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ABSTRACT OF THE DISSERTATION

Informed Collective Decision Making via Voting

by QISHEN HAN

Dissertation Director:

Lirong Xia and David Pennock

This dissertation addresses group decision-making where agents have subjective prefer-
ences that vary across social groups and objective preferences that depend on an unknown
ground truth. Classical axiomatic social choice studies how to aggregate preferences, and
epistemic social choice studies how voting aggregates private information, but few study
these two challenges in a unified framework. Moreover, previous work has shown that strate-
gic agents have incentives to deviate from the behavior that aggregates the information. My
research builds a framework that takes subjective preferences, objective information, and
strategic behavior into account together. We model each agent’s utility as a combination
of a subjective component (depending only on the alternative) and an objective component
(depending also on the ground truth). A “good” decision is the informed majority decision
— the one a majority would favor when the ground truth is common knowledge. We then
conduct equilibrium analysis to address two questions. (1) What structures do equilibria
exhibit under strategic voting? (2) Are strategic behaviors a benefit or a barrier to making
informed majority decisions? The first result provides a surprisingly positive answer to the
second question: when agents share aligned objective preferences, strategic behavior can
actually benefit informed decisions, as every equilibrium in the majority vote reaches the

informed majority decision. This contrasts with non-strategic voting, which requires addi-
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tional restrictive assumptions to reach the informed majority decision. The second result
proposes a polling-voting two-round mechanism. Like the majority vote, every equilibrium in
the mechanism reaches the informed majority decision. Moreover, it induces a more natural
equilibrium, in which agents share information in the polling stage and vote for their updated
preferences in the voting stage. The equilibrium is supported by Al-simulated experiments,
where LLM agents play this strategy without an explicit hint. The last result studies a more
challenging setting in which groups of agents have opposing objective preferences contingent
on the ground truth and can coordinate only within limited groups. It characterizes when
equilibria reach the informed majority decision in terms of the relative group sizes and the

coalition size limit, and identifies the equilibrium strategies.
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CHAPTER 1
INTRODUCTION

When groups must make decisions, particularly under time pressure, voting provides a proce-
durally fair method to aggregate preferences and knowledge. In our polarized, Al-integrated
world plagued by misinformation and echo chambers, making fair, equitable, informed, and
incentive-aware decisions has become both more critical and more challenging.

In many voting scenarios, agents are embedded in distinct social environments — shaped
by cultural background, economic status, or ideological affiliation — and access information
through different networks that may be distorted by information bias. This social and
informational heterogeneity gives rise to a natural decomposition of preferences: subjective
preferences that depend on agents’ social groups (e.g., young or old, left-wing or right-wing),
and objective preferences tied to external ground truth. The incomplete and noisy nature
of agents’ information about these external factors creates a fundamental tension between
the preferences they perceive themselves to have and those they would hold under complete

information.

Example 1 (COVID Policy). Suppose the voters vote to decide the policy on the COVID-19
pandemic. The two choices are to accept the more restrictive policy (Accept) and to keep
the status quo (Reject). The consequence of the policy depends on the fact that the COVID
virus is of high or low risk, and more people tend to accept the policy when COVID is of
high risk than when COVID is of low risk. The voters do not know the risk level of the virus
directly. Instead, every voter forms a private judgment on the risk level based on his/her
own information sources. Voters may have different opinions on whether to accept the policy
which may or may not depend on the risk level. Can the voters achieve a good decision via

the majority vote?

Similar challenges arise in political elections, corporate board decisions, expert panels,



and human-AlI collaboration across domains from healthcare to finance. Motivated by these

scenarios, the question we care about is
How can we make an informed, efficient, fair, and incentive-aware decision?

Successfully addressing this problem requires tackling three interconnected dimensions as
well as challenges: preferences, aggregation, and incentives. Preference modeling involves
developing formal representations of agents’ subjective preferences alongside their uncertain
objective preferences about the unknown ground truth (or, equivalently, world state). Ag-
gregation concerns defining appropriate notions of efficiency and fairness when combining
both preference types, and designing mechanisms that achieve these goals. The incentive
challenge addresses understanding how strategic behavior affects decision outcomes when
agents may misrepresent both their preferences and private information. These challenges
are deeply intertwined, as solutions to one dimension constrain and inform approaches to
the others.

One might expect these challenges to be readily addressed by extending existing frame-
works. The celebrated Condorcet Jury Theorem [1] provides guarantees for aggregation,
showing that majority rule will choose the alternative that agents would prefer if they all
knew the underlying ground truth. However, the combination of subjective and objective
preferences introduces fundamental complications that existing theory cannot easily accom-
modate. This observation, however, presumes a homogeneous setting in which voters share
the same preferences and disagree only about that ground truth. When agents possess differ-
ent preferences towards the outcomes, there is no unanimous “correct” decision with respect
to the agents’ preferences. Therefore, instead of revealing the true state of the world, the
goal is to achieve informed majority decision, which is the decision favored by the majority
of the agents if the world state were known to them.

On the other side, social choice theory offers a rich arsenal of axioms that characterize
fair and efficient decision procedures [2]. Under two-alternative scenarios, majority voting

ensures truthful reporting of preference [3]. However, these axioms presuppose agents have



well-defined, complete preferences rather than uncertainty about their own objective prefer-
ences. Most critically, when agents have preferences decided by uncertain world states, the
surprising result by Austen-Smith and Banks [4] shows that even in binary voting, infor-
mative voting may fail to form a Nash equilibrium. The key insight is that an agent’s vote
makes a difference only when all other votes form a tie, which means that when an agent
strategically thinks about his/her vote, effectively he/she gains more information about the
ground truth (by assuming that other votes are tied). This is illustrated in the following

example.

Example 2. Consider an instance of the COVID policy problem, where the utility of the

agents and signal distribution of different risk levels are shown in the tables below.

State High Signal Low Signal State Accept  Reject
High Risk 0.9 0.1 High Risk 1 0
Low Risk 0.4 0.6 Low Risk 0 1

Table 1.1: Signal distributions. Table 1.2: Agents’ utilities.

Suppose all but one agent are informative and the remaining agent is strategic. Infor-
mative agents vote for Accept when they receive a high signal and Reject when they receive
a low signal. The strategic agent only cares about the pivotal case where exactly half of the
informative agents vote for Accept. However, given that agents receive high signals with a
probability of 0.9 given the risk level being high, the pivotal case implies a high probability
that the risk level is low, and the strategic agent will vote for Reject even after receiving a

high signal.

The above deviation of strategic binary voting with preferences endogenously affected by
the unobservable world state sharply contrasts with the axiomatic social choice where prefer-
ences are exogenously given. In the latter case, the majority rule is strategy-proof, while the

former case has attracted a large literature on the binary voting problem in game-theoretic



contexts, examining the impact of strategic behavior. When agents have homogeneous pref-
erences, and the goal is to reveal the ground truth, Wit [5] and Myerson [6] show that a
selected equilibrium with mixed strategy reveals the world state with high probability. Fed-
dersen and Pesendorfer [7] show the existence of such an equilibrium in any non-unanimous
voting, while in unanimous voting strategic voting has a constant probability to make a
mistake. And for the informed majority decision, Feddersen and Pesendorfer [8] adopt a
model with continuous world states and an asymptotically large number of agents whose
preferences are drawn from a distribution with full support on a continuum and show that
the equilibrium is unique and always leads to the informed majority decision with high prob-
ability. Schoenebeck and Tao [9] propose a mechanism incentivizing informative voting from
agents and leads to the informed majority decision with high probability.

Nevertheless, there are three aspects not addressed by previous work. Firstly, previous
work (except for Schoenebeck and Tao [9]) focuses on Nash equilibrium, which allows only
individual manipulation. In real-world scenarios, on the other hand, such strategic manipu-
lation often occurs in a coalition of agents. Coalitional manipulation is more powerful than
individual manipulation as it allows multiple agents to coordinate and deviate at the same
time. The following example shows that a Nash equilibrium is still prone to a group of

manipulators in binary voting.

Example 3. Consider an instance with three agents, whose utility is shown as follows.

Agent (High, Accept) (High, Reject) (Low, Accept) (Low, Reject)

1 1 0 1 0
2 1 0 0 1
3 0 1 0 1

Table 1.3: The utility of three agents under different states and decisions.

The following strateqy profile is a Nash equilibrium: agent 1 always votes for Accept, agent
2 votes informatively, and agent 3 always votes for Reject. Here, agent 1 and 3 play their

dominant strategies, and, consequently, informative voting is the best strateqy for agent 2.



Howewver, this strategy profile is dominated by the profile where all agents vote informatively.
Under informative voting, the decision in accordance with the state (Accept in the High state,
and Reject in the Low state) is selected with a larger probability, and the utility of agent 2
increases. On the other hand, the overall probability of choosing to Accept or Reject does not

change, so agent 1 and 3’s utilities remain the same.

Secondly, previous work focuses on the existence of certain equilibria that achieve the
goal (revealing the world state or reaching the informed majority decision). However, the
existence of multiple equilibria [5], including “bad equilibria” that do not lead to the goal,
makes the behavior of strategic agents unpredictable, as it is uncertain which equilibrium
agents will play. One response to multiple equilibria is to select an equilibrium that is more
“natural” or “reasonable” than others, named equilibrium selection. However, equilibrium
selection cannot guarantee that agents will play the selected equilibrium, as it is unclear
which equilibrium is more “natural” or “reasonable” in many scenarios, and agents may not
agree on a "more natural' equilibrium even if it exists.

Finally, most previous work sets limitations on agents’ preference profiles, such as homo-
geneous preferences and other domain restrictions. A more expressive preference model is

needed for further analysis.

1.1 Owur Contribution

My research develops a unified game-theoretic framework that addresses all three challenges
through interconnected theoretical innovations. For preference modelling, the foundation is a
combined utility model that formally incorporates both subjective and objective preferences
under uncertainty, providing the mathematical structure needed to analyze this complex de-
cision environment. For aggregation, we focus on the majority rule, which is the simplest yet
most widely applied aggregation method in real-world practices. We adopt an informed ma-
jority decision as the criterion for decisions that would emerge under complete information.

Finally, we provide a comprehensive strategic analysis through game-theoretic characteriza-



tions of when majority voting achieves informed decisions despite agents’ strategic behavior,
revealing the conditions under which simple mechanisms can overcome complex incentive
problems. This work bridges social choice theory and information economics, establishing
theoretical foundations for fair and efficient group decision-making in our information-rich
but uncertainty-laden world.

Specifically, my research addresses two central questions: (1) What structures do equi-
libria exhibit under strategic voting? (2) Are strategic behaviors a benefit or a

barrier to making informed majority decisions?

Aligned Objective Utility + Majority Rule (Chapter 3). The first part provides a
surprisingly affirmative answer to the second question: strategic behavior can actually benefit
informed decisions. The work studies a population where agents share aligned objective
preferences — for example, agents prefer approving a project when it is truly beneficial and
rejecting it when harmful — while their subjective preferences may differ substantially. The
main result shows that asymptotically, every equilibrium under majority voting achieves the
informed majority decision, and conversely, any outcome that reaches an informed majority
decision constitutes an equilibrium. Moreover, such equilibria are guaranteed to exist. This
finding sharply contrasts with classical non-strategic voting behaviors [4], where additional
restrictive assumptions are required to achieve informed majority decisions. Thus, strategic
behavior emerges as a benefit rather than a barrier to informed group decision-making.
Regarding the first question, the work characterizes equilibrium structures by analyzing the
expected vote shares under different ground truth states, providing a complete answer to

how equilibria manifest in this setting.

Majority vote with polling + common objective utility (Chapter 4). The second
part shows that adding a polling stage before the vote produces a clearer answer to the first
question — equilibrium structures become more natural and intuitive — while maintaining

the positive answer to the second question. The key insight is that the first-round poll does



not determine the winner but serves as a communication phase where agents share infor-
mation. Once better informed about the ground truth through observed polling results,
agents can make more accurate decisions in the final vote. Following this idea, we demon-
strate that the polling-voting mechanism admits a pure, symmetric, and easily computable
equilibrium: agents truthfully reveal their signals in the polling round, then vote for their
expected preferred outcome in the voting round based on the aggregated information. This
characterization provides a much more interpretable answer to what equilibria look like com-
pared to the randomized or asymmetric equilibria in standard majority voting. Moreover,
every equilibrium in this mechanism still achieves the informed majority decision, confirm-
ing that strategic behavior remains beneficial. To validate these theoretical findings, the
work conducts experiments with large language model agents, demonstrating empirically
that the two-round mechanism aggregates information more effectively than single-round
voting. Notably, LLM agents naturally follow the proposed equilibrium strategy without
explicit instruction, suggesting the equilibrium captures intuitive reasoning patterns. This
makes the two-round mechanism not only as effective as standard majority voting, but also

more transparent and natural in its equilibrium behavior.

Majority Vote + Opposite objective utility 4+ bounded-size strategic behavior
(Chapter 5). The third part addresses both questions in a more challenging setting where
different groups of agents have opposing objective preferences contingent on the ground truth.
Unlike populations with common objective preferences, strong equilibria may not exist when
the two groups have similar sizes [10]. Motivated by the observation that real-world agents
face practical limits on coordination capabilities, the work restricts attention to equilibria
that are stable only against deviations by coalitions of bounded size. When deviators’
coordinating power is limited, strategic behavior in the majority vote can still reach efficient
and fair outcomes. The work characterizes the boundary of when equilibria achieve informed

majority decisions based on the relative sizes of the two groups and the coalition size limit —



answering whether strategic behavior helps (addressing the second question) — and identifies
what these equilibrium strategies are (addressing the first question). These results contrast
with the earlier work on aligned preferences, where strong equilibria always exist, highlighting
both how population preference structures affect the complexity of achieving informed group
decisions and the rich interplay between preference heterogeneity, coordination constraints,

and decision quality.



CHAPTER 2
PRELIMINARIES AND BACKGROUND

2.1 Setting

Alternatives and World States. n agents vote for two alternatives A (standing for
“accept”) and R (standing for “reject”). There are K = 2 possible world states W = {L, H}
(standing for “low risk” and “high risk” respectively), where A is more preferred in H, and
R is more preferred in L. We use k to denote a generic world state. The world state is
not directly observable by the agents. Let Py = Pr[W = H| and P, = Pr[W = L] be the

common prior of the world states. We assume Py > 0 and P, > 0.

Private Signals. FEvery agent receives a signal in S = {l, h}. We use m to denote a generic
signal, and ¥; to denote the random variable representing the signal that agent i receives.
We assume the signals agents receive are independent and have identical distributions condi-
tioned on the world state. Let P, = Pr[¥; = m | W = k] be the probability that an agent
receives signal m under world state k. The signal distributions ((Pyy, Pg), (Pur, Piz)) are
also common knowledge. We assume that the signals are positively correlated to the world
states. Specifically, we have P,y > Py and Py < P;;. On the other hand, we allow biased

signals and DO NOT assume P,y > Py or Py, < Pyr.

Majority Vote. This paper considers the majority vote with threshold p. Each agent ¢
votes for A or R. If at least p - n agents vote for A, A is announced to be the winner;

otherwise, R is announced to be the winner.

Combined Utility Model. Each agent i has a utility which is a function of the true world

state and the outcome of the vote. Formally, we have v; : W x {A,R} — {0,1,..., B},
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where B is the positive integer upper bound. The combined utility functions model both
subjective and objective preferences as components of agent utilities. The utility function

consists of a subjective and an objective component,

vi(k,d) = v (d) + 02 (k,d).

v? is agent i’s subjective utility that only depends on winner d and is independent of the

)

ground truth k. v? is agent i’s objective utility that depends on both the ground truth k and

the alternative d. This is a rich model that naturally extends previous models in axiomatic

social choice (where v¥ = 0) and epistemic social choice, where v = 0 and v?’s are the same
for all agents as in Example 2. While the separation between u?(d) and u?(k,d) appears

mathematically redundant, it allows us to clearly model the sources of preferences.

Informed Majority Decision The goal of the voting is to output the informed majority
decision, which is the alternative favored by the majority of the agents if the world state
were known. The informed majority decision shares the same threshold p as the majority
vote threshold. If A is preferred by at least u - n agents, then A is the informed majority

decision; otherwise, R is the informed majority decision.

Example 4. Consider the COVID policy-making scenario. n = 20 voters decide whether to
accept (denoted as A) or reject (denoted as R) the more restrictive policy. The world state
{L,H} describes the real risk level of the virus. W = H means high risk level, and W = L
means low risk level. The voters’ beliefs form a common prior based on some preliminary
reports. Suppose Py = 0.4 and Pp, = 0.6, which means the risk level has a prior probability
of 0.4 to be high.

Every voter receives a private signal l or h from his/her information sources. The signals
somehow reflect the risk level but are noisy. Suppose this is a biased scenario (for example,
there has been a boost of positive cases in the past week), and members are always more likely

to receive the high signal. For example, P,y = 0.8 and P,y = 0.6, i.e., a voter will receive
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an h signal with probability 0.8 if the risk level is high and receive an h signal with probability
0.6 if the risk level is low.

The magority vote threshold is p = 0.6. Therefore, A is the winner if and only if at least
12 wvoters wvote for it.

We assume there are three groups of agents, and agents in each group share the same
utility function (which may not be true in general), shown in Table 2.1. The informed
magority decision depends on the world state: “accept” is the informed majority decision if

the world state is H, and “reject” is the informed majority decision if the world state is L.

(World State, Winner) (H,A) (L,A) (H,R) (L,R)

Group 1: 4 agents 8 6 2 4
Group 2: 6 agents 3 1 5 8
Group 3: 10 agents 3 2 1 8

Table 2.1: Utility of agents in Example 4.

Table 2.2 gives a possible partition of subjective and objective utilities for agents. In the

objective preferences, all groups prefer A in world state H and R in world state L.

‘ Subjective Preference ‘ Objective Preference

| v5(A) v9(R) | vO(H,A) vO(L,A) v°(HR) v°(L,R)
Group 1 6 2 2 0 0 2
Group 2 1 ) 2 0 0 3
Group 3 2 1 1 0 0 7

Table 2.2: Utility Partition of agents in Table 2.1

Strategy. A (mixed) strategy is a mapping from the agent’s private signal to a distribution
on {A,R}. For a set S, let A(S) be the set of all possible distributions on S. Formally,
an agent i’s strategy o; : S — A({A,R}). A strategy can be represented as a vector
o = (B, Br), where (3, is the probability that the agent votes for A when receiving signal

m. A strategy profile is the vector of strategies of all agents. ¥ = (01,09,...,0,). We call
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a strategy profile X a symmetric strateqy profile induced by strategy o if all agents play the
same strategy o in 2.

Here, we introduce two classical voting behaviors: informative voting and sincere voting.
They have been viewed as the most “natural” behavior of non-strategic voters. On the other

hand, Austen-Smith and Banks [4] show that they do not necessarily form an equilibrium.

Definition 1. An informative strategy is ¢ = (0, 1), i.e. voting for A when receiving h
and voting for R when receiving [. A strategy profile is informative when every agent votes

informatively.

Definition 2 (Sincere Voting). A sincere agent votes as if he/she is making an individual
decision. The agent compares his/her expected utility conditioned on his/her private signal

m and on A /R becoming the winner, respectively, defined as follows.

wi(A|m)=Pr[W =0L|m]-v(L,A)+Pr[W =H | m]-v(H, A).

w(R|m)=Pr[W=L|m] v(L,R)+Pr[W=H |m]-v,(H,R).

We call this expected utility the sincere expected utility of the agent. If w;(A | m) >

u;(R | m), the agent votes for A; otherwise, the agent votes for R.

Fidelity and Expected Utility. Given a strategy profile 3, let A2(3) (AR(X), respec-
tively) be the (ex-ante, before agents receiving their signals) probability that A (R, respec-

tively) becomes the winner when the world state is k.

Definition 3 (Fidelity). Fidelity is the likelihood that the informed majority decision is

reached. In our setting, the fidelity when agents play strategy profile X is

A(B) =Py - AL (E) + Py - A (D).

We use the word fidelity to distinguish the notion from accuracy, which usually denotes

the likelihood that the correct world state is revealed.
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The (ex-ante) expected utility of an agent i exclusively depends on A2 (X) and AF(X):

wi(X) = PLOAE(E) - (L, A) + A (E) - (L, R)) + Pu(Af () - vi(H, A) + A5 () - v;(H,R)).

Instance and Sequence of Strategy Profiles. We define an instance Z of a voting game
on the agent number n, the majority vote threshold u, the world state prior distribution
(Pr, Py), the signal distributions ((Png, Pir),(Pur, Pz)), the utility functions of all the
agents {v;}",, and the approximated fraction of each type (ap,ay,ac). Let {Z,}5°, (or
{Z,} for short) be a sequence of instances, where each Z, is an instance of n agents. The

instances in a sequence share the same parameters

{“7 (PLvPH)> ((PthPlH)> (PhvalL))> (aF>aU’aC)}'

We do not regard agents in different instances as related and have no additional assumption
on the utility functions of agents.

We define a sequence of strategy profiles {3, }°° ; on an instance sequence {Z,}. Similarly,
we do not have additional assumptions about the agents. Therefore, for different instances
in the sequence, the strategies and utility functions of agents can be drastically different.
A strategy profile sequence {3,,} is symmetric and induced by strategy o if every strategy

profile ¥, in the sequence is a symmetric strategy profile induced by o.

2.1.1 Solution Concept

e-strong Bayes-Nash Equilibrium. In this paper, we use the solution concept of e-
strong Bayes-Nash Equilibrium, an approximation of strong Bayes-Nash Equilibrium where
no group of agents can increase their utilities by more than £ through deviation. A strategy
profile ¥ = (04,09, ,0,) is an e-strong Bayes-Nash Equilibrium (e-strong BNE) if there

does not exist a subset of agents D and a strategy profile X' = (4,05, -+ ,0/,) such that

1. o, =0 forall i ¢ D;
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2. w(Y) > w(X) for all i € D; and

3. there exists i € D such that u;(X') > w;(2) + €.

We call such a group D a deviating group and the strategy profile ¥ a deviating strategy.
When such D and ¥’ exist (so that ¥ is not an equilibrium), we say group D deviates
successfully.

By definition, when ¢ = 0, the equilibrium is a strong Bayes-Nash equilibrium in which
no group of agents can strictly increase their utilities by deviating. In Section 5, we will
discuss the extension of e-strong BNE into scenarios where agents have different coordination

capabilities reflected by the largest deviating group agents can form.

2.2 Related Work

2.2.1 The Condorcet Jury Theorem and Its Generalizations

The celebrated Condorcet Jury Theorem (CJT) [1] initiated the study of epistemic social
choice, where voting aims to identify a “correct” decision that agents cannot directly observe;
it has “formed the basis for the development of social choice and collective decision-making
as modern research fields” [11]. Condorcet considers a scenario in which agents receive inde-
pendent yet noisy signals about an unknown state and seek to recover that state via majority
voting, and shows that if agents honestly reveal their signals (informative voting), and each
agent is more likely than not to receive the correct signal, the probability of the majority
vote coinciding with the ground truth converges to one as the number of agents increases.
A vast literature has followed Condorcet’s path and extended the CJT to more general
settings [12, 13, 14, 15|, including agents with correlated private information [16, 17, 18],
heterogeneous competencies [19, 20, 21|, and plurality voting with multiple alternatives [22,
23]. Experimental studies have also examined the theorem in real-world scenarios [24, 25,

26).
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2.2.2  Strategic Voting in Epistemic Social Choice

The game-theoretical study of the Condorcet Jury Theorem starts from Austen-Smith and
Banks [4], the first to cast the problem in a game-theoretical setting. They study a collab-
orative voting game in which agents share the same preference and each receives a binary
signal correlated with an unknown binary state, and show that sincere and informative vot-
ing do not always form a Nash equilibrium; informative voting is thus incompatible with
the strategic behavior of voters. A large subsequent literature therefore studies the strategic
behavior of voters and the existence of (non-informative) equilibria that nonetheless reveal
the ground truth. Wit [5], Feddersen and Pesendorfer [7], and Myerson [6] establish mixed-
strategy equilibria with this property, and further analyses appear in [27, 28, 29]; Martinelli
[30] gives conditions under which large committees aggregate information under the unanim-
ity rule, and Chakraborty and Ghosh [31] characterize efficient equilibria and information
aggregation in common-interest voting games. These results focus on revealing the ground
truth when agents share a common goal, and their analysis focuses on unilateral strategic
behavior under the solution concept of Bayesian Nash Equilibrium (BNE), which does not

take coalitional strategic behavior into account.

2.2.3 Preference Structures

While CJT assumes that agents share a common goal, a large body of literature takes the
heterogeneous preferences of agents into account under different models. In general, the
preference structures in these models can be categorized into three directions. In the first
direction, agents have different ordinal preferences over a shared common value [8, 9, 32],
typically with three agent types: two with fixed preferences for the two alternatives respec-
tively, and a third whose preference aligns with the ground truth. Our Chapter 3 and 4
follow this direction. In the second direction, agents hold opposite preferences contingent on
the state [33, 34, 10]. Our Chapter 5 follows this direction. Finally, a broader line of studies

presents more general preference configurations [35, 36]; in particular, Bhattacharya [37] pro-
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vide a full-spectrum analysis that covers all four ordinal preference types, and Bhattacharya
[38] study a spatial model in which the alternatives are located on a policy line.

Across these heterogeneous-preference models, the shared notion of a good decision is
the informed majority decision, the alternative a majority would favor had all private signals
been pooled. Feddersen and Pesendorfer [8] establish this as full information equivalence,
showing that in the unique large-election equilibrium the elected alternative is unchanged
even if all private signals were common knowledge, and a substantial literature characterizes
when such aggregation can or cannot be attained under more general preferences [37, 36, 38,
35, 32, 33, 34]. Han et al. [39] sharpen this picture by establishing a surprising equivalence
between a strategy profile forming an equilibrium and its reaching the informed majority
decision, lending strong support to the view that majority voting reaches a good outcome

through strategic behavior alone.

2.2.4 Beyond Majority Voting

A substantial body of work enriches the voting procedure to better aggregate information,
whether through auxiliary mechanisms, pre-vote communication, or multiple rounds. The
strand introduces a communication or deliberation stage before the vote. Coughlan [40],
Schulte [41], and Gerardi [42] show that a communication stage prior to voting improves
equilibrium outcomes, and Gerardi and Yariv [43] show that the equilibrium outcomes under
“deliberation + different voting rules” coincide yet diverge without deliberation, with Goeree
and Yariv [26] confirming empirically that these stable outcomes resemble those under one-
round informative voting. For sequential procedures, Dekel and Piccione [44] show that
voting in a predetermined order yields no new equilibria relative to simultaneous voting,
which implies that sequential voting may not admit a simple equilibrium, and Chopra et al.
[45] study the knowledge agents need in order to strategize.

Another strand designs more sophisticated mechanisms that directly reach the informed

majority decision. Schoenebeck and Tao [9] leverage the “surprisingly popular” mecha-
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nism [46] by asking agents to additionally report their predictions of others’ votes, which
incentivizes truthful reporting; the surprisingly popular answer is reliable both when agents
are sincere [46, 47] and when they are strategic [9]. Deng et al. [10] design a truthful mech-
anism that reaches an informed majority decision when there is a significant power gap
between groups with opposing preferences. Such added structure, however, involves a trade-
off between the simplicity of agent behavior and that of the mechanism: although they induce
“simpler” equilibria, their mechanisms require supplemental inputs or extended procedures,
increasing the complexity of the mechanisms themselves. Monroe and Waggoner [48] pro-
poses a two-stage mechanism that aggregates strategic agents’ subjective preferences and
noisy signals about each alternative’s external welfare impact, and shows that the price of
anarchy approaches one in the two-alternative case, though under a utilitarian social welfare

objective.

