude this section with a comparison of EF1 and swapEF. While the two fairness
notions have similar definitions, they are actually incomparable. Clearly, swapEF does not
imply EF1 as it is trivially satisfied in the simple motivating example with one good and one
chore presented at the beginning of this section. However, given that we use largely the same
algorithms for swapEF as we did for EF1, one may believe intuitively that for goods alone,
EF1 implies swapEF. This is not the case though. Consider an instance with three rounds and
two agents with identical constant valuations v(1,t) = 3 and v(2,t) = 2 for two items. Giving
item 1 to one agent and item 2 to the other for all three rounds is EF1 but not swapEF.

4.7 Conclusions

We introduced a new model for matchings with one-sided preferences where matchings must
happen repeatedly but the valuations of agents depend on how often they have received the
item in the past. We found that maximizing for social welfare here is NP-Hard in general but
becomes tractable when the valuations are monotone. For fairness, we showed that more
standard relaxations of envy-freeness need not exist for repeated matchings and proposed
swapEF to fill this gap. An important direction of future work is resolving the existence of
EF1 for goods and swapEF in general. We elaborate on these in Chapter 7.
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Part 2: Two-Sided Preferences






Chapter 5

Achieving Fairness and Stability in
Many-to-One Matchings

In this chapter, we investigate the unexplored area of fair and stable many-to-
one matchings. Work on fairness in stable matchings with cardinal valuations is
scant. We are motivated to pick leximin optimality as the notion of fairness to
achieve over the space stable matchings. We first investigate matching problems
with ranked valuations where all agents on each side have the same preference
orders or rankings over the agents on the other side (but not necessarily the same
valuations). For this space of problems, we provide a complete characterisation of
the set of stable matchings. This leads to a novel algorithm, FaSt, to compute a
leximin optimal stable matching under ranked isometric valuations. Building upon
FaSt, we propose a polynomial time algorithm, FaSt-Gen, that finds the leximin
optimal stable matching for a more general setting of ranked valuations. We next
establish that, in the absence of rankings and under strict preferences, finding
a leximin optimal stable matching is NP-Hard. Further, with weak rankings, the
problem is strongly NP-Hard, even under isometric valuations. In fact, when ad-
ditivity and non-negativity are the only assumptions, we show that, unless P=NP,

no polynomial factor approximation is possible by a polynomial time algorithm.

5.1 Introduction

The various notions of fairness studied in the fair allocation literature have remained unex-
plored for two-sided matching settings. The exception is some very recent work [49, 59].
While these papers look at two sided fairness, they do not take into account stability. Sta-
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bility is an extremely desirable property for two-sided matchings. Additionally, two-sided
matching literature has largely assumed ordinal preferences. This work initiates the study
of achieving fairness in stable, two-sided matchings under cardinal valuations. Motivated by
certain real-world situations, we pick leximin optimality as the notion of fairness and focus
on stable many-to-one matchings. We derive several algorithmic and complexity results for
various special cases of many-to-one matchings. We first present a motivating example and
then introduce the class of problems explored in this chapter.

Motivating Example

We consider the case of engineering college admissions in India. Here, admissions to un-
dergraduate engineering colleges are based on a centralized examination called the Joint
Entrance Exam (JEE). In 2021, over 2 million students gave the JEE [76]. Based on their
performance, each student is awarded an All India Rank (AIR). The AIRs determine the order
in which the students get to choose the college they wish to join, via a centralized admissions
process. In turn, colleges are ranked by their reputation, determined by factors such as em-
ployment secured by the alumni, research output, brand, etc. For students, the reputation
of a college indicates how much being an alumnus of this college will improve their future
prospects.

This ranking over colleges is the same for nearly all students (except for a few who may
have a strong location preference), and is influenced by rankings produced by official national
rankings and reports appearing in national newspapers, magazines, media, etc. Similar to the
Indian setting, central ranking procedures for college admissions are used by several countries
including Brazil, Germany, Taiwan, and the UK [83].

Stability is a key criterion for college admissions. Informally, stability in this context
requires that there should not exist a college-student pair where both can benefit by deviating
from the prescribed matching by getting matched to each other. Baswana et. al. [20] found
that using a stable matching mechanism for engineering admissions in India eliminates some
of the glaring inefficiencies that were observed when stability was not considered.

Stability is not enough to guarantee fairness. Newer colleges are invariably ranked lower
than well established colleges. As a result, despite some newer colleges having adequate
capacity and competitive quality, it happens that they are ignored by students, particularly
the top ranking students. Matchings where the large majority of students are matched to
only well established (higher ranked) colleges may be stable but are clearly unfair to newer
colleges. This results in poor reputation and a loss of opportunity for the newer colleges.
Consequently, these colleges continue to be poorly ranked in future years as well. Hence, in
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the absence of any explicit intervention to ensure some degree of fairness, this exacerbates
the discrepancy among the colleges for future batches of students.

In essence, this could create a vicious, self-reinforcing hierarchy. To offset this discrep-
ancy, a suitable notion of fairness could be implemented in the centralized admission pro-
cess. Should the worthy newer colleges get more students, which they deserve, they would
have an opportunity to excel and improve their rankings. Naturally, in our attempt to help
these colleges, we must not ignore the interests of the students. That is, in order to help
newer colleges, we cannot send top-ranked students to low-ranked colleges. Fairness must
be maintained for the students as well as the colleges.

Ranked Valuations

Several practical many-to-one matching settings belong to the ranked valuation setting where
there are inherent rankings across the agents on each side. The class of ranked valuations
has been well studied in the context of fair division as well as stable matchings with ordinal
preferences (with a variety of nomenclature) [4, 10, 30, 69]. This class is a generalization
of identical valuations, a very well studied class of valuations [11, 16, 41, 96]. In ranked
valuations, for each side, all agents have the same preference orders or rankings over the
agents on the other side (but may not have the same valuations, which would be required
for identical valuations). For example, in labour market settings, workers are ranked based
on their experience, while employers may be ranked on the wages they offer. In the college
admissions example being discussed, the ranking of colleges is the same for nearly all students
and the colleges have a single ranking over the students (based on AIRs) (except for a few
who have a strong location preference). This ranking is usually influenced by ranking surveys
and word-of-mouth communication. These rankings lead to a structure over the space of
stable matchings.

Isometric Valuations

We also investigate the isometric valuations setting, where the valuation of a student for a
college is the same as that of the college for the student. This assumption captures several
practical settings. It is generally observed in India (and this may be true for many other
countries as well), that students choose to pursue technical degrees, in large part, with the
expectation of a well paying job upon graduation. The jobs that the students secure, in turn,
determine the reputation of their colleges, especially for newer colleges. Consequently, in this
setting, the value that a student and a college gain from each other is the expected quality
of future opportunities awaiting the student. Further, the compensation packages students
receive are also influenced by the reputation of the colleges they have attended. As a result,
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the rankings play an important role. Finding fair and stable matchings is practically relevant
with isometric valuations as well.

Leximin Optimality

While there is a wide variety of fairness notions prevalent in prior work, given that they focus
on allocation settings, the large majority of these need not always maintain fairness across the
two sets of agents. The question of whether agents on both sides must be treated equally is up
for debate. In this work, we assume that agents from either side are equally important. To this
end, we focus on leximin optimality [23, 45, 46, 96] as our notion of fairness. Informally, a
leximin optimal matching is one that maximizes the value of the worst-off agent (i.e. satisfies
the maximin/santa claus criteria), and out of the matchings that achieve this, maximizes the
value of the second worst-off agent, and so on. Essentially, this minimizes the discrepancy
in the values achieved by each of the agents on either side, ensuring a fair balance in the
interests of both sides. For college admissions, leximin optimality improves values achieved
by lower ranked students and colleges with minimal compromise in the matchings of higher
ranked colleges and students.

An attractive aspect of the leximin notion is that it is an optimization based fairness notion
with a guaranteed optimal outcome over stable matchings. While notions like egalitarian
welfare (also called maximin welfare or the Santa Claus problem) and Nash social welfare
are also guaranteed to exist, they are not sufficient for ensuring fairness for agents on both
sides. Other popular fairness notions like envy-freeness and equitability need not coexist with
stability. We defer a discussion on how these fairness notions interact with stability and why
they do not extend well to the case of two-sided preferences to Appendix B.1 As a result,
leximin turns out to be an appealing notion of fairness for two-sided matchings, worthy of
further investigation.

5.1.1 Technical Contribution of this Chapter

Our paper in 2020 [91] was the first attempt to study fairness and stability with cardinal
valuations. In this work, we seek to find a many-to-one matching that is a leximin optimal
over the space of stable matchings. Table 5.1 summarises our contributions. Here, m and
n are the number of colleges and students, respectively. Recall that strict preferences mean
that no agent is indifferent about any agent on the other side (each agent’s valuations imply
a strict linear order over agents on the other side). Weak preferences allow agents to be
indifferent between two agents (their valuations imply a weak order on the agents on the
other side).
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Nature of Valuations Strict Preferences Weak Preferences

Ranked + Isometric O(mn) (Thm 5.1) Strongly NP-Hard (Thm 5.5)
Ranked Valuations O(m?n?) (Thm 5.2) APX-Hard (Thm 5.6)
General with m = 2 O(n?) (Thm 5.3) NP-Hard (Thm 5.5)

General NP-Hard (Thm 5.4) APX-Hard (Thm 5.6)

Table 5.1: Summary of Results

We find that when there are strict rankings over either side, the space of stable matchings
has a structure. Moreover, we can find a leximin optimal stable matching in polynomial
time. In particular, for rankings with isometric valuations (settings where the valuation of
a student for a college is equal to the college’s valuation for the student), we present an
algorithm, which we call FaSt (Fair and Stable) that outputs a leximin optimal stable matching
in O(mn) time.

We then extend this algorithm to present an O(m?n?) time algorithm for general ranked
valuations. In the absence of rankings, the structure implied by rankings is no longer present,
and as a result, there is no tractable way to iterate over the space of stable matchings. How-
ever, when there are exactly two colleges, we can in fact iterate over the space of stable
matchings when preferences are strict. Using this property, we present an algorithm which
runs in time O(n?). Our algorithms all follow a similar pattern, which only requires a certain
way of iterating over the space of stable matchings. We believe this is a novel approach for
optimizing over the space of matchings.

Unfortunately, these ideas do not extend to more general settings. In Theorem 5.4, we
show that in the absence of rankings, even with strict preferences, finding the leximin optimal
stable matching is intractable, when the number of colleges in unconstrained. We further
establish, in Theorem 5.5, that it is also NP-Hard to find a leximin optimal stable matching
even under isometric valuations and with weak rankings and m = 2 . In fact, when the
valuation functions are unconstrained beyond being additive, we find, in Theorem 5.6, that
it is NP-Hard to obtain a polynomial factor approximation on the leximin optimal stable
matching, even with weak rankings.
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5.2 Notation and Preliminaries

In this section, we first set up our model, provide the necessary definitions, discuss the rele-

vant work, and state the main results.
5.2.1 Definitions and Notation

Valuations

LetS = {s1,...,s,}and C = {cy, ..., ¢, } be non-empty, finite, and ordered sets of students and
colleges, respectively. We assume that there are at least as many students as colleges, that is,
n > m. We shall assume that each college has a capacity (or budget) b; < n on the maximum
number of students that can be matched to it. Further, we assume that > ibi = n, that is,
each student will always be matched to a college.

Let u;(-) and v;(-) be the valuation functions of student s;, and college c;, i € [n], j € [m].
This chapter studies only non-negative and additive valuation functions. We define U =
(ug, -+, u,)and V= (vq, -+ ,v,) and B = (by,--- ,b,). Hence, an instance of stable many-
to-one matchings (SMO) is captured by the tuple I = (8, C, U, V, B). The ordering implied by
an agent’s valuations over agents from the other set are called preferences. Strict preferences
require that the preference order is strict, or in other words, there for any agent, there are
no two agents in the other set for whom they have equal value. Weak preferences imply that
there may be ties in the preference order.

We shall also look at isometric valuations' where the value that a student s; has for a
college ¢; is the same as ¢;’s value for s;, that is, u;(c;) = v;(s;), for all i € [n] and all j € [m].
Each instance with isometric valuations can be captured by the tuple I = (8,C,V, B). Here V/
can equivalently represent an n x m matrix where V;; is the valuation of s; for matching with
¢j, or Vij = ui(c;) = vj(s:).

Rankings or ranked valuations imply that for all students, while the exact values need not
be the same, the (strict) ordering over colleges is the same and analogously, each college
has the same preference order over students. To this end, for convenience we assume that
whenever the valuations are ranked, w;(c;) > w;(c2) > -+ > w;(cy) for all ¢ € [n] and
vi(s1) > vj(sg) > -+ > vj(s,) for all j € [m]. Weak rankings shall allow for ties, i.e.,
wi(c1) > ui(c2) > -+ > wi(ey,) for all i € [n] and vi(sy) > vi(s2) > -+ > v;(s,) for all j € [m].
Thus, for ranked isometric valuations, each row and column of V' are sorted in decreasing
order.

!We avoid the term symmetric valuations as it has previously been used in two-sided and one-sided matching
literature with different meanings.
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Our goal is to find a many-to-one matching y of the bipartite graph G = (8, €, 8 x €) such
that p satisfies stability as well as fairness properties. A matching ¢ C 8 x C is a subset of
8 x C such that each student has at most one incident edge present in the matching, and the
number of incident edges on a college is at most their capacity b;, i.e., for any i € [n] and
j € ml, lu(s)] < 1and [u(c;)] < b,.

The valuation of a student s; under a matching y is written as w; () = wu;(u(s;)). For a
college c; the valuation under matching y is defined as v;(u) = >, . u(ey) Uilsi) = 0.

For the majority of this chapter, we shall assume that b, = n. That is, each college can
accommodate as many students as needed. Consequently, we shall study instances of the type
(8,€C,U, V). This assumption does not affect the hardness results as under budgets, we can
simply assume that b; = n for all j. For the algorithms, the budgeted setting would require
extra work. However, we find that even with budgets, the reasoning behind our algorithms
can be extended, with some more intricate checks required. The algorithms for the budgeted
setting are presented in Appendix B.3.

Fairness and Efficiency

Next, we define our two central properties for many-to-one matchings, namely, stability and
leximin optimality.

Definition 5.1 (Stable Matching) A matching . of instance [ = (8, C, U, V') is said to be stable
if no (s;,c;) is a blocking pair for .

Definition 5.2 (Blocking Pair) Given a matching p, (s;,c;) form a blocking pair if s; ¢ p(c;)
and there exists sy € pu(c;), ¢;; = p(s;) such that v;(s;) > v;(s;) and w;(c;) > u;(cy). Thatis s;

and c; prefer each other to (one of) their partners under /.

Note that this definition of stability has also been called pairwise stability and justified envy-
freeness in prior work. Stability often requires a non-wastefulness constraint as well. How-
ever, prior work [123, 126] has found that non-wastefulness and pairwise stability are incom-
patible under distributional constraints, aimed at ensuring fairness. Thus, we do not demand
our stable matchings to be non-wasteful. We denote the space of complete stable matchings,
matchings which are stable and do not leave any agent unmatched, as S (7).

Our work aims to find the leximin optimal over the space of stable matchings. The most
convenient way of identifying such a matching is using leximin tuples. The leximin tuple of
any matching is simply the tuple containing the valuations of all the agents (students and
colleges) under this matching, listed in non-decreasing order. Hence, the position of an
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agent’s valuation in the leximin tuple may change under different matchings. The leximin
tuple of a matching ; will be denoted by £,,. The ¢ index of £, is denoted by £,[t].

Definition 5.3 (Leximin Domination) We say that matching y, leximin dominates y if there
exists a valid index k such that £, [k'| = £,,[K] for all k¥’ < k and £, [k] > £, [k].

We shall say that the leximin value of ;i is greater than that of y, if ;; leximin dominates 5.
This shall be denoted by £,, > £,,. We shall say that p, is leximin inferior to p,, when s
leximin dominates 5.

Definition 5.4 (Leximin Optimal) A leximin optimal matching p* is one that is not leximin
dominated by another matching.

Essentially, we wish to find a matching that maximizes the left most value in the leximin tuple,
of those that do, find the one that maximizes the second value and so on. This is NP-Hard, in
general [23]. Our goal is to find a leximin optimal over all stable matchings.

5.2.2 Overview of Main Results

The goal of this chapter is to find a stable and leximin optimal many-to-one matching. Lex-
imin is intractable in general, so we first look at ranked valuations, where the space of stable
matchings has an appealing structure that we can exploit.

Lemma 5.1 Given an instance of ranked valuations, a matching p is stable if and only if, for all
colleges j € [m], ju(c;) = {su, 1.+ 5wy 4, } where by = |p(c;)| and w; = 3 k.

Lemma 5.1 ensures that a stable solution for a ranked instance would necessarily match a
contiguous set of students to each c¢;. We exploit this in the algorithm FaSt (Algorithm 5.2),
which runs in time O(mn). Its correctness is established in the following theorem.

Theorem 5.1 FaSt (Algorithm 5.2) finds a leximin optimal stable matching for ranked isometric

valuations in time O(mn).

Building on this algorithm, we develop another algorithm for general ranked valuations
FaSt-Gen (Algorithm 5.3) which runs in time O(m?n?).

Theorem 5.2 FaSt-Gen (Algorithm 5.3) finds a leximin optimal stable matching given an in-
stance of general ranked valuations in time O(m?n?).
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When there are only two colleges and strict preferences (but no global rankings over
colleges and students), we show that there exists a polynomial time algorithm to find the

leximin optimal stable matching in this setting.

Theorem 5.3 FaSt-Const (Algorithm 5.5) finds a leximin optimal matching given an instance
with strict preferences and m = 2 in time O(n?).

Unfortunately, we cannot expect tractable algorithms for much more general settings. In
Section 5.4, we find that under strict preferences, without an assumption of rankings, the
problem of finding a leximin optimal stable matching is NP-Hard when n = Q(m).

Theorem 5.4 It is NP-Hard to find a leximin optimal stable matching under strict preferences.

The hardness of finding the leximin optimal stable matching doesn’t follow from the hard-
ness of leximin in the allocations, as stable matchings under strict preferences can’t capture
all feasible allocations. Given that rankings in combination with strict preferences give rise
to polynomial time algorithms, a natural question is whether rankings with weak preferences
can lead to polynomial time algorithms. This is not the case. We show that even on relaxing
strict rankings to weak rankings, finding the leximin optimal stable matching under isometric
valuations is intractable, even with a constant number of colleges.