2.2.5 Coalitional Strategic Behavior and Capacitated Coordination Ability.

Whereas the equilibrium concepts above rule out only unilateral deviations, agents may
also coordinate, giving rise to group strategic behavior. The central solution concept is the
strong equilibrium, which requires robustness to deviations by any coalition; it originates
from complete-information games [49] and has since been studied in voting [50, 51, 52, 53,
54, 55] and, in the Bayesian setting, across cooperative games [56, 57| and implementation
theory [58, 59].

Requiring robustness to coalitions of unlimited size, however, is often too demanding for
an equilibrium to exist [60]. Consequently, recent research has highlighted the importance of
examining capacitated coalitional behavior and has introduced various solution concepts for
this scenario. Guo and Yannelis [61] propose a coalitional interim equilibrium parameterized
by an exogenously given set of admissible coalitions; Han et al. [62] propose an (ex-ante)
Bayesian k-strong equilibrium family parameterized by the largest capacity k of the deviating

group, which serves as the solution concept in our Chapter 5; Abraham et al. [63] propose
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a k-equilibrium in which the deviators share all their private information within the group;
and Abraham et al. [64] study capacitated strategic behavior under a non-Bayesian game.
By bounding the coalition size, these concepts interpolate between Nash equilibrium and full

robustness to coalitions, making it possible to model bounded coordination.

2.2.6 Other Related Topics

Our work further relates to information elicitation, which aims to collect truthful and
high-quality information from agents under a noisy information structure, through scoring
rules [65, 66|, peer-prediction mechanisms [67, 68, 69], the Bayesian Truth Serum [70, 71],
and prediction markets [72, 73]. Information elicitation is nonetheless incompatible with our
voting scenario for two reasons: it requires agents to be indifferent to the outcome, whereas
here agents are incentivized by the outcome of the vote; and it rewards agents through
payments, whereas voting carries no monetary rewards.

Our work, especially Chapter 4, is also related to strategic information transmission
between informed experts and an uninformed decision maker [74, 75, 32, 76, 77]. Even when
experts strategically report their information, the decision maker can still collect enough

information to make an optimal decision [78, 32].
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CHAPTER 3
THE WISDOM OF STRATEGIC VOTING

In this section, we focus on the simplest majority vote and address the following question

Is the informed majority decision always reached with coalitional strategic

agents?

with a surprising confirmatory answer under mild conditions. We show that coalitional
strategic behaviors positively impact achieving the informed majority decision and outper-
form non-strategic voting. We show that every equilibrium leads to the informed majority
decision, and every voting profile that leads to the informed majority decision is an equilib-
rium. On the contrary, non-strategic behaviors lead to the informed majority decision only
under certain conditions. Our results give merit to strategic behaviors and extend Feddersen
and Pesendorfer’s results to settings with coalitional strategic agents.

We study the solution concept of e-strong Bayes-Nash Equilibrium, which precludes
groups of agents from reaching higher expected utilities by coordinating. We show the
equivalence of a strategy profile being “good” (leading to the informed majority decision
with high probability, or, equivalently, of high fidelity) and being an e-strong Bayes-Nash
Equilibrium with ¢ = o(1) (Theorem 2). We also guarantee the existence of an e-strong
Bayes-Nash equilibrium with ¢ = o(1) in any instance (Theorem 3). At a high level, if
we view fidelity as a proxy of social welfare, this result implies that the price of anarchy
converges to 1 in this voting problem.

On the other hand, we characterize the conditions where strategy profiles succeed and
fail to achieve the informed majority decision. Applying these results, we study two com-
mon non-strategic behavior — informative voting, where agents honestly reflect their private

information in their votes, and sincere voting, where agents vote as if they are the only
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decision-maker. We show that (1) informative voting leads to the informed majority deci-
sion only when the majority vote threshold is unbiased compared with the signal distribution
(Corollary 3), and (2) sincere voting leads to the informed majority decision only when it
is also an equilibrium (Corollary 4). These observations indicate that strategic behavior
“prevails” over non-strategic behaviors in binary voting!

The technical key for the probability analysis is to compute the excess expected vote share,
i.e., the amount of expected vote share an alternative attracts that exceeds the threshold,
and to upper (or lower) bound the fidelity given different cases of excess expected vote shares.
A strategy profile has high fidelity if and only if its excess expected vote share is strictly
positive (Theorem 4).

We follow the setting in Schoenebeck and Tao [9], which is an extension of the setting in
Austen-Smith and Banks [4], and consider agents with preferences contingent on underlying
world states in a single framework. Also, as in Example 1 and previous work, we assume
that various constraints in the real world prevent discussion after agents see their signals.
Such constraints can be of a time aspect (a quick decision must be made and there is no
time for discussion), a procedural aspect (a formal conference that prohibits participants
from discussing privately before voting), and/or a societal aspect (it is socially unsuitable to
discuss some preferences), etc. Therefore, we consider an ex-ante setting where the expected

utilities are computed before agents receive their signals.

3.1 Preference Structure

Utility and Types of Agents. FEach agent ¢ has a utility which is a function of the true
world state and the outcome of the vote. Formally, we have v; : Wx{A,R} — {0,1,..., B},
where B is the positive integer upper bound. We assume that A is more preferable in H than
in L, and R is the opposite: for every agent ¢, v;(H, A) > v;(L, A) and v;(H,R) < v;(L,R).

The different endogenous preferences of agents are reflected by different utility func-

tions. Predetermined agents always prefer the same alternative, and contingent agents
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have preferences depending on the world state. Predetermined agents can be further di-
vided into friendly and unfriendly agents based on the alternative they prefer. For an
agent i, if 7 is a friendly agent, v;(H,A) > v;(L,A) > v(L,R) > v;(H,R); if i is an
unfriendly agent, v;(L,R) > v;(H,R) > v;(H, A) > v;(L, A); and if 7 is a contingent agent,
vi(H,A) > v;(H,R) and v;(L,R) > v;(L, A).

We give the interpretation of such a preference structure under the combined utility
model. The objective utility v© of each agent i shares the same ordinal preferences such that
v?(H,A) > v(L,A) and v?(H,R) < v?(L,R). Their subjective preferences differ. If the
subjective preference of the agents dominates, the agent is a predetermined agent. On the

other hand, the agent is a contingent agent.

Example 5. Recall the utilities of agents in Example 4. Group 1 agents are friendly agents,

group 2 agents are unfriendly agents, and group 3 agents are contingent agents.

Let ap, ay, and ac be the approximated fraction of each type of agent. Formally, given
n agents, np = |ap - n] is the number of friendly agents, ny = |ay - n| is the number of
unfriendly agents, and nc = n — ng — ny is the number of contingent agents. ap, ay, and

ac are common knowledge and do not depend on n.

Informed Majority Decision In this section, we assume that neither friendly agents nor
unfriendly agents can dominate the vote. (That is, ar < p and ay < 1 — p.) Otherwise,
the informed majority decision does not depend on the state, and one coalition can always
enact it via a dominant strategy. As a result, A is the informed majority decision when the
world state is H, and R is the informed majority decision when the world state is L.

In this section, we will focus on regular strategy profiles, defined as follows.

Definition 4. A strategy profile X is reqular if all friendly agents always vote for A, and all
unfriendly agents always vote for R in 3. A sequence of strategy profiles is regular if every

strategy profile in the sequence is a regular profile.
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We believe this restriction is mild and natural since “always vote for A” is the dominant
strategy for a friendly agent, and “always vote for R” is the dominant strategy for an
unfriendly agent in the majority vote. We will focus our study on regular strategy profiles

in Chapter 3, while in Chapter 4 and 5 we look into a wider range of strategies.

3.2 Strong Equilibrium May Not Exist

As a preliminary, we first show that a strong BNE does not always exist. Therefore, we seek

e-strong BNE as an approximation.

Theorem 1. For any Ny € N, there exists an instance of N > Ny agents, in which a strong

Bayes-Nash equilibrium does not exist.

Proof Sketch. For any Ny € N, we construct an instance of N = 2Ny + 3 agents. The agents
consist of three parts: F'is a set of Ny+1 friendly agents. C'is a set of two contingent agents.
And U is a set of Ny unfriendly agents. Agents in the same set share the same utility, which
is shown in Table 3.1. The threshold is ¢ = 0.5. The prior distribution is P, = Py = 0.5.

The signal distribution is P,y = P, = 0.8 and Py = P, = 0.2.

Agents v(H,A) wv(L,A) v(L,R) v(H,R) Agents > Yo P

F 50.396 66.14 50.3

C 90 0 100 . C 8512 752 76
U 1 0 100 99 U 50.396 34.46 50.3

Table 3.1: Utility of three groups flos

Consider the following three strategy profiles, under which the expected utility of each

group is shown in Table 3.2.

e Y51 Ny agents in F' always vote for A, and one agent votes informatively. C' vote

informatively. U always vote for R.

Table 3.2: Expected utility under three pro-
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e Yy F always vote for A. C vote informatively. U always vote for R.

e Y3: F always vote for A. One C' agent votes informatively, and the other always votes

for R. U always vote for R.

These three strategy profiles form a cycle X1 — ¥ — 33 — ¥; of deviation, where a group
of agents has incentives to deviate to the next profile.

For any other strategy profile 3, there exists a group of agents with incentives to deviate
to one of the three profiles. Firstly, ' agents and U agents would like to deviate from
their dominant strategy of always voting for A (R, respectively) whenever it can increase
the probability that their preferred candidate wins. Given F' and U agents play dominant
strategies, the best strategy for two C' agents is to play the strategy in 33 (one agent votes
informatively, the other votes for R). Then we know that an F' agent and two C' agents have
incentives to deviate from Y3 to ;. Therefore, there does not exist a strong Bayes-Nash

equilibrium in this instance. Full proof is available in Appendix A.1. O]

3.3 Equivalence between High Fidelity and Strong Equilibrium

In this section, we show that strategic behaviors indeed have a positive impact on leading to
the informed majority decision. Theorem 2 states that if the fidelity of a regular (Definition 4)
strategy profile sequence {¥,}> , i.e., A(X,), converges to 1 as n goes to infinity, every 3,
in the sequence will be an e-strong Bayes-Nash equilibrium where ¢ converges to 0. On the
other hand, if A(X,,) does not converge to 1, then we can find infinitely many ¥, that are not
e-strong BNE with a constant €. Moreover, Theorem 3 guarantees that there always exists
a regular strategy profile whose fidelity converges to 1, which leads to an e-strong BNE with
e = o(1). The two theorems together indicate that strategic voting leads to the informed

majority decision in any sequence of instances.

Theorem 2. Given an arbitrary sequence of instances and an arbitrary reqular strategy

profile sequence {¥, 152, let {A(X,)}52, be the sequence of the fidelities of ¥,,.
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o Iflim, . A(X,) =1, then for every n, ¥, is an e-strong BNE with € = o(1).

o Iflim, . A(X,) =1 does not hold, then there exist infinitely many n such that 3, is

NOT an e-strong BNE for some constant ¢.

Theorem 3. Given any arbitrary sequence of instances, there always exists a sequence of

reqular strateqy profiles {¥] }°5°, such that A(X!) converges to 1.

We first give a concrete example to illustrate Theorem 2, in which we show an instance

for each case in the theorem.

Example 6. We follow the setting of Example 4 except for two differences. First, there is a
series of n = 20,30,...,500. For each n, the ratio of friendly (group 1), unfriendly (group
2), and contingent (group 3) agents is fized at 2 : 3 : 5. Second, we consider two different
cases of signal distributions that fall into different cases of Theorem 2. They share the same
signal distribution in world state L: P, = 0.8, Py, = 0.2, but the signal distribution for H
is different. In case (1), Py = 0.1, Py = 0.9; and in case (2), Py = 0.25, P,y = 0.75.

We focus on regular strategy profiles where all contingent agents vote informatively (Def-
inition 1). For case (2), we also consider another sequence of reqular strategy profiles X!,
where contingent agents play o' = (0.48,0.96). In Example 8 and Theorem 4 later, we verify
that the fidelity of the reqular informative voting converges to 1 in case (1) but does not
converge to 1 in case (2). On the other hand, the fidelity of the deviating strategy profile 3,
in case (2) converges to 1. Figure 3.1a illustrates these trends of fidelity.

The expected utilities of contingent agents in different cases and strategies are shown in
Figure 3.1b. Note the mazimum expected utility that a contingent agent can get is 0.4 X 3 +
0.6 x 8 = 6.0. In accordance with the fidelity, the expected utility of X, in case (1) converges
to the mazimum. In case (2), on the other hand, %, is dominated by 3 by a utility gain
of at least 0.4. Therefore, the group of contingent agents has no incentive to deviate in case

(1) but has incentives to deviate to X, in case (2).
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Figure 3.1: Fidelity and expected utilities of informative voting.

3.3.1 Proof Sketch of Theorem 2

To show the relationship between A(X,) and €, we have the following lemma.

Lemma 1. For every n, a regular strategy profile ¥, is an e-strong BNE with ¢ = 2B(B +

1)(1 — A(X,)), where B is the upper bound of utility function v;.

Lemma 1 is an extension of Theorem 3.3 in Schoenebeck and Tao [9]. It shows that every
Y., is an e-strong BNE with e proportional to 1 — A(X,). To prove Lemma 1, we show that,
for any other strategy profile ¥/, a group of agents with incentives to deviate does not exist.

There are two cases of ¥/ . In the first case, the fidelity >/ is bounded by the fidelity of
Y,. More precisely, (1 — A(X!)) < (B+1)-(1— A(X,)). Then two profiles do not make a
big difference, and no agent can gain more than ¢ = 2B(B + 1)(1 — A(X,,)) after deviation
(Claim 1).

In the second case, the fidelity X! is much worse than the fidelity of ¥,. Then any
contingent agent has no incentives to deviate, as their expected utilities are most positively
correlated with fidelity (Claim 2). Next, we show that a deviating group cannot contain both
friendly and unfriendly agents, because if the expected utility of one side increases by more
than e, the other side’s will decrease (Claim 3). Therefore, a deviating group contains either

only friendly agents or only unfriendly agents. Finally, we show that in neither case can
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the deviation succeed, because pre-determined agents have already played their dominant
strategies in a regular profile (Claim 4).

Now we are ready to prove Theorem 2. We will actually use Lemma 1 and Theorem 3
to prove Theorem 2. We will discuss the two cases separately.

When lim,,_,, A(X,) = 1, we apply Lemma 1 to each %,, and get that every ¥, is an
e-strong BNE where ¢ = 2B(B + 1) - (1 — A(X,)). Then ¢ will converge to 0 as n — oc.

When lim,,_,, A(X,) = 1 does not hold, there are infinitely many n with ¥, being of
low fidelity. By Theorem 3 there exists a regular strategy profile sequence {3/ } with fidelity
converging to 1. Because of the difference in fidelity, there are infinitely many n such that
Y, # 2. Then we show that, for all sufficiently large n where ¥, is of low fidelity, if
all contingent agents turn to play X! from ¥, every contingent agent will gain at least a
constant amount of extra utility. Therefore, for infinitely many n, ¥, is NOT an e-strong

BNE for some constant €. Full proof is available in Appendix A.3.1 and A.3.3.

3.3.2 Proof Sketch of Theorem 3

In the proof of Theorem 3, we construct a strategy ¢’ and show that the regular strategy
profile sequence {3/ } where all contingent agents play ¢’ has fidelity that converges to 1. It

suffices to construct o’ such that

1. if H is the actual world state, the expected fraction of the voters voting for A is more

than p by a constant;

2. if L is the actual world state, the expected fraction of the voters voting for A is less

than p by a constant.

If this is true, A(X!) converges to 1 due to the Hoeffding Inequality. It remains to construct
o’ such that (1) and (2) hold.
We first construct o), such that the expected fraction of the voters voting for A is exactly

p, where in o, the contingent voter votes for A with a probability that is independent
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of the signal she receives. This can be done by setting o, = (8%, 3*) where 3" satisfies
ar + ac - f* = p (notice that, given the fraction ap of the friendly voters who always vote
for A, the fraction ay of the unfriendly voters who never vote for A, and the fraction a¢ of
the contingent voters who vote for A with probability £*, the expected fraction of votes for
Ais ap +ac - ).

Next, we will adjust o}, to o’ = (3, 8),) that satisfies (1) and (2). Naturally, we would
like to increase the probability for voting A if an A signal is received, and we would like to
decrease this probability if [ is received. That is, we have 3, = §* — §; and [, = p* + 9, for
some d;, 0, > 0, and we need to show the existence of §; and ), that make (1) and (2) hold.

When H is the actual world, comparing with o7, the probability that each contingent
agent votes for A is increased by Py - 6, — P - 0; in o’. Thus, the total expected fraction

of votes for A is increased by
ac - (Pur - 00 — Pig - 1) -

Similarly, when L is the actual world, similar calculations reveal that the total expected

fraction of votes for A is increased by

aC'(PhL'5h—BL‘5z)-

/

Ly We need to choose d; and J;

Since the expected fraction of votes for A is exactly u for o

such that

ac - (P - 6n — P -01) >0

ac - (Pup-6n—Pr-0) <0 |
This can always be done due to the positive correlation P,y > P, and Py < Pr. In
particular, if we set &, = 9; - ]]j}i—’;, the first inequality would become equality, while the

second inequality holds due to the positive correlation. By slightly increasing §,, we can

make both inequalities hold. During these adjustments, we just need to make sure the two
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constants d;, and 9; are small enough such that 3, and f; are valid probabilities. Full proof

is available in Appendix A.3.2.

Example 7. In this example, we follow the setting of case (2) in Example 6 to illustrate the
construction of the strateqy o’'. Recall that ap = 0.2,y = 0.3, and ac = 0.5. The signal
distribution P,y = 0.75 and P, = 0.8. The threshold p = 0.6.

In the first step, let o, = (0.8,0.8). We could verify that ap +ac-0.8 =0.2+0.5x0.8 =
0.6 = p.

In the second step, let 6, = 0.3. Then 6, = §; - % =0.1. Then o' =(0.5,0.9). Then we

have

PhH5h_PlHdl:O75X01_O25X03:O

Py, —Pr-0,=02x01-08x03=-022<0.
Finally, we increase o, by 0.06. Then §; = 0.3, 6, = 0.16, and ¢’ = (0.5,0.96). We have

Py - (Sh — Py (Sl =0.75x0.16 —0.25 x 0.3 =0.05 > 0.

Py - 5h - P - 51 =0.2x0.16—-0.8x0.3=-0.208 < 0.

Therefore, o' = (0.5,0.96) satisfies the condition.

3.4 Probability Analysis on Fidelity

In this section, we analyze the condition that a strategy profile is of high fidelity and apply
the analysis to the most common forms of non-strategic voting: informative voting and
sincere voting. We show that neither informative nor sincere voting can lead to the informed
majority decision in every instance, and we characterize the conditions where they lead to
the informed majority decision. Our results give merit to strategic voting.

In order to characterize the fidelity, we introduce the notion of the excess expected vote
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share. Given a world state k, the excess expected vote share is the expected vote share
the informed majority decision alternative attracts under state k£ minus the threshold of the

alternative.

Definition 5 (Excess expected vote share). Given an instance of n agents, and a strategy
profile Y, let random variable X" be "agent i votes for A": X" = 1 if agent 7 votes for A,

and X' = 0 if 7 votes for R. Then the excess expected vote share is defined as follows:

fiy = > B H) - e 3.1)
fi =3 B0 - X7 1~ () 32)

=1

Specifically, f7; is the excess expected vote share of A condition on world state H, and f} is
the excess expected vote share of R condition on world state L. For technical convenience,

we define ™ = min(f}, f7).

Our next result shows that we can judge whether the fidelity of a strategy profile sequence
converges to 1 with the tendency of its excess expected vote share (or more precisely, the
lower limit of y/n - f). If \/n - f™ has a lower limit of 400, then the fidelity of the profiles

in the sequence converges to 1. Otherwise, the fidelity is likely not to converge to 1.

Theorem 4. Given an arbitrary sequence of instances and arbitrary sequence of strateqy

profiles {¥,}5°,, let f™ be the excess expected vote share for each 3.
o Ifliminf, ,. v/n-f™" = +o0, the fidelity of 3, converges to 1, i.e., lim, .o, A(X,) = 1.
o Ifliminf, o +/n- f" <0 (including —oc0), A(X,) does NOT converge to 1.

o Ifliminf, .o v/n-f" >0 (not including +o00), and the variance of Y1 | X is at least

proportional to n, A(3,) does NOT converge to 1.
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Remark 1. Although Theorem 4 does not cover the case when liminf, ,..v/n- f* > 0 and
the variance of 31 | X' is not large enough, we arque that this case is very special and rare.
In this case, (inf ™) converges to 0 at the rate ofO(ﬁ), which means the expected vote share
of an alternative is almost equal to the threshold. Moreover, the strategies of the agents have
low randomness in total. Therefore, we believe that Theorem 4 covers the most interesting

cases of a sequence of strateqy profiles.

Proof Sketch. Recall that A(X) = Pp-AR(X)+ Py - A3 (2). Note that A3 () is the probability
that the total vote share on A exceeds the threshold pu when the world state is H. Therefore,
we can write A3(X) using the following formula. AR(X) can be written using a similar

formula.

Ay (Z,) = Pr inf zM-mH] = Pr [VZij—VZjE[Xf |H|>—fi-n|H
i=1 i=1 i=1
For the first and the second case, we apply the Hoeffding Inequality. For the first case, we
show that both A%(X) and AR(X) are lower bounded by a function of n that converges to 1.
For the second case, we show that either A% (2) and AR(X) is upper bounded by a constant
smaller than 1.

For the third case, we apply the Berry-Esseen Theorem [79, 80], which bounds the differ-
ence between the distribution of the sum of independent random variables and the normal
distribution. Therefore, for some constant ¢ and infinitely many n, A% (3,) (or AB(%,,)) will
not deviate from 1 — ®(J) too much and is bounded away from 1 by a constant. ® is the
CDF of the standard normal distribution. The requirements for the variance in the third
case are from the Berry-Esseen Theorem.

The full proof of Theorem 4 and the detailed definition of the Berry-Esseen Theorem are

available in Appendix A.3 O]

Theorem 4 provides a criterion for judging whether a strategy profile sequence is of high

fidelity. If we apply Theorem 2 to each case of Theorem 4, we directly get a criterion for
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judging whether a regular strategy profile sequence is an e-strong equilibrium.

Corollary 1. Given an arbitrary sequence of instances and an arbitrary reqular sequence of

strategy profiles {3,}22,, let f™ be defined for each %,,.
o Ifliminf, . /n- f" = 400, then for every n, ¥, is an e-strong BNE with ¢ = o(1).

o Ifliminf, ., \/n- f™ <0 (including —cc), there are infinitely many n such that ¥, is

NOT an e-strong BNE with constant €.

o Ifliminf, .o /n- f* >0 (not including +o00), and the variance of Y7y X" is at least
proportional to n, there are infinitely many n such that X, is NOT an e-strong BNE

with constant €.

Example 8. In this ezample, we use Theorem 4 to bound the fidelity of different cases in
Example 6. Note that in each n the ratio of friendly, unfriendly, and contingent agents is
fixed to be 2 : 3 : 5, and agents of the same type play the same strateqy for different n.

Therefore, the excess expected vote share of profile ¥, and X! is independent of n.

Case 1: Py =0.1,P,g = 0.9. In both world states, we have E[X! | H| = 1 for friendly
agents and E[X" | H] = 0 for unfriendly agents. Contingent agents vote for A with prob-
ability P,y = 0.9 in H state and for R with probability P, = 0.8 in L state. Therefore,

fr >0, and \/n- f™ goes to +oc.

fr=02+0.5x0.9—-0.6=0.05 f1=03+05x0.8—-0.4=0.3.

Case 2: Py =0.25, P,y = 0.75.  For ¥, we have f™ <0, and \/n- f™ goes to —o0.

fr=02+0.5x0.75—0.6 =-0.025 f1=03+05x08-04=0.3.
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And for the deviating strategy profile X, we have f* >0, and \/n - f™ goes to +oc.

Fi=0.240.5-(0.75 X 0.96 + 0.25 x 0.48) — 0.6 = 0.02

f7=0340.5-(0.8x0.52+ 0.2 x 0.04) — 0.4 = 0.112.

In Case 1, the reqular strategy profile 3, lies in the first case of Theorem 4, has fidelity
converging to 1, and is an e-strong BNE with ¢ = o(1). In Case 2, ¥, lies in the second case
of Theorem 4 and is dominated by the deviating strategy profile X! . This is in accordance

with our observation in Figure 3.1 and Example 6.

Although Theorem 4 (and Corollary 1) do not cover all the strategy profile sequences,
the following result provides a dichotomy for symmetric profile sequences to judge fidelity.
Given a symmetric strategy profile 3, induced by strategy o = (5, f1,), we can compute the

excess expected vote share of 3. Recall the definition of excess expected vote share:

1= i;E[X? | H] .

In H state, an agent with signal h votes for A with probability 5, and an agent with
signal [ votes for A with probability 8,. Therefore, E[X[ | H] = Pyy - fn + P - Se. Then
we have

o= ii(PhH'ﬁh‘FPZH'ﬁZ)_M:PhH'ﬁh‘i‘PlH'ﬁZ_M-

=1

With similar reasoning, we can compute f;' and f":
Ji =P - (L=Pp)+ P - (L=00) — (1 —p), [f*=min(fg, [7).

An interesting observation for the symmetric strategy profiles is that its excess expected

vote share is independent of the number of agents n. This is because when every agent plays
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the same strategy, the expectation of every X is the same. For simplicity, given a sequence

of symmetric strategy profiles {¥,}, we write its excess expected vote share as fy, f1, and

f.

Corollary 2. For an arbitrary strategy o and an arbitrary sequence of instances, let {¥,}
be the sequence of symmetric strategqy profile 3, induced by o, and f be the excess expected

vote share of {3,}.
o If f >0, A(X,) converges to 1.
o If f <0, A(X,) does not converge to 1.

Proof Sketch. The proof of Corollary 2 works by showing that each case of a symmetric
strategy profile falls into some case of Theorem 4. When f > 0, v/n - f* — +0co. When
f<0,yn-f*— —oo. When f = 0,and /n - f* = 0. The variance requirement is also
satisfied. (Otherwise, the strategy o must always vote for the same candidate. This directly

implies f < 0, which is a contradiction.) Full proof is available in Appendix A.3. O]

3.4.1 Case Study: Informative Voting and Sincere Voting

In this section, we study the two most common non-strategic voting schemes — informative
voting and sincere voting under our information structure. We show that both voting schemes
lead to the informed majority decision if and only if certain conditions are satisfied.

In informative voting, all agents play the strategy o = (0,1). When the world state is
H, an agent receives signal h and votes for A with probability P,g. Therefore, the excess
expected vote share in the H state is fy = P,y — p. Similarly, the excess expected vote
share in the L state is fr, = P — (1 — u) = p— Pnr. Applying Corollary 2, we get the

following statement.

Corollary 3. For an arbitrary sequence of instances, let {¥,} be the sequence of informative

voting profiles. Then, the fidelity A(%,) converges to 1 if and only if Py > pt > Phr.
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Failure Success Failure

H Py Py

L Py, Py,

0 Ppy Phy 1

Figure 3.2: lustration of Corollary 3.

Corollary 3 forms a comparison with Theorem 2. Strategic behavior always leads to the
informed majority decision, while non-strategic informative voting achieves the same only
when the majority vote threshold is “unbiased” compared with the signal distribution.

In sincere voting, an agent votes as if she is making the decision individually. A sincere
agent chooses the alternative that maximizes the expected utility conditioned on the signal.

The expected utility of an agent making an individual decision conditioned on signal m is

wi(A|m)=Pr[W =L |m]-v(L,A)+Pr[W=H |m]-v;(H,A).

w(R|m)=Pr[W=L|m] v(L,R)+Pr[W=H |m] -v;(H,R).

Definition 6. A strategy profile X is sincere if for any agent i, conditioned that i receives

signal m, i votes for A if uw;(A | m) > u;(R | m) and votes for R otherwise.