Theorem 5.5 It is NP-Hard to find the leximin optimal stable matching under isometric valua-
tions with weak rankings with m = 2 and strongly NP-Hard with n = 3m.

Clearly, this implies that it is NP-Hard to find the leximin optimal stable matching in
general. However, in the absence of isometric valuations, the problem is harder still. For the
general problem, we establish APX-Hardness.

Theorem 5.6 Unless P=NP, for any § > 0, ¢ € Z* there is no 1/cn’-approximation algorithm

to find a leximin optimal stable matching under unconstrained additive valuations.

Before we discuss these impossibility results, we detail our algorithmic results, starting

with the setting of ranked isometric valuations.
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5.3 Algorithmic Results

Most of the algorithms in this chapter follow a similar structure: initialize with the student
optimal stable matching and then iterate over the space of stable matchings to look for leximin
value improvements. Doing this in polynomial time with a termination guarantee requires a
method that makes small changes with positive leximin improvements at every iteration and
ensures stability as an invariant in each iteration.

Here, our algorithms rely on strict preferences and ranked valuations. Recall that for any
i€[n]and j € [m], wi(c1) > -+ > u;(c) and v;(s1) > - -+ > v;(s,). We first show how these
properties provide structure over the space of stable matchings. We find that for a matching
to be stable, it must be in accordance with the rankings.

Lemma 5.1 Given an instance of ranked valuations, a matching . is stable if and only if, for all
colleges j € [m], p(c;) = {Sw;+1, ", Sw;+k; y Where kj = |u(c;)| and w; = STk,

Proof: We prove the forward implication by assuming 1 to be a stable matching. Let ;» match
each college ¢; to k; students. We inductively prove that the required property holds. We first
show that u(c;) is the set of first k; students that is, sy, -+ ,sx,. If ky = 0, this is trivially
satisfied. We can thus assume that k; > 0. Suppose ¢; is not matched to all of sy, -- -, s,
under p. As a result, there exists some i € [ki| such that s; ¢ p(c;) and that p(s;) = ¢;
for some j > 1. Consequently, there must be an i’ > k; such that s; € u(c;). However,
ui(c1) > wi(c;) and vy(s;) > vi(si), by assumption. Thus, (s;, ¢;) form a blocking pair, which
contradicts the fact that p is a stable matching.

We now assume that, for the stable matching 1, the lemma holds for the first ¢ — 1 colleges,
t>2ie., pu(c;) = {Sw41, ", Sw,+k; } Where w; = Zi,;ll kj for all j < t.

We now show that the lemma is true for ¢;. Suppose not, then there exists ¢ such that
wy < i < w;+ k, and s; ¢ u(c;). This implies that, there must exist some i’ > w, + k; such
that s, € pu(c). Let u(s;) = ¢j,7 > t. Now, as the valuations are ranked, u;(c;) > u;(c;) and
v(s;) > v(s;7). This implies that (s;, ¢;) form a blocking pair which contradicts the stability of
. This proves that if . is a stable matching that matches c; to k; students , then j(c;) must
be equal to {su, 41, , Sw;+k; }-

We now prove the reverse implication. Let ; be a matching which matches ¢; to k;
students and ju(c;) = {Sw, 41, " ; Sw,+k, } Where w; = Zi,_:ll kj for all j € [m].

Fix i € [n], and let u(s;) = ¢;. If j = 1, s; clearly does not form a blocking pair with
any college as they are matched to their most preferred college. If j > 1, then A; prefers
c1,- -+ ,¢j—1 to ¢;. But, all these colleges prefer each of the students matched to them to s;,
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because of the ranking. Consequently, s; does not form any blocking pairs. As a result, there
are no blocking pairs in y and it is a stable matching. O

Note that the number of complete stable matchings under ranked instances is (::11), hence,
brute force would not be tractable unless the number of colleges is constant. We first look
at a subset of matching instances, called ranked isometric valuations as a stepping stone to a
more general result.

Lemma 5.1 in conjunction with isometric valuations, provides a structure over the leximin
values of stable matchings, under ranked valuations. This enables us to find the leximin
optimal stable matching. We now list some observations about the structure of a leximin

optimal stable matching ;* over the set of stable matchings under ranked valuations.

Observation 5.1 No agent is unmatched under a leximin optimal stable matching ;*, that is,
p*(a) # 0 forany a € 8 x C.

This in conjunctions with Lemma 5.1 leads to the following observation.

Observation 5.2 Under ranked valuations, in the leximin optimal stable matching p*, s; €

w(cr) and s, € p*(cm).

For other students, we are only able to guarantee the following as a consequence of
Lemma 5.1.

Observation 5.3 If s, is matched to c; then s;_; must be matched to either c; or c;_,. That is,
si € p*(cj) = si1 € (M*(Cj) U#*(Cj—1)>-
We now use these observations, first in the specific context of ranked isometric valuations.

5.3.1 Leximin for Ranked Isometric Valuations

For ranked isometric valuations we have two additional observations which are instrumental
in the execution of our algorithm. They rely on the fact that due to isometric valuations, if
1 <i<i <nforanyje [m], vj(s;) > v;(s#), thus, v;(c;) > vi(c;).

Observation 5.4 Under ranked isometric valuations, for each complete stable matching u €
S8c(I), the values of the students will appear in order of their rank in the leximin tuple, that is,

forany i < i, uy(p) < u;(p).

Observation 5.5 For any matching 1 € 8¢(I), under isometric valuations, v;(p) > w;(u) for
each college c; and for all s; € p(c;).
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These observations are critical for the particular design of FaSt (Algorithm 5.2), which outputs
a leximin optimal stable matching under ranked isometric valuations in time that is linear in

the size of the input.

FaSt: An Algorithm to Find a Fair and Stable Matching

We first present an O(mn) time algorithm, called FaSt, to find a leximin fair stable matching
under ranked isometric valuations. Recall that for isometric valuations, V' also denotes an
n x m matrix where V;; = u;(c;) = v;(s;). For ease of presentation, we shall assume that that
there are no capacity constraints, that is, for any college c;, b; = n — 1, that is we effectively
assume no capacity constraints. However, this is not a particularly limiting assumption. The
full algorithm with unrestricted b;s is given in Appendix B.3 and follows the same logic. The
time complexity of both the versions of the algorithm is O(mn). We now use the structure
outlined in the previous subsection to give an O(mn) time algorithm for finding the leximin
optimal stable matching.

In essence, the algorithm starts with the student optimal complete stable matching and
gradually finds leximin optimal matching by improving the valuations of the colleges in in-
creasing order of rank, keeping stability and non-zero valuations for all agents as an invariant.
By Observation 5.3 and 5.5, we can start with student s,, and iteratively decide the matchings
for higher ranked students .

The initial stable solution, which is the student optimal stable matching, matches student s,
to college ¢,, and student s; to college ¢; (using Observation 5.2). Further, the first n —
(m — 1) students are matched to ¢;. For the remaining colleges get only one student each,
p(cj) = Sn—(m—j) for each j > 2. The algorithm then systematically increases the number
of students matched to the lowest ranked college c,, till there is a decrease in the leximin
value, at which point, we switch to the next lowest ranked college and repeat. During this,
the number of students matched to all other colleges except ¢; remains fixed. We call this
procedure ‘Demote’ algorithm (Algorithm 5.1).

We shall say that the matching of a student s; (or a college ;) is fixed if it will not change
any further during the execution of FaSt. The algorithm stops when one of the two happens:
either the bottom m — 1 colleges : ¢, - - - , ¢, get fixed, or the ¢; is matched to s; only. Note
that, every time a student is sent to a lower ranked college or demoted, no student sees an
increase in their valuation and no college, other than ¢;, sees a decrease in their valuation.
Hence, whenever a student is demoted, their position in the leximin tuple either moves to
the left or stays in the same position, and the position of the corresponding college moves
to the right. Due to Observation 5.4, the valuations of the previously matched students are
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unaffected. Hence, the algorithm optimizes for one leximin position at a time, before moving
on to the next.

Demote Overview. Demote (Algorithm 5.1) maintains the invariant of a complete stable
matching. If we decide to send student s; to college ¢; when they are currently matched
to ¢;_;, it is not enough to simply do this one step. Doing this alone will make ¢;_; un-
matched, which violates our invariant. As a result, we need to match the least preferred
student matched p(c;_3) to ¢;_;. For isometric valuations, this is s;_;. This must continue till
we send ¢;’s lowest ranked matched student to c¢,. For this to be feasible, ¢c; must be matched
to at least 2 students. If not, no transfers are possible and as a result, no further improvement
can be made to the leximin tuple. We ensure this feasibility in the while loop condition in
Step 7 of FaSt.

Algorithm 5.1: Demote

Input: A matching p, college indices down and up.
Output: u

1 Set p < down;

2 while p > up do

3 t < argming g e, ) Vp—1(84);

1(cp—1) = plep—1)\{se}s

(ey) — pley) U{si};

p < p — 1> Move s; to ¢4o,,, While maintaining the number of students matched to
all other colleges except c,,. ;

N b

Theorem 5.1 FaSt (Algorithm 5.2) finds a leximin optimal stable matching for ranked isometric
valuations in time O(mn).

Proof: We first prove the correctness of FaSt.
Correctness: During initialization, FaSt matches s, to ¢,,, and fixes the match by assigning
s, to the set F. This step indicates that s, remains matched to ¢,, throughout the execution
of the algorithm. Recall that, by Observation 5.4, for the leximin optimal stable matching p*,
the first entry in its leximin representation £(u*) is V,,,, = u,(cn), which is ensured by FaSt.
We shall say that the matching of a student s; (or a college ;) is fixed correctly if the it is
matched as in a leximin optimal matching. Let the matchings of s;,1,- - , s, be fixed, t <n—1
and let s;; be matched to ¢;. Hence, the matchings of ¢, - - , ¢,, are also fixed correctly.
By Observation 5.4, ¢;,--- ,¢4 and sy, --- , s;_1 must occur to the right of s; in the leximin
tuple of the leximin optimal stable matching. Similarly, s;,1,-- - , s, must be listed to the left
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Algorithm 5.2: FaSt

g A W N =

O e N O

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

30
31

32
33
34

Input: Instance of ranked isometric valuations (8, C, V)
Output: p
Initiate a stable matching: ji(c1) < {s1," ", Sn—m+1} and p(c;j) < {sp_(m—j } for j > 2;
Initialize i < n — 1, j < m ;
Set £ as the leximin tuple for y;
Set pos]i] as the position of s; in £, i € [n];
> tie breaking for position in £: agents who attain the same value are listed in increasing
order of rank, with student before colleges .
Initialize F « {s,} > stores the agents whose matching is fixed;
whilei > j —1AND j > 1do

if vj(p) > Vi(j_1) then
J=Ii-L
else
if [VZJ > Uj(,u)] then
w < Demote(u, j,1);
else
if Vij < ’Uj(u) then
EEESVESE
else
k < i, t < pos[i], and
W p > Look ahead: does sending s; to c; improve leximin;
while k£ > j — 1 do
if Vi,; > L]t] then
i+ kand u « Demote(y/, j,1);
break;
else
if Vij < vj(,u) then
JeIi-L
break;
else
W < Demote(y/,j,1) > Another tie, send s, to ¢; tentatively;
L k< k—1,andt <+ t+1;
if k =j — 1AND pu # 1/ then
| j+Ji-1
F—{si,--, sntU{cjq1, - em};
Update(L, j1, pos);
14— 11— 1;

of s;,. This will not change, irrespective of the way the other agents are matched, as long as

stability is maintained. Also, since s,’s valuation for c¢; does not depend on how any other
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agent is matched, it will not change once it is fixed. As a result, x* matches s, to ¢4 if and
only if it results in a leximin dominating matching.

By sending s, to ¢4, s; moves to the left of its current position in the leximin tuple. To
improvement the leximin value, its value at the new position should not be lower than the
current value there. Thus, if V}, is less than ¢;’s current valuation, s; must be fixed to ¢,_;, the
matching of ¢, must be matched as in the current matching. Even if we add more students to
cy's matching, s; will remain at the same position (due to Lemma 5.1) and as a result will be
leximin inferior to the current matching.

In the case where these two values are equal, we must look ahead to see whether by
demoting s; we eventually result in an increased leximin value. Simply comparing c,’s new
valuation need not suffice. By demoting s; we may land in a setting where c¢,;’s new valuation
is less than Vj(;_1), resulting in a matching which is leximin inferior to the current. However
by sending sending more students to c,;, we may improve upon the current leximin tuple. Let
the position of s; when matched to ¢, be k. Thus, we must compare the new leximin values
(obtained by sending s;,; to ¢;) at position k + 1 with the current leximin value at position
k + 1. If the values are equal we may have to look ahead further and accordingly fix the
matching. Thus, when the matchings of s;,; and s, are fixed we can correctly fix s; as in a
leximin optimal matching.

Termination: The algorithm considers each student - college pair at most once. All computa-
tions during one such considerations can be done in constant time. The update to the leximin
tuple £ and the array pos can be performed in time O(n + m) = O(n) as well. Thus, the time
taken is O(mn) in the worst case, which is linear in the number of edges of the underlying
bipartite graph. O

The success of this approach is contingent on i) the inherent rankings, ii) valuation func-
tions of the colleges being additive, and iii) the five observations listed earlier. We do not rely
directly on the fact that the valuations are isometric. Consequently, whenever we have these
three requirements met in a matchings instance, we can use FaSt as is to find the leximin
optimal stable matching. Essentially, FaSt works correctly for the space of ranked instances
where the valuations are additive and follow the following restriction: w;(c;) < v;(s;) and
u1(c;j) > ug(cj) > -+ > uy(c;) for all ¢ € [n] and j € [m]. The extension of FaSt for instances
without the assumption that b; = n — 1 is detailed in Appendix B.3.
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5.3.2 General Ranked Valuations

We now discuss the algorithm to find the leximin optimal stable matching under general
ranked valuations where values across an edge of the bipartite graph need not be the same.
For ease of presentation, we shall assume that the capacity of each ¢;, b; = n — 1. As in the
case of isometric valuations, this is not a particularly simplifying assumption. The complete
algorithm without this assumption is deferred to Appendix B.3. The time complexity and the
idea behind the two algorithms remains the same.

We no longer assume any relation between the ;s and v;s. Consequently, Observations
5.4 and 5.5 stated in the start of the section, need not hold any longer. Hence, for the general
ranked setting, the approach followed in Algorithm 5.2 will no longer be applicable to find a
leximin optimal stable matching, beyond the case when m = 2.

The approach behind FaSt, essentially starts with the student optimal stable matching
and increases the number of students matched to the lowest ranked college till there is a
decrease in the leximin value. Then it moves to the next lowest ranked college and repeats.
Without Observation 5.5, we may have that the colleges lie to the left of the students in the
leximin tuple. As a result, we may continue to increase the valuation of the lowest ranked
college without much increase in the valuations of other colleges which may now lie to the
left of ¢,,. Consequently, we may end up only balancing the values of ¢; and ¢,,, not finding

the leximin optimal.
FaSt-Gen

For the general ranked valuations setting, we propose an approach that builds on FaSt. It also
starts with the student optimal stable matching. In each iteration, we increase the number of
students matched to the leftmost unfixed college by one if it increases the leximin value. If
not, the algorithm fixes the upper limit of this college and the lower limit of the next highest
ranked one. In order to do this, we decrease one student from a higher ranked college using
the demote procedure (Algorithm 5.1). The choice of this higher ranked college is ¢, initially,
till it can no longer give out any more students, then we consider the next college whose
lower limit is not fixed. Thus, the algorithm gradually fixes the upper and lower limits of the
students matched to each college.

There is one more subtle feature to note. In the absence, of Observation 5.4, when in-
creasing the number of students of a particular college a leximin decrease may happen due
to a higher ranked student-college pair. That is, a student which is being moved, but not to
the lowest unfixed college may cause a leximin decrease. In such cases, we temporarily fix
or “soft fix” the upper limits of some colleges and then unfix them, once the college which
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caused the leximin decrease starts giving out students currently matched to it. We assume

a routine we call sourceDec(juy, pu2) which returns the agent who is the cause of the leximin
decrease in ju; Vs jis.

Algorithm 5.3: FaSt-Gen
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Input: Instance of general ranked valuations (8, C, U, V')

Output: p

pler) < {s1, -+, Sn—m+1} and p(c;) < {s,—(m—j;)} for j > 2 v Initialize a stable matching;
UpperFiz < {c1}, LowerFix < {cn};

SoftFix + 0

Unfized < UpperFiz®;
while |Upper Fix\ Lower Fix| + |Lower Fix| < m do
up < minj§£L0werFix J5
down <— argmin,c iy, fized Vi (1)
SoftFiz « SoftFiz\{(j,5")|j’ < up < j};
if |u(cup)| = 1 OR vyp (1) < Vgown (i) then
LowerFix < LowerFiz U {cyp};

else
w' < Demote(u, down, up);
if £, > £, then

|
else

> Decrease in leximin value, need to check the source of the decrease;

if sourceDec(y/, ) = cyp then
LowerFix < LowerFiz U {cyp} ;
UpperFix < UpperFiz U {cyp+1}
else
if sourceDec(y/, ) € 8 then
¢t < p(sourceDec(u/, 1));
LowerFix < LowerFiz U {c};
UpperFixz < UpperFixz U {ciy1};
A+ {jlj>t+1,5 € Unfized};
SoftFix < SoftFiz U (A x {t+1});
else
(, Lower Fix, UpperFiz, SoftFix) <

Look AheadRoutine(u, down, Lower Fix, Upper Fiz, SoftFiz)> Source of

decrease is an unfixed college. Check if leads to a leximin increase;

| Unfized < {j|j ¢ UpperFixz or (j,j') ¢ SoftFiz for some j' > j};

Note that the upper limit of a college ¢, is fixed permanently when:

* Lowest ranked student matched to ¢;_; causes a decrease in the leximin value on being
matched ¢; OR
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* up = j — 1 and ¢;_; causes a leximin value decrease.