A sincere strategy profile is not always symmetric, because the sincere behavior of agents
not only depends on his/her signal but also on his/her utility. Therefore, sincere agents with
different utility functions may play different strategies. Given the assumption of P,y > Py,
we have Pr[W = L | l] > Pr[W = L | h] and Pr[W = H | [] < Pr[W = H | h]. As a result,
wi(A]l) <u;(A]h)and u;(R | 1) >wu;(R | h). Therefore, a sincere voter would play one of

the five strategies below based on her utility function v;.
L Ifu;(A]l) <w(R 1), and u;(A | h) < w;(R | h), an agent always votes for R.

2. ffu;(A|1]) <u;(R|1),and u;(A | h) = u;(R | h), an agent votes for R under signal [

and votes arbitrarily under signal h.
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3. Ifu;(A | 1) <w;(R|1), and uw;(A | h) > u;(R | h), an agent votes informatively.

4. fu;(A 1) =u (R |1), and u;(A | h) > w;(R | h), an agent votes arbitrarily under

signal [ and votes for A under signal h.
5. If w;(A | 1) >uw;(R|1), and uw;(A | h) > u;(R | h), an agent always votes for A.

A sincere profile is also a regular profile, as friendly agents always vote for A, and
unfriendly agents always vote for R in their individual decisions. Therefore, applying The-

orem 2, we have the following statement.

Corollary 4. For an arbitrary sequence of instances, let {3,} be the sequence of sincere
strategqy profiles. Then the fidelity A(X,) converges to 1 if and only if ¥, is an e-strong

Bayes-Nash equilibrium with e = o(1).

Corollary 4 tells us that sincere voting performs as well as strategic voting if and only if
itself is also strategic. The following example illustrates different behaviors of sincere voters
by “manipulating” their utility functions under the same world state and signal distribution

and gives examples where sincere voting succeeds and fails.

Example 9. Consider the following scenario. The world state prior Py = Pr, = 0.5. The
signal distribution P,y = P, = 0.8, and Pjg = P, = 0.2. By the Bayes Theorem, we

compute the probability of a world state conditioned on a private signal as follows.

PrW =L|1]=08,  PrW=H]|{]=02

Pr(W =L |h =02 Pr[W=H]|h =08

We assume all agents are contingent and share the same utility function, and consider
three different cases as shown in Table 3.3. Suppose 3 is a strategy profile where all agents

vote sincerely.
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(Winner, World State) (A,H) (A,L) (R,H) (R,L)

Case 1 1 0 0 1
Case 2 5 1 0 2
Case 3 4 1 0 2

Table 3.3: Utility functions for three cases.

In case 1, u;(A | h) =w;(R | 1) =0.8, and u;(A | 1) = u;(R | h) = 0.2. Therefore, every
sincere voter votes informatively, and X is also informative voting. By corollary 3, ¥ leads
to the informed majority decision if and only if the threshold 0.2 < p < 0.8.

In case 2, w;(A | 1) = 1.8,u;(R | 1) = 1.6, u;(A | h) = 4.2, and w;(R | h) = 0.4.
Therefore, all sincere agents always vote for A even if they are contingent. In this case, A
is always the winner, and A(X) does not converge to 1.

In case 3, u;(A |1) =w;(R|1) =16, u;(A | h) =34, and u;(R | h) = 0.4. In this case,
a sincere agent votes A under signal h, and votes arbitrarily under signal [. Then for any
0.2 < pu < 1, ¥ induced by strateqy 0 = (B¢, 1) leads to the informed majority decision with
high probability, where 5, > 0 satisfies By > b — 4 and By < 1.25u — 0.25. These conditions

guarantee the excess expected vote share of X2 to be strictly positive.

As shown in Example 9, sincere agents can have drastically different behaviors in different
scenarios. Nevertheless, once we know the strategy of each agent, we can apply Theorem 4
to analyze the probability of a sequence of sincere voting leading to the informed majority

decision.

3.5 Non-Binary World States and Non-Binary Signals.

In this section, we discuss how we extend our model and results to a setting with non-binary
world states and non-binary signals. We follow the setting of Schoenebeck and Tao [9]. The

largest difference in the non-binary setting is that the preferences of agents form a spectrum
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along multiple world states. Different agents have different thresholds of world states in

which they switch the preferred alternatives.

World State. There are K possible world states W = {1,2,--- , K}. The higher the
world state is, the more A is preferred to R. We use k to denote a generic world state.
Let P, = Pr[W = k| be the common prior of the world state. We assume P, > 0 for every
EeWw.

Signal. Every agent receives a signal from & = {1,2,---,M}. We use m to denote a
generic signal. Signals are i.i.d conditioned on the world state. Let P,; = Pr[¥; = m |
W = k] be the probability that an agent receives signal m given world state is k. The
assumption of P,y > Pjp in the binary state is extended to the following assumption of

stochastic dominance, which requires signals to be positively correlated to world states.

Assumption 1 (Stochastic Dominance). For any agent i and any world states ky > ko,

Utility Every agent ¢ has a utility function v; : W x {A,R} — {0,1,---, B}, where
B is the positive integer upper bound. We assume that A is more preferable in a higher
world state than in a lower state, and R is the opposite: for any ky and ko with &y > ko,
v;(k1, A) > v;i(ke, A), and v;(k1, R) < v;(ke, R). We also assume v;(k, A) # v;(k, R) for any

k and any 1.

Fraction of agents Given a world state k, let af* and o be the approzimated fraction of
agents prefer A (R, respectively) in world state k. We assume a2 and ot are independent
from n. Formally, given n, let N(k,A) = {i | v;(k,A) > v;(k,R)} be the set of agents
preferring A in k (N (k, R) defined similarly). We have [N(k,R)| = [aR-n] and |N(k, A)| =

n — |N(k,R)|. Naturally, af* increases, and ot decreases as k increases. We assume that
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aft and af are common knowledge.

Majority vote and informed majority decision We study the majority vote with
threshold p. If at least u - n agents vote for A, A is announced to be the winner; otherwise,
R is announced to be the winner. The informed majority decision is defined on each world
state k. Given a world state k, if af* > u, we say A is the informed majority decision;
otherwise, we say R is the informed majority decision. We assume that af* # u for all

k € W, and the rounding between a2 and |N(k, A)| (ol and |N(k,R)|, respectively) does

not flip the informed majority decision.

Types of agents Let L={ke W |al < pu}and H={k €W |al > u} be the sets of
world states where R (A, respectively) is the informed majority decision. We only consider
the case where both £ and H are non-empty. (Otherwise, an alternative is unanimously the
informed majority decision, and there is no uncertainty.) There is a threshold partitioning
W into two sets. Let L = max{k € L} to be the largest world where R is the informed
majority decision, and H = min{k € H} to be the smallest world where A is the informed
majority decision. We have H = L + 1.

Similarly, for an agent ¢, let £, = {k € W | v;(k,R) > v;(k,A)} and H; = {k €¢ W |
vi(k,R) < wv;(k,A)}. L; (H;, respectively) is the set of world states where R (A, respectively)
is preferred by i. For a agent i, let L; = max{k € L;} be the largest world where i prefers R,
and H; = min{k € H;} to be the smallest world where i prefers A. Specifically, let L; = 0

if i =0and H;= K +1if H; =0. We have H; = L; + 1.

1. We say an agent i is (candidate) friendly if £LNH; # (. This says that there exists a

world state k where i prefer A while the informed majority decision is R.

2. Similarly, an agent i is (candidate) unfriendly if HNL; # (. This says that there exists

a world state & where i prefers R while the informed majority decision is A.

3. Finally, an agent n is contingent if £L; = L. or equivalently, H; = H.
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Unlike the binary setting, friendly /unfriendly agents in the non-binary setting do not always

prefer one alternative. They just have thresholds above or below the majority.

Example 10. We extend the COVID policy-making scenario in Example 4 to the non-binary
setting. N = 20 wvoters decide whether to accept or reject the more-restrictive policy. The
world states W = {1,2,3} describe the risk level of the virus, whereas a larger state represents
a higher risk. Suppose Py = P, = 0.3, and P3; = 0.4.

FEvery voter receives a private signal from S = {1,2,3,4}. The larger the signal is, the

higher the risk is likely to be. Table 3.4 is the signal distribution given the world state.

World State Signal 1 Signal 2 Signal 3 Signal 4

1 0.6 0.2 0.1 0.1
2 0.4 0.2 0.2 0.2
3 0.1 0.2 0.3 0./

Table 3.4: Signal distribution.

The magjority threshold is p = 0.6. Therefore, A is the informed majority decision if and
only if at least 12 agents prefer A to R. The voters are categorized into four different groups.
FEach group has five voters, and voters in the same group share the same utility shown in
Table 3.5. The larger the group index is, the more voters prefer A to R.

Table 3.6 shows the preferences of each group and the informed majority decision under
each world state. The preference of each group comes from the comparison of utilities in
Table 3.5. The informed majority decision is the aggregation of group preferences. Since
each group has five voters, and the majority threshold is 12 agents, A needs to be preferred
by at least three groups to become the informed majority decision. Therefore, A is the
informed majority decision only in state 3. By comparing the preferences of each group and
the informed majority decision, we know that group 1 voters are unfriendly agents, group 2

voters are contingent agents, and group 3 and 4 voters are friendly agents.
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Winner A R World State 1 2 3
World State 1 2 &5 1 2 &8 Group 1 R R R
Group 1 1 2 3 8 6 4 Group 2 R R A
Group 2 2 8 4 6 4 2 Group 3 R A A
Group 3 2 5 8 4 38 2 Group 4 A A A
Group 4 4 6 9 38 2 1 Informed Majority R R A

Table 3.5: Utility functions group Table 3.6: Preference of each group and the majority.

Strategy. In the non-binary setting, a strategy can be represented as a vector o =

(B1, B2, -+, Bur), where B, is the probability that the agent votes for A when receiving

signal m. A strategy profile is the vector of strategies of all agents. ¥ = (01,09, -+, 0y).
The definition of the regular strategy profile remains the same as in the binary setting:

friendly agents always vote for A, and unfriendly agents always vote for R.

Fidelity and Expected Utility Given a strategy profile ¥, let A2 (X) (AR(X), respec-
tively) be the probability that A (R, respectively) becomes the winner when world state is
k. We can define the fidelity and the expected utility in the same manner as in the binary

setting.

AR =X A RE) + Y P AN,
kel keH

w(S) = 30 POANE) - vilk, A) + M) - vi(k R)).

Excess Expected Vote Share Similarly, the excess expected vote share is the expected
vote share that an alternative attracts under state & minus the threshold of the alternative.

In different instances, the informed majority decision may change in different world states.
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Therefore, we define the excess expected vote share for both A and R in every world state.

1 1
fin= -2 BIXT K = fin= —D BlL=X{ [k = (1-p)

i=1 i=1

For world states k € H where A is the informed majority decision, we care about fi'a;
and for states k € L, we care about f/g. Therefore, we define f" to be the smallest excess
expected vote share among those we care about, i.e. f™ = min (mingey (f'a), Minges(fiR)) -

We use fra, frr, and f to denote excess expected vote share in symmetric profile sequences.

Instance and Sequence of Strategy Profiles. Let {Z,}32, (or {Z,} for short) be a
sequence of instances, where each Z,, is an instance of n agents. The instances in a sequence
share the same majority threshold u, world state prior distribution { Py}, signal prior distri-

bution {P,.x}, and approximated type fractions (a2, ol

). Same to the binary setting, we
do not regard agents in different instances as related and have no additional assumption on
the utility functions of agents. We define a sequence of strategy profile {¥,}°°, based on
the instance sequence, where for each n, ¥, is a strategy profile in Z,,.

Our positive results on strategic voting can be extended to the non-binary setting. The-
orem 5 states the equivalence of fidelity converging to 1 and the e-strong Bayes-Nash equi-

librium with ¢ = o(1). Theorem 6 guarantees the existence of the regular profile sequence

with fidelity converging to 1.

Theorem 5. Given an arbitrary sequence of instances and an arbitrary regular strategy

profile sequence {¥, 152, let {A(X,)}52, be the sequence of the fidelities of ¥,,.
o Iflim, oo A(X,) =1, then for every n, ¥, is an e-strong BNE with € = o(1).

o Iflim, o A(X,) =1 does not hold, then there exist infinitely many n such that %, is

NOT an e-strong BNE for some constant €.

Theorem 6. Given any arbitrary sequence of instances, there always exists a sequence of

reqular strategy profiles {¥X] }°°, such that A(X!) converges to 1.

n=1
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Theorem 5 and Theorem 6 preserve the same reasoning as Theorem 2 and Theorem 3.
More details, as well as the characterization of the fidelity in the non-binary setting, are

available in Appendix A.3
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CHAPTER 4
THE ART OF TWO-ROUND VOTING

Chapter 3 reveals that any equilibrium in the majority vote can reach the informed majority
decision with high probability. However, as shown in Section 3.4.1, the natural and intuitive
behavior of informative voting, in which every voter votes for his/her signal, and sincere
voting, in which every voter votes as if he/she is making an individual decision and vote for
his/her preferred alternative in expectation, are not equilibria in many situations. On the
other hand, the equilibrium constructed involves carefully calculated mixed strategies.

In analyzing strategic behavior, we emphasize the importance of natural and intuitive
equilibria. It is quite unlikely that real-world agents can compute and play counterintuitive
mixed or asymmetric strategies, let alone coordinate to the same equilibrium. Therefore,
these counterintuitive strategy profiles fail to predict the outcome of strategic agents as they
are intended to. Moreover, the simplicity of the mechanism is also a desirable property and
a proxy of usability, as the theoretical guarantees of complex mechanisms may not translate

into practice.

Can we design simple mechanisms with natural equilibria

to reach the informed majority decision?

The definition of a natural equilibrium depends on the scenarios and the purposes. In this
chapter, we identify the following criteria. Firstly, agents play pure/deterministic strategies.
Mixed or randomized strategies are hard for agents to compute and implement and are rarely
applied by real-world voters. Secondly, agents play symmetrically, i.e., agents with the same
preferences should play the same strategy. Otherwise, the mapping from similar agents to
diverse strategies is unclear and unincentivized, and the equilibrium is unlikely to predict the

outcome. Moreover, agents can easily compute the strategies. Two examples of intuitive and
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natural strategies are informative voting and sincere voting, where the first simply follows
the signal, and the second follows the preferences in expectation.

Unfortunately, previous one-round voting mechanisms fail to have a natural equilibrium.
Moreover, one round voting game with the majority rule has NO pure symmetric
equilibrium under a large class of games (Proposition 1). The known equilibria are either
randomized or asymmetric and are hard to compute.

Another line of work designs mechanisms to achieve the informed majority decision via
simple equilibria, yet the mechanism structures are sophisticated. Schoenebeck and Tao
[9] propose an information-aggregation mechanism that incentivizes truthful reporting and
reaches the informed majority decision with a high probability. However, the mechanism
leverages the “surprisingly popular” mechanism [46] and the median-voter theorem [81],
resulting in a structure that is quite sophisticated and may not be trusted by the people.
Moreover, the mechanism elicits a distribution from each agent, which requires infinite bits

to be represented. This further increases the difficulty of implementing the mechanism.

4.1 Overview of the Chapter

In this chapter, we provide a solution to the research question of simple mechanism design—
two-round voting, which has a polling stage (first round) and a voting stage (second round).
Between the two rounds, agents can observe the number of votes cast for each alternative in
the first round, and the majority vote in the second round completely determines the winner.

For a sharp contrast, we first show that the one-round voting game with the majority
rule has NO pure and symmetric equilibrium under a large class of games (Proposition 1),
which also rules out the natural informative voting and sincere voting. We also illustrate
the existing mixed or asymmetric equilibria brings difficulties for agents to calculate and
coordinate.

On the other hand, the two-round voting mechanism is a simple and powerful mechanism

with natural equilibria. Firstly, we prove that the two-round voting mechanism indeed
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achieves good decisions with strategic agents, as every e-approximate strong Bayes-Nash
equilibrium, in which no group of agents has incentives to deviate, leads to the informed
majority decision with high probability (Theorem 7). The probability converges to 1 as e
goes to 0. Secondly, the two-round voting mechanism has the merit of a simple mechanism
in both structure-wise and equilibrium-wise. It has a simple structure that involves simply
conducting a poll before the actual vote. Such a polling-voting structure has been widely
applied in real-world elections.

Moreover, we show a natural e-approximate strong Bayes-Nash equilibrium that leads
to the informed majority decision (Theorem 8). As the number of voters increases, £ con-
verges to 0. The equilibrium combines the most natural and classical informative voting
and sincere voting. In this equilibrium, agents whose preferred alternative changes with the
world state vote informatively (vote for their signal) in the first round, and vote sincerely
(vote for the alternative they preferred in expectation conditioned on the first-round out-
come) in the second round. The “informative+sincere” equilibrium follows the intuition of
sharing information and choosing the (expected) preferred alternative. We further discover
that the “informative+sincere” equilibrium belongs to a class of "informative 4 threshold”
equilibria (Theorem 9), in which agents vote informatively in the first round and vote for
the alternative whose first-round vote exceeds a threshold. Such a class derives more natural
equilibria, including the "informative + surprisingly popular” equilibrium, which resembles
the “surprisingly popular” mechanism.

Furthermore, we show with mild assumptions that every one-round equilibrium gives a
two-round equilibrium that is not more “complicated” (Theorem 10). Specifically, agents
in the two-round voting mechanism can ignore the polling stage and play the one-round
equilibrium in the second round. Therefore, the two-round voting mechanism has a natural
equilibrium in every instance, including those where one-round voting fails to have a natural
solution, and it can reach an informed majority decision whenever one-round voting can.

We also test the one-round voting and the two-round voting with synthetic experiments
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where we apply generative Al agents to simulate voters. When the signal distribution is
biased, the Al agents powered by the reasoning model reach the informed majority decision
more often in the two-round voting than in the one-round voting. We also observe Bayesian
updates and a vote switch (in the second round). Our experiments provide insights into
future applications for Al-augmented or proxy votes and serve as references for real-world

experiments.

4.2 Equilibria in One-Round Voting

In this chapter, we fix the majority winning threshold y = % In order to distinguish one-
round and two-round voting, we use & and ¥ to denote a strategy and a strategy profile in
one-round voting.

We show scenarios where natural strategy profiles fail to reach high fidelity (and thus are
not approximate strong BNEs according to the if-and-only-if characterization in Chapter 3)
and how complex the existing equilibria are.

Firstly, in games with only contingent agents with identical utility functions, NO pure

symmetric equilibria exist in the one-round voting game in ANY environment with biased

signals.

Proposition 1. Suppose ac = 1. For any sequence of environments {I,} such that Py >
0.5 or Py > 0.5 and that for each n, all agents share the same utility function v, no sequence
pure symmetric strateqy profiles {i]n} of the one-round voting game satisfies that S, is an

e-strong BNFE for every n with ¢ — 0.

Note that our definition of symmetry (agents with the same utility function play the
same strategy) is very broad. Therefore, Proposition 1 excludes a large number of strategy

profiles from being equilibria.

Proof. Without loss of generality, we consider the case that P, > 0.5, and the reasoning for

the case that Py > 0.5 is similar. There are in total four pure symmetric strategy profiles:
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all agents always vote for A, always vote for R, vote informatively, and vote against their
private signals (vote for A when receiving signal ¢ and for R when receiving signal h).
Always voting for an alternative with probability Py or Pp to miss the informed majority
decision cannot be an equilibrium. When P > 0.5, agents are more likely to receive h
than ¢ on world state L. Therefore, by applying the Hoeffding inequality, informative voting
does not lead to the informed majority decision in the world state L with high probability
and cannot be an equilibrium. Similarly, voting against signals cannot be an equilibrium as

We give more examples where natural strategies fail to be equilibria in the one-round
voting, including sincere voting (where an agent chooses the alternative maximizing his/her
expected utility when this alternative becomes the winner) and the Bayesian strategy (an
agent votes for an alternative with the probability of the Bayesian posterior probability that
this alternative is the informed majority decision).

We follow the example where all agents are contingent, and the signal distribution is
Py =09, Py =0.1, P, = 0.7, and P;;, = 0.3. Now we show that sincere voting fails, and
the Bayesian strategy is an equilibrium only when common prior is Py = P, = 0.5,

One natural strategy is to choose the alternative that maximizes the agent’s expected
utility, assuming this agent is the only voter who decides the outcome. This is called the
sincere strategy. Suppose the common prior is Py = P, = 0.5. An agent’s posterior belief

for world H upon receiving signal A is

Pr(W = H)-Pr(S; = h | W = H) 0.5 x 0.9 9
(W =H15="h Pr(S; = h) 05%x09+05x07 16

and the posterior belief for world H upon receiving signal [ is

Pr(W = H)-Pr(S; = 1| W = H) 0.5 % 0.1 1
Pr(W =H|S =1)= - —_—
(W=H[5=1) Pr(S; = 1) 05x01+05x03 4
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If an agent 7 receives h, the expected utility of voting for A is

and the expected utility of voting for R is

9 7

When voting sincerely, the agent receiving signal h will vote for A if and only if the expected
utility for A is higher:

9 7 9 7
Tﬁvi(H’ A) + Evi(L, A) > EUi(H? R) + TGUi(L’ R)

Similarly, the agent receiving signal [ will vote for A if and only if

1 3 1 3

The utility for a contingent agent satisfies that v;(H, A) > v;(H,R) and v;(L,R) > v;(L, A).
However, when agents care more about the outcome under world H and are relatively indif-
ferent about the outcome under world L, they will always vote for A and it is not favored by
them under world L. In our example, if v;(H, A) —v;(H,R) > 3-(v;(L,R)—v;(L, A)), agents
will vote for A even when signal [ is received. Thus, the sincere strategy profile does not
guarantee the informed majority decision, and it is not a strong BNE by the if-and-only-if
characterization.

Perhaps one more natural strategy is to vote according to the posterior, i.e., adopt
the mixed strategy with probabilities matching the posterior belief: an agent votes for A
with probability 8, = Pr(W = H | S; = [) when receiving signal ¢ and probability S, =

Pr(W = H | S; = h) when receiving signal h. In our specific environment, with the
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prior belief Py = Pr = 0.5, our previous calculations reveal that the strategy is given by
(B1, Br) = (i, %). When the actual world is H, the “correct” alternative A gets a share
of 0.1- i +0.9- 1% = 53.125% in expectation; when the actual world is L, the “incorrect”
alternative A wins a share of 0.3 - i +0.7- % = 46.875% in expectation. This looks good:
the “correct” alternative always receives more than half of the votes in expectation. Some
calculations reveal that the informed majority decision can be guaranteed (more formally,
the fidelity goes to 1 when n — oo) by this kind of matching-posterior strategy profile if
the prior belief is half-half (i.e., Py = P, = 0.5). However, if the prior belief is significantly
biased, say, Py is close to 1, some calculations reveal that the expected fraction of A votes
is close to 1 under both world states, in which case the informed majority decision is not
secured under the world state L.

In the environments where pure symmetric strategies fail to be equilibria, reaching the
informed majority decision requires agents to artificially “shift” the probabilities in the strat-
egy. For example, consider a biased setting where the common prior is Py = P, = 0.5, and
the signal distribution is P,y = 0.9, By = 0.1, P,;, = 0.7, and P;;, = 0.3. An equilibrium
under this setting is a symmetric mixed profile where agents with signal [ always vote for R,
and agents with h vote for A with probability 0.6.

In this strategy profile, the informed majority decision receives more than half of the
vote in expectation. Alternatively, agents can play a pure asymmetric profile where 40% of
agents always vote for R.

These “successful” strategy profiles, however, are often too complex for agents to agree on.
For the mixed strategy profile, even if agents are clever enough to be aware of a probability
shift, different agents may choose different probability shifts, which may still lead to the
undesirable outcome. For the pure asymmetric profile, without an intrinsic incentive, it is
difficult and unclear for identical agents to coordinate who casts the “opposite vote” R when

receiving signal h.
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4.3 Two-Round Voting and Equilibria

Two-round voting and one-round voting share the same environment, including the number
of agents, distributions, the fraction of each type, and utilities. Their difference lies in the
game form and the strategies.

Agents play a two-round anonymous voting game where the winner is completely deter-

mined by the second round. The five steps are shown in Algorithm 1.

Algorithm 1 Two-Round voting mechanism

1: All the agents receive their signals.
2: First round (Polling stage): agents cast the first round vote for A or R.
3: Agents observe the number of votes for A in the first round denoted by x € {0,1,--- ,n}.

4: Second Round (Voting stage): agents cast the second round vote for A or R.
5: The alternative that gets more than a 0.5 fraction of votes in the second round becomes
the winner.

Strategy. A strategy in a two-round voting game o; is a pair (¢},0?). The first-round

1

strategy o, is a mapping from agent ¢’s signal to a distribution on {A,R} denoting her
action in the first round. The second-round strategy o7 is a mapping from agent i’s signal
AND the result of the first-round vote x to a distribution on {A, R} denoting her action in
the second round. A strategy profile X is the vector of strategies of all agents. The definition
of a pure and a symmetric strategy profile follows that of the one-round voting.

We define a sequence of two-round voting strategy profiles {¥,}52, on an environment

sequence {Z,}. For each n, ¥, is a profile of a two-round voting game with parameters in

Z,.

Expected Utility and Fidelity. Given a strategy profile 3, let A2 (X) (AR(X), respec-
tively) be the—ex-ante, before agents receiving their signals—probability that A (R, respec-

tively) becomes the winner when the world state is k. The expected utility in the two-round
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voting is in the same form as that in the one-round voting.

wi(2) = PLOAL(E) - vi(L, A) + AF(Z) - vi(L, R))

Fidelity is the likelihood that the informed majority decision is reached. In the two-round

voting game, the fidelity of a strategy profile ¥ is as follows.

AX) = P AH(E) + P - A ().

An e-strong BNE in the two-round voting has the same definition as that in the one-
round voting, except that the strategies and expected utilities are those in the two-round

voting.

Some Remarks. The game of two-round voting is not exactly a standard Bayesian game,
as the strategy of an agent also depends on the first round outcome. Our definitions of
strategies, utilities, and equilibria are straightforward extensions of the standard Bayesian
games.

Another natural formulation for the two-round voting is an extensive-form game. We
believe this is an interesting direction for future work. However, standard equilibrium so-
lution concepts such as subgame perfect Nash equilibrium and perfect Bayesian equilibrium
fail to capture the feature of group deviations. The first step in this future direction is to
propose a reasonable equilibrium concept that extends the strong Bayes-Nash equilibrium

to extensive-form games.

4.3.1 Equilibria in Two-Round Voting

We show that the two-round voting mechanism indeed has natural equilibria leading to

the informed majority decision. First, we show that every e-strong BNE in the two-round
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voting mechanisms with € converging to 0 reaches the informed majority decision with high

probability.

Theorem 7 (All e-BNE are good). Let {¥,} be a sequence of profiles in the two-round

voting game. If for any n, ¥, is an e-strong BNE with € = o(1), then lim,,_,., A(3,) = 1.

Moreover, we show the existence of a natural equilibrium in the two-round mechanism.
While the classical informative voting or sincere voting may not be an equilibrium in the

one-round voting game, their combination becomes an equilibrium.

“Informative 4+ Sincere” voting All the friendly agents always vote for A in both
rounds, and all the unfriendly agents always vote for R in both rounds. All the contingent
agents vote informatively in the first round and vote sincerely based on their observation of

the first round outcome, as shown in Definition 7.

Definition 7 (Sincere Voting in the second round.). The agent compares his/her expected
utility between the event that A /R becomes the winner conditioned on his/her private signal

m, the first-round outcome z. He/she votes for A if and only if u;(A | z,m) > u;(R | ,m).

ui(Alx,m) =Pr[W = L|z,m] - v;(L, A) + Pr[W = H|x,m] - v;(H, A).

u;(R|z,m) =Pr[W = L|z,m] - v;(L,R) + Pr[W = H|z,m] - v;(H,R).

Theorem 8 (“Informative + sincere” equilibrium). For any environment sequence
{T,}, the sequence of the “information + sincere” strateqy profiles {1} satisfies that (1)
lim,, oo A(X]) =1, and (2) for every n, I is an e-strong BNE where € converges to 0 as n

goes to oo.