This includes the case when |u(c,,)| = 1. The lower limit of a college ¢; is fixed when:
1. ¢j41’s upper limit is fixed,
2. j = up and the valuation of ¢; becomes less than that of the any unfixed college , OR

3. Giving out any more students would cause a leximin decrease, this includes the case
when |p(c;)| = 1.

We now prove the correctness of the algorithm.

Theorem 5.2 FaSt-Gen (Algorithm 5.3) finds a leximin optimal stable matching given an in-
stance of general ranked valuations in time O(m?n?).

Proof: We induct on ¢ € [m], the rank of the colleges . For j € [m], let [; and h; indicate the
ranks of the lowest and highest ranked students matched to c;.

Base Case: t=1 When ¢t = 1, h; = 1, that is, s; is the highest ranked student matched to ¢;.
This follows from Observation 5.2. Clearly, s¢,)+1 = s5,. Recall that s;,, was not included in
w(cq) as it would be leximin inferior to giving it out. For any more students to be included
in 4(¢;) would thus be leximin inferior, thus no leximin optimal matching would match ¢; to
more students.

Now, ¢;’s lower limit was fixed because either: i) s;,’s valuation for ¢, would be too low,
ORii) ¢; could no longer give out anymore students without causing a leximin decrease. Con-
sequently, any matching where s;, is not matched to ¢; will be leximin inferior to the current,
restricted to the values of the first two colleges and {s1,--- , s;,}, as in all of those matchings,
the valuations of s;, and ¢; will always be strictly lower. Thus, ¢;’s lower limit is fixed correctly.

Induction Hypothesis: Let the matching of ¢;,--- , ¢;_; be fixed as in an optimal matching.
As a result, any matching which does not match ¢;,---, ¢;_; would be leximin inferior to
those that do with respect to the matchings of the first ¢ colleges and {sy,--- , s, }.

Now consider ¢;. From Induction Hypothesis, ¢;’s upper limit is fixed correctly. There are
now three possible cases:

Case 1: t = m. In this case, [; = [,, = n which is clearly correct.
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Case 2: t < m and at no point in the execution of the algorithm does up = ¢. In this case,
¢,’s lower limit has been fixed in Step 18 of FaSt-Gen. That is, s;,’s valuation for ¢;,; was too
low. Thus, any matching which matches s;, to a lower ranked college will be leximin inferior
to the current one with respect to the matchings of the first ¢ + 1 colleges and {s1, -, s;,,, }-

Case 3: At some point in the execution, up = ¢. Analogous to the base case, changing the
matching of ¢; decreases the leximin value.

Hence, the lower limit of ¢, is as in an optimal matching. a

Algorithm 5.4: LookAhead Routine
Input: [, u, down, Lower Fiz, Upper Fiz, SoftFiz
Output: p, Lower Fix, Upper Fix, SoftFix
(', LF,UFY < (u, LowerFix, UpperFiz);
while |[LF| + [UF\LF| < m do
up < minj%LowerFiwj;
if |p(cup)| = 1 OR vy (1) < Vaown (i) then
LF « LF U{cy};
else
w' < Demote(p', up, down);
if £(p') > L(p) then
< ', LoweFix <+ LF, UpperFiz < UF;
break;
Ise

O © NN U1 A W N

-
o

P
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> Decrease in leximin value, need to check the source;

if sourceDec(y', u) = ¢, then

| LF <« LFU{cy}, UF < UF U {cypi1};
else
if sourceDec(y/, u) € 8 then
¢y < W (sourceDec(p, 11));
if t = down then

‘ Upper Fix <— Upper Fix U Cqoun;
else

L SoftFiz < SoftFixz U (down,t);

| break;

N N e e e e e e
= O vV NN N U AW

N
N

Look Ahead Routine: As with isometric valuations, it may be possible for a decrease in
the leximin value to be made up for. We may encounter a setting where the valuation of a
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demoted student decreases to the former valuation of c¢4,.,,. The valuation of ¢y, while it
does increase, it is less than the student ’s former valuation, causing a leximin decrease. We
must decide if it is possible for ¢4, to make up for this decrease in valuation. Hence, we
must look ahead till one of the following occurs: i) There is a leximin increase, ii) There is a
leximin decrease due to a student OR iii) No more students can possibly be added to c¢zyu.’s
matching.

In the first case, we must proceed with the new matching, and in the last we must re-
vert to the old one, and fix cy,.,,’s upper limit. In the case that there is a leximin decrease
due to a student being matched to ¢y, then clearly, we must revert to the old matching
and fix cy,.,,’s upper limit. The last possibility is that there is a leximin decrease due to a
student matched to a higher ranked college . In this case, we have that so far our current
matching continues to be leximin inferior to the old one, and for now, we cannot add any
more students to ¢4, Thus, similar to the case when this happens outside of a look ahead
routine, we temporarily fix cy4,., till the offending college is open for giving out students.

Time Complexity: Note that without Observations 5.4 and 5.5, each leximin comparison
takes O(m + n) = O(n) time. Updating a matching takes O(m) = O(n) time. Whenever
a particular student - college is considered, a leximin comparison of the updated matching
must be done. Pair (s;,c;) may be considered at most j — 1 < m — 1 times. Thus the
algorithm considers mn pairs at most m times, each taking O(n) time. Consequently, the time
complexity is O(m?n?). Even in the presence of capacity constraints, it is possible to find the
leximin optimal stable matching in time O(m?n?). The details of the algorithm are given in
Appendix B.3

5.3.3 Strict Preferences and Constant Number of Colleges

We now show that when all agents’ preferences are strict (but without the assumption of
rankings) and there are exactly two colleges, even with an unrestricted number of students,
we have a polynomial time algorithm to find the leximin optimal stable matching. Observe
that, in this setting, when m = 2, any student s; only forms a blocking pair with her most
preferred college. As a result, for a matching y to be stable, we need that for each student s;,
either s; is matched to their favourite college (say c;) or ¢; prefers all the students matched
to it under u over s;. A simple corollary of this is that the matching where all students are
matched to their preferred college is stable. This is the student optimal stable matching.
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Additional Notation

To this end, let us set up some notation for this specific case of m = 2. we use c_; to denote
the college other than ¢;. As m = 2, we need to only know a student’s most preferred
college to determine their preference relation. To this end, We shall use the function «
to capture the students’ preference relations. We use «a(s;) to denote s;’s (most) preferred
college and —a(s;) to denote the college other than «f(s;). For j = 1, 2, we shall define the
sets A; = {s;|a(s;) = ¢;}.

Observe that A; and A, partition the set of students, and hence the complement of A, i.e.
A, = A, and similarly, A, = A,. For a matching p, let k;(u) denote the number of students
from A; matched to c; under p, i.e., k;(1) = pu(c;) N A;. Now let [;(1) denote the number of
the rest, i.e., [;(1) = |u(cj) \ 4| = |n(c;j)| — k;. Whenever, the matching being referred to is
clear, we shall drop the (u).

We shall use the functions top,; and bottom, to take as input a set of students and a number
k and return college c¢;’s most preferred and least preferred k students from that set, respec-
tively. Whenever k£ > 1, we shall use it as top;(5, , k), and when k£ = 1, we shall simply write
top;(5).

Now for a matching ( to stable, for every s; € A; \ u(c;), that is every student who prefers
c; but is not matched to it under x, no student that ¢; prefers less than s; should be matched
to it under . This means that, the students from A; U u(c;) = top;(A;, k;(1)). Similarly, those
not in A; must be the I, least preferred students of c¢_j, that s, u(c;)\ A; = bottom_;(A;, L;(p)).
Further, out of all these students from A;, ¢;’s least preferred one should still give c; more
value than the most preferred student from A; matched to c_;. otherwise, there will be a
blocking pair. This is captured in the following observation.

Observation 5.6 Given matchings instance I = (§,C,U, V) s.t. m = 2, a matching . is stable
if and only if the following holds. For each j = 1,2, u(c;) = top;(A;, k;) U bottom_;(A;,1;).
Further, it also must hold that if for ¢;, [; > 0, then

vj(top;(A; \ u(cy)))) < wj(bottomy(ulc;) \ Aj))-

Iterating over stable matchings. The observation above is instrumental in enabling us
to iteratively move over the space of stable matchings. We can start from any one stable
matching and move to any other stable matching. We do this by toggling the matching of one
student at a time, ensuring that all intermediate matchings are stable. This can be achieved
as follows: Let the two matchings be ;; and pe. For each j € {1,2} s.t. k;(u1) < kj(p2),
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toggle the matching of the students matched to ¢; under p, but not 4, in decreasing order of
c;’s preference. That is, we toggle the matchings of students in (u2(c;) \ pi(c;)) N A;. This
toggle will not violate stability. After the toggle, for each college ¢; such that it is matched
to more students from A; under p, than g, that is, [;(11) < l;j(u2), bring in the students
in (p2(c;) \ pa(c;)) N A; in increasing order of c_;’s preference, the resultant matching is po.
Consequently, we can go from any one stable matching to another without violating stability.

FaSt-Const Overview. We shall make use of this structure to find the leximin optimal stable
matching. Our algorithm will proceed as follows: we first match all students to their preferred
college. We then transfer out students from the rightmost college on the leximin tuple to the
leftmost till we encounter one of the three possible settings:

1. leximin decrease due to a student,
2. violation in stability,

3. needing to undo a previous transfer.

All three of these conditions will be captured by a set F of forbidden pairs, where any student
college pair whose being matched would cause any one of these three conditions are stored.
We assume a function that toggles the matching of a student named Toggle and it takes
as input the student and the matching. We shall use up to store the matching with the
best leximin value discovered so far. We can use this as an alternate to having a separate
lookahead procedure, as there are exactly two colleges.

Algorithm 5.5: FaSt-Const

Input: Instance (8,C, U, V) with m = 2

Output: up
1 pu(s;) < afs;) for each i € [n] > Initialize to a stable matching;
2 < argmin,_, o v;(u), 7 < —¢;
3 F < {(s;, —a(sy))|ui(—a(s;)) < ve(p)} > Prevents irreversible leximin decrease;
4 pp < [
s while (bottom,.(u(r)),¢) ¢ F do
6 | i* < bottom,(u(r)), j* < r;
7
8
9

p < Toggle(p, si+);

pp < argmax{L,,L,,};

{ « argmin;_; 5 v;(p), r < —4;

10 F < FU{(s45, —a(s:)|ui(—a(s;)) < ve(p)} > Prevents irreversible leximin decrease
11 U{(si, ¢j«)|vj=(8i+) < v;«(8) } > Prevents stability violation and undoing this iteration
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Note that students are moved from the rightmost college to the leftmost. Doing the opposite

will always cause a decrease in leximin value at any time. We now show that the student-

college pairs that are forbidden are never matched in a leximin optimal stable matching.

Lemma 5.2 Given a matchings instance I = (8,C,U, V') with m = 2, let JF be as in the end of

Algorithm 5.5 when run on 1. A leximin optimal stable matching on I does not match any s;, c¢;,
S.t. (Si,Cj) e J.

Proof: Let (s;,¢;) € F and let i be the matching when (s;, ¢;) are first added to F. Three
possible reasons are:

@

(i)

(iii)

wi(—a(s;)) < minj—; o v;(p).

This is only possible (for the first time when (s;,c;) are added to F) if u(s;) = a(s;)
and ¢; = —a(s;). Now observe that matching s; to —a(s;), will lead to a decrease in
the value of s;. Recall that s; is the left most of the three agents whose values are
changing. Thus, this will cause a leximin decrease. As a result, any matching n’ where
ui(—a(s;)) < minj— o v;(4), the leximin value will decrease by toggling s;’s matching
to —a(s;). The only way to undo this decrease, is to ensure that s; is matched to «(s;).

s; is being moved from «(s;) to —a(s;).

Here, ¢; = a(s;), and s; is being moved to —a(s;). This implies that any other stable
matching where s; is matched to «(s;) has either been explored or involves moving
students from —a(s;) (which is the leftmost college in the leximin tuple) to «a(s;). As a
result, none of these matchings will be leximin superior to up which stores the matching
with the best leximin value out of the matchings explored. Consequently, moving s;
back to «(s;), even later in the execution of the algorithm would either cause a stability
violation, or undo multiple steps in the execution of the algorithm, none of which will
lead to a higher leximin value than pup.

Another student s; is being moved from a(s;) to —a(sy) and va(s,)(8i) < Va(s,)(Si)-

Here, s; is a student who while not being matched to ¢; at the time of first forbidding
(si,cj), gives ¢; less value than s;. s, is the student being moved from c¢; to c_;. Now
any stable matching where s; is matched to ¢; must also match s; to ¢;.v Thus, from
case (ii), any such matching will not have leximin value greater than .

As the leximin optimal stable matching will have a leximin value at least as much as up, the

matching does not match any forbidden pairs from J. O

107



Now, it suffices to show that for each student, if they were matched differently from what the
algorithm returns, the matching would either be unstable or leximin inferior.

Theorem 5.3 FaSt-Const (Algorithm 5.5) finds a leximin optimal matching given an instance

with strict preferences and m = 2 in time O(n?).

Proof: Let I = (§,C,U,V) with m = 2. Fix an arbitrary student s;, for some i € [n] and
let i* be the matching returned by FaSt-Const (Algorithm 5.5) and let F be as at the end of
the execution of FaSt-Const on /. We consider three possible cases for the matching of s; and
show that in each matching s; differently would have led to either an unstable matching or
one that is leximin inferior.

Case 1: u*(s;) = ¢jand (s;,¢;) € F

From Lemma 5.2, we have that any matching that matches s; to c_; is either unstable or
leximin inferior to u*.

Case 2: ;*(s;) = af(s;) and { (s, a(s)), (i, —a(s:))} UF = 0.

This implies that s; was never considered for —«a(s;) during the entire execution of the algo-
rithm. This is possible in one of two ways:

1. a(s;) is the leftmost college in the leximin tuple of x*. Hence, any stable matching
where s; is not matched to would either match a forbidden pair or give «(s;) even lower
value than in ;*, making 4 leximin inferior to u* OR

2. a(s;) is the rightmost college in the leximin tuple of p*. Let s;; = Bottom(u*(a(s;), a(s;)).
Thus, we have that (s;, —a(s;)) € F. Now any stable matching 1 which matches s; to
—a(s;) also matches s, to —«a(s;), which are forbidden, hence 1 will be leximin inferior
to u*.

Case 3: p*(s;) = a(sy), (si, —af(s;)) ¢ F but (s;,a(s;)) € F.
This implies that s; was considered for —a(s;) during the execution of FaSt-Const but the
matching was lower in leximin value to p*. Thus, till the end of the execution of FaSt-Const,

the leximin value of the matchings considered were not higher than ;*, and the execution
stopped due to some other forbidden pair. This implies that any stable matching where s;
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is matched to —«a(s;) which has not been explored by during the execution of the algorithm
requires matching a forbidden pair or sending students from the leftmost college to the right-
most. In either case the matching will be lower in leximin value to p*. This completes the
proof.

O
Time Complexity: Observe that each iteration of the while loop toggles the matching of one
student at a time and no student is ever moved twice. Within each step takes at most time
O(n), as a result, FaSt-Const takes time at most O(n?).
We now show that in more general settings, especially in the absence of strict rankings,
the problem of finding the leximin optimal stable matching becomes intractable

5.4 Intractability without Strict Rankings

We shall now establish the necessity of strict preferences and rankings by establishing hard-
ness otherwise. We shall set b; = n — m + 1 in these reductions. We first look at a strict
preferences setting without rankings. We find a reduction from the Subset Sum problem
(SSP) to this, making it NP-Hard. In SSP, given a set of k positive integers, A = {ay, - ,ax},
and a target integer value B, such that maxs a;, < B < ), a;, we must decide whether there
exists a subset S C A, such that ) a; = B. This is a well-known NP-Hard problem [70].

Theorem 5.4 It is NP-Hard to find a leximin optimal stable matching under strict preferences.

Proof: Given an instance of SSP with A = {ay,--- ,a;} and B we construct an instance of
stable many-to-one matchings (SMO) as follows.

Setup. Set the number of colleges m = k + 1 and the number of students n = 2k. We
shall construct one student s; for each integer a;. The most preferred college of s; will be ¢;.
We shall define ¢, to be the college whose matching (set of students) will correspond to the
subset selected for SSP. The remaining students ensure that all the colleges c; which are not
matched to their corresponding s; are not unmatched. These students will be sj.1,- -, So.
For each j € [k|, the most preferred college of s;.;, will be ¢;. For stability, the most preferred
student of ¢;, for j € [k] is s;4, the second most preferred is s;. Consequently, with ¢ = 5 <
%, the valuations are defined as follows:

For student s;, i € [k] if i = j, set u;(c;) = B. If j = m, set u;(c;) = B — a; + ¢, else set
ui(c;) = je. For student s;, ¢ € [2k] \ [k], if i = j + k, set u;(c;) = B, else, u;(c;) = je. For
college ¢;, with j € [k], if i = j +k, set v;(s;) = 2B, if i = j, define v;(s;) = B else, v;(s;) = ie.
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Finally, for the college corresponding to the subset selected, if i € [k], define v,,(s;) = a;, else,

Um(si) = €.

Properties of the instance constructed. Observe that je < 1 < B —a; + ¢ < B for all
i € [k], 7 € [n] and hence, all preferences are strict. As a result, for each s; for ¢ € [£],
the most preferred college is ¢; and the second most preferred college is c,,. Further, in any
complete stable matching p, we have that for i € [2k] \ [k], u(s;) = ¢;—x. If this doesn’t hold
for some ¢ € [2k] \ [k], then s; — ¢;_ is a blocking pair.

For i € [k], for any complete stable matching , if 1(s;) ¢ {ci, ¢}, 1 is leximin dominated
by the matchings which are identical to u except s; is matched to one of ¢; or ¢,,. Thus, we
shall henceforth only consider stable matchings ¢ where for i € [k], u(s;) € {ci, ¢} and for
i € [2k] \ [K], u(s;) = c;_x. Let u'" denote the matching that is identical to ; except that s; is
matched to ¢;, i.e. if i’ # i, u'*(sy) = u(sy), and p'*(s;) = ¢;. Similarly define ;'~ s.t. if i’ # 1,
W= (s¢) = p(sy), and pi~(s;) = c¢,,. Observe that if y is stable, so are '™ and p'~.

Leximin domination among stable matchings. We shall now show that the leximin opti-
mal stable matching will try to ensure that ¢, gets value B. To this end, we consider arbitrary,
complete stable matchings and show when would moving one student , say s; either to ¢, or
¢; improve the leximin value. To show that one matching leximin dominates another, here,
we need only consider the agents whose values change: s;, ¢; and ¢,,, and show that the
minimum of these agents’ values is more in one matching than the minimum of these agents’
values in the other.

Now fix a complete stable matching p. If ¢,,,’s value for y is greater than B, that is v,,(u) >
B, then for any student s; € u(cy,), they lie to the left of ¢,, in the leximin tuple with value
ui(p) = B —a; + € < B < v,(n). Now, it is easy to see that v,,(u'") = v, () — a; >
B+ 1 — a; > u;(p). The valuations of all other agents remain unchanged or increase. As a
result, if v, (1) > B, then for any s; € pu(cp), £+ > L.

On the other hand if v,,(¢) < B, then for any s; € u(cp), ui(p) = B—a; +€¢ > B —a; >
V(i) —a; = vy, (). Thus, p is leximin superior to 't for any s; € u(B,,). For any s; & pu(cy,)
such that a; < B — v,,,(), we find that u;(u*~) = B —a; + € > B — a; > v,,(u). As a result,
L,i- > L, for any s; ¢ ji(c,,) such that a; < B — v,,,(1t). Now for s; such that a; > B — vy, (1),
w(p'")=B—a;+€< B—(B—uvn(p)+1)+e<vy(u). Thus, £, < L,.

Consequently, the leximin optimal stable matching ;* will always maximize v,,(x) with
the constraint that v,,(¢*) < B and will match ¢, to the set of students corresponding to
the subset S* = argmaxgc sy q4,<p2.s@- Thus, the required subset exists if and only if
U (p*) = B. O
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As a result, for unrestricted m, with strict preferences, without rankings the problem of find-
ing a leximin optimal remains intractable. In fact, the preferences of the agents in the in-
stances created in the above proof are actually very similar with a few changes only. We now
find that under isometric valuations and weak rankings (strict preferences need not be satis-
fied) , finding the leximin optimal stable matching is NP-Hard, even with a constant number
of colleges.

Theorem 5.5 It is NP-Hard to find the leximin optimal stable matching under isometric valua-
tions with weak rankings with m = 2 and strongly NP-Hard with n = 3m.

Proof: For the m = 2 setting, we give a reduction from the balanced partition problem,
which is known to be NP-Complete [70].

Balanced Partition Problem: Given a set of integers P = {p;,--- , px}, such that Zle P =
2B, find a 2-partition {A;, A;} of P which satisfies ZpieAj pi = Bforall j € {1, 2}.

Given P, we shall construct an instance of isometric valuations I with m = 2, such that P
admits a balanced partition if and only if the leximin optimal stable matching of the instance
I allocates valuation of B to both ¢; and ¢y. Setn =k, V;; = p; for alli € [n],j € {1, 2}.
In such a setting it is easy to see that all complete matchings are stable as no student has
any incentive to deviate. In any matching, students will always get the same value, that is
student s; always gets value p;. Thus for a leximin optimal matching, it suffices to check the
values that the colleges attain.

Let P admit a balanced partition {A4;, A,}. Let ;1 be the matching which matches ¢; to all
the students whose values are in A; for all j = 1, 2. Here, clearly, all colleges get value B.
The leximin tuple of ;. will list the p; values first, in non-decreasing order and the last two
entries will all be B. Any matching that gives any one of the colleges, say c;, higher valuation,
will naturally decrease the valuation of the another college. Hence c,’s value will either be
lower in the same position in the leximin tuple, or be to the left, resulting in a lower leximin
value in both cases. Hence, u is a leximin optimal matching.

Conversely, if the leximin optimal matching gives value B to all colleges then the partition
created by the matching is clearly the required balanced partition.

For the n = 3m case we give a reduction from the 3-Partition problem which is known to
be strongly NP-Hard[70].
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3-Partition Problem: Given a set of integers P = {py, ..., px}, such that Zle pi = 3t/k, find
a k/s-partition {Ay, -+, Aw} of P which satisfies >, p; =t for all i € [¥/3].

Given an instance of the 3-partition problem P, we create a matchings instance as follows.
Set m = /3, n = k and set V;; = p; for all j € [m]. Observe that this is identical to the
previous construction, with the exception that there are now more colleges. Thus, from
the same reasoning, for a leximin optimal matching, it suffices to check the values that the
colleges attain.

Let P admit a 3-partition {A;, Ay, -, A.s}. Let o be the matching which matches ¢; to
all the students whose values are in A; for all j € [m]. Here, clearly, all colleges get value
t. The leximin tuple of p will list the p; values first, in non-decreasing order and the last m
entries will all be . Any matching that gives any one of the colleges, say c;, higher valuation,
will naturally decrease the valuation of the another college, say c¢;;. Hence c;’s value will
either be lower in the same position in the leximin tuple, or be to the left, resulting in a lower
leximin value in both cases. Hence, p is a leximin optimal matching.

Conversely, if the leximin optimal matching gives value ¢ to all colleges then the partition
created by the matching is clearly the required 3-partition. a

5.4.1 Hardness of Approximation

We now discuss the possibility of finding some approximation to the leximin optimal stable
matching. We shall show that under weak rankings, unless P=NP, no polynomial factor
approximation is possible. We first define what an approximation algorithm for finding a
leximin optimal (over any space) must guarantee.

Definition 5.5 (a-approximation of leximin) An algorithm is to give an a-approximation
a € (0,1) to the leximin optimal, if given instance I with p* as the leximin optimal solution, it
outputs i s.t. for each index t of the leximin tuple, L, [t] < L,[t] < =L,.[{]

This is a generalization of the definition of approximation algorithms which optimize for a
single value. Note that it important that the approximation factor holds for every index. We
would not like a setting where the first index of the leximin tuple satisfies the condition but
the subsequent indices do not. This is because a good approximation to the first index may
be satisfied by all stable matchings and would not guarantee any fairness to any of the other
agents. We now give a reduction from the Bin Packing problem to establish the hardness of
approximation for leximin optimality. We look at the decision version of the problem where
given a set of items (, each with weight w; and k bins of capacity 1, we must decide if there
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is a partition of the items into & bins such that the sum of the weights of the items in each bin
is at most 1. We assume, without loss of generality, that w; < 1 and |G| > k > 1.

Before proving Theorem 5.6, we will develop some of the necessary machinery for its
proof in the following lemma.

Lemma 5.3 Unless P=NP, no 1/2 + ¢ approximation algorithm exists for finding the leximin
optimal stable matching

Proof: Given a bin packing instance (G, k, {w;},.eq), where 0 < w; < 1 for all items ¢; € G,
> giec Wi < k, and |G| > k, we construct an instance of stable many-to-one matching (SMO)
as follows.

Setup. Set n = |G| + 1, we create a student for each item and an additional dummy stu-
dent. Further, set m = k + 1, we create a college for each bin and an additional dummy
college which all the students will prefer to the bins. We shall interchangeably refer to these
non-dummy students and colleges as items and bins. The valuations are then set so that the
following properties hold:

P1. All the students sy, - - , s,,_1 prefer the dummy college ¢,, over other colleges,
P2. All the non-dummy colleges (bins) ¢, - - -, ¢,,—1 have no value for the dummy student
Sns

P3. The dummy student s,, and dummy college c,, are always matched in a leximin optimal
stable matching, and

P4. At least one of the non-dummy students (items) si,--- ,s,_1 will be matched to the
dummy college c,, if and only if there is no bin packing.

We set the valuations as follows: Each non-dummy student or item’s valuation towards
the non-dummy colleges or bins are equal and given by w;(c;) = 1 — w; + ¢, foreachi €
[n — 1] and each j € [m — 1], where, ¢ > 0 is an infinitesimally small value. Moreover, to
ensure that the students prefer the dummy college ¢,, over the bins, we set w;(c,,) = 2 for
each i € [n — 1]. For the dummy student s,, we set u,(c¢;) = 0 for all j € [m — 1] and
Up(Ccm) = 1.

The bins’ valuations for each item ¢ is the weight w;, i.e, v;(s;) = w; for each j € [m — 1]
and each ¢ € [n — 1]. Also, for any bin, the value for the dummy student is v;(s,,) = 0. For the
dummy college c,,, we set v,,,(s;) = n for all i € [n]. If s, is not assigned to ¢, the valuation
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obtained by s, would be 0. Hence, the lexicographically ordered valuations obtained by
assigning s,, to ¢,, would always dominate all such matchings where all other agents are the
same but s,, is assigned to a bin. Hence, a leximin optimal stable matching will always match
Sy, to ¢y

We now show that, in the leximin optimal stable matching, each item is assigned to some
bin if and only if a bin packing exists.

Finding the leximin optimal stable matching from a bin packing. Suppose the bin pack-
ing instance (G, k, {w;}4,ec) admits a bin packing. We claim that the leximin optimal stable
matching, matches all the items to bins. Let p be the leximin optimal over the space of all
stable matchings where the items are matched to bins only. Note that x is also the solution
obtained by taking leximin optimal of bin valuations over all bin packing solutions. Thus, for
each bin ¢;, we have v;(p) < 1.

Now, fix an item s;, ¢ € [n—1]. As s, is matched to a bin, say ¢;, under y, u;(11) = 1 —w; +e.
Now let 1/ be identical to p, with the exception that s; is matched to ¢,,. As a result, the value
of ¢; for p is v; (1) = vj(p) —w; < 1 —w; < w;(p) and valuation of s; would increase to 2,
and v,,(¢') = 2n. The values of all other agents are identical in p and /. Thus 4’ is leximin
inferior to . To overcome this, we must take an item s; from another bin, which decreases
its valuation, in turn to less than 1 — w; + ¢, thus this matching is also leximin inferior to p.
Hence, every time we attempt to cover for the decrease in the leximin value, will create a new
bin whose valuation is less than the valuation of the item removed from it. This will always
be leximin inferior to ;. Consequently, if a bin packing exists, the leximin optimal matching
must match the items to the bins only, and hence, ¢,,’s valuation will be n.

Constructing a bin packing from leximin optimal stable matching. Now suppose that
no bin packing solution exists, any matching that matches all the items to bins only, will give
at least one bin valuation strictly greater than 1. Consider any item matched to this bin.
Matching it to ¢,, will reduce the bin’s valuation but it will still remain greater than 1 —w; +¢,
s;’s current valuation (e is infinitesimally small). Along with this, the valuation of s; and ¢,,
will both increase and the remaining agents’ will not be affected. As a result, whenever a bin
packing does not exist, at least one item will be matched to ¢,,, and thus ¢,,’s valuation will
be at least 2n. This shows that the valuations ensure that properties P1-P4 are true.
Suppose, for some « > 1/2, an a-approximation algorithm, say ALG, exists for finding
the leximin optimal stable matching. Now, let i/ be the matching that ALG outputs on
the matching instance / corresponding to the bin packing problem and let i be the leximin
optimal stable matching. Recall that by construction of I, ¢,,’s valuation always appears
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highest (last) in the leximin tuple. Therefore, whenever a bin packing exists v,,(x) = n and
thus, an < v, (1) < 2. Since a > 1/2, § < v, (') < 2n. Moreover, if a bin packing does not
exist, v,,(u) > 2n, and thus, v,,(¢') > n. Further, by construction, v,,(-) can only have values
which are integral multiples of n, thus v,,(1/) > 2n whenever a bin packing does not exist.

Hence, unless P=NP, no % + e-approximation algorithm exists, for any e > 0. O
This technique can be extended using a more intricate reduction to establish the following
theorem.

Theorem 5.6 Unless P=NP, for any § > 0, ¢ € Z* there is no 1/cn’-approximation algorithm
to find a leximin optimal stable matching under unconstrained additive valuations.

Proof: This proof builds upon the proof of Lemma 5.3. In order to get a better bound for
the hardness of approximation, we must increase the gap in ¢,,’s valuations while ensuring
that c,,’s valuation always appears at the end of any complete! stable matching. We do this
by replicating the bin packing instance.

Thus, for any § > 0, ¢ € Z*, we can set t = [cn®|. Now, given a bin packing instance
(G, k,{w;|g; € G}), we create an SMO instance as follows. Let |G| = .

Setup. Setn =tl+ 1 and m = tk + 1 and hence, replicate the bin packing instance ¢ times.
That is, for each item we create ¢ copies of it and now there are ¢tk bins. We shall keep these
copies from interacting with each other, that is, items from one copy will only be matched to
bins from the same copy. The valuations will continue to satisfy the properties P1-P4 listed in
the proof of the previous lemma. The valuation functions are accordingly defined as follows:

For the p™ copy of bin j, c(,-1)k4;, it has value for items from the same or any earlier
copy, hence we set v(,_1)k4;(Sp—1y4:) = w; for all j € [k], p, p" € [t], i € [l] s.t. p > p' and
Vp—1)k+j(8@—1y4:) = 0 for all j € [k], p, " € [t], i € [I] s.t. p < p. None of the bins have value
for the dummy student s,,, so we set v;(s,) = 0 for all j € [m — 1]. For the dummy college c,,,
all students give equal value and we set v,,(s;) = (t + 1)n for all i € [n].

For the p™ copy of item 4, s(,_1y;,, it has no value for bins from later copies and equal value
for all bins from the same or earlier copies. To this end, we set w,—1)14i(Cy—1)ktj) = 1 —w; +¢€
forall i € [Ii],p,p' € [t],j € [k] s.t. p > p" and ug_1y1i(cp-1)rs;) = 0 forall i € [I],p,p’ €
[t],j € [k] s.t. p < p/. All items have the highest value for the dummy college c,,, so we
set u;(cy,) =t + 1 forall i € [n — 1]. The dummy student s,, has value only for the dummy
college ¢,,, consequently, we define u,(c;) = 0 for all j € [m — 1] and w,(c,,) = 1. These are
summarised as follows.

1Recall that we say a matching is complete if each agent’s matching is non-empty
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Vip—1)ts (S —1)i4i) = W5 forallje k], p,p €t],i€l]st.p>yp (5.1)
Vip—1)k+j (S@r—1)144) = 0 forallj € [k], p,p €[t],ie[l]st.p<p (5.2)
vj(sp) =0 forall j € [m — 1]
Um(si) = (t+ 1)n for all i € [n]
Ugp—1)i4i(Cr—1)p4j) = 1 —w; + € foralli € [l],p,p" € [t],j € [k] s.t. p>D (5.3)
Up—1)i+i(Cpr—1)k+5) = 0 foralli € [l],p,p' € [t],j € [k] s.t. p <P/ 5.4
ui(em) =t+1 foralli € [n —1]
Un(c;) =0 forall j € m — 1]
Up(cm) =1

The construction is similar to the one in the proof of Lemma 5.3. Here, we make ¢ copies
of each item and bin so that we get ¢ copies of the bin packing instance in the constructed

instance. Further, for each p € [t], sp_1y41, - ,Sp-1+ Tepresent gi,--- ,g, respectively.
Also, c(p—1)k+1, "+ > C(p—1)k+k Tepresent the k bins of capacity 1. For each p € [t], we consider
S(p-1)i41s "+ s Sp—1)i1 ANd Cp—1)k+1, ** » Cp—1)k+k tO Tepresent the p™ copy.

Properties of the instance constructed. The valuations are defined such that all agents in
a copy p have value 0 for all agents in copy p’ for all p’ > p (from Equations 5.2 and 5.4).
Consequently, no leximin optimal matching will match a student in copy p to a college in
copy p’ when p’ # p, as this would mean this student gets value 0. Further, from Equation
5.3, for all p € [t], each student in copy p, is indifferent between all the colleges in copies
1,---,p. However, the colleges in copies 1,--- ,p — 1 have valuation 0 for students in copy p
(from Equation 5.2), ensuring that all items are matched to bins in their own copy or ¢,,.

Thus, from an analogous argument to that in the proof of the previous lemma, if a bin
packing exists, the items are matched to bins (of the same copy) in the leximin optimal stable
matching. Thus, it gives ¢,, is matched only to s, and thus has a valuation of exactly (¢ + 1)n.
If a bin packing doesn’t exist, at least one item from each copy is matched to ¢,, giving it a
valuation of at least (¢ + 1)*n

We shall now show that a 1/cn’-approximation algorithm with § > 0 and ¢ € Z™ to find
a leximin optimal stable matching with weak rankings will match ¢,, to at least one item
if and only if a bin packing doesn’t exist. Recall that we set t = [cn®]. Now let a 1/cn’-
approximation algorithm exist, call it ALG. Further, let ;* denote a leximin optimal stable
matching of the instance constructed. Then clearly u;(1*) > 0 and v;(¢*) > 0 for all i € [n]
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and j € [m].

Further note that by construction, ¢,,’s valuation will always appear in the last index of the
leximin tuple of any matching where c,, is matched with at least one student . As 1/cn’ > 0,
Um(ttarg) > (t 4+ 1)n and it will be the last index in the leximin tuple of 7. Similarly for
the dummy student s,,, u, (ptarg)é0. Consequently, iarc(s,) = ¢n. Further, there do not exist
p,p €tl,ie€(l]and j € k] s.t. p # p’ and prarc(Sp-1)i+i) = Cr—1)k+j-

Constructing a leximin optimal stable matching from a bin packing. Now let a bin pack-
ing exist. Hence, for all students, that is for all i € [n], 0 < w;(¢*) < 1 and for all bins
j€[m—1]0<wv;(p*) <1. Thus, foralld € [m+n—1], £,+[d] < 1. Further, v,,,(¢*) = (t+1)n.

Now as ¢,,’s valuation will be the greatest in 14,6, for any student s;, i € [n— 1], u;(ftarc)
must appear in the first m + n — 1 entries of £ say d;. Fori € [n — 1], let d; be index
d;] <

HALG>

where s;’s value lies in the leximin tuple for y14.¢. Thus, we have that u;(parg) = £
en® L (d;] <en® <t+1
Thus, whenever there is a bin packing, no s;, for i € [n—1], is matched to ¢,,. Consequently,

HALG [

the dummy college gets value v,,(jiarc) = (t + 1)n.