The rationale behind the “informative + sincere” strategy is straightforward—by ob-
serving the outcome of the first-round informative voting, every contingent agent knows the

private information of all contingent agents anonymously, which informs them of the correct
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world state with high probability. Therefore, in the second round, they are nearly certain of
their preferred alternative and vote accordingly.

While agents may not necessarily perform Bayesian updates in the votes, we show that the
intuition of “sharing information and getting updated” derives a large class of “informative
+ threshold” equilibria (including the “informative 4 sincere” equilibrium). Therefore, as
agents still follow this “informative + threshold” pattern, the informed majority can be
reached.

In an “informative 4+ threshold” strategy profile, all the predetermined agents vote for
their preferred alternative in both rounds; every contingent agent ¢ votes informatively in
the first round and votes for A in the second round if and only if the first round outcome x
exceeds some threshold z;.

For the “informative + sincere” voting, the threshold x* is determined by the constraint
wi(A | z,m) > u;(R | ,m), as agents apply the Bayes Theorem to update their belief.

Specifically, a contingent agent ¢ vote for A in the second round if and only if x > z}, where

Pr-(vi(L,R)—v;(L,A)) P,
e OB Pn A w(HR) 108 By
Ly =NF log PriPyp, )
Py Ppr

Example 11. We calculate the “informative + sincere” strateqy under the setting in Ez-

ample 4. In this environment, np = 4, nc = 10, Pg = 0.4 P,y = 0.8, and P,;, = 0.6.

log g+10><log 2
log%

Therefore, x}7 =4 + ~ 12.6. Therefore, the contingent voters who vote sincerely
in the second round will vote for A if and only if there are at least 13 votes for A in the first

round.

Additionally, “informative 4 threshold” class also includes more “natural” strategy pro-

files, such as the “informative + surprisingly popular” strategy profile.

Example 12. The “informative + surprisingly popular” strategy shares a similar idea with
the “surprisingly popular” mechanism [46]. The threshold of every agent i is the prior ex-

pectation on the first-round outcome x, which is * =np + nc¢ - (Py - Pog + Pr - Pur). This
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comes from the fact that the ng friendly agents always vote for A, and the expected share of
nc contingent agents voting for A is P,y under world state H and Py, under world state
L. When the number of votes for A exceeds the expectation, A becomes the “surprisingly
popular” alternative and is elected the winner in the second round. Otherwise, R becomes

the “surprisingly popular” alternative.

The “informative + threshold” strategy profiles share the merit that the “informative
+ sincere” equilibrium has. Every agent votes deterministically. When agents with equal
utility functions adopt the same threshold, they are also symmetric. Most importantly,
every such strategy profile in which all thresholds lie between the expected first-round out-
come conditioned on two world states is an equilibrium that leads to the informed majority

decision.

Definition 8. We say a sequence of “informative + threshold” strategies is constantly sep-
arable if there exists a ng > 0 and a constant 6 > 0 such that for every n > ny and every

agent i, np +ne - Py +0-n <zf <np+nc- Py —0-n. (See Figure 4.1.)

Theorem 9 (“Informative 4+ threshold” equilibrium). Under any environment se-
quence {Z,,}, every constantly separable sequence of profiles {3*} satisfies that (1) lim,, ., A(X:) =

1, and (2) for every n, ¥¥ is an e-strong BNE where ¢ converges to 0 as n goes to oo.

World State Friendly Agents , Contingent Agents Vote Informatively |  Unfriendly Agents
i A wins i R
~— e — N
H | ng | ne - Pry n' ne - Pey | ny |
L l ng | ne - Py, JL neg - Py | ny Jl
A L/_, Rcv(ins

Second-round threshold: np +n. - Py, < x{ < ng+ng - Ppy

Figure 4.1: Illustration of the range of the threshold for an “informative + threshold” equi-
librium.
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Remark on Theorem 7. Theorem 7 states that any o(1)-strong BNE leads to nearly
optimal fidelity. Unlike the one-round voting, the other direction—optimal fidelity implying
equilibria—does not hold in the two-round voting game, even when predetermined agents
only play their dominant second-round strategies.

For example, friendly and unfriendly agents voting informatively in the first round can
help contingent agents infer the world state and lead to an informed majority decision.
However, this does not form an equilibrium, as friendly agents have incentives to always vote
for A in the first round and deceive contingent agents that the world state is H. Similarly,

unfriendly agents have incentives to vote for R.

4.3.2 Proof Sketch for Theorem 7

Suppose {¥,} is a sequence of strategy profiles whose fidelity does not converge to 1. We
show that there exists a different sequence of profiles {3/ } such that agents have incentives
to deviate from ¥, to X! for infinitely many n. We first give the proof when {X¥,} is
a reqular profile sequence, where all friendly agents always vote for A and all unfriendly
agents always vote for R in the second round. This helps us characterize the main idea while
reducing complications. Then we extend the proof to non-regular profiles. The full proof is

in Appendix B.1.4.

Proof for regular profiles. We take an infinite set N' C N, and a constant § > 0 such
that for all n € N, the fidelity of X, does not exceed 1 — §. Let the deviating group D be
all the contingent agents. If 3/ increases the fidelity, contingent agents get higher expected
utility and are incentivized to deviate. Therefore, we aim to construct ¥/ so that contingent
agents reveal the world state with high probability in the first round and vote for the (likely)
informed majority decision in the second round. Given that predetermined agents vote for
their preferred alternative in the second round, the informed majority decision becomes the

winner.
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Contingent agents can (collectively, with high probability) reveal the world states because
signal distributions are different in different states of the world. The expected number of h
signals from contingent agents is P,y - n¢ in world state H and P,f, - n¢ in world state L. If
all the contingent agents vote informatively in the first round, by the Hoeffding inequality,
the number of votes will concentrate to the expectation with high probability. The expected
votes for A is higher in world state H than in world state L, as P,y > P,;. Therefore,
contingent agents can play a “threshold” strategy (between P,y - nc and Py - ne) in the
second round: vote for A together if the first round result x exceeds the threshold and vote
for R together otherwise.

However, such a strategy still must overcome one difficulty: strategies of predetermined
agents in the first round are not guaranteed to be “regular” and may offset the difference
in the votes of contingent agents. For example, predetermined agents can vote for R more
often in world state H than in world state L in X, so that x has a smaller expectation in
world state H than in world state L. However, contingent agents can “reverse” their votes
and observations accordingly: they vote opposite to their signal in the first round and vote
for A if x is below a threshold. In this way, they can still distinguish the different world
states.

Now we explicitly present the strategy profile 3 . Let ¢ (X)) and ¢ (X)) be the expecta-
tion of the first-round outcome x of ¥/, conditioned on the world state H and L respectively.

1. All predetermined agents (they do not deviate) play the same strategy as in 3,,. This
includes that they play their dominant second-round strategies.

2. If more votes for A from predetermined agents are expected in world state H than
in L in the first round, all contingent agents vote informatively in the first round. For the

> ou(E)+or(3)
— 2

second round, they vote for A if x and vote for R otherwise.

3. Otherwise, contingent agents “reverse” the strategy. In the first round, they vote for

A with [ and R with h. In the second round, they vote for A if x < M and R

otherwise.
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In this way, the fidelity A(X!) converges to 1 as n goes to infinity, contingent agents have

incentives to deviate, and ¥,, is NOT an e-strong BNE for some constant ¢.

Proof Sketch for non-regular profiles. We adopt the same idea to construct a strategy
profile where the deviating group forces the state to be revealed by the first-round vote and
votes for the preferred agent in the second round. The difficulty for the non-regular case is
that a deviating group with only contingent agents may not work, as there is no assumption
on the behavior of predetermined agents in the second round. (For example, if ac < 0.5,
and all the predetermined agents always vote for A, then the winner will always be A.)
Fortunately, the following lemma shows that there will always be a type of predetermined

agents who have incentives to deviate together to reach the informed majority decision.

Lemma 2. Let {¥,} be a sequence of profiles such that A(X,) does not converge to 1. Then
there exist infinitely many n such that for each n, at least one of the following holds for all
sequences of profiles {3/} with lim, ., A(X)) = 1:

(1) For every friendly agent iy, u; (X)) — u;, (X,) > 0. (2) For every unfriendly agent iz,
wiy (B0) — uiy (5,) > 0.

Moreover, for a fived n and %, either 1 holds for all ¥ or 2 holds for all 3.

In this way, we construct two deviating strategies. In the first strategy profile X, all
the friendly and contingent agents play an ”informative + threshold” strategy. The second
strategy profile ¥y is defined similarly. With similar reasoning to the regular case, both X
and Xy have fidelity converging to 1. Applying Lemma 2, there is a type of pre-determined
agents that get expected utility increase via deviation in both Xz and ;. Contingent agents
will also get a constant increase in expected utility due to the increase in fidelity. Therefore,
agents have incentives to deviate to either Xz or ¥y, and ¥, is NOT an e-strong BNE with

constant €.



o8

4.3.3 Proof Sketch for Theorem 8 and 9.

As the “informative + sincere” strategy profile is also an “informative + threshold” strategy
profile, it suffices to prove Theorem 9 and show that the sincere threshold satisfies the
constantly separable constraint. The proof of Theorem 9 consists of two parts: Lemma 3
shows that the fidelity converges to 1, and Lemma 4 shows that the profiles are o(1)-strong
BNE. The full proof is in Appendix B.1.2.

Lemma 3. For any sequence of instances and any sequence of “informative + threshold”
strateqy profiles {3, }, if there exists a constant § > 0 such that for all n and all agents 1,

ngp+nc- Py +d-n<al <np+nc- Py —06-n, then A(X,,) converges to 1.

Lemma 3 uses reasoning similar to the proof of Theorem 7 to show the deviating strategy
profile has fidelity converging to 1. Firstly, the threshold x* is guaranteed to be between
the expectation of the first-round vote conditioned on the world state being H and being
L. Therefore, with probability converging to 1, the first-round outcome is larger than all
the thresholds under world state H and lower than all the thresholds under world state L.
Therefore, the contingent agents know the world state and vote for the informed majority

decision with high probability.
Lemma 4. X} is an e-strong BNE with ¢ = o(1).

The proof of Lemma 4 follows a similar idea to the proof of Theorem 2. For arbitrary
n, and a strategy profile 3, let ¢ = 2B(B + 2)(1 — A(X,)), where B is the upper bound of
the utility. Then, for any deviating strategy profile 3/ | we show that the deviation will not

succeed. Therefore, ¥, is an e-strong BNE. Since A(X) converges to 1, € converges to 0.

Lemma 5 (Informal). For any strategy profile 3, a deviating group D that has an incentive
to deviate from X to another strateqy profile Y, under the approximation parameter ¢ =
2B(B+2)(1—A(X)) fore-strong BNE, contains either only friendly agents or only unfriendly

agents.
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Lemma 5 shares almost the same proof as Lemma 1. The formal statement of Lemma 5
is in Appendix B.1.1.

Then we show that D contains only friendly agents or only unfriendly agents cannot
succeed. Without loss of generality, suppose D contains only friendly agents. If friendly
agents deviate in the first round, the result of the first-round voting x will be less likely to
reach the threshold, and contingent agents are more likely to vote for R. If friendly agents
deviate in the second round, there will be strictly fewer expected votes for A, and A will be
less likely to be the winner. Therefore, no deviation succeeds, and ¥ is an e-strong BNE
with € converging to 0.

Finally, we show that the “informative+sincere” threshold is between the two expecta-

tions.
Lemma 6. The sequence of “informative + sincere” strategy profiles is constantly separable.

It shares the same idea with Lemma 3. Recall that for any agent ¢, the threshold x} is
the boundary for u;(A | z,m) > w;(R | 2, m), When z is close to the upper bound (expected
utility when the world state is H), Pr[H | z,m] is close to 1, and u;(A | z,m) > u;(R | x,m)
always hold (as contingent agents prefer A in world state H); and when z is close to the
lower bound (expected utility when the world state is L), Pr[H | z,m] is close to 0, and

ui(A | x,m) < u;(R | z,m) always hold. Therefore, the threshold must be in between.

4.4 Two-Round Voting is More Powerful

In this section, we show that in any sequence of environments where there exists a one-
round equilibrium (where predetermined agents play their dominant strategy), there always
exists a two-round equilibrium that will not be more “complicated” than the one-round
equilibrium. Precisely, in this two-round equilibrium, agents disregard the first-round voting
and play exactly as in the one-round equilibrium in the second round. By not exploiting the

information revelation in the first round, the two-round voting was reduced to a one-round
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voting game. (A one-round voting strategy profile is regular if all predetermined agents play
their dominant strategies.)

Therefore, we claim that two-round voting is more powerful than one-round voting, as
it can reach an informed majority decision whenever one-round voting can reach it, and it
provides a natural equilibrium in every environment including those where one-round voting

fails to have a natural solution. The proof resembles that of Theorem 9.

Theorem 10. Under the same sequence of environments, for any reqular one-round voting
strategy profile sequence being o(1)-strong BNE, any two-round voting profile sequence, where

agents play exactly this one-round strategy in the second round, is also an o(1)-strong BNE.

4.5 Experiments

In addition to our theoretical results, we conducted simulated voting experiments with gen-
erative Al agents to compare one-round and two-round voting. Specifically, we inject gen-
erative Al bots with different preferences and information drawn from given distributions,
then run both one-round and two-round voting under various environment parameters. Our
findings show that the generative Al agents achieved the informed majority decision more

often under the two-round mechanism than under the one-round mechanism.

4.5.1 FExperimental Setting

Our experiments employed two generative Al modelsOpenAl GPT-40 and Deepseek R1, a
newly released reasoning model. In each voting scenario, all voters were drawn from the
same model.

For each vote, we set n = 40 agents, including 5 friendly agents, 3 unfriendly agents,
and 32 contingent agents. The prior is fixed at Py = 0.5. We run experiments on two
different signal distributions, the unbiased distribution P,y = 0.8, P, = 0.2 and the biased
distribution P,y = 0.8, P,;, = 0.6. We also test a wider range of signal distributions with

fewer samples and select the distributions that capture different scenarios anticipated by our
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theoretical findings on the performance of one-round versus two-round voting. Under the
unbiased distribution, both mechanisms admit natural equilibria that achieve the informed
majority decision, so we expect strong performance from both. In contrast, the biased
distribution, as shown by Proposition 1, admits no pure-symmetric equilibria for one-round
voting, whereas “informative + sincere” remains viable in the two-round mechanismimplying
better performance in that setting.

We run 50 votes for each set of parameters. In each vote, we first sampled the world
state and signals for every agent from the designated distribution. Using these same samples,
we then ran both a one-round and a two-round voting procedure. Specifically, we create n
generative Al agents for the one-round voting and another n agents for the two-round voting.
In one-round voting, each agent was asked only once for its vote. In two-round voting, each
agent voted twice: we first collected every agents first-round vote simultaneously, then shared
the first-round outcome with all agents (including their own first-round response as a history
message) when asking for the second-round vote.

The prompt for Al agents contains the following components.

Voting scenario. We chose a company hiring setting: each AI agent plays the role of a
human resource specialist and votes on whether to hire a candidate.

World state and signals. The world state is whether the candidate is qualified, which is
not revealed to the agents. Each Al agent is told to have a Good or Bad impression of the
candidate, representing its private signal.

Prior and signal distribution. Al agents are informed of the prior and signal distribution
in two different ways. In the accurate distribution setting, every agent is told the exact
distribution (Py, Pr) and (Puy, Pur, Pen, Per). In the vague distribution setting, the infor-
mation is transferred into a vague description via a Deepseek R1 chatbot. For example, the

distribution Py = 0.5, P,y = 0.8, and Pj,;, = 0.6 is converted the following description.

Example 13 (Vague information in the prompt.). Before meeting with the candidate, you

thought she had a balanced chance to be qualified. If the candidate is qualified, you will likely
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have a good impression after meeting with her with a high probability well above half. If the
candidate is not qualified, you will be less likely, though still moderately probable, to have
a good impression at a likelihood distinctly lower than the qualified scenario but remaining

above the halfway mark. [

Types and preferences. Every agent is told their preferences based on their type.

Voting Mechanisms. Every agent is informed that it will participate in either a one-round
or a two-round voting procedure. For the two-round voting, we clarify that the first round
does not determine the winner but is publicly observable.

Vote. In both the one-round voting and each round of the two-round voting, every agent
is asked to determine and report its best vote (YES or NO), along with a brief explanation

of its reasoning.

4.5.2 FExperimental Results

Distribution Unbiased (0.8, 0.2) Biased (0.8, 0.6)

Model
Information Accurate Vague Accurate Vague
One-round 1 1 0.56 0.52
Deepseek RL 0 Round 1 1 0.88  0.78
One-round 1 1 0.5 0.52
GPT-do 1o Round 1 1 0.48 0.5

Table 4.1: The likelihood of the informed majority decision is reached.

In Table 4.1, we compare how often one-round versus two-round voting achieves the
informed majority decision under different signal distributions, information conditions, and
generative AI models. When signals are unbiased, both voting mechanisms always reach the
informed majority decision. However, their performances diverge significantly under biased
signals. In particular, Deepseek R1 agents show a marked accuracy gap: one-round voting
frequently misses the informed majority decision when the world state is unqualified (even

though agents still receive a "Good" signal with probability 0.6), whereas two-round voting
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retains good performance under both world states. On the other hand, for the non-reasoning
model GPT-4o, there is no significant difference between the performance of one-round voting
and two-round voting.

In addition to the analysis of the informed majority decision, we also examine the behav-

iors of the Al agents from their reasoning and analysis and have some interesting observations.

Bayesian Updates with accurate and vague information. Almost every agent per-
forms a Bayesian update to infer the likelihood of each world state based on the signal
distribution and the private information it obtains. Even when vague information is given,
many agents tend to guess a concrete value for each description and perform a Bayesian
update based on the guessed values.

universal switch in the second-round votes where a voter casts a different vote to its
first-round vote. Examining the analysis of these voters, they usually find considerable votes
in the first round that contradict their beliefs, which drives them to switch. On the other
hand, there are also agents who believe more in their beliefs and stick to the same vote. An

example of the prompts, answers, and reasoning of agents is in Appendix B.2.

4.5.3 Takeaway Messages

Our experiments illustrate a scenario where two-round voting is more likely to lead to an in-
formed majority decision than one-round voting played by generative Al agents. These find-
ings can guide future applications of generative Al in voting systems, such as Al-augmented
or Al-proxy voting. As Al reasoning capabilities continue to improve, two-round voting will
likely become even more effective in reaching informed outcomes. Moreover, our experiments
serve as a practical reference for designing real-world experiments that compare different vot-
ing rules and explore strategic behavior. Because generative Al simulations allow for direct

preference injection, they offer a valuable tool for preliminary experimentation and design.



64

CHAPTER 5
AGGREGATING INFORMATION AND PREFERENCES UNDER
DIFFERENT COORDINATION ABILITY

In the previous chapters, we have shown that there always exists a “good” equilibrium
that reaches the informed majority decision in the one-round majority vote and the two-
round polling-and-voting structure, when agents share the same ordinal direction of objective
preferences. In this chapter, we investigate a different preference structure, when two groups

of agents have opposite directions of objective preferences, as shown in the following example.

Example 14. Consider a legislative vote on a mized economic policy with uncertain conse-
quences. The policy may produce either inflation or deflation. Representatives come from
different social backgrounds and have different preferences. Doves prefer inflation to stimu-
late economic growth, while Hawks prefer deflation to avoid market bubbles. Fach represen-
tative possesses private information about the policy’s likely effects from different sources.
They may also coordinate with others sharing similar objectives to increase their collective
influence. How can majority voting produce efficient, fair, and informed majority decisions

under these conditions?

The scenario in Example 14 occurs when two groups of stakeholders with conflicting
interests make decisions with an uncertain outcome. Under the combined utility model,
this implies that the objective preferences of the two groups have opposite directions. This
preference structure is different from the model in Chapter 3 and 4 captures, where agents
share the same direction of the objective preferences. Under this preference structure, Deng
et al. [10] show that a strong equilibrium may not exist when the population of two groups
is close to each other.

In this scenario, we argue that it is important to take the coordination ability-how large

a group of agents can coordinate on their behaviors—into consideration. The coordination



65

ability of agents varies depending on the society of the vote. In practice, coordination occurs
within bounded groups, such as in local communities or trusted networks, rather than across
entire populations. Theoretical and empirical studies indicate that the magnitude of group
coordination is restricted by cognitive burden [82], communication complexity [83], and
efficiency loss [84], etc. However, a strong Bayes-Nash equilibrium, which implicitly assumes
that agents can form an unlimited-size coordination, is too pessimistic to admit a stable
outcome. Standard Bayesian Nash equilibrium, on the other hand, ignores the potential
coordination of strategic agents to break an equilibrium, especially in a voting scenario
where a single vote can rarely flip the outcome. This choice between “no coordination” and
“unbounded coordination” is too coarse to characterize the strategic behavior of agents in
societies of different abilities to coordinate. Consequently, the following research question

remains largely open.

When and how is the informed majority decision reached under societies with

different abilities to coordinate?

To address such a question, a more fine-grained solution concept parameterized by the
group coordination ability is required. In this paper, we employ the approximated ex-ante
Bayesian k-strong equilibrium [62] (abbreviated as k-strong equilibrium) parameterized by
the coordination ability parameter k. In a k-strong equilibrium, no coalition of at most
k agents can collectively benefit by jointly changing their votes. Such a solution concept
encompasses both Bayesian Nash equilibrium (k = 1) and strong Bayes-Nash equilibrium
(k = n, n is the number of agents) as special cases and allows conducting a spectrum of

equilibrium analyses on different k, fitting into societies with different coordination ability.

5.1 Overview of the Chapter

We address this question by conducting equilibrium analysis on the ex-ante Bayesian k-strong

equilibrium, which enables us to make more refined predictions on the stable outcomes



66

of strategic behaviors. Our research question can be interpreted into the following two

questions.
1. When do all k-strong equilibria reach the informed majority decision?
2. When does there exist a k-strong equilibrium reaching the informed majority decision?

The two questions ask whether the worst-case/best-case equilibrium can still reach a good
outcome. At a high level, they correspond to the price of anarchy [85] and the price of sta-
bility [86], respectively. Under a representative scenario of Example 14 where two groups of
agents possess different preferences, we give the closed-form threshold on when each question
leads to an affirmative answer, as in Figure 5.1. Consequently, when we have knowledge on
the coordination ability of a voting society, our analysis allows us to make a more refined
prediction of the outcome of strategic votes in the worst and the best case.

For the first question, the answer is affirmative if and only if the coordination ability
k > %, where n is the number of agents (Theorem 11). This threshold is inevitable, as
unanimous votes on the same alternative cannot be flipped by any coalition smaller than
half of the population and becomes an F-strong equilibrium. However, unanimous voting
ignores all private information and fails to reach informed majority decisions.

The second question, on the other hand, yields a far more complex answer. Whether
such a k-equilibrium exists depends on three factors: the coordination ability k, the fraction
a of the agents whose preferences are the majority, and the distribution of agents’ private
information (Theorem 12). As illustrated in Figure 5.1, the boundary between existence
and non-existence displays non-linear, non-continuous, and non-strictly monotone segmental
behavior across different fractions «, revealing the intricate strategic landscape shaped by
different levels of coordination ability. In the order as the majority fraction a decreases, it
starts with a range of a where a strong equilibrium exists and reaches the informed majority
decision. The threshold drops from this maximal value after a critical point and displays at

most four distinct segments. Segment 1 exhibits a constant threshold despite decreasing o.



67

Segment 2 is a linear decline in the threshold as o decreases. Segment 3 reveals the most
complex behavior, where the threshold displays a non-linear relationship with a. When
present, Segment 4 returns to linear decline, but the threshold maintains a non-zero value
even when « approaches 0.5. Depending on the information structure, certain segments may
be absent, and this boundary presents as two or three segments.

Combining the two boundaries yields a key insight: higher coordination ability produces
a more selective set of stable outcomes. When coordination ability is high, equilibria either
always reach informed majority decisions (if preferences are sufficiently aligned) or fail to
exist entirely (if preferences are divergent). Low coordination ability, conversely, tolerates

both informed and uninformed equilibria, leading to mixed predictions about outcomes.

Coordination Ability § = k/n Theorem 12 (vertical line and segments)

l e
All equilibria are
‘Ggood”
Theorem 11
0.5 (horizontal
line)
All equilibria are “bad” Segl
Seg2
Seg3 Both “good” and “bad”
Segd B .
) equilibria exist
0
0.5 Majority Fraction a 1

Figure 5.1: Illustration of boundaries characterized in Theorem 11 and Theorem 12 on the
coordination ability and the majority fraction. “Good” and “bad” refer to equilibria that
reach the informed majority decision and those that do not reach the informed majority
decision, respectively.

Moreover, we construct explicitly the k-equilibrium reaching the informed majority de-
cision with the largest possible k for each segment (Section 5.5.4). Like the segmental
boundary curve, equilibria under different « exhibit different structures, revealing the non-
trivial behavior of strategic agents with different coordination ability. For example, when the
majority fraction is large (in Segment 1 and 2), all agents whose preferences are the minority

converge on the same alternative in an equilibrium. However, as this fraction approaches %
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(in Segment 4), minority agents split evenly between two alternatives in the equilibrium.
We also analyze the relationship between the shape of the boundaries and the distribution
of the private information of the agents (Section 5.3.4). When agents possess more accurate
private information, the threshold £* value increases. This observation aligns with the in-
tuition that agents with more precise information are more certain about their preferences,

thereby increasing the likelihood of reaching a stable outcome.

Technical Overview. At a high level, the existence of an equilibrium hinges on the frac-
tion of votes each alternative gets in expectation (Equation 5.3 and 5.4). For an equilibrium
to exist, the informed majority decision must secure more than half of the expected votes
under both ground truth states, even when a fraction % of agents deviates from their pre-
scribed strategies. Consequently, the majority agents employ strategies that maximize their
margin above the % threshold in expected vote share. Minority agents, conversely, work to
diminish this margin and push the vote share below the majority threshold. The critical
deviation threshold is determined by three competing factors: a majority’s ability to build
its margin, its requirement to maintain the margin under both ground truth states, and a
minority’s ability to deviate. This interplay makes finding the threshold a complex analytical

challenge.

5.2 Setting

In this chapter, we fix the majority winning threshold pu = %
Let A = P,y — Py, be the difference in the signal distribution under two world states.

From the fact that P,y + Pog = Py, + Py, = 1, we have the following observation.

PI‘OpOSitiOH 2. A = PhH — PhL = PgL — PZH = PhH . PgL — PhL . PgH = PhH —+ PgL — 1.

Preference Structure. We consider two types of agents. The majority type prefer A

in world state H (v(H,A) > v(H,R)) and R in world state L (v(L,A) < v(L,R)), and
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the minority type prefer R in world state H (v(H,A) < v(H,R)) and A in world state L
(v(L,A) >v(L,R)). Let a € (0.5, 1] be the (approximated) fraction of the majority agents,
where the number of majority agents n,,,; = |a - n]. In this setting, the informed majority
decision follows the majority type agents’ preference: the informed majority decision is A in

world state H and R in world state L.

Example 15 (Information Structure and Agent Preferences). Consider the legislator voting
scenario in Fxample 14. Suppose n = 50 agents vote on the economic policy. The world
state is the outcome of the project, which can be a high inflation rate (H) or a low inflation
rate (L). The prior that a high rate occurs is Py = 0.6 and Py, = 0.4. The distribution is
of private signals Pyg = 0.7, Pig = 0.3, Py, = 0.2, and Py, = 0.8. This means that an
agent receives an h signal with probability 0.7 when the world state is H and probability 0.2
when the state is L. The utilities of the agents are illustrated in Table 5.1. In this example,
we assume that agents of the same type share an identical utility function, which may not

necessarily be true in general.

Type vi(H,A) v(L,A) v(H,R) v(L,R)
Magjority (Doves) 4 0 1 2
Minority (Hawks) 2 3 3 1

Table 5.1: Utility of agents.

Non-dominated strategies Our theoretical results concern equilibria in which agents
employ only non-dominated strategies. A strategy is dominated if playing a different strategy

always brings the agent a higher expected utility.

Definition 9. A strategy o! is an (ex-ante) weakly dominated strategy for agent i if there
exists a strategy o; such that, regardless of what other agents play X_;, w;((0},X_;)) <

u;((04,2_;)), and there exists a X_; such that u;((o}, X_;)) < w;((04,X_;))-
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The constraint of no agents playing weakly dominated strategies follows the convention
in the literature [87, 8, 5], and we believe this restriction is mild and reasonable. Firstly,
an agent playing a dominated strategy has incentives to switch to a non-dominated strategy
unilaterally, which brings no utility loss in any circumstances and utility gain in some cir-
cumstances. This contradicts the intention of an equilibrium that predicts a stable outcome
where strategic agents aim to maximize their utilities. Secondly, as shown in the following
lemma, whether a strategy is (weakly) dominated can be easily determined, and playing
a non-dominated strategy does not bring extra computational cost and difficulties to the

agents.

Lemma 7. For an arbitrary agent i, a strateqgy o = (B¢, Bn) is NOT a weakly dominated

strateqy if and only if the following conditions hold.
o Ifi is a majority agent: By =0 or B, = 1.
o Ifi is a minority agent: B, =1 or B, = 0.

The proof of Lemma 7 is in Appendix C.1.
A strategy profile ¥ = (01,09, ,0,) is an e-ex-ante Bayesian k-strong equilibrium
((, k)-EBSE) if there does not exist a subset of agents D (the deviating group) with |D| < k

and a strategy profile ¥/ = (0}, 0%, -+ ,00) (the deviating strategy profile) such that
1. 0, =0, foralli € D;
2. u;(¥) > u(X) for all i € D; and
3. there exists ¢ € D such that u;(X) > u;(X) + ¢.

By definition, when ¢ = 0, the equilibrium is an ex-ante Bayesian k-strong equilibrium
where no group of at most k£ agents can strictly increase their utilities through deviation; and
when k = n, the equilibrium is an e-ex-ante Bayesian strong equilibrium (named e-strong
Bayes-Nash equilibrium in [9, 39, 10]). We name k the coordination ability of agents, and

its fraction version is £ = %
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5.3 Main Results: Equilibrium Analysis

The main results of this paper are summarized in Figure 5.1, which partitions sequences of
environments by (1) whether all sequences of equilibria reach the informed majority decision
and (2) whether there exists a sequence of equilibria that reaches the informed majority de-
cision (a “good” equilibrium). The partition depends on the signal distribution P, majority
fraction «, and the coordination ability fraction £. Section 5.3.1 characterizes the boundary
determining when a “bad” equilibrium exists (so that not all equilibria are “good”), and
Section 5.3.2 characterizes the boundary determining when at least one “good” equilibrium
exists. Combining the two boundaries yields our full characterization in Figure 5.1, implying
that higher coordination ability produces more selective stable outcomes, while low coordi-
nation ability leads to more tolerated, mixed outcomes. In Section 5.3.4, we discuss how
signal distribution P affects the boundaries.

We formalize the definition of a “good” or “bad” equilibrium, named as informed and

uninformed equilibrium, respectively.

Definition 10. A sequence of profiles {3,,} is an informed &-strong equilibrium if it satisfies

the following conditions.
1. for all n, there are no weakly dominated strategies in >3,
2. the fidelity A(3,,) converges to 1, and

3. there exists a sequence {¢,} such that ¢, converges to 0 and that for all n, ¥, is an

ep-ex-ante Bayesian &n-strong equilibrium.

A sequence of profiles {¥,,} is an uninformed &-strong equilibrium if it satisfies conditions
(1) and (3), but the fidelity A(3,,) does not converge to 1. Specifically, £ = 1 implies the

sequence is asymptotically an €,-ex-ante Bayesian strong equilibrium.



72

5.3.1 Worst Case Equilibrium

We first characterize the boundary deciding when all k-strong equilibria reach the informed
majority decision. The answer to this question is affirmative if and only if & > % (k> 7%).

Below this threshold, there always exists at least one uninformed &-strong equilibrium.

Theorem 11. For any & € [0, 1] and any sequence of instances {Z,}, an uninformed &-strong

equilibrium exists if and only if & < %

Theorem 11 contributes to one of the two partitions in Figure 5.1 (the horizontal % =0.5).
When & < %, the existence of an uninformed equilibrium implies that “all equilibria are good”
does not hold. When & > %, once there exists a k-strong equilibrium, it reaches the informed
majority decision. At a high level, this observation connects to the Price of Anarchy [85],
which measures the ratio between optimal social welfare and the worst equilibrium outcome.
Using fidelity as a proxy for social welfare, Theorem 11 implies that the Price of Anarchy

approaches one only when society possesses high coordination ability.

5.3.2 Best Case Equilibrium

We then characterize the boundary deciding when there exists a k-strong equilibrium reach-
ing the informed majority decision. The boundary depends on the signal distribution P,
the majority fraction o, and the coordination ability fraction &, and can be represented by
two threshold functions 6 and £*. The first threshold 6 takes the signal distribution P as
input and outputs a value in (3, 1). When the majority fraction o exceeds §(P), an informed
1-strong equilibrium (a sequence of “good” n-strong equilibria) exists. The second threshold

¢* takes both P and « as inputs and outputs a value in (0, 3). When o < 6(P), an informed

&-equilibrium exists if and only if £ < £*(P, a).

Theorem 12. There exist threshold functions 6 and & such that for any sequence of in-

stances {I,} with signal distribution P and majority fraction a,

1. if a > 0(P), an informed 1-strong equilibrium exists.
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2. zf% < a < 0(P), an informed &-strong equilibrium exists if and only if £ < £ (P, «).

Note that the first part of Theorem 12 is proved by [10].

Theorem 12 contributes to the other partition in Figure 5.1, yet it is much more com-
plicated. In the order of a decreasing, this partition starts with a critical point # where
the largest ¢ that tolerates an informed equilibrium declines drastically. The boundary then
follows with at most four segments, depending on the signal distribution. These segments, or-
dered from highest to lowest values of o as Segment 1 to 4, are given descriptive names based
on their distinct features. The “Flat” Segment 1 begins at # and maintains a constant value
&* as a decreases. In the “Steep” Segment 2, £* decreases linearly with a. Segment 3, the
“Non-Linear” segment, is characterized by a non-linear relationship between £* and . When
the signal distribution is inaccurate or symmetric (satisfying (| Py — Prg| < min(Pur, Prr)),
Segment 3 ends before a@ = %, there will be a “Tail” Segment 4; otherwise, the boundary
ends with three segments.

A special case when the signal is symmetric, i.e, P,y = P,;,. Under this specific setting,
both the “Flat” Segment 1 and the “Non-Linear” Segment 3 reduce to points, and £* consists

of only “Steep” Segment 2 and “Tail” Segment 4 as shown in Figure 5.2a.

Example 16. Here is an erxample adopting the scenario in Fxample 15 to illustrate the
thresholds 6 and & in Theorem 12. Note that P,y = 0.7 and Py, = 0.8 imply that this
instance has all four segments. In this case, the first threshold 6 = %. For the threshold in

the non-linear segment, we give a range of @(i) rather than the explicit form.

Segment Range of @ Threshold &*

a>0 (15, 1) Unbounded
Flat 1 2, 1] =
Steep 2 [0.556, 2) 2a—73)
Non-linear 3 [12,0.556) o)
Tail 4 (3, 19) 1a

Table 5.2: Range and Threshold for each segment.
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Likewise, Theorem 2 connects to the Price of Stability [86], which measures the ratio
between optimal social welfare and the best-case equilibrium outcome. Using fidelity as a
proxy for social welfare, Theorem 2 implies that the Price of Stability approaches one if and

only if society’s coordination ability is below the threshold.

5.3.3 Explicit Form of the Thresholds.

In this section, we give the explicit form of the thresholds 6 and &*.

P
5+t Py > P,

1 Phr,
2+2PhH PZL<PhH-

For £*, assume without loss of generality that P,y < Pyr. In this case, 6 = % + %. Given
a fixed information structure P, we explicitly give the formula of £* as a function of . We

will also abuse this notation of £*(«/) in the rest of the appendix.

1 1 1 1
When 1+PZL+(PZL7PhH) > 27 When 1+PZL+(PZL7PhH) S 22
A 1 A 1
2Pr, 0>az> 2Py, 2P,r, 02az 2Py,
A-(a—1/2) 1 > é_* o) = A-(a—1/2) 1 >
5*(05) = Ppr 2Py, > Z aNL ( ) Ppr 2Py, ~ @ Z QN
1 1
997 ANL = O 2 5, (P—Fo) 997 aNL > Q> 5
1 . 1 1
2 A-a 14+Por,+(Per.—Pr) -3

Here, {nr is a non-linear function on a which makes up the “Non-Linear” Segment 3 in

the curve. ayy, is the changing point between Segment 2 and 3 and comes from solving the

Aa—1/2)
Ppp

inequality &np >
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2Py P + P - (Pom + 3Pi) — (3Pu + Pir) +2 — 2Pyr - VPun Pur P Por,

anNp =

(5.1)
A

. (5.2)
4\/2(1 — OéPgH)(l — QOéPgL)PgHPgL =+ 2PZH + 4P€L — 80&PgHPgL

Enve =

It is not hard to see that 6 > % For £*, Note that A = Py, — Py < Pyr,, so the £ < %

in Segment 1. Given the decreasing nature of £*, it’s smaller than ; for all a € (3, 6].

5.3.4 Shape Analysis on the Boundary

In this section, we discuss how the signal distribution P affects the shape of the boundary
characterized in Theorem 12.

Accuracy. As the signals become more accurate (i.e., P,y and Py, increase), two effects
emerge in the equilibrium threshold £*. First, the interval (%,9], where &* takes effect,
contracts because 6 is negatively correlated with signal accuracy. Second, the equilibrium
threshold £* increases within each segment of its piecewise function. This observation aligns
with intuition: as agents receive more precise signals about the true state, the majority group
can more effectively leverage their information advantage to secure their preferred outcome.

Asymmetry. As the signal asymmetry P,;, — P,y increases, there are corresponding
changes in the intervals of Segments 1 and 4. The length of Flat Segment 1 exhibits a positive
linear relationship with the signal asymmetry. Conversely, “Tail” Segment 4 contracts as the
signal asymmetry increases, since its left boundary is a decreasing function of (P, — Py )
while its right boundary remains fixed at %

Non-vanishing. Regardless of the signal distribution, £* does not converge to 0 when «
goes to % This indicates that, even when the majority only slightly outnumbers the minority,
an unorganized minority still yields a stable outcome favoring the 51%.

Figure 5.2 illustrates the shapes of £* under different distributions. For example, Fig-
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ure 5.2a with a symmetric signal distribution contains only Segment 2 and 4, while Fig-

ure 5.2b with an asymmetric signal distribution has a much larger “Flat” Segment 1 and

shorter Segment 4. In Figure 5.2c where the signal is inaccurate, the interval of £* is long,

yet the value is close to 0.
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Figure 5.2: The shape of £* under different signal distribution. We set £* = 1 when a > 6,
indicating the existence of a strong equilibrium.

5.4 Proof Sketch for Theorem 11.

For £ < %, there is an easy proof for the existence of a k-strong equilibrium not reaching the

informed majority decision: the strategy profile where all the agents unanimously vote for A.
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Under this strategy profile, A is elected the winner even under world state L, yet no group
of size at most § agents can flip the outcome (note that A is favored by the tie-breaking).
For & > %, the proof follows the same high-level approach of leveraging expected vote
share, but now the deviators are majority agents. With a deviating coalition exceeding half
the population, majority agents can construct deviating strategies that reach the informed
majority decision. The construction proceeds as follows: one fraction of deviators plays
strategies that "complement" the non-deviators, setting the expected vote shares ¢ and ¢/,
both slightly below % The remaining fraction votes informatively to maximize ¢} — ¢’
ensuring ¢’ exceeds % while ¢/ remains below it. This deviating strategy achieves fidelity

converging to 1, providing majority agents with non-negligible benefits from deviation. The

complete proof appears in Appendix C.3.

5.5 Proof Sketch for Theorem 12

The case where a > 6 is shown in [10]. We will solve the case where o < 6. Section 5.5.1
introduces our key analytical tool, the expected vote share framework, which connects ex-
pected utility, fidelity, and strategic behavior through a max-min perspective on equilibrium
analysis. Section 5.5.2 and 5.5.3 apply this framework to prove Theorem 12, transforming
the problem into a tractable optimization. Section 5.5.4 extends the proof sketch by ex-
hibiting the equilibria achieving the threshold £* across different segments, each displaying

distinct strategic behaviors.

5.5.1 Key Framework: Expected Vote Share.

Given a strategy profile X3, its expected vote share is the (ex-ante) expected fraction of votes

for A conditioned on two world states, respectively. Specifically, when each agent i’s strategy
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is o; = (B}, B), the expected vote share has the following form.

n

i = i > (Pun - B3, + P - 7). (5.3)
=1

YL = i > (Pur - B+ Pur - B). (5.4)
=1

In Chapter 3, we reveal the asymptotical relationship between the expected vote share
and the fidelity for a sequence of profiles: with a few exceptions, the fidelity converges to 1
if and only if ¢y > % and ¢ < % holds for all sufficiently large n. At a high level, this is
because agents’ votes can be viewed as independent Bernoulli variables, and their sum will
concentrate around the expectation with high probability as n increases.

Now consider a sequence of strategy profiles {¥,} that satisfies (1) no agents play weakly
dominated strategies and (2) the fidelity converges to 1. We establish that only the minority
agents need to be considered in potential deviation. This is because any sequence of deviating
strategy profiles falls into one of two cases: either its fidelity still converges to 1, making
utility changes negligible for all agents, or its fidelity fails to converge to 1, in which case
majority agents experience strictly lower utility and have no incentive to deviate.

Consequently, we examine only deviations by minority agents, whose utilities are nega-
tively correlated with fidelity. By the relationship between the fidelity and the expected vote
share, a group of minority agents could successfully deviate if and only if they could create

a new strategy profile (with expected vote share ¢’ and ¢’ ) such that either

1
9021 < 57 (55)
leading to the expected majority being R in state H, or
, 1
L = 9 (5.6)

leading to the expected majority being A in state L.
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At a high level, characterizing the boundary can be reinterpreted as finding the boundary
of a maximin game. First, the Max player, aiming to maintain the expected vote share from

the border 1

5> chooses a sequence of profiles {£,}. Then, the Min player, aiming to break

the border, chooses a group of £ - n deviators and their strategies. £* is the smallest £ such
that the Min player wins, and no strategy profiles can tolerate a group of £ - n deviators and
maintain the expected vote share.

For the Min player, the optimal action is to embrace one of two extremes. In the first
extreme, the goal is to maximize ¢, the expected fraction of A votes in world L after
deviation. The deviators switch to always vote for A, and consist of the minority agents
who are initially least likely to vote for A. In the second extreme, the goal is to minimize
¢y, the expected fraction of A votes in world H after deviation. Here, the deviators switch
to always vote for R, and consist of the minority agents who are initially least likely to vote
for R. If either deviation succeeds, they succeed; and if both fail, then no deviation will
succeed, implying the original strategy profile is an equilibrium.

For the Max player, the optimal action is non-trivial. In general, three correlated factors

may affect how large a deviating group, &, a particular strategy profile can tolerate.

o The first factor is the difference between ¢y and ¢, which is determined by the
quantity S; — B} of each agent i. When ¢y — ¢, is large, it is at least possible for the

threshold of 1/2 to be between the two values and not too close to either of them.

« Secondly, the strategies of the minority agents. Agents’ ability to change ¢y and ¢
depends on their initial strategy. For example, an agent who always votes for A cannot
help to increase ¢y but can help to increase ¢y by % Meanwhile, an agent who votes
for A with signal ¢ and R with signal h can deviate to either increase y by % or to

decrease ¢y by P’ZTH.

o The last factor is balance. Because the deviators have two possible directions to deviate

(decrease ¢y and increase ¢y ), a deviation-proof strategy profile needs to keep both
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margins g —% and %—(p 1, sufficiently large to overwhelm the aforementioned deviating
power of minority agents. Sometimes deviations can by neutralized by keeping margin

balanced even at the expense of decreasing the difference oy — ¢r.

The interplay of these three factors largely contributes to the complexity of the problem.
The rest of the proof proceeds as follows. We will start from the first segment 6 > o >
ﬁ whose proof is somewhat simpler and independent but shares the high-level idea with
other parts. Then, we present a unified analysis of Segments 2, 3, and 4. The key step
is converting the upper-bound and lower-bound problems into constraints on the expected
vote share, which is further transformed into an optimization problem where the goal is to
maximize the size of the deviation £ that can be tolerated. The parameters that yield the
optimum can be leveraged to construct a sequence of equilibria that proves the lower bound

of the theorem. By case analysis, we can determine which constraints are binding in different

settings and also construct the upper bounds.

5.5.2 Segment 1: § > a > -2

2P,; °

5

We first introduce the strategy profile achieving the lower bound and explain why the thresh-
old &* is constant in this region. Then we present the upper bound proof, which serves as a

simplified version of that for other segments.

Proposition 3. For all a > ﬁ, for any £ < ﬁ, there exists a strategy profile sequence

that satisfies all three constraints of the theorem.

In this strategy profile sequence, all the minority agents always vote for A. Recall that
the strategies of majority agents need to guarantee that both Equation 5.5 and 5.6 fail to
hold. Note that these minority agents cannot increase ¢ because they always vote for A.
On the other hand, they can decrease ¢y by £ by switching to always vote for R. Therefore,
the strategies of the majority agents must satisfy g > % + & and ¢p < % to defend the

possible deviations.



81

Without loss of generality, we consider a strategy profile where all the majority agents

maj>

play the same strategy, denoted as (B}TL" In this case, the expected vote share is

o = - (Pug - B '+ Py - 5ma]) (1—a).

oL =a- (Py - By 4 Py 5ma]) (1—a).

We want to find a £ as large as possible to satisfy the following two constraints. Firstly,
"% and 3" should be in [0, 1]. Secondly, gy > 1+ ¢and ¢, < 3 hold.

The important observation that helps us solve the problem is that ¢y is more sensitive

mag ma]

to , and ¢y, is more sensitive to This is because P,y > P, and Py < Pyy.

Therefore, if we could find 5; and ; in (0, 1) that satisfy {¢n = %—I—ﬁ, oL = %}, we can get

a valid pair of (8", ;") by increasing §; and decreasing 5 at a certain ratio so that py
increases and ¢, decreases. The modified (8", 5;"*) will satisfy the two constraints.

Let 5 and (§; be the solution to the equation set {yy = % +& pp = %} with the explicit

form.

1, 1 B
5?25(04—5—%'5)
1, 1 P
= —la—5+—4 ¢

Examining the above equations, when & < ﬁ we can easily see that both 5; and f3; are in
(0,1). In the second step, we simultaneously increase J; at rate Pyy + Py, and decrease [3;
at rate (Png + Pyrz) until the former reaches 1 or the latter reaches 0, at which point we stop.
The strategy after the second step is 57”'” B —0-(Pru+Prr) and ﬁm‘” Br+06- (P +Por),
where § > 0 is chosen so that both are between 0 and 1 and one is at the boundary. The
strategy of every majority agent is set to (8", 5;"%).

This implies that all the three constraints hold. Because either §;'* = 1 or ;" =

holds, all the majority agents are playing their non-dominated strategy. The two-step con-
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struction guarantees that oy > %%—{ and ¢y < % Thus, the fidelity of the sequence converges
to 1. Moreover, because, with high probability, a ¢ fraction of minority agents cannot change
the outcome, it is an e-ex-ante Bayesian {n-strong equilibrium, where € converges to 0.

It seems a little counter-intuitive that £ is constant even while o varies in segment 1.
Here we try to give some high-level explanation for this behavior. At a high level, this is
a trade-off between the difference oy — ¢y, (the first factor that affects £) and the balance
(the third factor). When « is large, the margin of ¢y is smaller than that of ¢y, and the
majority agents’ votes have to lean to A, which sacrifices ¢ — ¢ to keep the balance. As
a decreases, there are more minority agents always voting for A, and the margins of ¢y
and of ¢, become more balanced. While the fraction of the majority agents decreases, more

balanced margins allow them to play a strategy that leads to a larger g — . This trade-

1

off keeps the ¢ at a flat constant. Eventually, when a = 5 P

, the margins are completely
balanced, and majority agents play informatively which maximizes ¢ —¢r. When « further
decrease, the margin on ¢, becomes larger than ¢, and majority agents cannot increase

wp — @, anymore. Therefore, the threshold £* begins to decrease.

Now we sketch the proof of the upper bound. We take an arbitrary strategy profile

A

TR constraint 3 is

sequence satisfying the first two constraints and show that if & >

violated.

Proposition 4. For all a < 0, for any profile sequence {%,} such that A(X,) converges to

1 and no agents play weakly dominated strategies, there is a constant ¢ > 0 and infinitely

many n such that 3, is NOT an e-ex-ante Bayesian & - n-strong equilibrium, where £ = 2?@'
For each environment with n agents, we fix the deviating group D with £ = ﬁ minority

agents and show that no matter what the strategy profile is, the deviator can always succeed
by decreasing ¢y or increasing ¢y, to % This is a stronger statement than the existence of
a successful deviation, as it fixes the deviating group in advance.

We first consider the strategies of the non-deviators, including all the majority agents and

some minority agents. Since they are not going to deviate, their contribution to ¢y and ¢,
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can be represented by the average of all their strategies, denoted by 3, and J3,. Likewise, if
the deviation fails, the expected vote share under state H must be greater than % even when
all the deviators vote for R, and the expected vote share under state L must be smaller than

% even when all the deviators vote for A. Formally, this leads to the following constraints:

P = (1—5)'(5h'PhH+5e'PeH)>;

¢p = (1_5)'(gh'PhL+B€'PKL)+£<;.

Therefore, to show the deviation will succeed, it suffices to show that for any (B_g, B_h),
at least one of the inequalities is violated. As before, we utilize the observation that ¢’
is more sensitive to (3, and ¢ is more sensitive to By. First, we solve the equation set
{& = 3,91 = 3} and get the solution 3% and B;. However, when ¢ = ﬁ, the solution
B;: > 1. This difference changes the outcome in the opposite direction, as we will show that
one of the inequalities is violated.

We consider an arbitrary pair of 3, and /3, in [0, 1]. Note that 8, < 5_;; Therefore, if 5,
is not large enough, then ¢/, > % is violated. On the other hand, if 3, is large enough so
that ¢} > % holds, it turns out that it is too large. ¢ is more sensitive to e, so a large f3

affects ¢}, more than it affects 3,. Therefore, when ¢}, > 1, ¢} < 1 will be violated. This

implies that one of the two deviations can succeed, and X fail to be an equilibrium.

5.5.3 Segment 2, 3, and 4, -2— > o > 1.

) 2Py

The proof of the rest of the three segments follows the same high-level idea and shares some
preliminary steps. According to Lemma 7, we can further categorize minority agents into
to two types: Type-0 agents who always vote for R when they receive h signal, and type-1
agents who always vote for A when they receive ¢ signal. While a minority agent can both
always vote for R when receiving h signal and always vote for A when receiving ¢ signal, in

our analysis, we will always partition the agents so that each is assigned to exactly one type.
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The fraction of type-0 agents will be denoted by ~, and the fraction of the type-1 agents
then 1 —a — 1.

This part of proof consists of five steps.

1. We solve the case when 7 is biased (either 7y or 1 —a — 7 is close to 0) and restrict the
case when 7 is not biased to be “double-symmetric”: all type-0 agents play the same

strategy, and all type-1 agents play the same strategy.

2. We show that a sequence of strategy profiles satisfies all three constraints if and only
if £ <&, and € < &. Here &, and & are two thresholds derived by the constraints
on the expected vote share (¢}, > % and o < %, like that in the “Flat” Segment
1). Therefore, the problem of finding the upper and lower bounds is converted into

maximizing min (&, &).

3. We reduce the search space of maximizing min (&, &) into two corner cases. In the first

case, all type-0 agents always vote for R. In the second case, all type-1 agents always

1
vote for A. The threshold £* takes the maximum of these two cases and A(g LQ), which

derives from case with biased 7.

4. We tackle the two extreme cases respectively. In the case where all type-0 agents
always vote for R (the first case), the extension of “Steep” Segment 2 and “Tail”
Segment 4 serves as an upper bound. On the other hand, the case where all type-1
agents always vote for A (the second case) derives the “Non-Linear” Segment 3 and

the “Tail” Segment 4.

5. We take the maximum of all the cases and reach the upper and the lower bounds.

5.5.3.1 Preliminaries

We first consider the case when either v is close to 0 or 1 — a — v is close to 0, which means

that one type of minority agents dominates the minority group. In this case, the ¢ fraction
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of deviators shall exhaust the type with fewer agents and fill up the rest fraction with agents
from the other type. Following a similar reasoning to that in Proposition 4 (pre-fixing a

group of deviators and showing that at least one of the inequalities is violated), we can get

the upper bound for £ of this case is %.
Proposition 5. For ﬁ >a > %, for any & > %, NO sequence with infinitely many

strategy profiles where v < & or 1 —a — v < & satisfy all three constraints in Theorem 12
with & = ¢'.

Ala—1/2
(OI;hL/ ) also serves as a lower bound for €.

Moreover,

Ala—1/2)
Py,

Proposition 6. When ﬁ > a > %, forany ¢ < , there exists a sequence of strategy

profiles {¥} that satisfies the constraints in Theorem 12 with & = A((}z);i/2)

The strategy profiles in Proposition 6 resemble that in Proposition 3. All the minority
agents always vote for A, and the majority agents play the same strategy constructed by
solving the equation for the expected vote share and modifying. The proof also resembles
Proposition 3.

From now on, we focus on the strategy profile sequences where type-0 and type-1 agents
are not biased, i.e., v > £ and 1 — a — v > ¢ holds for all sufficiently large n. We assume
this assumption holds unless otherwise stated.

Before we start analyzing the expected vote shares and deviations with type-0 and type-1
agents, we further narrow the strategy profiles to be considered to those where all type-0
agents play the same strategy, and all type-1 agents play the same strategy, with the following

lemma.

Lemma 8. If a strategy profile sequence {¥,} satisfies all three constraints on &, then the
following strategy profile {3/} also satisfies all three constraints on . For each n, (1) each
magority agent in 3 play the same strategy as in 3,; (2) all the type-1 minority agents in
Y play the (arithmetic) average strategy of type-1 minority agents in %,; and (3) all the

type-0 minority agents in X! play the average strategqy of type-0 minority agents in ¥,,.
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The high-level idea of Lemma 8 is that ¥/ shares the same expected vote with ¥,, (so as
the same margin on ¢y and ¢y, ), but the minority agents have weaker deviating power. For
example, when the deviation aims to decrease g, the deviators (switching to always vote
for R) in 3, can be the type-1 agents with largest 3;. This brings a larger decrease to ¢g
compared to a & fraction of type-1 agents who play the average (3, among all type-1 agents.

Therefore, if deviations cannot succeed in %, it cannot succeed in X! as well.

5.5.3.2 Transition to Mazimization Problem.

In this part, we present the core steps in our proof. By solving the inequalities of the
deviating expected vote share, we convert the problem of finding upper and lower bounds
into maximizing the minimum of two upper bounds of &, denoted as &, and &, on the
strategies and fractions of type-0 and type-1 agents.