Properties of leximin optimal stable matchings when no bin packing exists. If a bin
packing does not exist, we have that ¢, is matched to at least one item from each of the ¢
copies under p* and v,,(¢*) > t(t + 1)n. Further, as ¢, is the last index of the leximin tuple
in both p* and 1474, we have that, v,,(parg) > (1/en®)t(t + 1)n. Now as t = [cn®], we have
that

t(t+1)n
om(iare) = % > (t+ )n.
Thus, a bin packing exists if and only if v,,,(uare) = (¢t + 1)n. O

Note that the above reduction constructs an instance with weak rankings. Thus, even
when the instances have weak rankings, the hardness of approximation remains. This clearly
subsumes the case when there are no consistent rankings. This concludes all the results of
this chapter.

5.5 Conclusion

This chapter initiated the study of leximin fairness and stability in many-to-one matchings.
We showed that strict rankings are essential to find the leximin optimal over stable match-
ings in polynomial time when there is no restriction on the number of colleges and students.
We showed that on relaxing either strict preferences or rankings, the problem becomes com-
putationally intractable. With only strict preferences, when m = 2, we found an algorithm
which finds the leximin optimal stable matching in time polynomial in n. One area of future
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work would be to see if with strict preferences, an XP algorithm parameterized by the num-
ber of colleges is possible. Other fairness notions like Nash welfare and p-means can also be

explored. A more comprehensive discussion is in Chapter 7.
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Chapter 6

Stability and Incentive Compatibility in
Fractional Matchings

Incentive compatibility is extremely desirable in most practical situations. This
chapter studies the incentive compatibility of mechanisms finding stable fractional
matchings. We exhibit matching instances for which no stable fractional match-
ing mechanism is approximately incentive compatible. Then, we characterize the
class of matching instances with unique stable fractional matchings. For a given
matching instance to have a unique stable fractional matching, we establish that
it is necessary and sufficient for it to satisfy the conditional mutual first preference
(CMFP) property. To this end, we provide an algorithm that uses envy graphs
finding a non-integral stable matching whenever the preferences are strict and
the given instance is not in CMFP. For this class of CMFP matching instances, we
prove that every mechanism that produces the unique stable fractional matching

is incentive compatible.

6.1 Introduction

Even within two-sided matching literature, one-one matchings are well studied [52, 101, 114,
115, 119]. In these familiar settings, including the previous chapters, typically, the nodes on
the two sides are wholly or “integrally” matched (these are called integral matchings). A
fractional matching is a convex combination of integral matchings and thus generalizes in-
tegral matchings in a natural way. Fractional matchings have largely been studied in the
literature only as a means to produce integral matchings. Even the majority of papers that
explicitly study fractional matchings only study them to gain a deeper understanding of inte-
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gral matchings, for example [103, 109, 114]. Only recently, Caragiannis et al. [36] presented
an exclusive study on the space of stable fractional matchings. Incentive compatibility is
another key requirement in the context of fractional matchings but has not been explored.
This work reports the first investigation into the important topic of incentive compatibility of
matching mechanisms to find stable fractional matchings. We focus on fractional matchings

with cardinal values.

Fractional Matchings

There are many practical situations where fractional matchings are relevant. Consider for
instance, labour markets. Here freelancing experts or professionals can spend different frac-
tions of their time working for multiple organizations. Labour markets have been mentioned
in Caragiannis et al. [36]. One can think of many other applications, for example, match-
ing markets for cloud space. Here, it is not necessary for data to be stored entirely on one
server. Another application is procurement markets for matching wholesale buyer with dif-
ferent wholesale sellers. Wholesale buyers have large demands and can procure different
fractions of their required items from different sellers.

Exploring fractional matchings to investigate various properties studied in the context
of integral matchings could raise interesting challenges. Relaxing the integrality constraint
in matchings may make the problem of finding matchings that satisfy desirable properties
harder. Consider, for instance, the problem of maximizing social welfare amongst all stable
matchings. For integral matchings, this can be posed as a linear program. However, when
we allow for matchings to be fractional, the problem becomes APX-Hard, as shown by Cara-
giannis et al. [2021]. Caragiannis et al. also show that by allowing the stable matchings to
be fractional, we can make large gains in terms of social welfare. It is therefore of interest to
study fractional matchings and devise efficient algorithms to find fractional matchings with
desirable properties.

Incentive compatibility is clearly a desirable property to seek. For many real wold appli-
cation, it is desirable for the matching mechanism that produces the matching to induce all
participating agents to report their true preferences. A considerable amount of work has gone
into studying the incentive compatibility properties of various algorithms, particularly of the
Gale-Shapley algorithm [101, 110, 115, 119, 123, 126]. In this chapter, we investigate the
important but unexplored problem of finding incentive compatible mechanisms to produce
stable fractional matchings. In doing so, we characterize the space of matching instances
with a unique stable fractional matchings. This is of independent interest in the context of
structural properties of stable fractional matchings.
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6.1.1 Technical Contributions of this Chapter

As already stated, our focus in this chapter, is on fractional matchings. These settings may
have agents with weak preferences or strict preferences. While most of the results in this
chapter hold for the case of weak preferences, one particular result (namely concerning Al-
gorithm 2) holds only for strict preferences. We will be defining these terms more formally in
Section 6.2.1. Section 6.2.3 provides relevant structural observations on the space of stable
fractional matchings. Following are our contributions on the topic of incentive compatibility

of matching mechanisms to find stable fractional matchings.

 First, in Section 6.3, we make a significant observation: that there are matching in-
stances for which no mechanism that produces a stable fractional matching is incen-
tive compatible. Further, for those instances where for any agent, the value from the
mechanism is greater than half the value from misreporting, no mechanism can always
produce a stable matching. This motivates us to seek restricted classes of matching
instances where an incentive compatible mechanism exists, that produces a stable frac-

tional matching.

* We characterize, in Section 6.3.2, restricted classes of matching instances that admit a
unique stable fractional matching. Specifically, we show that a unique stable fractional
matching will exist if and only if the given matching instance satisfies the conditional
mutual first preference property (CMFP).

* For the above class of matching instances, we show that every mechanism that produces
the unique stable fractional matching will be incentive compatible. Furthermore, the
unique fractional matching will be resistant to coalitional manipulations.

* We next provide, in Section 6.4, an efficient algorithm (Algorithm 6.2) that constructs,
under strict preferences, stable fractional matchings that are not integral. Our algorithm
makes intelligent use of envy graphs, hitherto unused in the stable matchings literature.

The above algorithm may not work if the preferences are weak. All other results above
hold even if the preferences are weak. While the focus of this chapter is on incentive compat-
ible mechanisms, the characterization of the space of stable matching instances with a unique
stable fractional matching is of independent interest. The proof of this characterization also
leads to an interesting corollary about the number of stable fractional matchings possible un-
der strict preferences. Before presenting our results, we first discuss the literature relevant to
this chapter.
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6.1.2 Prior Relevant Work

Fractional Matchings in Prior Work

Exploration of fractional matchings has been limited in the past. Most of the work in this
space comes from prior work investigating the structure of the space of stable matchings.
Work by Roth et al. [103] and Teo and Sethuraman [114] used linear programming formu-
lations to capture and analyze the stable marriage problem. Both these works established
the integrality of the stable matchings polytope. The fractional matchings studied in both
the papers are said to be stable if the closest integral matching is stable. In general, in the
majority of literature, a fractional matching has been considered as stable if the matchings in
its support are stable. Most matching algorithms that find fractional matchings use them for
rounding to an integral matching.

Stable Fractional Matchings

A key roadblock in the initial analysis of fractional matchings was that the preferences con-
sidered were ordinal and not cardinal. Consequently, there was no non-trivial way to define
the stability of a fractional matching by itself'. Caragiannis et al. [36] overcame this road-
block by considering a stable matching setting with cardinal values. The focus of Caragiannis
et al. [36] is to consider the social welfare of stable fractional matchings. In many instances,
fractional matchings are able to achieve higher social welfare when compared to integral
matchings. Consequently, the aim of Caragiannis et al. [36] was to find a stable fractional
matching which maximizes social welfare. This problem was called SMC. The authors make
a series of structural observations about the space of stable fractional matchings (such as non-
convexity of this space 2), provide an efficient approximation algorithm and two exponential
time exact algorithms for the SMC problem along with its hardness of approximation.

It is relevant to note that the paper Caragiannis et al. [36], does not give an algorithm
to find a stable fractional matching that is non-integral, whenever one exists, irrespective of
the social welfare. One of the contributions of our work is to fill this gap by designing a
polynomial-time algorithm to find a stable fractional matching, which is non-integral, when-
ever one exists, under strict preferences.

In the simpler setting of binary values, the maximum weight matching satisfies many

INote that a fractional matching is a convex combination of integral matchings.

2This further shows that fractional allocations in the stable matchings polytope studied in Roth et al. [103]
and Teo and Sethuraman [114] need not in fact be stable themselves. In the follow-up work in Sethuraman
et al. [109], the authors call the fractional allocations as fractional stable matchings, indicating that they are not
discussing the stability of these fractional matchings but are only interested in their being a convex combination
of stable matchings.
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desirable properties such as being stable and giving no agent an incentive to misreport its
preferences. This setting is studied by Bogomolnaia and Moulin [29]. However these results

do not extend beyond binary values, not even to ternary values.

6.2 Notation and Preliminaries

6.2.1 Definitions

In this chapter, we consider fractionally matching » men to n women. We represent a frac-

tional matching instance as I = (M, W, {w;}icpn), {V;}jem)). Here, M = {my,---, m,} is the
set of men and W = {wy,---, w,}, is the set of women. The values of men and women
are captured by valuation functions u,, - - - u, and vy, --- , v, respectively. In particular, u;(7)

is m;’s value for being matched integrally to w;. Analogously, v;(i) is w;’s value for being
matched integrally to m;. We assume that all values are non-negative and that a strict linear
order can be derived from the value of one agent. That is, for each man m € M, there do
not exist two distinct women w, w’ such that u,,(,w) = u,(w’). Similarly, for each woman
w € W, there do not exist two distinct men such that v,,(m) = vy (m’).

Any cardinal valuation function will imply either a weak or a strict linear ordering over
the set of agents. This ordering will be called the preference (relation) of this agent. When
the value function implies a strict linear ordering, such preferences are called strict.

Fractional matchings may be viewed in two equivalent ways. The first is as a weight being
assigned to each (m,w) pair such that the sum of the weight of any pair an agent is in is 1.

Definition 6.1 (Fractional Matching) . is said to be a fractional matching on G = (M, W, E)
if p: mxW — [0, 1] such that forallm € M, 3", p(m,w) < landforallw € W, 3" . p(m,w) <
1.

Fractional matchings can alternately be defined as convex combinations of integral match-
ings, where integral matchings are defined as the standard one-one matchings defined in
Chapter 2. By the Birkhoff-von Neumann theorem [26], given a fractional matching as de-
fined in 6.1, we can decompose it into a convex combination of O(n?) integral matchings.
As a result, the only difference between the two viewpoints is that one considers a fractional
matching independently, while the other looks at the integral matchings in its support as well.
The support of a fractional matching is the set of all integral matchings whose convex com-
bination forms the fractional matching (that is, with non-zero weight on the relevant edges).
We will consider fractional matchings as defined in Definition 6.1.
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We now present some notation with regard to fractional matchings. We shall say that
fractional matching p; is a subset of uy, when (i) they are both defined for the same instance
I and (ii) for each (m,w) € M x W such that if y;((m,w)) > 0, then py ((m, w)) = p2((m, w)).
That is, if a pair of agents is matched with some weight under y;, they must be matched with
just a much weight under u;. p; may match some agents who are entirely unmatched in p,
but the converse should not happen. Note that it is necessary for the underlying instance to
be the same for this definition to make sense.

The value of a woman w under a fractional matching s is v, (1) = >, .y (m, w)V(m, w).
Thus, it is essentially the weighted sum of the value from each of the integral matchings in the
support of 1. The value of a man can be analogously defined as ., (1) = >, cpp p(m, w)U(m, w).
To define the notion of stability of fractional matchings, we first define the notion of a block-
ing pair in the context of fractional matchings.

Definition 6.2 (Blocking Pair for Fractional Matchings) We say that (m,w) forms a block-
ing pair under matching . if both get strictly less value from . than they get by being matched
integrally with each other.

As in the rest of this thesis, a fractional matching . is said to be stable is there does not
exist a blocking pair of agents (m,w) € M x W such that U(m,w) > u,(u) and V(m,w) >
v (). The model studied in Gale and Shapley [52] looks at stable one-one matchings with
ordinal preferences and show that stable integral matchings always exist. Clearly, we can
always derive an instance of the type studied by Gale and Shapley given I = (M, W, U, V).
Consequently, a stable integral matching always exists. Also, it is easy to see that integral
matchings that are stable under our definition are also stable under the original definition of
Gale and Shapley. We will, throughout our analysis, use these facts, without explicitly stating
them.

Observe that to report their valuations, each agent need only report n values. Conse-
quently, for any j € [n], the valuation function of w; can be captured by a vector of length
n V;, where the i value in the vector V;[i] = v;(i). Similarly for m;, his valuations can be
captured by an n length vector U;. Our objective is to investigate the existence of incentive
compatible mechanisms to find stable fractional matchings. In the context of this chapter,
incentive compatibility can be defined as follows:

Definition 6.3 (Incentive Compatibility) A matching mechanism that takes as input Uy, - - - , U,
Vi,---,V, and returns a matching u(Uy,--- , Uy, Vi,---,V,,) is said to be incentive compatible
if for each w; € W and m; € M,
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UJ(M(V}» ) V—j> U)) > Uj(“(xv V—jv U))
and w(u(Us U s, V) = wi(ply, U s, V)

for any n-dimensional vectors of non-negative real values x and y.

We describe a special class of stable matching instances (which we call Conditional Mutual
First Preference (CMFP)) having a unique stable fractional matching. In defining the CMFP
class, we rely crucially on identifying pairs of nodes that satisfy a property called the mutual
first preference (MFP) property.

Definition 6.4 (MFP) We say a pair (m,w) satisfies mutual first preference property if {w} =

argmax, .y U(m, a), {m} = argmax,.,,; V (a, w).

That is, each happens to be the first preference of the other. Note that for any stable matching
instance / with strict preferences, if there exists a pair of nodes that satisfies MFP, the two
nodes must be matched under every stable matching.

An important contribution of our work is to give a polynomial-time algorithm to find
a stable fractional matching, which is non-integral, whenever such a fractional matching
exists. This algorithm is key to establishing that whenever there are no MFP pairs, under
strict preferences, a stable fractional matching that is not integral can be found. This, in turn,
characterizes the instances which have unique stable fractional matchings. envy graphs are
critical to establishing these results. We now define envy and envy graphs for this context.

Definition 6.5 (Envy) Given a stable matching instance [ = (M,W,U,V) and a fractional
matching u, for any w,w' € W, w is said to envy w' under yu if

vo(p) = Y plm,w)V(m,w) < Y p(m,w')V (m,w).

meM meM

Similarly, m is said to envy m’ under p if

Um(M) = Z M(mvw)U(mvw) < Z M(m/7w)U(m7w)‘

weWw weW

For an integral matching u, w envies w' under p if v, (1) = V(pu(w),w) < V(u(w'),w). Given
a matching, the envy graph under that matching as defined as follows.
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Definition 6.6 (Envy Graph) Given a stable matching instance I = (M, W, U, V') and a frac-
tional matching y, the envy graph on women under (. is a directed graph Gy () = (W, E') where
(w,w'") € F < w envies w’' under p. Analogously, the envy graph on men under i is a directed
graph Gy (u) = (M, E) where (m,m') € E < m envies m’ under .

When there are no MFP pairs, we can use envy graphs to find stable fractional matchings
which are non-integral.

6.2.2 Overview of Main Results

We present an overview of all our main results before a detailed discussion and proofs in the
next two sections.
Our first result shows that incentive compatibility and stability cannot coexist.

Lemma 6.1 No mechanism which finds a stable fractional matching is incentive compatible,

when the only condition on the values is that they are non-negative.

We then extend this result to show that even an approximate notion of incentive compatibility

cannot coexist with stability.

Theorem 6.1 For ¢ € [0,1/2), there does not exist an e-IC mechanism that always returns a
stable fractional matching when the only condition on the values is that they are non-negative.

Given the above two results, in Section 6.3.2 it is natural to try to identify a class of matching
instances over which stability and incentive compatibility can be achieved together. To this
end, we look for pairs of agents that must be matched in all stable matchings in a given

instance.

Lemma 6.2 Given any stable matching instance I , Algorithm 6.1 returns a matching that is a
subset of any stable integral matching on I. Any stable fractional matching for instance I must
set a weight of 1 on each pair contained in the matching returned by Algorithm 1.

We show that whenever Algorithm 6.1 returns a perfect matching, truthful revelation of val-
ues is a Nash Equilibrium.

Theorem 6.2 Given any matching instance belonging to Conditional Mutual First Preference
(CMF P), any mechanism that finds a stable fractional matching is incentive compatible.

The proof of this theorem leads to a corollary that contains a stronger result.
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Corollary 6.1 For each stable matching instance in C M F' P, no coalition of agents can collude
to strategically misreport their preferences (and improve their values under any mechanism) to
find a stable fractional matching.

We show that whenever an instance is not in C'M F' P, given any stable integral matching (for
instance, the one returned by the Gale-Shapley algorithm), we can find a non-integral stable
fractional matching by Algorithm 6.2. Consequently, we have the following result.

Theorem 6.3 A stable matching instance I has a unique stable fractional matching if and only
if it is in CMFP.

Algorithm 6.2 defines an entire linear polytope of stable fractional matchings leading to the
following corollary.

Corollary 6.2 Under strict preferences, a stable matching instance has either a unique stable

matching or uncountably many.

6.2.3 Some Structural Observations

Before we present our analysis, it is important to demonstrate that it is non-trivial to compute
stable fractional matchings which are not integral. We now make some structural observa-
tions regarding the space of stable fractional matchings.

Observation 6.1 A convex combination of stable fractional matchings need not always be stable.

Caragiannis et al. [36] illustrate this with an example which does not have strict preferences.
Figure 6.1a demonstrates that this holds even with strict preferences. There are exactly two
stable integral matchings. These are: ;1 = {(m1, wy), (M2, ws), (M3, ws)} and py = {(my, we),
(mg,w1), (ms,ws)}. Fractional matching 1, = a1 +(1—a)p is not stable forall o € [1/3,2/3],
as (ms, w9) form a blocking pair. Thus, we have that the space of stable fractional matchings
is not easy to iterate over.