We first introduce the notations. Consider a strategy profile ¥ where no agents play
weakly dominated strategies. Let S and (' be the average strategy of the majority
agents. The strategy that type-0 agents play (recall that we can assume that they play the
same strategy without loss of generality) is (89, 3Y = 0). The strategy that type-1 agents
play is (8} = 1,3}). In this way, the expected vote share of the strategy profile can be

written as

or = (Pug- B + P - B)) + (1 —a—7) - (Prg - BL + Powr) + v - Porr - BY.

SDL:CY'(PhL'B}Taj‘I’PZL'B;wj)"‘(l_Q_V)'(PhL'B}IL‘f’PEL)‘f“’Y'PKL'Bg-

Y] is an e-Bayesian &n-strong equilibrium if and only if no deviation succeed. As said, we
can consider only two extremity deviations that minimizes/maximizes the deviating expected
vote share respectively. In the first deviation that minimizes ¢y, a £ fraction of type-1 agents
switch to always vote for R. The expected vote share under H state after deviation ¢/ is
required to be larger than % to successfully defend the deviation. In the second deviation

that maximizes pp, a £ fraction of type-0 agents switch to always vote for A. The expected
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vote share under L state after deviation ¢/ is required to be smaller than % Therefore, we

have the following constraints.

1

O ¢:04'(PhH'ﬁfTaj+P£H'@naj)Jr(1—04—’7—5)'(PhH'ﬂflmLPzH)JrV'PfH'ﬁ?>5

(5.7)
maj maj 1
1 =0 (P - By + P - By J)"’(l_O‘_'Y)'(PhL'ﬁfIL“‘PZL)"'(V_f)'PEL‘52+£<5

(5.8)

maj

We claim that, for any given 3}, 59, v, and &, there is a pair of ("%, ") satisfying

this condition if and only if the solution to the equation set {¢}; = 1,97 = 3} (denoted
as (6;,0;)) is in (0,1). The proof of the claim shares the same idea with the proof of
Proposition 3 and 4 as we illustrated.

Specifically, the explicit form of the solution is

@:;(;—(1—04)+7'(1—5?))—A?(X(PhH'PhL'ﬁflﬂrPhH'PéL'(1—519)+PhL)-
BZZ;(;—(1—a—’7)-ﬁ;11)+Ag,a(PhH'PzL'ﬂflﬂerH'PéL'(1—5?)+PKH)-

Solving the constraint ; < 1 and 3; > 0 on & respectively, we get two thresholds on &,

denoted as & and &j,.

Al =1/2+ (1 -a—7)-5)
Pur - Por - B+ Pu - P, - (1= B9) + Po
Ala=1/247-(1=5)))

< &= . 5.10
C< b Pugr - Pur - B 4 Porr - Por - (1= 7)) + Pur ( )

(5.9)

§<&n =

Specifically, &,(0,0) = Aa=1/2) and £(0,0) = w do not depends on ~.

Py L

The following two lemmas guarantee the relationship between bounding ¢ and maximizing
min (&, &). Lemma 9 guarantees a strategy profile sequence satisfying all constraints for
every min(&,, &) that can be reached by a set of 8}, 37, and . Lemma 10 guarantees that

the upper bound of £* is (partially) determined by the maximum of min(&,, &).
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Lemma 9. Given a set of (3}, 87, and v satisfying B € [0,1], 8) € [0,1], and let & =
min(&n, &) corresponding to B, 82, and v. If v > & and 1 — a — v > £ holds, then for all

& < & there exists a sequence of profiles such that the constraints in Theorem 12 hold for &.

Lemma 10. Let £ = maxg 5o . min (&, &). No sequence of strategqy profiles can satisfy all

fl Ala— 1/2))'

three constraints in Theorem 12 with & = max( o

The proof of Lemma 9 resembles that of Proposition 3 (except for the more complicated
constraints), and the proof of Lemma 10 resembles that of Proposition 4. Both proofs
share the idea that the constraints {¢}; > 1,4} < 1} holds if and only if the equation set
{¢}, = 3,¢], = 3} has a solution in (0,1)%. The reason that Lemma 10 takes a maximum on

& and M is that &, and &, only characterize the scenario where v > ¢ and 1 —a—~v > £.

Ppr,

When v < ¢ or 1 —a—v < ¢, Proposition 5 gives the upper bound M.

5.5.8.3  Mazximizing min (&, &).

From now on, we start to maximize min(&,,&,) on 8i, 1— 7, and 7. We find that min (&, &)

Aa—1/2)

7. only if one of the following conditions holds. (1) all the type-1 agents always

exceeds

vote for A (B = 1); or (2) all the type-0 agents always vote for R (1 — 8§ = 1).

A(a—1/2) |

P 7

Proposition 7. At least one of the following holds. (1) maxgt go min (&, &) <

(2) min(&,, &) is mazimized when 8L =1, and (3) min(&,, &) is mazimized when 1— 39 = 1.

Proposition 7 largely decreases the space we need to search for the maximum of min(&, &).

We only need examine two corner cases 3} = 1 and 1 — 37 = 1 and compare the maximum

A(a—1/2)

of these cases with 5
hL

The key idea to prove Proposition 7 is to analyze the derivatives of &, and &, for a
spectrum of lines that passes (8} = 0,1 — 32 = 0). That is, for every t > 0, we consider the
derivatives under a linear constraint of 1 — 37 = t- 8}. (Specifically, ¢ = 400 for line 8 = 0.)
If &, (or &) decreases towards such a line characterized by t, then for every 1 — 3 =t - 3!

and every 7y, &, (&, respectively) will not exceed that when (5, = 1 — 5, = 0, which is no
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more than %. On the other hand, if &, and & both increases towards line ¢, they will
keep increasing until it reaches 31 = 1 or 1 — 39 = 1. Therefore, min(&,, &) is maximized at
Bt =1or1—p)=1(if it exceeds %).

It remains to show that &, and & are always increasing or always non-increasing on
every line t. While directly solving the derivatives is difficult, we only care about whether

they are positive or negative. Recall the fact that for a function f = %, the derivative of

v’

fis f' = % Therefore, we follow sign(f’) = sign(uv'v — uv’) and have the following

observation on the derivatives.

1, pl
sign(W) — sign((1—a—~) - Py — (0 — ;) Poy - Py — (0 — ;) Pt P - 1)).

a&(ﬁflwt : B}1L> 1 1

sign( YN ):Sign<t'(7'PhL_(05_5)'PhH'PZL)_PhH'PéL'<04_§))'

An important observation is that both (signs of the) derivatives are linear on t and
independent of 3} and 1 — ). Therefore, both derivatives are either always positive or
always non-positive. This implies that both &, and &, are either always increasing or always
non-increasing on each line ¢. This finishes the proof of Proposition 7.

In the following sections of the proof sketch, we maximize min(&,&,) under 31 = 1 and
under 1 — 37 = 1, respectively. As we assumed that Py, > Py, these two cases are not
symmetric. In the 1 — 89 = 1 case, min(&y, &) is upper bounded by linear constraint related
to “Steep” Segment 2 and “Tail” Segment 4, while in the 8! = 1 case, the “Non-Linear”

Segment 3 occurs.

5.5.8.4 Casel— 30 =1.

When 1— ) = 1, min(&,, &) is upper bounded by the maximum of the extensions of “Steep”

Ala—1/2)
Ppr

Segment 2 and of “Tail” Segment 4 together. When ﬁ > > ﬁ, min (&, &) <

Y

5 > a > 5, min(&,, &) < A, which relates to

which relates to Segment 2; and when 1 B 2 3
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Segment 4. As % > 1Aq if and only if o > 1+§’u’ this upper bound is the maximum

A(a—1/2

of the line B ) and line %Aa.

Throughout the case 1 — ) = 1, we assume that &, is positively monotone on 3}, which

holds if and only if an inequality between v and « holds. The case where the inequality does

Ala—1/2)
Py

not hold is covered by Proposition 7, and &, <

Proposition 8. When ﬁ > a > 1+§3¢L’ if 1 — 89 =1 holds, either &, or & cannot exceed

A(a—13)
Pnp

Proposition 9. When —4— > a > %, if 1 — Y =1 holds, either &, or & cannot exceed

1+Py, —
1

The proof of Proposition 8 and 9 resemble each other. The cutting point is a specific set
of parameters: 31 =1— 32 =1, and v = %. In this case, &, = & = 3Aa. (Note
that this also serves as a lower bound by Lemma 9, which will eventually become the lower-
bound proof for “Tail” Segment 4.) If we decrease 3} or increase v, &, will decrease and be
smaller than %Aa. If we decrease v, &, > %Aa only when S} is large, while & > %Aa only
when $3} is small. By solving an inequality, we shall figure out that no S} € [0, 1] can satisfy
both inequalities. Therefore, min (&, &) < %Aa. As %Aa < % when o > ﬁ, this

also implies Proposition 8.

5.5.8.5 Case ) = 1.

Unlike the 1— Y = 1 case, min (&, &) contains the “Non-Linear” Segment 3, and the method
for Proposition 8 and 9 does not apply. Therefore, we take a more straightforward method
by maximizing the min(&,,&,) one parameter at a time. Firstly, for every fixed 1 — 39, we
maximize min(§,, &) on v. We denote v* as the v that maximizes min(§,,&). Then we
maximize min (&, &) where v = v* on 1 — 3§. The maximum naturally becomes an upper

bound. Finally, the parameters leading to this maximum also serve as proof for a tight lower

bound.
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Given that &, decreases and &, increases when 7 increases, the v that maximizes min (&, &)
satisfies £, = &. Therefore, solving this equation, we get v* and the corresponding & (denoted

as f) being an upper bound of min (&, &)

Lemma 11. When 2;“ > > 3, for B =1 and any fized 1 — 37, let

A-(a—1/24+1/2-(1— )
(Por,- (1= 09) 4+ Pur) - (Porr - (1= 5)) + P + 1)

Iy

Then, min(&,, &) < ¢ holds for all feasible ~.

The next step is the maximize f on 1 — 2. Here we again apply the trick sign(f’) =

sign(u'v — uv’) and examine the sign of the derivative . It turns out that the 1 — 37

o€
a(1-4p)
that maximizes £ increases as a decreases, and that three cases are occurring in order as «

Aa—1/2)

decreases. (1) Firstly, when « is large, £ is maximized at 1 — 39 = 0, in which £ < o

(2) Secondly, when a becomes smaller, £ is maximized at 1 — 82 € (0,1), in which & = &y
(3) Finally, when « further decreases, ¢ is maximized at 1 — B9 =1, and £ = %Aa. Note this
is also considered as a case 1 — ) = 1, for which Section 5.5.3.4 gives an upper and lower
bound of %Aa.

By Lemma 11, case (2) is exactly the upper bound for the “Non-Linear” Segment 3,

and case (3) is the upper bound for the “Tail” Segment 4. Additionally, the changing point

between case (2) and (3) is a = which is also the cut-off point of Segment 3

1

1+ Per+(Per—Pru)’
and 4. Specifically, if this cut-off point is smaller than %, Segment 4 disappears. On the other
hand, &y > A(%LI/Q) if and only if @ < apny. This becomes the cut-off point of Segment 2

and 3.

As a conclusion, the upper bound given in the case 3! = 1 has three Segments.

1. For o > any, the upper-bound is at most %,

2. For ayp > a > L the upper bound is &y

1
1+Pyr+(Per.—Pru

1

. For a
3 > 1+Pyr+(Per.—Pru

7. the upper bound is sAa.
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This contributes to the upper bound for Segment 3 and Segment 4 in £*(«).

Finally, we wish to derive a (tight) lower bound from the parameters v*, 8} = 1, and
1— Y that maximizes min (&, &) (or, equivalently, ¢ ) for “Non-Linear” Segment 3 and “Tail”
Segment 4, aligning with the upper bounds, by applying Lemma 9. We need to show that
the parameters satisfy the conditions for Lemma 9. 3! and 3} are guaranteed to be [0, 1].
Therefore, it remains to show that v* > {A and 1 —a —y* > é We don’t do Segment 2
because it cannot do better than the case where ~ is biased, where a lower bound %
is given.

While the proof for this constraint is mostly calculation and solving inequalities, we would
like to give a brief high-level idea here. Recall that as o decreases, the 1 — 39 that maximizes

é increases. Given that 8} = 1 always holds, this implies that minority agents are playing a

more and more balanced strategy. Therefore, v* which guarantees that &, = &,, will also be

l—a

>~. As a consequence, a decreases, both *

close to half of the minority agents, which is
and 1 —a —~* are increasing, while é’ is decreasing. Therefore, it suffices to show that at the
beginning of the “Non-Linear” Segment 3, where o = ayp,, both v* > gand l—a—~v"2>7v*
(which is easier than directly proving that 1 —a —~* > ¢ ) hold. This is achieved by directly

solving the inequalities.

5.5.3.6 Wrap Up the Bounds.

So far, we have shown that the upper and the lower bounds of ¢ only derive from one of
the four cases. (1) When + is biased (either type-0 agents or type-1 agents dominates the
minority group). (2) When 1— 37 = 1 (all type-0 agents always vote for R). (3) When 3} = 1
(all type-1 agents always vote for A). (4) All other cases, upper-bounded with % by
Proposition 7. Each case has its own upper bound, and cases (1), (2), and (3) also have
lower bounds.

Therefore, the last step is to integrate all the cases and reach a global upper and lower

bound for each Segment. For the upper bound, we take the maximum of the upper bound for
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each case. In each case, there does not exist a strategy profile satisfying all three constraints
with £ equal to their corresponding upper bound. Therefore, overall, no strategy profiles
can satisfy all three constraints with £ equal to the maximum of all upper bounds. For the
lower bound, we show that the upper bound in each segment binds a tight lower bound. As
a consequence, the bounds consist of the threshold curve £*(«), which finishes the proof.

Now we start to integrate the upper bound of each case.

1. When 7 is biased, the upper bound is (a= 1/ 2) by Proposition 5 along Segment 2, 3,
and 4.

2. When 1 — 3 = 1, the upper bound is given by the maximum of % and %Aa by

Proposition 8 and 9.

3. When 3! = 1, the upper bound is no more than % in Segment 2, {7, in Segment

3, and %Aa in Segment 4, as analyzed in Section 5.5.3.5.

A(a—1/2)

P by Proposition 7.

4. In all other cases, the upper bound is at most

The ordering of these upper bounds varies in different segments, of which the full proof is

in Appendix C.5.1. In Segment 2, % is the largest. In Segment 3, {x, is the largest.
Finally, in Segment 4, lAa > %. Therefore, taking the maximum on each segment,
(a—1/2)

the upper bound for ¢ is in Segment 2, £y in Segment 3, and %Aa in Segment 4

PhL
(if exists). This is exactly the upper bound given in £*(«).

Finally, we show the tight lower bound corresponding to the upper bound in each segment.

1. In “Steep” Segment 2, Proposition 6 in the biased case gives the lower bound %,

where all minority agents always vote for A.

2. In “Non-Linear” Segment 3, we show that the corresponding £* and 1 — ) that maxi-
mizes é serves as a valid set of parameters in Section 5.5.3.5. By Lemma 9, £, is also

a lower bound.



94

1—(Por+Per)-« (
2

3. For “Tail” Segment 4, the parameters 8 = 1 — 3} = 1, and v = as

discussed in the Section 5.5.3.4 and 5.5.3.5) gives the lower bound A« by Lemma 9.

Therefore, the lower bound on ¢ is exactly given in £*(«). We finish the proof that £*(«)
is exactly the threshold curve for which a strategy profile satisfying all three constraints

exists.

5.5.4 Equilibria in Each Segment

In this section, we display the “optimal” equilibria achieving the maximized £* in each
segment as an extension of the proof sketch. In each segment, the equilibrium exhibits a
different structure and leads to different features of the segment Throughout this section, we
assume that Py, > P,y for a clearer illustration. In each equilibrium described, all majority
agents play the same strategy, and all the minority agents in the same group play the same
strategy.

We start from « > 6 where an n-strong equilibrium exists. In the equilibrium, majority
agents play a modified informative voting such that 5, = 1 and 5, > 0. Deng et al. [10]
show that this majority strategy guarantees an n-strong equilibrium regardless of minority
behavior. When P,y = Py, S = 0, and the strategy becomes informative voting that
maximizes the margins. When P, > Py, the H side margin ¢y — % is more fragile than
the L side margin % — ¢, under informative voting. Therefore, (, is raised to strengthen the
L side at the expense of the H side.

In the “Flat” Segment 1, the majority’s equilibrium strategy keeps the same pattern of
Brn =1 and [, > 0. Moreover, [, decreases as a decreases, reaching 0 at the transition to
Segment 2. The minority agents always vote for A in the equilibrium strategy. Specifically,
when P,y = Py, Segment 1 reduces to a point. The flat threshold occurs because the
minority A votes offset the margin imbalance caused by signal asymmetry (P, > Pry).

As these A votes strengthen the H side margin, the majority can adopt strategies closer to

informative voting despite a shrinking population. Strategies closer to informative voting
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have larger 3, — (B¢, which yields a larger sum of two margins ¢y — ¢r. Consequently,
the margins remain constant with the majority population and keep the segment flat. At
the transition to Segment 2, minority A votes exactly balance signal asymmetry, allowing
majority agents to adopt pure informative voting.

In the "Steep" Segment 2, the majority of agents play a modified informative voting,
but in another direction: 3, < 1 and 5, = 0. Moreover, 3, decreases as « decreases. The
minority agents still always vote for A. In this segment, minority A votes overcompensate
for signal asymmetry, and the L side margin becomes weaker under informative voting.
Therefore, the majority agents must sacrifice total margin to balance both sides, causing the
threshold decline.

The "Non-Linear" Segment 3 exhibits the most complex equilibrium structure. The
majority of agents follow 3, < 1 and §, = 0, and ), increases toward 1 as « decreases.
Minority agents split into two groups. In the larger group (Group 1), all the agents always
vote for A. In the smaller group (Group 0), agents play a strategy of 5, = 0 and 5, € (0,1).
As « decreases, the strategy of Group 0 gets closer to always voting for R, reaching it
at the transition to Segment 4. In this equilibrium, opposing votes from the two groups
offset each other’s deviation power, maximizing tolerance to deviations. The non-linear
relationship arises because both Group 0’s strategy and fraction change simultaneously as «
varies, creating multiplicative effects on margin changes.

Finally, in the “Tail” Segment 4, all the majority agents vote informatively. Minority
agents maintain their two-group structure: the larger Group 1 always votes for A, while the
smaller Group 0 always votes for R. Opposing votes between groups offset their collective
deviation power, while the size difference helps balance signal distribution asymmetry. Unlike

Segment 3, strategies remain fixed as o changes, restoring the linear threshold relationship.
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CHAPTER 6
CONCLUSION AND FUTURE WORK

This dissertation addresses whether strategic agents can reach informed collective decisions
when agents possess different subjective preferences contingent on an objective ground truth.
We give an affirmative answer: strategic behavior indeed reaches informed decisions under
simple mechanisms such as majority vote and its variants under different preference struc-
tures. This sharply contrasts with the classical non-strategic behaviors, which require addi-
tional assumptions to reach good outcomes. Consequently, we claim that strategic behavior
is a bliss in making informed decisions.

We propose a unified utility framework that holds both subjective and objective pref-
erences: each agent’s utility is the sum of a subjective component, which depends only on
the chosen alternative, and an objective component, which depends on the unknown ground
truth. We adopt the informed majority decision as the criterion of a “good”, which is the
alternative a majority would favor had the ground truth been a common knowledge.

Chapter 3 proves the foundational result. Under the solution concepts of approximated
strong Bayes-Nash equilibrium, every equilibrium of strategic majority voting reaches the
informed majority decision. The next two chapters answer questions this result leaves open.
Chapter 4 asks whether the informed majority decision can be reached by a mechanism
simpler than the equilibria of Chapter 3, which are not easy for voters to locate. It gives
a two-round procedure whose natural equilibrium aggregates information through a first-
round poll and decides on the aggregate in the second round. Chapter 5 investigates a
different preference structure where a strong equilibrium may not exist. The key question is
whether strategic behavior induces a good outcome where agents have limited capability to
coordinate. It introduces k-strong equilibrium, which caps the size of any deviating coalition

at k, and shows that the informed majority decision is reached even when coordination is
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bounded.

6.1 Limitations

So far, my research is limited to binary voting, where agents select a winner from two alter-
natives. One of the most important extensions in the future is to study informed decision-
making in a wider range of social choice scenarios, including single-winner voting with more
alternatives, multi-winner voting, and participatory budgeting. A challenge of this exten-
sion lies in the definition of a “good” decision, as we do not have a universally acknowledged
criterion like “the majority’s wish” in binary voting. One idea is to extend the informed
majority decision to the informed-X -decision, where X can be a voting rule or an axiom
(a desiderata proposed to evaluate, compare, and design voting rules). Given a voting rule
r, informed-r requires that the r winner under agents’ fully-informed preferences be chosen.
Given a social choice desideratum X, informed-X requires that the group decision to satisfy
X w.r.t. agents’ fully-informed preferences. Informed-X-decision leverages the rich collection
of voting rules and axioms in the existing social choice literature to establish comprehensive
benchmarks and design targets for mechanisms in our preference-uncertain decision-making
scenarios. Another challenge is that the landscape of strategic behaviors and their outcome
may change drastically. As indicated by Goertz and Maniquet [23], informative voting may
be an equilibrium but leads to the wrong alternative in a model of three alternatives. A
more thorough analysis will be a future direction.

We also have limitations on the assumptions about the settings. For example, we assume
that agents receive i.i.d. signals, and the preferences of agents follow a certain structure of
population (aligned or opposite), and that agents commit to their strategies before observing
signals. Accordingly, future directions include investigating agents with correlated signals,

agents with different competencies, and a wider range of solution concepts.
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6.2 Looking Forward

My research addresses challenges at the intersection of several contemporary movements. The
integration of Al systems into decision-making (e.g., content moderation and medical diag-
nosis) demands frameworks that coordinate human and machine intelligence across different
information sources. The rise of online deliberation platforms (Polis, Remesh), participatory
governance, and decentralized autonomous organizations reflects growing institutional inter-
est in scalable collective decision-making mechanisms. Meanwhile, the epistemic challenges
of our information environment, like algorithmic filter bubbles [88] and echo chambers [89],
make information aggregation not merely theoretical but essential for democratic legitimacy.
My framework for understanding how strategic agents with heterogeneous information and
preferences reach informed decisions provides theoretical foundations for these emerging ap-
plications in digital democracy, human-Al collaboration, and decentralized governance.
Moving forward, my research will deepen the analysis of the three key challenges. A
promising direction for preference modeling is developing richer characterizations span-
ning the full spectrum between aligned and opposing structures, incorporating multiple so-
cial and information groups with overlapping or conflicting networks, and analyzing multi-
dimensional or continuous information structures. For aggregation mechanisms, a key
direction is systematically investigating the informed decisions across comprehensive collec-
tions of voting rules and axioms to build a taxonomy suited to preference-uncertain environ-
ments. Regarding strategic behavior and incentives, extending analysis beyond binary
decisions to multi-alternative voting, multi-winner elections [90], and participatory budget-
ing [91] will reveal how the epistemic perspective of simultaneous preference expression and

information aggregation applies in richer decision spaces.

Bridging Theory and Practice. To ensure theoretical insights translate to real-world
impact, I will continue conducting experiments with both large language model agents and

human subjects, validating theoretical predictions and uncovering behavioral patterns that
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inform refined models.

Concluding Remarks. As our world becomes increasingly interconnected yet fragmented
by information silos, the need for robust, fair, and informed group decision-making mech-
anisms has never been greater. My research aims to provide the theoretical foundations
and practical tools to meet this challengeenabling diverse groups of humans and Al systems
to harness their collective knowledge and navigate their differences to reach decisions that
reflect both individual values and shared understanding of reality. By bridging game theory,
social choice, and behavioral analysis, this agenda strives toward a future where strategic

complexity becomes an asset rather than an obstacle to collective wisdom.
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APPENDIX A
TECHNICAL APPENDIX FOR CHAPTER 3

A.1 Proof of Theorem 1

Theorem 1. For any Ny € N, there exists an instance of N > Ny agents, which does not

exist a strong Bayes-Nash equilibrium.

Proof. For any Ny, we construct an instance of N = 2N, + 3 agents. The agents consist of
three parts: F is a set of Ny 4 1 friendly agents. C' is a set of two contingent agents. And
U is a set of Ny unfriendly agents. The valuation function of each set is shown in the table.
The threshold u = 0.5. The prior distribution P, = Py = 0.5. The signal distribution
P,g=PF; =08, and By = P,;, =0.2.

agents v(H,A) wv(L,A) v(L,R) v(H,R)

F 100 99 1 0
C 90 0 100 0
U 1 0 100 99

Still, consider three strategy profiles:

e Yy: In F, Ny agents always vote for A, and one agent votes informatively. Two agents

of C' vote informatively. Ny agents of U always vote for R.

e Yo Ny + 1 agents of F' always vote for A. Two agents of C' vote informatively. Ny

agents of U always vote for R.

e Y3 Ny + 1 agents of F' always vote for A. One C agent votes informatively, and the

other agent always votes for R. Ny agents of U always vote for R.

The expected utility of each type of agents in three profiles is in the table as follows. The

three profiles form a deviating cycle of X; — ¥y — 33 — ;. In ¥, the F' agent who votes

109
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agents > > Y3

F 50.396 66.14 50.3
C 85.12 752 76
U 50.396 34.46 50.3

informatively has the incentive to always vote for A, and the profile becomes 5. In ¥, a
C agent has the incentive to always vote for R, and the profile becomes ¥3. And in X3, the
group of a F' agent and two C' agents have the incentives to turn to informative voting, and
the profile becomes .

Now we show that for any other strategy profile 3, there exists a group of agents with
incentives to deviate.

Case 1: A is always the winner. In this case, at least Ny 4 2 agents always vote for A,
the expected utility of U agents is 0.5, and the expected utility of C' agents is 45. If there
exists a group of U agents such that A is not always the winner after they deviate to always
vote for R, their expected utility will increase. Otherwise, there are still at least Ny + 2
agents who always vote for A even if all U agents always vote for R. Therefore, at least one
C agent always votes for A. Now consider the deviating group C'U U, where all agents in
the group turn to always voting for R. Then R will always be the winner. The expected
utility of U agents increases to 99.5, and the expected utility of C' agents increases to 50.
Therefore, in this case, Y is not a strong BNE.

Case 2: R is always the winner. In this case, at least Ny + 2 agents always vote for R;
the expected utility of F' agents is 0.5, and the expected utility of C' agents is 50. Similarly,
if all agents in F' voting for A can reverse the decision, their expected utility will increase.
Otherwise, all agents in U and C' always vote for R. Then, the group F'UC' has incentives to
deviate, where F' agents always vote for A, and C agents vote informatively. The profile after
the deviation is Y5, in which both F' and C' agents have high expected utilities. Therefore,
in this case, X is not a strong BNE.

Case 3: Neither of the alternatives is always the winner. In this case, any F' agent not
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always voting for A and U agent not always voting for R has incentives to deviate to get a
higher probability that their preferred alternative to be selected. Now suppose all F' agents
always vote for A, and U agents always vote for R. In this case, we show that the expected
utility of C' agents is uniquely maximized by one agent voting informatively and the other
agent always voting for R, just as ¥3. Therefore, for any 3 # Y3, C' agents have incentives
to deviate to X3. And X3 itself is dominated by ;.

Now without loss of generality, we index the two agents in C' as agent 1 and agent 2.
Suppose the strategy of agent 1is o1 = (8}, 8}), and the strategy of agent 2 is oy = (37, 57).
Since there are Ny + 1 votes for A and Ny votes for R, R is the winner only when both two
agents vote for R. Let X; and X, be the random variable that denotes the vote of agent 1
and agent 2 respectively. X; = 1 stands for “agent ¢ votes for A”, and X; = 0 stands for

“agent i votes for R”. Therefore, the probability of A being winner under H state is

MG (2)=1—Pr[X; =0AXy=0|W = H]
=1-Pr[X;=0|W=H]-Pr[Xo=0| W = H|

—1—(0.8-(1— B +02-(1—8))(0.8-(1—52)+0.2-(1— 2.

Similarly,

M) =Pr[X; =0A Xy =0 | W = L]

=(0.8- (1= 5;) +0.2- (1= 5,))(0.8- (1= 5) +0.2- (1 - 57)).

And
u(X) = ua(X) = 0.5- (90 - A5(X) + 100 - AR (%)).

Let 1y =1—8Ly1=1—8,29=1— % and y, = 1 — 57, and expand the expected utility,
we get

u(X) = —26.87129 + 0.821y2 + 0.872y1 + 30.2y1y5 + 45.
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We consider the variables to maximize the expected utility. Note that given x; and vy, if at
least one of z; and y; does not equal to zero, yo = 1 is a necessary condition for uy(X) to be
maximized, and vice versa. In the special case where four variables are all 0, > stands for
both C' agents always vote for A. In this case, A is always the winner, and C agents have
incentives to deviate to always vote for R as shown in Case 1. Now, given that at least one
of the four values is non-zero, we must have y; = y» = 1 to maximize the expected utility.

Then the expected utility turns to

Then it’s not hard to see that u;(X) is uniquely maximized when one of z; and x5 takes 0
and the other takes 1. Then X is exactly ¥3. Therefore, the expected utility of C' agents is
maximized on 3.

Consequently, we show that in every case, a strategy profile is not a strong BNE. There-

fore, a strong BNE does not exist in the instance. Il

A.2 Non-binary Setting

A.2.1 Additional Setting

In this section, we propose notions in non-binary settings that are used in technical proofs

and not mentioned in the main paper.

Fraction of Agents Given a specific n, we use ng,n¢, and ny to denote the number of
each type of agents, and use ar = “F, 4c = “¢ and 4y = " to denote the fraction of each
type of agents. Note that &, &¢, and Gy is dependent to n.

In the non-binary setting, we have &r < p and &y < p for all sufficiently large n, which
means that neither friendly nor unfriendly agents can dominate the vote. Note that this is

guaranteed by the assumption that both £ and H are non-empty.
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Proposition 10. There exists a constant n, > 0, s.t. for alln > n,, &p < p and ay < p.

Proof. First, we show that &p < p. For a candidate-friendly agent, we have £; C L.
Therefore, L; < L, and ¢ prefer A if the world state is L. On the other hand, an agent
vote for A in L is a friendly agent according to the definition. Therefore, the set of friendly

agents is exactly the set of agents who will vote A in world state L. Therefore we have

np =|N(L,A)]
—n— [a} - T)
<(1-af)-n+1
:aLAn—i—l
A 1)

=n(ap + 7

According to the definition of L, we know that a® < p and a# is independent from n.

Therefore, there must exist a n, > 0 s.t. for all n > n,, af + % < b, and therefore ap < p.
Then we show that ay < 1 — p. Similarly, the set of unfriendly agents is exactly the set

of agents who will vote R in world state H. Therefore,

ny =|N(H,R)|
=laf - n]
Sa%-n

<(1—p)-n.

The last inequality is due to the definition of H. Therefore, we have ay < 1 — pu. m

For the non-binary results we all assume that n > n,,, therefore &r < p and ay < p.
Then we define the approximate fraction of each type of agents ar, ac, and oy that are

independent of n. As we have shown in Proposition 10, the set of friendly agents is exactly
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the set of agents who will vote A in L, and the set of unfriendly agents is exactly the set of

agents who will vote R in H. Therefore, we define ar, ac, and ay as follows:

— A
1. ap =a7.

2. ay = ok
3. ac=1—ar —ay.
According to the definition we have ar < g and ay < 1 — p. And it’s not hard to verify

that np =n — [(1 — ap) -n|, ny = |ay -n],and nc = |(1 — ar) -n] — |ay - n].

Error Rate Error rate is complementary of the fidelity. Given a strategy profile Y, let
MA(2) (AR(X), respectively) be the probability that A (R, respectively) becomes the winner

when world state is k. We can define the error rate I of the mechanism:

I(2) =Y B ANE) + X B ARE). (A1)

kel keH

Note that A(X) + [(X) = 1.

A.2.2 Berry-Esseen Theorem

In this section, we recall the technical theorem which will be used in the proof of our result.
Berry-Esseen Theorem [79, 80] bounds the difference between the distribution of the sum of

independent variables and the normal distribution.

Definition 11 (Berry-Esseen Theorem). Let X, X, -+, X, be n independent variables
with E[X;] =0, Var(X;) = 02 > 0, and E[|X;|)] = p; < co. Let

X+ Xo+ -+ X,

Sp = :
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Let F,, denote the CDF of S,,, and ® to be the CDF of the standard normal distribution.

Then there exists an absolute constant Cj s.t. for all n,

F,(z)—® <Cp- .
ig£| (x) ()] 0 (o%—ka%—l—-”—i-aﬁ)gm

The upper bound of Cj is estimated to be 0.5600 by Reference [92].

A.3 Non-binary Results.

In this section, we present our theoretical results in the non-binary setting. All the theorems
are natural extensions from the binary setting to the non-binary setting, and the proofs also
hold for the binary setting. We'll give remarks to show how to convert the proofs into the

binary setting.

A.3.1 Lemma 12 (Lemma 1 for binary setting)

First, we show that a strategy profile with high fidelity will lead to an e-strong BNE with a

sufficiently small e.

Lemma 12. Let e(n) be a function of n. For any n > n, and any regular strategy profile
¥ with n agents, if ¥* satisfies A(X*) > 1 —e(n) (equivalently, 1(3*) < e(n)), then ¥* is

an e-strong Bayes-Nash where ¢ = KB((K —1)B + 1) - e(n).
Lemma 12 is a natural extension of Theorem B.4 in Schoenebeck and Tao [9].

Proof. Since we have & < pand &y < 1—pu, we do not need to consider the friendly /unfriendly

agent dominating case. Consider a deviating strategy profile ¥/, there are two possible cases:
L IX)<(K=1)B+1)-e(n)
2. I(X)>(K—=1)B+1)-e(n)

Case 1. In the first case, the error rate of ¥’ is low. Since both strategy profiles have high

fidelity, we show that agents cannot gain large utility from deviating.



116

Claim 1. If I(Y) < (K —1)B+1) -e(n), then u;(¥") —u;(X*) < € for all agents.

We know that 1(X) = Ypcr P A (2)+ken P AR(E). Therefore, we have 0 < A2 (YY) <

%}jl)'e(n) for all k € £ and 0 < AR(Y) < w for all £ € H. At the same

time, since I(X*) < e(n), we have 0 < M (*) < %z) for all k € £ and 0 < AR(Z*) < %’Z)
for all £ € H. Therefore, for every k € L, we have

(K-1)B+1)- e(n).

A (Z) = AF ()] = I () = AR (2] < max(NH (), A¢(27) < B,

And for every k € H, we have

K—-1)B+1)-e(n)
Py .

M) — MR = IR () — AR ()] < max(AR(E), A () <

Therefore, for any k € W, |A&(Z) — A2 (2%)] < w. Now for an arbitrary agent

1, we consider her gain in deviation:

i (X)) — ui (X))

= 2_: Pe((A (5) = A (57)) - vilk, A) + (A () = A (E) - vi(k, R))
= Z Po(vi(k, R) = vi(k, A)) (A (57) = AL (X))

+ > Prlvilk, A) = vi(k, R)) A () = A2 (2))
keH;
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(K—-=1)B+1)-e(n)

< Y Pu(vi(k,R) — vi(k, A))

keL; P,
Y Plwk, A) — vk, R) 1>i +1)-e(n)
keH; e
<Y P-B- (K-1)B+1)-e(n) S BB (K —1)B+1)-e(n)
keL; Pk vl Pk

=KB((K —-1)B+1)-e(n)

=E£.

Case 2. In the second case, we show that >’ cannot be a successful deviating strategy in

the following steps:

1. Contingent agents get strictly less utility in ¥’ than in ¥* and thus have no incentive

to deviate.

2. For a friendly agent ¢; and an unfriendly agent t,, if one of them gain more than
A = B -e(n) from deviation, the other will get strictly less utility. Therefore, D

contains either only friendly agents or only unfriendly agents.
3. D with only one type of pre-determined agents cannot gain utility more than e.

Claim 2. If I(¥') > (K = 1)B+1) - e(n), then u;(¥') — u;(3*) <0 for contingent agents.
Firstly, we have A(X*) > A(X')+ (K —1)B-e(n). This is because I(X') > ((K—1)B+1)-e(n)
and 1(X*) < e(n). Then we consider the utility difference of an arbitrary contingent agent
(5

ui(X) = ui(E7) = kchk(vi(k’ R) — vi(k, A)) (N (Z) = AE(EY))

+ > Pi(vilk, A) — vi(k, R)) A () = A2 (2))
keH

Recall that v;(k,R) — v;(k, A) > 0 for all kK € £ and v;(k, A) —v;(k,R) > 0 for all k € H.

We consider two cases:
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(1) For all world state k, ¥* leads to the informed majority decision with a higher probability
than X’. That is, for all k € £, AB(Z)—AR(2*) <0, and for all k € H, M2 (X)) - (%) < 0.
In this case, there is at least one k such that the inequality is strict. Therefore we have
wi (X)) —uw(X) < 0.

(2) There exists a world state k in which ¥’ leads to the informed majority decision with a
higher probability than X*. That is, there exists £ C L and H' C H s.t. L' UH' # , and
for k € £/, \B(Z) — AB(Z*) > 0; for k € H', A2 (') — M2(¥*) > 0. Note that L' UH # W

always holds, otherwise we will have A(X’) > A(3*) which is a contradiction. Then we have

Yo BORE) -ME)+ Y BORE) - (E))
keL\L! keH\ M’

=A(E) - AR - ng PR (27) = (X)) — er:L P(A (Z7) = A (2)

SA(D) — A

>(K —1)B-e(n).

At the same time, for all k € £, we have A\}(Y/) — AB(X*) < 61(37;), and for all k € #H’,
M) — M (2 < %z). Therefore, the difference of utility will have

<—(K—-1)B-e(n)+ > Pk~@-8
keL'un’ Py

<—(K—-1)B-e(n)+ (K —1)B-e(n)

=0.

In the second line, the first term comes from the sum of all terms for k € W\ (£ ' UH'):
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> B = NHE)) (vi(k, R) — vi(k, A))

keL\L’
+ >0 BORE) = ANE))(vi(k, A) — vi(k, R))
keEH\H/
> BHEY) = AT (E)) (vi(k, R) — vi(k, A))
keL\L’
— > BORE) = ARE))(uilk, A) — vi(k, R))
keEH\H’
Y BORE) -AE) 1= Y PBOCE) - AR E)) -1
kel\L' kEH\H’

<— (K —=1)B-e(n).

And the second term comes from the sum of all terms for & € £ U H’. Note that since
L' UH CW, wehave ['UH'| < K — 1.
After excluding contingent agents from the deviating group, we show that any deviating

group D cannot contain both friendly and unfriendly agents.

Claim 3. Suppose i1 is an arbitrary friendly agent, and io is an arbitrary unfriendly agent.

For A=K -B(B+1)-e(n), we have
1. ]f Ujy (Z/) — U4y (Z*) > A; uiQ(E/) - UZQ(E*) <0.
2. ]f Wiy (Z/) - um(z*) > Aa ui1<2/) — Ugy (E*) <0.

We will only prove (1) since the reasoning of (1) and (2) are similar. Without loss of
generality, let 73 = 1 and is = 2. Suppose u(¥X') — uy (X*) > A, we'll show that ue(X') —
ug(X*) < 0. According to the definition of friendly and unfriendly agents, we have £; C L C
Lo, and Ho C H C H;.

We’ll mainly use three facts in the proof:

1. forallk € £, A\ (Z*)— A
M) - (1 -4 < ¢

Py

IR
n)

k

AME) < s forall k € H, MH(E) =M (E7) <
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2. for both i =1 and i = 2, v;(k, A) — v;(k, R) is negative for all k € £, and positive for
all k € 7{2

3. for both i =1 and i = 2, v;(k, A) — v;(k,R) is increasing in k.

We first consider the difference of 1’s expected utility:

A<u(Y) —w(X) = ]; Pr(vi(k, A) — v (k,R)) (AR (Z) = AR (Z9)

We can categorize k into three parts:

« k€ Ly. For these k, v;(k, A) — v;(k,R) < 0 and A2 (X*) — AR (X') < <. Therefore,

we have

kz; Pi(vr(k, A) = o1(k, R)) (A (Z) = A2 (2Y))

= > Pu(ui(k,R) — vi(k, A) (N7 (Z) = AP (X))

kel
SZPk'B'@
keLy }%

=Y B-e(n).

kel

« k € H,. For these k, v;(k, A) — v;(k, R) > 0 and A\A(X') — MA (%) < €2 Therefore,

Py

we have

> Pelvi(k, A) = o1 (k, R)(AF () = A (29))

kEH2
<Zpk B-@
ket }%
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o ke W)\ (L1 UH,). Note that this part can be divided into two parts: k € LNH; and

Lo NH. We'll deal with this part later.

Therefore,

A <U1(E*> — U1<E/)

=Y Pi(vi(k, A) — vi(k, R)) (AL () = Ap (7))

k=1

< > RokA) —u(kR))NE) = ARE) + D B-e(n)
kEeEW\(L1UH2) keL1UHo2

= 3 Rl &) -k R)ORE) - M)

- ;Hpk(vl(k’ A) = ui(k, R)) (AL (Z7) = AR (X)) + ) EZH e(n) - B.

Now we start deal with the first two terms with fact 1 and 3.

1. For the first term Y pc pqp, Pr(v1(k, A)—v1(k, R)) (A (Z) =M (%)), we have (v (k, A)—
v1(k,R)) > 0 and (MM (') — A& (2%)) > —%Z). we want to replace the k in v into L,
which will make (vi(k, A) — v1(k,R)) larger. At the same time, we want the whole

term to become larger as well. Therefore, we add some term into (Af (%) — A\ (X*))
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as follows:
S Puloaln A) — vy (b, RO () — M)
keLNH1
= Y Rk A) - u(kR)OAE) - A=) + )
keLNH1 k
= Y Rk A) -k R) -
keLNH, k
<Y AL A) - nLRYOAE) - A ) + )
keELUH k
— Z ’UlkA —Ul<k’ R)) ( )
keLNHq
= 5 Puni(L,A) — oy (L R) A — M)
keLNH1
+ Y (((v(L,A) —v1(L,R)) = (vi(k,A) — v1(k,R))) - e(n)
keLNHy

< D> Bl A) = u(LR)AC(E) =M (E) + > B-en).
keLNHy keLnHy

2. For the second term — Y pcp,qw Pe(v1(k, A) —v1(k, R)) (AR (%) — A (X)), we use sim-
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ilar technique to replace k into L:

= > Pulvi(k,A) = ok, R)OE(E) = A (X))
keLoNH

= Y Rk A) -k R)OAE) - M) + W)
k€ELoNH k
Y (kA) - (bR)-e(n)
k€LoNH
< Y Rm(LA) - n(LRYOAE) - ) + )
keLonH k
Y (kA) —u(bR) - e(n)
k€LoNH
C =Y oL A) - (LR)OME) - M)
keLoNH
£ (0l A) = 00k R)) = (01(L, A) — (L, R))) - eln)
keLoNH

=- ) ﬁZﬂH Pi(vi(L, A) = vi(L,R)) (A (Z7) = AL (X)) + MZOH B -e(n).

Note that the first inequality comes from fact 3 that 0 < v (L,A) — v1(L,R) <

vi(k,A) —vi(k,R) for all k € Lo NH.
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Now we put everything together and get

A <u1(2') — Ul(E*)

< LZ Py(vi(k, A) — o1 (k, R)) (AL (X) = Ap (2Y))
kelnH,

— Y Pk A) — (B R)OAE) - ME)+ Y B-eln)

keLaNH keLiUH2
< D Pu(ui(L,A) = ui(LR))(AF(Z) = A (2))
keLNH1
= > Puui(L,A) = ui(L,R)) (AL (Z7) = A (X))
keLanH
+ Y B-e(n)+ Y. B-e(n)+ >, B-e(n)
keLiUH2 keLUH, keLoUH
= ; Py(vi(L, A) = o1 (L, R)) (A (Z) = A2 (2))
keLNHq
— LZ Pi(vi(L,A) — 01 (L, R))AMNE*) = A (X) + K - B -e(n).
keLoNH

Note that B > vy (L, A) — v1(L,R) > 0. Therefore, we have

> BORE) -AE)) - X ROR(E) - AR (YY)

kELOM: kELoNH
>A — K- B-e(n)
B
K- -B(B+1)-e(n)—K-B-e(n)
B B
=K -B-e(n)

Now we consider agent 2’s side. We show that us(X') — ua(X*) < 0. Most calculations
will be the same as those of agent 1. Note that one main difference is for agent 2, vo(k, A) —

ve(k,R) < 0 forall k € W\ (L1 UH,).
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ug(X') — up(X¥)

Z (va(k, A) — va(k, R)) (AR (X)) — ARX(ZY))

< Pr(va(k, A) — va(k,R)) AR (E) = AR (Z))+ > B-e(n)
keEW\(L£1UHs) keL UM
) ; Pr(va(ky A) — va(k, R)) (AR (E) = AR (Z9)
) ; Pr(va(k, A) — va(k, R)) (AR (57) — A (X)) +k ﬁZ B -e(n)
< ) LZH Py(va(L, A) — v2(L, R)) (AR (X)) — A2 (ZY))
k ;Hpk(vz(L, A) — (L, R)AME*) = A2 (X) + K - B -e(n)

<(ve(L,A) —vo(L,R))-K-B-e(n)+ K -B-e(n)
<—-1-K-B-e(n)+ K-B-e(n)

=0.

Therefore, we show that us(X') — ua(X*) < 0, which implies the claim.

Remark 2. Note that in the binary setting, this part of proof can be largely simplified. Note
that£1 :HQ = (Z), EUHl = {L}, and’HUEQ = {H}

Now we come to the final step of Case 2. We’ll show that a deviating group D that

contains only friendly or only unfriendly agents cannot gain utility more than e.
Claim 4. If D contains only friendly agents (or only unfriendly agents), then for every
1€ D, UZ(Z/) — ul(Z*) <€

Without loss of generality, suppose D contains only friendly agents. The calculation for
D containing only unfriendly agents will be the same. Note that in ¥* every friendly agent

always votes for A. Therefore, when friendly agents in D deviate, the probability of A being



126

the winner will decrease. Formally, for any k = 1,2,--- , K, we have A*(X') < M (Z*). Now

we consider the difference in the expected utility of an arbitrary friendly agent in D:

ui(X) — (3 ng: Pe(vi(k, R) — vi(k, A)) (A (27) = A (X))
+ kZ Pi(vi(k, A) = vi(k, R) (AL () = Ag(29)).
EH;

Note that for all k¥ € H;, we have v;(k, A) — v;(k,R) > 0. Therefore, the second sum is

non-positive. At the same time, since £; C £, we have A2 (X*) — MM (X) < A2 (T*) < %’;)

and v;(k,R) — v;(k, A) > 0. Therefore,
w(X) —u() <Y P B B K Ben)<e
keL; B,

Therefore, we show that ¥* is an e-strong BNE where ¢ = KB((K —1)B + 1) - e(n). O

A.3.2 Theorem 6 (Theorem 3 for binary setting)

Then we show that there always exists a sequence of regular strategy profiles with high

fidelity.

Theorem 6. For an arbitrary sequence of instances, there exists a series of reqular strategy

profiles {3/ }°2, and constants ng > 0, ¢ > 0 such that for all n > ng, AX)) > 1 —

2 exp(—2¢°n).

Proof. Let B(n,p) denote a random variable of binomial distribution with n experiments
and probability p. Given n and a regular strategy profile ¥, where all contingent agents

play strategy o = (81, B2, -+ , Bm), We can write A2 and A} for each k.
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A (2,) = Pr[#number of votes for A > un | W = k]

M

m=1
M
nCaZ mk * Bm _nCZPmk Bmz ka() ]
m=1 m=1
where we define
M
n
ka( Z mk * Bm
n m=1

M
—OCF_'_O‘CZPmk'Bm_/JJ

m=1

Similarly,

M (Sn) = Pr[B(ne, Y Pok - (1= Bm)) —nc Y, P - (1= ) = —fir(0) - nl,

m=1 m=1
where

n M
fir(o) n ZPmk Bm) — (1= p)

m=1

M
_aU+aCZPmk ﬁm)_(l_,u)

m=1

If we can find a o', and constant ng > 0, ¢ > 0 s.t. for every n > ng, for every k € ‘H we
have fl!s(0’) > ¢ and for every k € £ we have f'g(c’) > ¢, then we can directly apply the
Hoeffding Inequality and show that for every n > ng, ¥/ has high fidelity.

Now we start constructing strategy o’. First we define the "approximated version" of f,
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and f/r which are independent from n. Given a strategy o, let

M

fea(o) =ar +ac Y. Pu - Bu — 1 (A.2)
M

fir(0) =ay + ac Z_ P (1= Bn) — (1= p). (A.3)

The rest of the proof will go as follows:

1. First, we construct a strategy o’ s.t. for every k € H we have ka(a’ ) > 0 and for

every k € £ we have fyr(0’) > 0.

2. Then we find out ny and show that for every n > ng, fi'a(c’) will not deviate from
i A(0’) too much, thus will larger than some constant ¢. Similarly we show that for

every n > ng, fia(o’) > ¢.

3. Finally, we show that for all n > ng, A(X)) > 1 — 2exp(—2¢?T) by applying the

Hoeffding inequality.

Part 1. Constructing ¢’. The construction of o has three steps. We start from a simple
strategy and then modify it to the target step by step.

Step 1. Consider a simple strategy oo = (8%, 8*,- -+, 5*). That is, the agent always votes
for A with probability 5* and votes for R with probability 1 — 8* no matter what signal she
receives. [* satisfies ap +ac - f*—p = 0. Since ap < pand ay < 1— pu, we have g* € (0, 1).

Moreover, we have ka(ao) =0 and fkR(ao) =0 forall k € W.

Step 2. Let m* = L%j m* will serve as a threshold, as we regard signals not larger than

m* as "low signals" and those exceeding m* as "high signals". Specifically, for a world state

k, define Py, = Zﬁ;l P, and Py, = %:m* +1 Pk According to the stochastic dominance

assumption, we have 0 < Py, < Py, and Py, > P, > 0 for all &y > ko, Let 5 = 5" — 4y,

and g, = 8* + dp,, where §; > 0 and d;, > 0 are constant satisfying d, = J; - %. We can

carefully select and fix d;, and ¢; to make 3, and (5, inside (0, 1). Then we construct strategy

op: if the agent receives a low signal m < m*, she votes for A with probability 5; and R
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with probability 1 — f;; if she receives a high signal m > m*, she votes for A with probability

Br and R with probability 1 — £;,. Then we show that
o forallk € H, ka(Ul) >0, and
e forall k€ £, fir(o1) > 0.

For the H side, we’ll first show that fHA(al) = 0. Then we show that for all £ € H,

ka(al) > fHA(al). For k = H, we have

fHA(Ul> =Qap + @C’(PZH . 6[ —+ PhH . Bh) — 1t
=ar +ac(P - (8" = 0) + Paon - (8" + 6n)) — p
Py

ZOéC'(—PZH'51+PhH'5z'ﬂ)

=0.

For other k € H, because 5; < By, P < Pig,and Py, > P,y, we have ka(al) > fHA(al) >
0.
For the £ side, similarly, we’ll first show that fLR(al) > (0. Then we show that for all

kelL, fkR(Ul) > fLR(Ul). For k = L we have

fir(o1) =av +ac(Pur - (1= B) + P - (1= By) — (1 — p)

=ay +ac(Pr-(1=6"+8)+ Por - (1= 8= 6)) — (1 — )

P
ZOéC'(HL'5z—PhL’5l'f)lTH)
H
ac -0,
= ; Z(PZL'PhH_PhL'PlH)
hH
>0.

The final inequality comes that Py < Pj,and P,y > P,y since L < H. For other k € L,

because (1 — ;) > (1 — Bn), Px > Pyr,and Py < Ppr, we have ka(al) > fLA(al) > 0.
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Remark 3. In the binary setting, we just let o1 = (B}, Br). And we will find that fHA(O'l) =0

and fLR(Ul) > 0.

Step 3. In step 3, we modify (), to make both sides strictly positive. Let ] = ;, and
B, = Pn + 9, where §; > 0 is a constant satisfying ac¢ - §;, < fLRT(UI) and (3, + 05, < 1.
Therefore, 0 < ] < 3, < 1. Now we are ready to construct our final strategy o’: if the
agent receives a low signal m < m*, she votes for A with probability 8/, = f; and R with
probability 1 — g]; if she receives a high signal m > m*, she votes for A with probability

pr. = B, and R with probability 1 — ;. Then we show that
e forall k € H, fra(o’) >0, and
e forall k € £, fir(c’) > 0.

For the H side, we still consider H first:

fua(o") =ar + ac(Puy - B + Pan - B}) — o
=ar +ac(Pir - B+ Pan - (Bn +03)) —
—fualol) +ac - Puy - 6,
=ac - Py - 6,

>0.

For other k € H, because 8] < 3}, Py < Piy,and Py > Py, we have ka(a’) > fHA(J’) > 0.
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For the L side, we consider L first:

frr(0") =ay +ac(Pr - (1= B)) + P - (1= ;) — (1 — p)
av+ac(Pr-(L—=05)+Pur - (1= 6 —63,)) — (1 — p)
=fir(0’) — ac - Pur - 0,

fLR(U')

>
-2

>0.

For other k € £, because (1= §)) > (1= B;), Py > Pip,and Py, < Pyr, we have fia(o”) >
fra(a') > 0.

Remark 4. In the binary setting, similarly, let o' = (5], 8;,). We will find that fHA(J’) >0
and frr(o’) >0

Part 2 Determine ny and ¢. In this part, we’ll show that for all k € H, (k € L, respec-
tively), /(o) (fia(0”), respectively) will not deviate from fya (o) (frr(0”), respectively)

too much. Since fya(c’) and frr(0”) do not depend on n, we can determine constant ng and

¢, s.t. for all n > ng, fia(o') > ¢, and fig(c’) > ¢. We start from the H side. Recall that

. np  no &
fia(o) =— 4 =" Pk B — 1.
n n m=1

And recall that np =n— [(1 — ap) -n], ng = |ay -n], and nc = [(1 — ar) -n| — [ay - n].
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Therefore, for all k& € H, we have

b (o) 1 L0=ar) ] 10— ar) ) ~ Loy -] f P~

n n

M
:aF+OCC'ZPmk'ﬁzn_ﬂ_ﬁZPmk'ﬁin
m=1 m=1

kaA(Ul) —Tll

A 1

> N — =

_fHA(U ) n

Since fHA(a’ ) > 0 is independent from n, there exists a ny > 0, s.t. for all n > ny and all
ke, fialo’) > Luale)

For the L side, similarly for all k € L, we have

fin(@) =0+ 5530 P (1= 8,) = (1= )
L“Un”u““‘”) nJ‘LO“U'”Jzpmk-<1_ﬂ;>—<1—u>
>0~ + (1~ ar) ~ - — av) )3 P (1— ) — (1 p)

m=1

—outace Y Pu (1= ) = (1= ) = 21+ 3 Py (1= )

m=1 m=1
A 2
> ) [p—
fim(o) ==
o 2
/ —_
_fLR(U) n

Since fLR(U’) > 0 is independent from n, there exists a ny > 0, s.t. for all n > n, and all

k€L, flnlo’) > ),

Remark 5. This part is different in the binary setting due to the different rounding method.
However, we can still show that fi, (o) > fua(o)) — 2 and fig(o') > fir(o’) — 2 by the

same reasoning.
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Therefore, putting H and L sides together, let ¢ = mln(fHAQ( ), fLRT(U/)

), and ny =
max(ny, ne), we have for all n > ng, for all k € H, fia(0') > ¢, and all k € L, fir(0') > ¢.
Part 3. Bound the fidelity. Now we come back to the fidelity and bound it by the

Hoeffding Inequality. For all n > ng, for the H side we have

M M
A (21) =Pr[B(ne, Y, Pk - Bn) —nc Y Puk - B = —fia(0) - 1]

m=1 m=1

M
ZPT nCvZ mk * 6 _nCZPmk

m=1 m=1

Sy
3\
v
|
<
=,

>1 — 2exp(—2¢°n).
Similarly, for the £ side we have

M
A(Z!) =Pr[B Tlc,zpmk (1=8,) =nc D Pur- (1= B8,) > —fir(0) - n]

m=1

M M
> Pr{B(ne. 3 Pos- (1= 8) =1 3 Poa- (1) = ~0-1)

m=1

>1 — 2exp(—2¢°n).
Therefore for all n > ny,

A(ZL) =30 P A (3) + 3 P AR()

keL keM
> P(1- 2exp(—2¢n)) + > P(1— 2exp(—2¢°n))
kel keH

=1 — 2exp(—2¢°n).