Note that for any instance, stable integral matchings form a subset of stable fractional
matchings. However, knowing the space of stable integral matchings does not give much
information about the space of stable fractional matchings. We shall now demonstrate this
through two observations.

Observation 6.2 A matching instance may have a unique stable integral matching but multiple

stable fractional matchings.
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(a) Non-convexity (b) Multiple Stable Matchings (c) Unstable Support

Figure 6.1: Examples. Numeric values near the nodes are the corresponding values

Consider the stable matching instance represented in Figure 6.1b. The unique stable integral
matching is p; = {(mq, ws), (M2, wy), (Mg, ws)}. Consider matching ps = {(my, wy), (Mo, we),
(ms,ws)}. Fractional matching ., = auy + (1 — «)ps is stable for all « € [1/2,1].

This observation is consequential in conjunction with the observation that there may be
stable fractional matchings with only unstable integral matchings in the support.

Observation 6.3 There exist stable fractional matchings whose support consists solely of unsta-
ble integral matchings.

This can be illustrated by the stable matching instance described in Figure 6.1c. The unique
stable integral matching is ji; = {(my, w1), (Mg, wy), (M3, ws3)}. The matchings ps = {(my, we),
(ma2,ws), (ms, w1}, ps = {(ma,ws), (M2, wi), (M3, we)} and iy = {(ma, ws), (M2, w2), (M3, w1)}
are all unstable. However, the fractional matching u = £ + £ + &' is in fact stable. Under
i, the values of the men are w;(u) = /6, ua(pt) = 4 and us(p) = 8, while the values of the
women are vy (u) = 4, va(p) = 13/6 and v3(p) = 10.

Observation 6.4 Gender-optimal stable fractional matchings need not exist.

It is well established that the Gale-Shapley algorithm matches each agent in the propos-
ing side to their optimal stable partner. That is, agents on the proposing side are matched
to their most preferred out of all agents they are matched to under any stable matching.
Consequently, all agents on the proposing side get their maximum possible value under
any stable matching. However, this does not extend to fractional matchings. Consider the
matching instance described by Figure 6.1c. Here, under the only integral stable matching
w1 = {(my,wy), (Mg, ws), (Mg, ws)}, all agents get a value of 4. This is the maximum possible
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value for m; and w,. Under the stable matching ;. (defined in the previous observation), m;
gets a value of /s, wo gets a value of 13/s, both of which are lower than their value under i,
while ms gets a value of 8 and ws gets a value of 10. As a result, both m3 and ws are better
off under i, whereas m; and w, prefer y;.

These observations demonstrate that the space of stable fractional matchings is somewhat
unintuitive, even under strict preferences which makes finding a stable non-integral, frac-
tional matching non-obvious. Given any integral matching, it is not clear how to see whether
or not it is present in the support of a stable fractional matching. Further, if so, what should be
the weight on this matching. Our analysis on the incentive compatibility of stable fractional
matching procedures provides a way to overcome these hurdles.

We first look at the coexistence of stability and incentive compatibility in a general setting,
that is when the only condition on the values is that they are non-negative.

6.3 Co-existence of Stability and Incentive Compatibility

Incentive compatibility is very desirable for real-world matching applications. Roth [101]
showed that there is no incentive compatible mechanism to find stable integral matchings.
However, stable integral matchings form a proper subset of stable fractional matchings and it
is not clear whether or not incentive compatible mechanisms exist in the fractional matching
setting. We resolve this question by demonstrating that this, in fact, is not possible, even

when we relax the notion of incentive compatibility to approximate incentive compatibility.

6.3.1 Impossibility in General Settings

We first assign cardinal values to the example used by Roth [101] to show that there is no
incentive compatible mechanism to find a stable fractional matching. We then modify the
example to show that in fact even with a relaxation in the notion of incentive compatibility,

we have the same situation.

Lemma 6.1 No mechanism which finds a stable fractional matching is incentive compatible,
when the only condition on the values is that they are non-negative.

Proof: Consider the stable matching instance described in Figure 6.2a. There are exactly two
stable integral matchings p; = {(my, ws), (Mg, wy), (M3, w3)} and py = {(mq,wr), (M2, ws),
(m3,ws)}. Further, the fractional matching u, = apy + (1 — a)us is stable for all o € [0, 1].
No other fractional matching is stable for this instance. Thus, any stable fractional matching
algorithm, when run on this instance, essentially chooses a value of « € [0, 1] for .
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(a) true values (b) m, misreports (¢) w; misreports

Figure 6.2: A counterexample for incentive compatible mechanism

It is easy to see that m; will need to be matched to w, integrally, i.e. for the given stable
fractional matching algorithm to choose value « = 1. Let the algorithm choose o = ¢ <
1. m; can now misreport his preferences as shown in Figure 6.2b with = € [1,3). Under
this instance, the only stable fractional matchings are p, for o € [%,1]. Thus, if a given
algorithm chooses some o« = ¢ < 1, there is an incentive for m, to misreport his preferences
as shown in Figure 2b with = > 2c¢ + 1, giving him strictly higher value. Similarly, w, would
like to be matched integrally to m,. Thus, she can misreport her preferences as in Figure 6.2c
to ensure that she receives higher value whenever the algorithm chooses a value of « > 0.

Thus no mechanism resulting in a stable fractional matching can be incentive compatible
for all the agents when there are no restrictions on the input instances. a

We now look at relaxations of stability and incentive compatibility, which are defined as

follows.

Definition 6.7 (e-Stability) A matching . is said to be e-stable, € € [0, 1), if for every (m,w) €
M x W, we have that either w,,(u) > (1 — €)U(m,w) or u,(u) > (1 — )V (m,w).

Definition 6.8 (¢-IC) A matching mechanism that returns a matching p(Uy, -+ ,U,, V1,--+ ,Vy)
is said to be e-IC, € € [0, 1), if for each w; € W and m; € M,
Uj(ﬂ(%? ) V*jv U)) > (1 - e)vj(lu(l” V*J" U))
and  ui(u(U;, U—i, V) > (1 = e)ui(p(y, U, V))

for any n length vectors of non-negative values x and y.
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We shall first examine the existence of an e-incentive compatible mechanism for finding a
stable fractional matching.

Theorem 6.1 For ¢ € [0,1/2), there does not exist an e-IC mechanism that always returns a
stable fractional matching when the only condition on the values is that they are non-negative.

Proof: Consider the matching instance shown in Figure 6.3a. This is the same as the instance
in Figure 6.2a, with every value of 3 replaced by &£ > 3. Analogous to the proof of Lemma
6.1, we have that whenever the value of m; or w; is less than (1 — €)k, any mechanism that
finds a stable matching will not be ¢—IC and will give the agents an incentive to misreport
their values as shown in Figures 6.3b and 6.3c respectively.

Recall from the proof of Lemma 6.1, the only stable integral matchings are, j1; = {(mq, ws), (Mg, wy),
and po = {(my,wy), (Mg, ws), (M3, ws)}. Further, any stable fractional matching mechanism
must return a matching p, = ap; + (1 — a)ps. Note that wu,,, (1) = 2 + (K — 2)a and
Uy (o) = k — (k — 2)av.

For any mechanism to be ¢-IC, it must select a matching y,, such that for wy: k—(k—2)a >
(1 — €)k. This implies that we need

k >
k_2e_a.

Similarly for m4, 2 + (k — 2)a > (1 — ¢)k. Consequently, to satisfy ¢-IC for m,;, we need that

k
k—2

e>(1—a).

Therefore we require
k

]{7—26'

Now the LHS of this condition is minimized for o« = 1/2. It is easy to see that for any € € [0,1/2),

max(a, 1 —a) <

there exists a large enough real valued & > 2 such that £ e < 1/2. Thus for any € € [0,1/2),
there cannot exist an ¢-IC mechanism that always returns a stable fractional matching when
the only condition on the values is that they are non-negative. This proves the result. a

Before moving to achieving exact incentive compatibility, we shall first describe a !/2-IC
mechanism which produces a !/2-stable fractional matching. The mechanism essentially runs
the Gale-Shapley algorithm with the men as the proposing side once, getting 1), and the
women as the proposing side once, getting py. It then returns a matching which assigns a
weight equal to half on each of the matchings obtained !/2(yys + pw ). From Roth [101], the
Gale-Shapley algorithm is IC for the proposing side and as a result, the described mechanism
is 1/2—IC. The matching is also !/2-stable by a similar argument. In fact, for this mechanism,
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(a) true values (b) m, misreports (c) w; misreports

Figure 6.3: Counterexample for e—IC mechanisms, ¢ € [0, 1/2)

these bounds are tight. It would be interesting to see if any other mechanism can improve
upon these bounds.

6.3.2 Incentive Compatibility under Restricted Settings

We know from Roth [101] that there is no incentive compatible mechanism for finding stable
integral matchings in general. However, when there is a unique stable integral matching,
we have an exception. For a mechanism implementing the Gale-Shapley algorithm, truthful
revelation of preferences by all agents forms a Nash equilibrium as a simple consequence of
prior work. Roth [101] showed that when the Gale-Shapley algorithm is run with men as
proposers, it is a dominant strategy for men to be honest. As shown by Teo et al. [115],
women can find their optimal manipulation for a given instance in polynomial time. This
optimal manipulation matches her with her best possible partner under the Gale-Shapley al-
gorithm, when men propose. It is shown by Vaish and Garg [119] that the resultant matching
is also stable under the true preferences. Thus, each woman’s partner, even after the optimal
manipulation, will remain the same.

Instances with Unique Stable Fractional Matchings

This motivates us to explore a class of instances where there is a unique stable fractional
matching and look for an incentive compatible mechanism for this class. While there has
been much work on finding stable integral matchings, so far there is no work which aims
at finding a stable matching which is non-integral. For some instances, such a matching
need not exist. Previous work has established that there is always a stable integral matching
and therefore one degenerate fractional matching always exists. It will be nice to have an

algorithm, which, when given a stable matching instance, finds a stable fractional matching
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that is non-integral whenever one exists. To this end, we first try to categorize the class of
instances where there exists a unique stable fractional matching. Note that there is a unique
stable fractional matching in the following settings.

1. An idealistic setting where if m’s first preference is w, then w’s first preference is m.
Recall that we call such pairs of nodes as MFP pairs (mutual first preference). Here it
is easy to see that the unique stable matching is the one where everyone is matched to
their first preference.

2. All men having identical preferences and all women have identical preferences. In
chapter 4, we call such a setting as one with ranked values, albeit in the context of
many-to-one matchings. Here, the only stable matching is where the *" ranked man is
matched with the i** ranked woman for all i € [n]. This is because the highest ranked
man and woman must be matched as they are each other’s first preference. Given this,
now the second highest ranked man and woman become each other’s first preference
as the most popular man and most popular women are now unavailable. In fact any

combination of these two settings will have a unique stable fractional matching.

Note that if any stable matching instance has MFP pairs, any stable matching must match
them. Based on this, we provide the following polynomial-time algorithm which returns a
matching that must be a subset of any stable matching.

Algorithm 6.1: Mutual first preference matching algorithm

Input: 7 = (M, W,U,V)

Output: pu, I’ = (M’ W' U V")

t <0, pu+ 0;

MO — M, WO W, U9 U, VO V;

IO = (MO WO g© O,

while 3(m, w) s.t. w = argmax, -y U (m, a) AND m = argmax, ;0 V' (a,w) do
4= p U (m,w)
I+ is 1 with m and w removed;
t<—t+1;

I« 1®;

N O A W N =

o]

We use the above algorithm to define a special class of stable matching instances called
Conditional Mutual First Preference (CMFP).

Definition 6.9 We say that a stable matching instance I is in class CMFP if Algorithm 1 returns
a perfect matching when [ is given as input.
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Lemma 6.2 Given any stable matching instance I , Algorithm 6.1 returns a matching that is a
subset of any stable integral matching on I. Any stable fractional matching for instance I must
set a weight of 1 on each pair contained in the matching returned by Algorithm 1.

Proof: We prove this result by contradiction. Assume the result is not true. That is, there is
a stable matching instance I where ;. is the matching returned by Algorithm 1 on /, and there
is a stable matching y/ on I such that p is not a subset of 1. Let|u| = k > 0 (If |u| = 0 then p
is the empty matching, and as a result is a subset of every matching on /.). Let iy, -- , i, and
Ji, -+, jk such that u* = {(m;,, w;,), -, (M4, w;,)} where (m;,, w;,) are matched in the '
round in Algorithm 1.

Let t* € [k] be the lowest index in [k] such that ;/(m;,., w;,.) < 1. As /' is stable, at least
one of m;,. and wj,. must have higher value for ;/ than from matching integrally with each
other. Without loss of generality, let this be m,,.. By construction of Algorithm 1, this is
only possible when y/(m;,.,w;,) > 0 for some ¢ < t* . Thus, y'(m;,, w;,) < 1. Thisis a
contradiction as we assumed t* to be the lowest index for which this happens. This proves
the result. O As a result, we have a polynomial-time algorithm to determine when an
instance is CMFP. Algorithm 1 helps us identify certain edges which must be included in any
stable matching. Further, if the matching returned is a perfect matching, then it is the unique
stable fractional matching for the given instance. This is a consequence of Lemma 6.2. The
class CMFP is also special in that incentive compatibility can be achieved for this class.

Incentive Compatibility under CMFP Instances

Theorem 6.2 Given any matching instance belonging to Conditional Mutual First Preference
(CMFP), any mechanism that finds a stable fractional matching is incentive compatible.

Proof: Given a stable matching instance / € C'M F'P, every mechanism generating a stable
fractional matching will return the same matching ;.*. We use Algorithm 1 to give us labellings
i1,---, iy, and jy,---,j, such that p* = {(my,, wy), ---, (ms,, w;,)} where (m;,,w,,) are
matched in the ¢"* round in Algorithm 1.

Let all other agents be truthful. Clearly, (m;,,w;,) have no incentive to misreport their
preferences as they are already matched to their first preference. As long as m;, and w;, stay
truthful, they will continue to be matched to each other, irrespective of how other agents are
behaving. Now for ¢ > 1 for (m;,, w;,) neither can gain by increasing or decreasing their value
for any agent matched earlier. This is because the agents who are matched before round ¢ are
truthful and will not become MFP pairs with m;, or w,,. Thus, those pairings will not change.
Of the remaining agents, m,;, and w,, have highest value for each other and cannot benefit
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from misreporting their preferences. Consequently, when all other agents are truthful, no
agent has an incentive to misreport its preferences. O

In fact, the same reasoning also implies that the stable matching in a CMFP instance is
also robust to coalitional manipulation. Note that the nodes matched to their first preferences
have no incentive to deviate. The remaining are unable to misreport so that they would be
matched to a node which has already been matched earlier by Algorithm 1. These nodes have
no incentive to misreport so as to match with nodes matched later. As a result, there is no
way for a coalition of agents to misreport preferences and increase their values.

Corollary 6.1 For each stable matching instance in C M F' P, no coalition of agents can collude
to strategically misreport their preferences (and improve their values under any mechanism) to
find a stable fractional matching.

Consequently, when the matching instances are restricted to those in C'M F P, we have
incentive compatible mechanisms that produce stable fractional matchings. What we now
show is that in fact, this is the only set of matching instances where there is a unique stable
fractional matching.

6.4 Characterizing Instances with Unique Stable Matchings

We now design a polynomial-time algorithm to find a stable fractional matching which is
non-integral, whenever / ¢ C M F'P, starting from a stable integral matching (By Gale and
Shapley [52], such a matching always exists and can be found efficiently.). To the best of
our knowledge, there is no algorithm in prior work to find a stable fractional matching that
is non-integral. When the preferences are strict, we utilize envy graphs to help find stable
fractional matchings given a stable integral matching. Note that by Lemma 6.2, the matching
returned by Algorithm 1 must be a subset of any stable matching. As a result, it suffices to
have an algorithm that works on instances without MFP pairs. We can first run Algorithm 1
and then use it on the reduced instance returned by Algorithm 1.

The key idea is as follows. Under strict preferences, when there are MFP pairs, it is
not possible to reduce the weight on the edge between them and still be stable. However,
whenever there are no MFP pairs, each edge matched under a stable matching will have at
least one node who prefers another agent to their current partner. To this end, we use envy
graphs to construct other matchings which improve the value of some of the agents, without
creating blocking pairs. As the preferences are strict, there will always exist a small enough
weight to place on these matchings such that there are no blocking pairs with other nodes.
While it is not necessary to explicitly construct envy graphs to help find such matchings,
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envy graphs help in expressing these ideas in an intuitive manner. While this work presents
the first exploration of the intersection of stability and incentive compatibility in fractional
matchings, there is still much to be studied in this area. It would be interesting to see if
relaxing stability can help achieve incentive compatibility or whether there are other classes
of matching instances for which incentive compatibility can be achieved.

6.4.1 Envy Graphs
In this section, we introduce cycles in envy graphs and discuss acyclic envy graphs.
Cycles in Envy Graphs

Let p; be a stable integral matching and assume Gy (111) contains a cycle. We can produce
an alternate matching p» where all women not in C' are matched as in ;; and each woman
in C' is matched to her successor’s partner under p;. The successor of a node on a directed
path or a cycle is the vertex to which it has an outgoing edge in the path/cycle. There
can only be one such vertex.This resultant matching need not be stable, even if the original
matching was stable. However, it will increase the value of the women in the cycle. Define
fo = apg + (1 — a)pg, a € [x,1].

Let us now discuss the stability of 1. In this case, no woman sees a decrease in value.
As a result, it suffices to ensure that no man experiences a large enough drop in value for
a blocking pair to form. Let us first consider men whose partners are unchanged. They do
not form any blocking pairs. For these men, any woman they may prefer to their current
partner has the same or higher value than in the original matching. Now, consider the men
whose partners do change. Note that as p; is stable, these men prefer their partners under
w1 over those under po, otherwise ;4 would not be stable. Let us define W,,,(u) = {w € W :
V(m,w) > v,(p)}. In order for p,, a € [z,1] to be stable we need that for each m € M
such that /11 (m) # pa(m), sum () + (1 — 2)um (p2) > maxyew,,(u) U(m, w). As we have strict
preferences, a value of x < 1 can be found in polynomial-time. Analogously, a fractional
matching can also be found when there is a cycle in G/ (u).

Acyclic Envy Graphs

In the absence of a cycle and any MFP pairs, a path must necessarily exist in at least one of
Gar(p1) or Gy (p1). Let this be path P in Gy (11). Now we can create an alternate matching
12 as before where each woman on the path is matched to the partner of her successor, with
the sink being matched to the partner of the source. This alone will not be enough to make
a stable matching. This is because the sink of P, say w, and her partner, say m, will both
get value less than that in ., and form a blocking pair. In order to mitigate this, m needs
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an increase in value (w, being a sink, is matched to her favourite man, so she cannot see
an increase in value by matching with anyone else). To this end, we find a path in G/ (1)
starting from m. This must exist, as there are no MFP pairs and w is a sink. As before, this
path is used to generate an alternate matching. In this manner, we can continue till there are
no blocking pairs possible.

These matchings form the support of the stable fractional matching. To achieve stability,
we need to set appropriate weights on the matchings. This is possible as the preferences are
strict. As in the case of when cycles are present, a linear program can be solved to find the
weights on y; and all newly defined matchings to find a stable fractional matching.

6.4.2 Algorithm for Generating Stable Non-Integral Matchings

Before detailing the algorithm, we first set some notation. G, (u) and Gy (u) are the envy
graphs of men and women under y as defined. For a path P, sink(P) denotes the last node in
the directed path. The UpdateCycle routine takes as input a matching ;. and a cycle in either
G (p) or Gy (1) and matches each agent in the cycle to their successor’s (the agent to whom
they have an outgoing edge in the cycle) partner. All agents whose matching is not defined
by this are matched as in u. UpdatePath works almost identically, with the sink of the path
being matched to the source’s partner.

Correctness of Algorithm 2

The correctness of the Algorithm hinges on being able to correctly find the required values
for xy,--- ,z;. Observe the coefficients of the linear program described. By Farkas’ Lemma,
this must be feasible, whenever preferences are strict. As a result, we have that Algorithm
2 correctly finds a stable non-integral matching, whenever the preferences are strict and the
instance is not in CMFP.

Time Complexity of Algorithm 2

A cycle or a path in an envy graph can always be found in polynomial-time. Thus, computing
a new matching can be done in polynomial-time. As each matching is defined to improve
the value of a previously unimproved agent, there can be at most 2n matchings. Further, the
required x; values can be found by solving a linear program with the appropriate constraints.
The number of variables is %, which is the number of matchings. Thus, this linear program
can be solved efficiently. Consequently, the algorithm detailed is a polynomial-time algorithm.

It finds a stable fractional matching which is not integral whenever one exists.

Theorem 6.3 A stable matching instance I has a unique stable fractional matching if and only
if it is in CMFP.
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Algorithm 6.2: Algorithm for generating stable non-integral matchings
Input: Instance [ = (M, W, U, V), stable matching p;

Output:

1 (us, I') + CMFP_matching([);

2 4 s

3 if I’ is non-empty then

4 k <+ 1;

5 Generate Envy Graphs G/ (¢1) and Gy (11);

6 if Either G s (p1) or Gy (p1) contain a cycle C then

7 k + 2;

8 wa < UpdateCycle(puy,C);

9 A—C
10 else

11 A+ 0 \\ Set of agents whose values increase;
12 Find sink node w; € Gy (u1);

13 currNode <+ p1(w1);

14 currSet < M,

15 while currNode ¢ A do

16 k< k+1;

17 Find path P in Geyrrset(p1) starting from currNode;
18 pi < UpdatePath(u, P);

19 A<+ AU (P\{sink(P)});

20 currNode < py(sink(P));

21 if currSet = M then

22 ‘ currSet < W;

23 else

24 L currSet < M;
25 Find z1,--- 21 € [0,1) such that Zle x; = 1 and
26 | forallme MNA, ¥ 2U(m,pui(m) > um(im),
27 | forallwe WnA, S8 &V (u(w),w) > vy(u),
28 forallm € M\ A, Zle ;U (m, pi(m)) > MaXy,e w0 (m,w)<um () U (M, w) and
20 | forallw € W\ A, S5 | 2V (ui(w), w) > max,e sy (maw)<on () V (10, w)
30 | pu ps U wi;

Proof: Let I be a stable matching instance. We have already established thatif / € CMFP,
I has a unique stable fractional matching. We now prove the other direction by establishing
the contrapositive. Let I ¢ CM F P, and p, and I’ be the matching and instance returned by
Algorithm 1 on /. Clearly, y is not a perfect matching. Any matching x on I’ which is stable,
can be combined with i, to obtain a stable matching for /.
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Figure 6.4: Algorithm 6.2 fails when there are ties

Let p; be the stable matching returned by the Gale-Shapley algorithm on I’ with men
proposing. Note that, as I’ is the instance returned by Algorithm 1, there is are no MFP pairs.
Consequently, at least one of Gy, (u;) and Gy (1) will be non-empty. Algorithm 2 will give a
stable fractional matching which is not integral. O A simple corollary of Theorem 6.3 is
that under strict preferences, a stable matching instance has either a unique stable fractional
matching, or uncountably many.

Corollary 6.2 Under strict preferences, a stable matching instance has either a unique stable

matching or uncountably many.

6.4.3 Weak Preferences

In the above algorithm, we have assumed that the preferences of the agents on either side are
strict. That is, the values are such that no two agents on the opposite side are equal. Hence,
the value of each agent implies a linear order over the agents on the other side. Note that, this
assumption is rather common and not particularly restrictive. In fact, in the absence of this
assumption, our results on CMFP continue to hold. However, Algorithm 6.2 requires strict
preferences to be execute correctly. To see why, consider the matching instance described in
Figure 6.4.

In this example, one stable matching is ji; = {(my, ws), (M2, wy), (M3, ws)}. This is a men-
optimal stable matching where each man gets value 1 and each woman gets value 0. There
is an envy cycle where w; envies ws, wy envies w3 and w3 envies w; in turn. In this case,
Algorithm 6.2 will try to find a convex combination of s = {(my,ws), (Mg, ws), (M3, w;)} and
i1. However, any convex combination that is not p; or s will not be stable as it will give
both m, and w, value less than 1, making (ms, ws) a blocking pair.
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6.5 Conclusions and Future Work

We initiated work on the existence of incentive compatible mechanisms that find stable frac-
tional matchings. We showed that without any additional assumptions, no such mechanism
exists. We then characterized the space of matching instances with unique stable fractional
matchings. When restricted to this space, all stable matching mechanisms are incentive com-
patible. An interesting direction of future work is to identify if other conditions that allow for
incentive compatibility. A more detailed discussion is in Chapter 7.
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Chapter 7
Summary and Future Work

In this thesis, we studied the problem of algorithmically achieving fairness and efficiency in
different matching settings. We first looked at settings with one-sided preferences, where
fairness was defined as being almost envy-free and efficiency was studied through the lens of
maximizing social welfare. We then looked at achieving fairness and efficiency in the setting
of matchings with preferences on both sides. Stability is a key efficiency requirement in such
settings. Consequently, we looked at fairness for stable matchings. We now summarize the
contributions and future work for each of the technical chapters.

7.1 Summary of our Contributions

Part 1: One-Sided Preferences

Chapter 3: Fair and Efficient Matching of Delivery Tasks to Agents

This chapter introduced a novel problem of fair distribution of delivery orders on tree graphs.
Focusing on tree graphs, we established a comprehensive characterization of the space of
instances that admit fair (EF1 or MMS) and efficient (SO or PO) allocations. We analyzed
the complexity of finding such allocations (or deciding if they exist) and while we identified
this problem as computationally hard, we developed an XP algorithm parameterized by the
number of agents for each combination of fairness-efficiency notions. Complementing our
theoretical findings, we conducted several experiments on randomly generated graphs.

Chapter 4: Repeatedly Matching Items to Agents Fairly and Efficiently

This chapter initiated the study of repeated matchings with history-dependent valuations. We
explored efficiency through the lens of social welfare maximization and fairness through a
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variety of relaxations of envy-freeness. We found that even in settings where social welfare
can be maximized and EF1 repeated matchings can be found tractably, maximizing social
welfare over EF1 matchings is APX-Hard. We found that pre-existing relaxations of envy-
freeness need not always exist for simple repeated matching settings and propose the notion
of swapEF to resolve this.

Part 2: Two-Sided Preferences

Chapter 5: Achieving Fairness and Stability in Many-to-one Matchings

This chapter initiated the study of finding a fair and stable many-to-one matching under cardi-
nal valuations. We studied leximin optimality, which has been hitherto unexplored for stable
matchings. We gave efficient algorithms to find the leximin optimal stable matching under
rankings with strict preferences. In the absence of rankings, but with strict preferences, we
gave an algorithm to find the leximin optimal stable matching when the number of colleges
is fixed to two. We then showed that when n = (m), then, under strict preferences with-
out rankings, the problem becomes intractable. We showed that even with weak rankings,
finding a leximin optimal stable matching is intractable. In fact, it is NP-Hard to find even a
polynomial approximation with general valuations.

Chapter 6: Stability and Incentive Compatibility in Fractional Matchings

This chapter has looked into the design of incentive compatible mechanisms for finding stable
fractional matchings. We first showed that this is not possible under unrestricted cardinal util-
ities, even when we relax the the notion of incentive compatibility up to a half-approximation.
We then discovered a class of stable matching instances which have a unique stable fractional
matching, namely those satisfying the conditional mutual first preference (CMFP) property.
We showed that every mechanism that finds a stable fractional matching is incentive compat-
ible if and only if the input instances are in CMFP. We presented an algorithm (Algorithm 2)
that computes, under strict preferences, stable fractional matchings which are non-integral
(to the best of our knowledge, this is the first such algorithm). This algorithm makes intelli-
gent use of envy-graphs, hitherto unused in the stable matchings literature.

7.2 Future Directions of Research

We assert that we have settled a few important problems in the topic of co-existence of
fairness and efficiency in fractional matchings. Clearly this does not in anyway settle all
the issues in this important topic. Our work suggests several interesting directions of future

work.
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Part 1: One-Sided Preferences

In general, for the first part, we introduce two new models for fair division. For both settings
we show hardness results, and it would be interesting to see if approximation schemes can
be designed. Further, in both of these models, more generality possible. For instance, for the
case of fair distribution of delivery tasks (Chapter 3), more general graph structures need to
be considered. For repeated matchings (Chapter 4), this manifests as resolving the existence
of EF1 or swapEF repeated matchings.

Further, introducing heterogeneity in the agent valuations would be another interesting
direction. For the delivery setting, this could be done with differing feasibility constraints
for agents, different edge costs, or even adding a service cost of servicing the vertices. For
repeated matchings, the agent values for their bundles need not be additive, but may be
submodular or even subadditive [11, 18, 19]. Parallel to these, a natural question would
be what other fairness notions would be appropriate in these spaces. There are many other
fairness concepts prevalent like Equitability [48], Maximum Nash Welfare [11, 17, 19, 35]
and even the more general P-mean welfare [10, 39]. Finally, another interesting path would
be theoretically bounding the price of fairness on efficiency for either setting.

Part 2: Two-Sided Preferences

In general, it is important to identify fairness notions that maintain fairness across either side
for stable matchings. We focus on leximin, but it is possible that other approaches may also
work. For example, Karni et al. [71] use PIIF, first defined by Kim et al. [72], for many-to-
one stable matchings. However, they maintain fairness for only one-side. Here, a price opf
stability can also be studied, to understand if stability imposes a loss in fairness.

Specifically for many-to-one stable matchings (Chapter 5) one open problem is whether
for more than two colleges, with strict preferences, an exact algorithm may be possible.
Another potential direction may be finding an a more general subclass of matching instances
where it is possible to find a fair or approximately-fair and stable matching. While our results
have ruled out approximations for additive valuations in general, under isometric valuations
or general strict preferences, approximations may still be possible.

For stable fractional matchings, the hardness of finding a beneficial manipulation for our
algorithm is not clear. Another relevant direction of future work would be to find algorithms
that produce stable fractional matchings and are hard to manipulate. One more possibility
would be to investigate if it is possible to achieve incentive compatibility by relaxing the
stability constraint. An interesting problem is whether the use of envy-graphs can yield better
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approximation algorithms for finding social welfare maximizing stable fractional matchings.
Our analysis hinges on the fact that there will always be envy whenever the instance does not
have any MFP pairs. As a result, an interesting future direction would be to look at envy-free
matchings and try and see if there are any incentive compatible mechanisms to find envy-free
matchings.

Going ahead, it would be interesting to explore these research directions. We believe that
our work will encourage further research on fair and efficient matchings.
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Appendix

A Repeated Matchings

A.1 Social Welfare Maximization under Monotone Non-Increasing Valu-
ations

We now give an alternative proof to Theorem 8.1 below. This is not a new result; we remind
the reader that the proof already follows by well-known results on weighted bipartite b-
matchings (see the discussion in Section 4.3.2).

Theorem 8.1 Given a repeated instance with monotone non-increasing valuations, a repeated
matching of maximum social welfare can be computed in polynomial time.

Proof: Consider a repeated matching instance [ = (A, 9, {v; }ica, T). We express the problem
of computing a repeated matching of maximum social welfare as the following integer linear
program:

T
max Z Z Z Tigt - Vi(g,t)

€A g€G t=1
s.t.: Z Tigr =T, Vie A
g€§,te[T)
Z Tigt = T, Vg € 9
€A E(T)
Tigt = Tigitl Vie A,ge Gt e [T —1]
Zige €{0,1}, VieA ge§, tell

The binary indicator variable z; ,, denotes whether agent i gets the ¢ copy of item g (v,,; =
1) or not (z; 4, = 0). Then, the objective is clearly to maximize the social welfare, the total
value the agents get from their copies of items. The first set of constraints requires that each
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agent gets exactly 7" copies of the items in the 7" rounds. The second one requires that each
item is assigned in all the T rounds. The third one ensures that an agent can get her (¢ + 1)®
copy of an item only after she gets the t™ copy.

We now relax the integrality constraint by replacing x;,, € {0,1} with z;,, € [0,1]. In
this way, we get a linear program (LP). Well-known solvers, implementing variants of the
ellipsoid method [60, 108], can solve this LP in polynomial time and compute an extreme
solution. Consider such an extreme solution = and, for the sake of contradiction, assume that
it is non-integral.

We first show that for every agent i € A and item g € g, at most one variable z; ,; can
be non-integral. Assume otherwise for agent i € A and item g € G, and let ¢; and ¢, be the
maximum and minimum elements in set {¢ : 0 < x; ,; < 1}. Let e = min{1 — x; ;+,, i 41, } and
consider the modified solution " with

= x4, +eand x; , = x; 4, —€, while 2’ has the

i,g,t1 1,9,t2

same value with x on any triplet different than (¢, g,¢;) and (4, g, t2). Due to the feasibility of
x, the new solution 2’ is clearly feasible. Furthermore, the objective value of 2’ is (at least) as
high as that of x as it increases by €-v;(g, t1) and decreases by €-v;(g,t2) < €-v;(g,t1). The last
inequality follows since the valuations are monotone non-increasing. Hence, the solution 2’
has optimal objective value as well, and, furthermore, at least one additional integral variable
= 0 otherwise. Thus, solution z is not

compared to z: z, ., =1if1—w; 4 < x;44, and 2

1,9,t1 1,9,t2

extreme, a contradiction.

Now, consider the bipartite graph G = (A, 9, E,), where E, contains the edge (i, g) if there
exists ¢ such that z; ,, has non-integer value. Observe that (G contains cycles. Indeed, if G
was a tree, some node v in A U G would have degree 1. If u € A, then }_ (7 Zu,g: Would
include a single non-integer term (i.e., the weight x,, ,, of the single edge which is incident to
node ). As T is integer, it would then be ) ge5.te(T] Tugit = T, violating the first LP constraint
for agent u. If uw € §, then }_,_, ;i %iu¢ Would include a single non-integer term. Again,
this would imply that >, , .7y %ius # T, violating the second LP constraint for item w.

Let C be a cycle in (. Since G is bipartite, C' has even length and its edges can be parti-
tioned into two matchings A/, and M,. For an edge (¢, g) of E,, let ¢(i, g) be such that x; ;4 )
is non-integer. Also, for a set of edges M of E,, define V(M) = Z(Lg)eM Tig (i) - Vi(9, (i, 9))
and, without loss of generality, assume that V(M) > V(M,). Observe that V(M) and V (Ms)
are simply the contribution to the objective value by the triplets (i, g, (i, g)) corresponding to
the edges (i, g) of M; and M,, respectively. Now let

€ = min {1 — (ZI;%EE%}]\{/[ Tig,t(i,g)s ? H)lg}vj 1,9,t(3 79)}



and modify the solution x to a new solution z’ as follows:

e 2’ has the same value with = on any triplet that does not correspond to (i, g,t(i, g)) for
an edge (7, g) of C.

. o ) = Tigaig) T € for every (i,g) € M;, and

1,9,t(1,9
* 1! = T 440.9) — € for every (i, g) € M.
i:gvt(iag) 1vgvt(zag) ry 7.g 2.

Clearly, the contribution of a triplet that does not correspond to triplet (i, g,t(i,g)) for
an edge (i,g) of C to the objective value is the same under both solutions = and z’. The
contribution from the triplets (i, g,t(i, g)) corresponding to edges (i,g) of M; increases by
e - V(M) in 2’ compared to z, and the contribution from the triplets (i, g, (i, g)) correspond-
ing to edges (i,g) of M, decreases by ¢ - V(M) < e - V(M;). Hence, the objective value
of solution z’ is also optimal. Furthermore, solution z’ has at least one additional integer

variable compared to z: indeed, observe that zj ., , = 1 for some edge (i1, g1) of M, if
. p B ‘

1 — max( g)en, Tig (i) < MiNG gy, Tigit(i,g) and T}, oo tings) = 0 for some edge (iy, g2) of Mo,

otherwise. Thus, solution x is not extreme, again a contradiction. O

A.2 Maximizing Social Welfare over Repeated Allocations

Observe that when we do not have the constraint that each agent must get exactly one
good in each round, that is, the more general allocation setting, we can make decisions
for each good independently. Further, from the definition of the value for an allocation,
for the purposes of social welfare, we are indifferent between all allocations who allocate
each good to each agent the same number of times. Hence, given an allocation A, de-
fine allocation A which allocates each good g € G to agent 1 for rounds 1,---, N(44,9),
to agent 2 for rounds N (A, g9)+1, -+, N(Ay, g)+ N(As, g) and similarly to agent i for rounds
(Z;I,;ll N(Ay, g)) +1,--+ .5 N(Aqs,g). Observe that for each i € A, v;(A’) = v;(A) and
hence the two allocations also have the same social welfare. Henceforth, we shall only con-
struct allocations which allocate each good to agents in order. Observe that for such allo-
cations, the last round in which the good is matched to agent n — 1 determines agent n’s
allocation.

We shall now show how to find a social welfare maximizing allocation of an good. For
each good, we shall define a directed acyclic graph. There will be a special source node « and
a sink node /3, all the remaining nodes will belong to one of n — 1 “layers”. Edges will only go
from the i" layer to the (i + 1)™ layer, from the source to the first layer or from the last layer
to the sink. There are no edges within any layer. As a result, any path in this graph must



contain at most one node from each layer. In particular, any path from « to § must contain
exactly one node from each layer. Every path from « to [ shall correspond to an allocation.
Layer ¢ corresponds to agent ¢, and the 7" nodes each correspond to the last round in which i
will be allocated the good. We shall set up the edge weights so that a longest o« — /3 path shall
correspond to a social welfare maximizing allocation of the good.

Given good g, we define the directed acyclic graph G = (V, E) as follows: V = {«, 5} U
{zit i€ n—1and t € [T]} and E = {(a,z1,) : t € [T} U {(zit, Tiz1p) : 7 € [0 —
1, t,t" € [T]s.t.t <t'} U{(zn-11,0):t € [T]}. We define weights on the edges as follows: for
e = (a,z14), set w, = Zi’:l v1(g,t'), for e = (T4, Tiv14,) With @ € [n — 2], t1,t5 € [T] with
t; < ty, set w, = i,:ltl vi(g,t") and for e = (2,14, ), set w, = ZtT,;i vn(g,t).

Observe that there are no edges from z;, to z;; where t' < t. Hence, given an o« — 3
path P, let t¥ be such that z;,r is the node in layer 7 which is in P. For any i € [n — 2],
t7” < tf . Define an allocation of good g, A(P, g) where agent i is allocated g t” — I
fori € [n — 1] and agent n is allocated g T — ¢’ | times. Here, the value of agent i € [n — 2]

P_yP
for this allocation is v;(A;(P, g)) = Zfﬁfi(P’g)’g) vi(g,t) = Zi;ltl‘l vi(g,t) = w

| times

For

Timrel Tl
agent n, N(A(P,g),9) = T —t7_, and v,(A.(P,g)) = X" va(g,t) = w, , s Thus,
SW(A(P,g)) = > .cpwe. Thus, for every a — 3 path of length I, we have an allocation of
social welfare /.

Now, for any allocation of goods, we can create an allocation with equal social welfare by
allocating each good to agents in order. Further, for the allocation setting, each good may be
allocated independently. As a result, for every allocation of a single good, we can create a
path in the corresponding directed graph with length equal to the social welfare. Hence, we
can find a social welfare maximizing allocation by finding a longest oo — 3 path for each good

qg.



B Fairness and Stability in Many-to-one Matchings

B.1 Other Fairness Notions

Envy and Stability: Fairness has been widely studied in computational social choice, with
various fairness notions considered for both divisible and indivisible goods. Since we are
interested in integral matchings (matchings where agents are matched wholly/ integrally,
no agent is matched partially/fractionally), we shall only discuss allocations of indivisible
goods. Often, the first fairness notion that comes to mind when we think of fair allocations
is envy-freeness (EF). Informally, an EF allocation guarantees that every agent would prefer
its own allocation over any other agent’s allocation. Unfortunately, EF allocations/matchings
need not exist in indivisible settings. Consider 8§ = {s;,s,} and C = {¢, o} with isometric
valuations Vj; = 10, Vi3 = 5, Vo1 = 8, and Vs = 2. Let 1 be a matching such that u(s;) = ¢
and u(sy) = co. Since us(c1) > us(ce), the agent s, envies sy, similarly, agent ¢, envies ¢;. It
is easy to see that in every possible matching 1, there will always be at least one agent who
will envy the other agent.

Envy-freeness up to one item (EF1) is a popular notion of fairness for allocations of in-
divisible items. An allocation A = (Ay,---, A,) is said to be EF1 if for every distinct pair of
agents ¢ and j, there exists g € A; such that u;(4;) > u;(A4;\{g}). An allocation is envy-free
up to any good (EFX) if for all g € A;, u;(A;) > u;(A;\{g}). In one-to-one matchings, EF1 and
EFX are achieved trivially.

In the case of many-to-one matchings, we can find matchings that are EF1 for the colleges by
using a round robin procedure. However, such a matching need not be stable, even under
ranked isometric valuations. In fact, there exist ranked isometric valuations instances where
no matching simultaneously satisfies stability and EF1. Consider the following example: let
n = 4 and m = 2. The valuation matrix is as in Table 8.1. Now it is easy to verify that

c1 | e | Bs | Ee | Eita
1-4 | - 0 26 26
1-3| 4 16 20 36

student c1 | e
S1 100 | 10

” zg Z 123432 | 12 | 44
3
R 1 | 24120/ 38 | 158

- |14 O | 238 238

Table 8.1: Valuation Matrix Table 8.2: Stable Matching Space

A counterexample for Envy and Stability

the only EF1 matching is 1 = {(s1,¢1), (82, ¢2), (83,¢1), (84, ¢2)}. This however is not stable



as (sy, 1) form a blocking pair. Hence, when stability is non-negotiable, EF1 cannot be the
fairness notion of choice for isometric valuations. Consequently, neither can EFX.

It has been shown that the space of stable matchings of any given instance can be captured
as the extreme points of a linear polytope. Thus, we can optimize any linear function over
this space. Consequently, our next idea may be to look for a stable matching that minimizes
average envy, or equivalently, total envy. But that too can often lead to matchings that are
inherently unfair. Consider the example given in Table 8.1. The stable matchings in this
example and the envy they induce is as in Table 8.2.

Clearly, in this example, matching all the students to ¢; reduces the total/average envy
but this is obviously unfair to ¢,. This is happening despite the fact that there are more
students than there are colleges. Note that in this example, there is in fact a ranking and yet
envy doesn’t work well. In fact, this example can be extended for much larger values of n so
that ¢, is matched to no students in the stable matching which minimizes total envy.

Welfare Functions based Fairness: Maximizing for Nash Social Welfare over the space
of stable matchings for such examples would again result in matchings where ¢, is matched
to exactly 1 student even for very high values of n. These solutions in settings like labour
markets or college admissions would result in the rich getting richer, defeating the purpose of
fairness. One alternative would be egalitarian welfare, where we aim to simply maximize the
valuation of the worst off agent. Clearly, all leximin optimal solutions would also optimize
for egalitarian welfare. However, in the case of ranked isometric valuations, as a result of
Lemma 5.1, any fair and stable matching must match s, to ¢,,, and s,, will always have least
valuation. As a result, all complete stable matchings under isometric valuations will optimize
egalitarian welfare. Thus, in this setting, egalitarian welfare alone is not enough to ensure
true fairness. In a similar spirit, a good approximation to egalitarian welfare may be satisfied
by matchings which give no guarantee to the remaining agents, and can even be inefficient

to a large extent. In order to avoid such outcomes, we study leximin optimal fairness.

B.2 Incentive Compatibility

We now explore the existence of incentive compatible mechanisms which return the leximin
optimal over the space of stable matchings. Given our results on the tractability of this prob-
lem, we restrict our focus to instances with ranked valuations. Observe that an impossibility
here also implies an impossibility when the valuations are unrestricted.

Narang and Narahari[90] study the existence of incentive compatible mechanisms which
find stable fractional matchings when m = n. In particular, they study a class of matchings
instances where incentive compatibility is achievable. Interestingly the space of instances



with rankings is subsumed by this class for one-to-one matchings. We show that for any
mechanism that computes the leximin optimal stable matching, agents have an incentive to
be honest if and only if n = m, in which case, we are essentially in the setting studied by

Narang and Narahari[90].

Lemma 8.1 A mechanism that takes as input an SMO instance I with general ranked valua-
tions and outputs the leximin optimal stable matching does not give any agent an incentive to

misreport their valuations if and only if n = m.

Proof: We first begin with the simpler case. Under strict ranked valuations, if n = m then
there is a unique stable matching, irrespective of the exact valuations reported. Thus, no
agent has an incentive to misreport their preferences.

Now we look at the case when n > m with rankings. We shall show that there always
exists an agent who wishes to misreport their valuations.

Given I = (8,C,U,V), let Best : § — C be a function such that Best(s;) is the highest
ranked college , s; can be matched to in a stable matching where each agent’s matching
is non-empty. Similarly let Worst be a a function such that Worst(c;) is the lowest ranked
student , ¢; can be matched to in a stable matching where each agent’s matching is non-empty.

Therefore Best(c;) = s; forall j € [m]. Fori <n—m+1, Best(s;)c; and fori > n—m+1,
Best(s;) = ¢n_nti- Thus if i # 1, Best(s;) # Best™'(s;).

Let u* be the leximin optimal stable matching for /. Fix psuch that 1 <p <m <n

Case 1: ;1*(s,) = Best(sp).
Let ¢, = Best™'(s,). Define v = min{u;(¢;)| u;(¢c;) > 0} U {v;(s:)|vj(si) > 0}
Seta = {@-‘ n. Define v' where

s {2
v(si)/a 1 <p

Now ¢; can misreport their valuation function as v’ and ensure they are matched to {s,, - - - , Worst(c;)}.
This is because our choice of v’ ensures that ¢; will be considered as the agent with the lowest

valuation. Thus ¢; has an incentive to misreport

Case 2: ;1*(s,,) # Best(sp).
Let § = min;-, v;(Worst(c;)). Recall that if u,(Best(s,)) < ¢ then in the leximin optimal
stable matching, s, must be matched to Best(s,). Thus, s, can misreport u, as v’ where



uw(c;) = %, e > 0.

This ensures that s, is matched to Best(s,) by misreporting. Thus, s, has an incentive to
misreport.
O

B.3 Capacity Constrained Settings

In FaSt and FaSt-Gen we had assumed that each college has capacity b; = n — 1. We now give
the formal algorithms for when this assumption is relaxed to allow colleges to have arbitrary
capacity. The Demote procedure (Algorithm 5.1) remains the same as the uncapacitated
setting.

B.3.1 Ranked Isometric Valuations

We first translate FaSt for capacity constrained settings. Recall that b, € [n] denotes the
capacity of ¢;. We assume without loss of generality that b; > 1. Here, the student optimal
stable matching, matches ¢; to as many students as possible, i.e. min(n — m + 1,b;). If
by < m —n+ 1, then we match as many students to ¢, as possible i.e. min(n — by —m + 2, bs).
This process is now repeated till all the students are matched. Now we can simply follow
FaSt as is, taking students from the lowest ranked college with multiple students matched to
it, with the additional constraint that we fix a college when it reaches full capacity.

In the tie-breaking routine, we must also check if the capacity constraint is violated in the
while loop. Now, 1 will still continue to be a valid matching as we only update y is we find a
leximin increase. This update happens only after checking that y/’ is still a valid matching in
the while loop. As a result, x is always a valid matching.

Despite the additional capacity constraints, the five observations listed in Section 5.3.1
continue to hold. Thus by analogous reasoning to the uncapacitated setting, we can optimize
the leximin tuple, one entry at a time. Thus, CapFaSt correctly finds the leximin optimal
stable matching, from a similar argument as Theorem 5.1.



Algorithm 8.1: CapFaSt
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Input: Instance of ranked isometric valuations with capacities (8, C, V, B)
Output:
Initiate a stable matching: . as the student optimal stable matching;
Initialize i <— n — 1, down < m, up <— max{j € [m]||n(c;)| > 1};
Set £ as the leximin tuple for y;
Set pos][i] as the position of A; in £, i € [n];
Initialize F « {A,}; // stores the agents whose matching is fixed.
while i > down — 1 AND down > 1 do
if Udown(,u) > Vi(down—1) OR ’M(J)’ = bj then
‘ down < down — 1;
else
if [Ui down > Udown(,“)] then
‘ w < Demote(p, i, up, down);
else
if Vi down < Udown(,u) then
‘ down < down — 1;

else
k+i—1;
t < poslil;

p' < Demote(p, i, up, down);

while £ > down — 1 AND |/ (down)| < b; do

if uk gown > L[t] then

p < Demote(y', k, up, down);

i<+ k;

break;

else

if vij < Vj (u) then
down < jdown — 1;

break;

else
w' < Demote(p, k, up, down);
k< k—1andt«+ t+1;

if kK = down — 1 AND p # 1/ then
L down < down — 1;

F {‘Alv 7‘ATL}U{Cj+1?"'CM};

Update(L, i, pos);

141 —1;

if (|t(cup)| = 1 OR down = up) AND (up > 1) then
| up  max{j < upn|pu(c)| > 1}




B.3.2 General Ranked Valuations

We now translate FaSt-Gen for capacity constrained settings. We again start with the student optimal
complete stable matching. This is defined in the preprocessing routine given in Algorithm

8.2. This matches as many students as possible to ¢; then if there are more than m — 1
students unmatched, as many as possible to ¢, and so on. Note that the fixing carried out

after defining the matching is not necessary for the correctness of the algorithm, and the al-
gorithm would still continue to correctly compute the leximin optimal stable matching if we

did not perform this. In the main algorithm in Algorithm 8.3, we essentially run the main

while loop in FaSt-Gen multiple times. We must do this because a college that is at full ca-
pacity may have given out some students after having the upper limit fixed. In such a case

we may see a leximin increase by adding more students to this college .

As a result, in Algorithm 8.3, we unfix the upper limit of all such colleges who after
having been at full capacity, gave out some students, till such time that there are no longer
any such colleges . Since we never add more students to a college at full capacity (due to the
if condition in line 12 of Algorithm 8.3), 1 continues to be a valid matching. Now for the look
ahead routine detailed in Algorithm 8.4, the only college to which more students are added
is c40un and the condition of the while loop ensures that it is never overfilled. The correctness
of the capacitated version of the algorithm follows from the correctness of FaSt-Gen.

One point that needs scrutiny is the running time. While it may appear that the running
time may become uncontrolled, note that a particular student and college pair are only ever
considered in one particular execution of the first while loop, in which case they can be
consider up to m — 1 times. The comparison of a leximin tuple also continues to take O(n)
time. As a result, the running time continues to be O(m?n?).



Algorithm 8.2: Preprocessing
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Input: Instance of general ranked valuations (8, C, U, V, B)

Output: u, UpperFix, LowerFix, Unfized

//Initiate a stable matching with the student optimal complete stable matching: ;

J< L

p—n—m-+1;

t<+ 0

while j < m do

i < min{b;, p};

N(Cj) A {‘At-‘rl’ T 7‘At+i};
t<—t+71;

if i < p then

| pe(p-i)+1;

else

| p=1

Jj<Jt+1

UpperFiz < {c1}, LowerFix + {cn};

Set A; to be the highest ranked student s.t. u;(u) < v;(p) for all j € [m], |p(p(A;))| =1 and

1#1;
if © < n then
cj < u(A:);

UpperFix < UpperFiz U {c;, -
LowerFix < LowerFiz U {c;, -

SoftFix + 0;
Unfized < UpperFiz®;

s Cm}s
s Cm};




Algorithm 8.3: CapFaSt-Gen
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Input: Instance of general ranked valuations with (8§, C, U, V, B)
Output: p

(e, Upper Fiz, LowerFiz, Unfized) < Preprocessing((8,C,U,V, B));
Flag < True;

while Flag do

Set T'[j] - 0 for all j € [m];
while |Upper Fiz\ Lower Fiz| + | Lower Fiz| < m do
Up = MiNjg 1 operpig J AN down < argmin ey, rizea V5 (1)
SoftFiz + SoftFiz\{(j,5")|j’ < up < j};
if | 1w(cup)| = 1 OR vyp (1) < Vgown (1) then
LowerFiz < LowerFixz U {cyp};
else
if |/~L(Cdown)| = bdown then
‘ UpperFiz < UpperFixz U {ciown}
else
w' < Demote(p, down, up);
if £, > £, then
if |pu(cup)| = bup then Tup] = 1;
=
else
if sourceDec(y/', 1) = ¢,y then
LowerFix < LowerFiz U{c,,} and
UpperFix < UpperFiz U {cypi1};
else
if sourceDec(y/, ) € S then
¢t < u(sourceDec(p', 11));
LowerFix < LowerFiz U{c};
UpperFiz < UpperFiz U {ci+1};
A<« {jlj>t+1,j € Unfized};
SoftFiz < SoftFiz U (A x {t+1});
else
(1, Lower Fix, Upper Fiz, SoftFiz) «
LookaheadRoutine(u, down, Lower Fix, Upper Fiz, SoftFix);

| Unfized + {j|j ¢ UpperFixz or (j,j') ¢ SoftFiz for some j' > j};

if ¢[j] = 0 for all j € [m] then

‘ Flag < False;
else
Set j to be the highest ranked college such that T'[j] = 1;
UpperFix < {c1,---cj—1} and LowerFix < {cn};




Algorithm 8.4: Look ahead Routine

Input: I, u, down, Lower Fix, Upper Fiz, SoftFix
Output: u, Lower Fix, UpperFizx, SoftFix

1 (4, LF,UF) < (u, LowerFixz, UpperFiz);
2 while (|LF| + |[UF\LF| < m) AND (|p(¢down) < bdown|) do
3 up < minj§£LowerFi:p J5
4 | i |(cup)l = 1 OR vyp(1) < Vaoun(n) then
5 | LF « LFU{cuy};
6 else
7 w' < Demote(p, up, down);
8 if £(1/) > L(p) then
9 o= s
10 LoweF'ix < LF, UpperFix + UF;
11 break;
12 else
13 //Decrease in leximin value, need to check the source of the decrease;
14 if sourceDec(p/, 1) = cyp then
15 | LF <« LFU{cyp}, UF <~ UF U{cuyps1};
16 else
17 if sourceDec(y/, ) € 8 then
18 ¢t < ' (sourceDec(y/, 1));
19 if t = down then
20 //Cannot increase leximin value due to cgoun;
21 UpperFix < UpperFix U ciown;
22 else
23 L SoftFix < SoftFix U (down,t);
24 break;
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