A.3.3 Theorem 5 (Theorem 2 for binary setting)

Then we give the theorem of the equivalence between fidelity and strong equilibrium.
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Theorem 5. Given an arbitrary sequence of instances and an arbitrary sequence of reqular

strategy profiles {3,} , let {A(X,)}2, be the sequence of fidelity of 3.
o Iflim, o A(X,) =1, for every n > n,, ¥, is an e-strong BNE with ¢ = o(1).

o Iflim, o A(X,) =1 does NOT hold, there exist infinitely many n such that 3, is not

an e-strong BNE with constant

Proof. Let e(n) = (1 — A(%,)), and we can directly apply Lemma 12, and get that for every
n, ¥, is an e-strong BNE where e = KB((K — 1)B+1) - (1 — A(%,)).

Case 1: lim, ,,, A(X,) = 1. In this case, since A(X,) converges to 1, £, which is positive
proportion to 1 — A(X,,), will converge to 0 as n — 0.

Case 2: lim, .o, A(X,) = 1 does not hold. Then there exists a constant 6 > 0 and an
infinite set N’ C N, s.t. for alln € N/, A(3,) < 1—4. From Theorem 6 we know that we can
construct a series of symmetric deviating strategies {>/ }, and find constants ny > 0,¢ > 0,
s.t. for all n > ng, A(X)) < 1 — 2exp(—2¢?n). Note that in both {3,} and {/} every
friendly (unfriendly, respectively) agent always votes for A (R, respectively). Therefore, the
deviating group contains only contingent agents, and we only need to consider the expected
utility of contingent agents. Given an arbitrary (n > ng) A (n € N), recall the difference of

expected utility for an agent between ¥,, and X/ :

ui(35) — ui(3,) = Zﬁ Py(vi(k, R) — vi(k, A)) (A () = A (En))

+ 3 Polvilk, A) = vi(k, R)F(X]) = AL (Zn)).
keH

And recall the definition of fidelity:

AS) = X B ANE) + X B AN,
kel keH

For ¥/ we have A(X!) > 1 — 2exp(—2¢?n). Therefore, for every k € H we have A2 (%) >

1— w, and for every k € £, \B(X) > 1 — w. For ¥,,, on the other hand,
k k
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we have A(X,) < 1—§ for all n € N. Therefore, there exists some k* € W, s.t.
Loifk* € H, \A(2,) <1-4,or
2. ifk* € L, \E(Z,) <1-4.

Without loss of generality, we assume k* € H. The reasoning for £* € £ will be almost the

same. Then in the difference of expected utility, we have

wi(25,) = wi(En) =P (vi(k*, A) = v (k" R)) (A (27,) = N (Zn))

+ 2 Pelvi(k, R) = vi(k, A)) (N (E]) — N ()

kel
+ > Pulvik, A) — vk, R) R (2) = Mg ()
keH\{n*}
xp(—2¢? xp(—2h?
ZPk*-l-(l—ergD%n)—(l—d))— Z Pk‘B_er(P%n)
K k

keW\{k*}
=6P — ((K —1)B + 1) - 2exp(—2¢°n).

>4 - ?%%(Pk) — ((K —1)B +1) - 2exp(—2¢*n).

Note that the first term ¢ - mingeyy(Py) is a constant, while the second term ((K — 1)B +
1) - 2exp(—2¢?n) converge to 0 as n — oo. Therefore, there exists a nsg > ng s.t. for all
(n>ns) A (n€N), u;(2)) — ui(S,) > 16 - mingew (Py). Therefore, for every such n, ¥, is

NOT an e-strong BNE for all &€ < £6 - mingew (Py). O

A.3.4 Theorem 13 (Theorem 4 for binary setting)

Then we give the theorem based on the probability analysis of the fidelity and provide a
criterion for judging whether a profile sequence is of high fidelity.

Consider a strategy profile sequence {3,,}. For every n, we define random variable X
as "agent i votes for A". That is, in the instance of n agents, X" = 1 if agent ¢ votes for A,

X =0 if i votes for R. Then we can write A\&(2,,) and AR(X,):
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MM (Sa) =Pr[>_XP > pon | K]

=Pr[§:1X?—§:E[Xf (K> pon— Y EXP ]| K

i=1 i=1
n

A (Zn) IPr[;(l = X7) > (1= p)n [ K]

—Pr) (1 - X7) = S E[1— X7 [ > (L—pn— 3 E[L— X7 | 1] | K]
i=1 i=1 i=1
Let the excess expected vote share be

n 1 " n
fin == S BIX! [ 4] - g

i=1

flw = SB[ =X 4] = (1 - p).

i=1

Then, for every n, let
f" = min (gggg(ka), r,ggg(f@) :
Theorem 13. Given an arbitrary sequence of instances and an arbitrary sequence of strategy
profiles {X,}5°, let f™ be defined for every ¥".
o Ifliminf, .o /n- f" = +o00, lim, .o A(X,) = 1.

o Ifliminf, oo /n- f* <0 (including —c), i.e., there exists a constant n < 0 and an
infinite set N, s.t. for everyn € N, /n- f* <, then there exists a constant n, > 0

such that for all (n € N') A (n > n,), A(X,,) has a constant distance from 1.

o Ifliminf, .o /n- ™ >0 (not including +00), i.e., there exists a constant n > 0 and
an infinite set N', s.t. for every n € N, \/n- f* < n, and there exists a constant 1

s.t. for everyn € N and every k € W, Var(37_, X | k) > 1 - n, then there ezists a
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constant n, > 0 such that for all (n € N') A (n > n,), A(X,) has a constant distance

from 1.

Proof. Case 1: liminf, .., \/n- f™ = 4+o00. In this case, we use the Hoeffding Inequality to
give each A2 (3,) (or AR(X,)) a lower bound. For all k € H, according to the definition of
Iz

Ae (Bn) =Pr[3_ X7 = B[X] | K] > —fin n |k
i=1

i=1
> Pr(S X!~ S EIX] (K] > —f" 0 | K],
i=1 i=1
Let ng be such that for all n > ng,y/n - f* > 0. Then for all n > ng, we can directly apply

the Hoeffding Inequality:

M) 2 P X7~ S EXE (K> " | 4

i=1 =1

>1 — 2exp(=2(f")*n).
Similarly, for all k£ € £, we have
A (E,) = Pr|

(1=X") =D E[l = X7 [ k] = —fig-n|k]

M=

1

@
I
N
-
I

M=

>PrY (1 X7) ~ S E[L- X[ K> —f"n | K

s
I
—_

=1

>1 — 2exp(=2(f")*n).
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Therefore, the fidelity of X, satisfies

A(Zn) = Z By - )‘k-R<Zn) + Z By - /\kA(En) (A~4)
kel keH
> 3 B (1— 2exp(~2(f")n) (A.5)
kew
=1 —2exp(—2(f")*n). (A.6)

Case 2: liminf, .. y/n- f™ < 0. In this case, there exists a constant n < 0 and an infinite
set N, s.t. for every n € N, y/n - f* < 7. For every n, we define k, as follows. For each n,
define

fia, ifke™H,

fig, ifkelLl.

Choose an arbitrary minimizer

k, € arg min g;.
n gkewgk

That is, k, is the world state whose f! o (if k, € H) or fi! g (if k, € L) reach the
minimum f". Note that for different n, k, may be different, and some of them will be in ‘H
while others may be in £. However, the reasoning for different k,, will be the same. Consider
the fidelity of ¥,, for some n € N' when world state W = k,,, and without loss of generality,

suppose k, € H:

n n

A (S0) =Pe(Y X7 = SO BIXT | k) = ~fia | b

In this case, we have < 0, thus —ny/n > 0. Therefore, we can directly apply the Hoeffding
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Inequality and get

For every n € N, we can prove Ap: (3,) < exp(—2n?) if k, € H, or AT (5,) < exp(—2n?) if

k, € L. Therefore, for every n € N, the fidelity

A(S,) <1 — Py, (1 — exp(—2n7))

<1 = (1 = exp(=27")) min(Fy).

Case 3: liminf, .o /n- f™ > 0. In this case, we apply the Berry-Esseen Theorem, which
bounds the difference between the sum of random variables and a normal distribution. We

define N and k,, similarly as in Case 2. Suppose k, € H. First we rewrite the form of

A (Sn). Let Y* = X7 — E[XP | k), and sy = /S0, Var(Y | k) = /S, Var(X! | k).
We have

n n

A (Zn) SPIRXP = 3 BIXE | K] > —nvi | k]

=1 =

Let n’ be the number of agents whose Var(X! | k,) > 0. Without loss of generality, let
Var(X! | k,) > 0for i = 1,2,--- ,n'/, and Var(X | k,) =0fori=n"+1,n"4+2,--- ,n
From the assumption >0 Var(X! | k,) > ¢ -n we know that n’ > ¢ -n (because Var(X]" |
k,) < 1). Since Var(X] | k,) =0fori=n"+1,n"+2,--- ,n, we have X" = E[X] | k,]

conditioned on k, for these i. Therefore, we have

n

< Pr[i X7 =2 BIX [ k] = =nv/n | K

@
S
,_.

=Pr[Y_ X! =Y E[X] | k] > —nv/n | k)
=1 =1
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Then we rewrite the formula in Y;” and sy:

/

=1 )
_Pr[ ?/ly;n>_77\/ﬁk;].

SN SN

:\

Il
—

Then we apply the Berry-Esseen Theorem and get

n v OB|YP Ky
)\ﬁl(En> S 1— (I) <_77\/_> . CO . IZ71 H ) | | ]3/2 :
o (S Var(Vy | )

where @ is the CDF of standard normal distribution, and Cy < 1 is a constant from the
theorem. We deal with this inequality term by term to show that )\kAn (3J,) has a constant

difference with 1. First, we show

o)+ () -<()

This is because s3 = >0 Var(Y;" | k,) > ¢ - n. The following table reveals how things

works.

w
=
Vv

S

§ %
S

5
IA

5
v

&)
2
§'
3

o(-3) = o(-26)

Table A.1: Comparison on the left and the right side.

Secondly, we start to deal with

iy BV | Kl
o N 32
(Zi:l Var(Y" | kn))
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Firstly, since —1 <Y; < 1, we have E[|Y;"]? | k,] < 1. Therefore,

S BV P k) _ n
n! n 3/2 - n! n
(i Var( [ k)™ (S Var(Y | k)

32

Then, notice that since 02 = 0 for i = n’ + 1,0’ +2,--- ,n, we have Zfil Var(Y;" | k) =
> Var(Y | k,) > ¢ - n. Therefore,

n' n|3 / /
LBV R n _ o

( ?;1 Var(}/;n | kn))3/2 = ( ?;1 VCLT(YZ-” | kn))3/2 - (¢ . n)3/2'

Finally, since n’ < n, and n¢c > acn — 1,

GBI k) w1
(Zﬁlcl Var(Y | k ))3/2 T (Wen)2 T VYR

Now we are ready to wrap things up:

n’ nl|3
M (3,) <1- q><_”ﬁ>_(;@. L BV
a (S5 Var(yy | k)

IA

- (2() - )
(0 () )

IA

The last inequality comes from that Cy < 0.5600 [92].
The same reasoning also works for other n € N. Therefore, let ¢ = ® (—ﬁ), then
there must exist a ng, s.t. for all (n > ny) A (n € N), At (5,) < 1 — 3¢. Therefore,

A(En)S1_%Pkn'¢§1—%miﬂkeW<Pk)'¢‘ [

Similarly to the binary setting, if we apply Theorem 5 to each case of Theorem 13, we

get a criterion for judging whether a profile sequence is an equilibrium.
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Corollary 5. Given an arbitrary sequence of instances and arbitrary sequence of regular
strategy profiles {3,}22, let f™ is defined for every ¥".
o Ifliminf, oo /n- f™* = 400, then for all sufficiently large n, X, is an e-strong BNE
with € = o(1).
o Ifliminf, o /n- f" <0 (including —c0), there exist infinitely many n such that %,

is not an e-strong BNE with some constant .

o Ifliminf, .o /n- f* >0 (not including +00), and there exists a constant ¢ s.t. for
everyn € N and every k € W, Var(30, X | k) > 1 - n, there exist infinitely many

n such that ¥, is not an e-strong BNE with some constant €.

A.3.5 Corollary 6 (Corollary 2 for binary setting)

Finally, we can directly get a dichotomy for symmetric strategy profiles from Theorem 13,
by showing that every case of symmetric profiles falls into some case.
Given arbitrary n and a symmetric strategy profile induced by o = (81, B2 -+ - , Bu) the
excess expected vote share is
1 M M
Jia :NZ(Z Pmk'ﬁm)_ﬂzglpmk‘ﬁm_ua

i=1 m=1

fi =37 203 Pt (1= ) = (1= 1) = > P (1= ) = (1= ).

i=1 m=1
no__ . . n . n
f" =min <gé171f[l Jias mn fkR) :
An interesting observation is that the excess expected vote share of symmetric profiles

is independent of N. Therefore, for simplicity, we use fra, fxr, and f to denote the excess

expected vote share for symmetric profiles.

Corollary 6. For an arbitrary strateqy o = (81, B2.- -+, fum) and an arbitrary sequence of
instances, let {¥,} be the sequence of strategqy profile ¥, induced by o, and f be the excess

expected vote share of the strategy profiles.
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o If f > 0, then there exists a constant ng > 0, s.t. for all n > ng, A(X,) > 1 —

2exp(—3f*n).

o If f < 0, then there exist constants ng > 0 and n' > 0, s.t. for every n > ng.

A, <1-17.

Proof. For f > 0, we have liminfn — coy/n - f = 4+00. Therefore, we can apply Case 1 of

Theorem 5 (Inequality A.6), and have
A(X,) > 1—2exp (—2f?n).

For f < 0, we have liminfn — co\/n - f = —oo. Therefore, we can apply Case 2 of
Theorem 5 with any constant 7 < 0. Then there exists a n,, such that for all n > n,, we have
A(3,) <1 —(1—exp(—2n?)) mingew(Py). Therefore, let n’ = (1 — exp(—2n?)) mingeyw (P,
we have A(X,) <1-—17'.

For f = 0, we have lim inf n — ooy/n- f = 0. Therefore, we need to consider the variance.

n_Var(X]' | k). For a single contingent agent i, given W = k, we have

E

PriXi =0 k] = Z ke (1= Bm)

PriX!'=1|kl=)_ Pu-Bm.

) Mi I}

Therefore, we have

is a constant. Let 1) = mingcyy (ZM g (1— 5m)) ( ok ﬁm) and we get for every
keW, > Var(X | k) > -n.

We show by contradiction that ¢» = 0 will not happen. Suppose it is not the case and
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1 = 0. Let ky = argmingeyy (Z%Zl P (1— Bm)> (Zn]‘le P - Bm) Then we have

Without loss of generality, assume (Z%Zl Pk, - 6m) = 0. Then we consider f a, and have

M
Jroa =ac Y Puy - B —pp=—p <0,
m=1

which contradicts f = 0. Therefore, ¢ = 0 will not happen.

Since we have guaranteed that ¢ > 0, we can apply Theorem 13. Let > 0 be any positive
constant. We can apply Case 3 of Theorem 13 and get that there exists a n,, s.t. for all n >
ny, A(S,) <1 — 1 mingew(P)? - @ <_\/WE> Therefore, let ' = 1 mingey (FPy)* - @ (_\;E)’
we have A(X,) <1—17' for all n > n,,. O



APPENDIX B
TECHNICAL APPENDIX FOR CHAPTER 4

B.1 Full Proofs.

We abuse the notation for deterministic first/second round strategy such that o} (m) = A
means that i always votes for A (with probability 1) in the first round when her signal is m.

Other deterministic votes follow a similar notation.

B.1.1 Proof of Lemma 5

Lemma 5 (Formal). Let ¥* be an arbitrary profile, and let ¢ = 2B(B + 2)(1 — A(X*)). If
there exists a group of agents D and another strategqy profile X' such that agents in D have
incentives to deviate to X' so that (1)V i € D, w;(¥X') > u;(¥*), and (2) there exists i € D

such that u;(X') > u;(X*) + ¢, then either D C F or D C U.

In this proof, we use ¥X* to denote X} for simplicity. We show that for any other strategy
profile ', there does not exist a group of agents wishing to deviate. Let e = 1 — A(X*). We

know that e converges to 0 as n goes to infinity. We take ¢ = 2B(B + 2)e.

Proof of Lemma 5. We consider two different cases of the fidelity of 3.

Case 1: (1 — A(Y)) < (2B +2)e. In this case, since the fidelity of >’ is also close to one,
two profiles make no significant difference, and no agent can gain more than ¢ = 2B(B+2)e.

Consider the difference of expected utility in two profiles.

ui(Y) = ui(57) = Py - (A () = A (357)) (vi(H, A) — vi(H,R))

P R(E) — AHE)) (L R) — vi(L, A)).

145
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Since we know that A(X*) = 1 — e, we have A\5(3*) > 1 — 7, and AR(ZH) > 11— -

Similarly, for ¥, we have A3(X) > 1 — % and \R(YZ) > 1 — (23137?)8. Then we can

bound the difference between these probabilities.

2B + 2
AR - () < PP
P
/ * €

. 2B +2)e
M) - ) < BEEEE
H
% €
M) M) < £
H

Then we can bound the expected utilities.

« For the friendly agents, v;(H, A) > v;(H,R) and v;(L, A) > v;(L,R). Then

2B + 2
w(2) — ui(S%) < pL.u.B_FPH.i.B
Py Py
= 2B(B + 2)e.

 For contingent agents, v;(H, A) > v;(H,R) and v;(L, A) < v;(L,R). Then

() —u(S)< P~ .B4+Py-—.B
U()U()_LPL + P 5

= 2Be.

 For the unfriendly agents, we have v;(H, A) < v;(H,R) and v;(L, A) < v;(L,R). Then

2B +2
W) () < Py LBy Py PBEE g
PL PH
= 2B(B + 2)e.

Therefore, no agents can gain more than ¢ = 2B(B + 2)e.
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Case 2: (1 — A(Y')) > (2B +2)e. In this case, we proceed with our proof in two steps.

1. Firstly, contingent agents will not deviate, because their expected utility will strictly

decrease.

2. Secondly, a deviating group cannot contain both friendly and unfriendly agents.

Claim 5. If (1 — A(Y)) > (2B + 2)e, then for any contingent agent i, u;(¥X') — u;(X*) < 0.

Still, recall the difference between the two expected utilities.

ui(3) = ui(37) = Py - (A () = A (59)(vi(H, A) — vi(H,R))

+ Py (M) = AHE))(vi(L, R) — v (L, A)).
From A(X*) = e and A(X') < 1— (2B + 2)e, we have
P - AR(Z%) + Py - A3(2) — P - AR (X)) + Py - \5(X) > (2B + 1)e.

Then we consider different cases between the .

o If MB(Y) < A5 (X*) and AR(X) < AR(2*), at least one of them will be strict. Then

o If A3(X) > A3(Z*), then we have MA(Y') — M (X*) < . On the other hand,

Py
AR(D) = AR(2) < B8 Then,

2B+1
PH PL

o If AR(Y) > AR(Z*), with similar reasoning, we can show that u;(¥') — u;(X*) < 0.

Claim 6. Let iy be any friendly agent and iy be any unfriendly agent. Then

1o Ifu (X)) — ug (32%) > e, then u;, (X)) — u, (X%) < 0.
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2. If uiy(X') — uiy (XF) > €, then u; (X) —w;y (%) < 0.

We only prove 1, and 2 will follow the same reasoning. Without loss of generality, let
ilzlandigzz

Still, recall the difference between the expected utility.

wi(Y) = ui(57) = P - (A () = A (357)) (vi(H, A) — vi(H,R))

P R(E) - AHE)) (L R) - vi(L, A)).

We consider two cases.

Case 1: A3 (X') > M3 (X*). In this case, since A% (X*) is already close to 1, the gain in
agent 1’s expected utility on H'’s side will not exceed Py - % - B = eB < e. Therefore,
AR (YY) < AR(X%). In this case, the expected utility of agent 2 will strictly decrease.

Case 2: A3 (X') < M4 (X*). In this case, the P;, term is positive for agent 1, while the
Py term is positive for agent 2. For agent 1, we have v;(H,A) > v1(L,A) > v1(L,R) >

vi(H,R). Then since u;(3') — uy(X*) is strictly positive, we must have

Pir - (A () = M (E)) > Py (XR(S) — AR(S).

For agent 2, on the other hand, we have vy(L,R) > vo(H,R) > va(H, A) > vo(L, A).
Then there must be us(X') — ua(X*) < 0. O

B.1.2 Proof of Theorem 9

The proof of Theorem 9 resembles that of Theorem 8. Lemma 3 guarantees the fidelity. For
the equilibrium parts, applying Lemma 5, it suffices to consider a deviating group with only
friendly agents or only unfriendly agents. Finally, Claim 7 shows that such deviation cannot

succeed.

Lemma 3. Under any environment sequence {Z,}, every constantly separable sequence of
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profiles {¥*} satisfies that (1) lim, o A(XY) = 1, and (2) for every n, ¥¥ is an e-strong

BNE where € converges to 0 as n goes to 0.

Proof. The high-level idea of ¥* is that contingent agents determine the world state with
high probability via the first-round voting and vote for the correct alternative in the second
round. Since predetermined agents behave regularly, and both ar and ap do not exceed
0.5, the alternative that all contingent agents vote for will be the winner. Now we show that
both lim,, o A8(X*) = 1 and lim,, ., A\R(Z*) = 1.

For now we fix an arbitrary n. For an agent 7, let X; be the random variable indicating
1’s vote in the first round. X; = 0 means 7 votes for R, and X; = 1 means 7 votes for A.
Then the result of the first round voting x can be represented as x = 3; X;. If the first round
outcome exceeds © > ng+ng - P,y — 0, then all the agents ¢ will vote for A, and A becomes
the winner. Therefore, the probability that A becomes the winner conditioned on the world

state H satisfies

Aﬁ(E*)ZPr ZXiZnF+nC-PhH—5-n

).

Since contingent agent votes informatively in the first round, the expectation of the first

round outcome E[Y; X; | H| = ng + n¢ - Pyy. Then for all n > ng, we can apply the
Hoeffding inequality to the probability:
Mp(E) > Pr > Xi>np+nc - Pag—0-n

d
= Pr ZXi—E[ZXi]H]anJrnc-PhH—é-n—E[ZXHH]’H}

d

L 2

> 1 —exp(—262-n).

Similarly, when the world state is L, the expectation of the first-round outcome is
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E[}; X | L] = np +n¢ - Pur.

)\E(E*)Z Pr ZXiﬁanan'PhL-HS'n

!

g

> 1 — exp(—26° - n).

Therefore, both A% (2%) and AR(3%) converge to 1 as n goes to infinity. Since fidelity
AS?) = Py - A3(2) + Pp - AB(S2), lim,, o0 A(SY) = 1. O

Lemma 4. X} is an e-strong BNE with ¢ = o(1).

By applying Lemma 5, we only need to show that the deviating group containing only
one type of predetermined agents cannot succeed. Therefore, “informative + threshold”

strategy profile ¥* is an e-strong BNE with ¢ converging to 0.

Claim 7. Suppose D is the deviating group that contains only friendly or only unfriendly

agents, then u;(X') — u;(X*) < e for alli € D.

We prove the friendly agent side, and the unfriendly agent side will follow the same
reasoning. The expected utility of a friendly agent increases only when the likelihood that
A becomes the winner increases. However, in 37 | all the friendly agents always vote for A
in both rounds. If friendly agents deviate in the second round, there will be strictly fewer
agents voting for A in expectation, and A will be less likely to be the winner. If friendly
agents deviate in the first round, the result of the first-round voting x will have a higher
probability of being smaller, and contingent agents playing the threshold strategy will tend
to vote R. Therefore, no matter how D deviates, the likelihood of A being the winner will

not increase, and friendly agents cannot get a gain of more than .
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B.1.3 Proof for Lemma 6

Lemma 6. The sequence of “informative + sincere” strategy profiles is constantly separable

Proof. Recall that

Pr-(v;(L,R)—v; (L,A)) P,
. 10g 5, (o A) v (R)) T " 108 B
T =np+ lo PuPer,
08 Py Py,

As np and ne increases with n, while log St (vi(LR)—vi(L.A)

(o (LA v, (A R)) Lemains constant, it suffices to
show that

ne - logﬁjﬁl
nF‘i‘”C'PhL‘f‘(S'nﬁnF—Fw ng+nc - Pog —0-n,
log ESLL

Pog Prr

which is equivalent to

We first deal with the left inequality.

lo og IIZZL
H
Bur +0- < log PruPor,
Py Py,

log £eL
= PhL"'(S gPZH

- log PhH +10g P“

Py P Py, Py
- log — + log P -log —= + log P,
- e - (log Ps + PeH) (Phr, - log Pt +log Py, - —).

Py

Note that the RHS takes a form of the KL-divergence between distribution (P,z, Ppr) and

Puy, Priy). Given that P,y > P, RHS is a strictly positive constant independent from n
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On the other hand, n¢ ~ a¢ - n. Therefore, by taking

1 (PhL'IOgIIjM—i‘IOngL'%)
(log 2 + log p&)

the left inequality is satisfied.

Likewise, the right inequality is equivalent to

n Py P, Py P
6-— - (lo +lo P lo ——HOP
ne (log P, & PZH) (Pan - 1og P, & PéL)

and by taking
(Phg - log & PhH +log P - PZH)

(log & PhH + log 5 P“ )

0 < —ac -

Y

l\DM—\

the right inequality is satisfied. Therefore, by a sufficiently small § and all sufficiently large

n, the constraint for constant separability is satisfied.

B.1.4 Proof of Theorem 7

Before starting the proof, we extend the definition of the first-round voting share. Let
o5 (X)), % (X), and ¢4 (X) be the expectation on the number of votes for A from three types
of agents conditioned on the world state being H and the strategy profile being 3. We have
dr(X) = ¢5(2) + ¢%(X) + ¢5(X). The L side is defined similarly.

Proof. We first give the proof for regular profiles. Suppose {¥,} is a regular profile sequence
such that lim, ., A(3,) = 1 does not hold. This means that there exists a constant § and
an infinite set A such that for all n € N, A(X,) < 1 — 6. We show that there exists a
constant e = *PHPL and an infinite set A7 such that for all n € N, &, is NOT an e-strong
BNE.

We will first construct a different profile sequence {>/ } whose fidelity converges to 1.
Then for all sufficiently large n € NV, both A% and AR are close to one. On the other hand,

Since A(%,) < 1 — 6, we have at least one of A%(3,) < 1 —4 and AR(X,) < 1 — 4 holds.
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Then we can see that all the contingent agents have incentives to deviate to >/ to get a
constant gain in the expected utility.
For simplicity, we use ¥ and ¥’ to denote 3, and X! . Let 3! be the following strategy

profile. The deviating group D contains all the contingent agents.

o All predetermined agents play the same strategy as in 3.

o If 05 (2) + % (2) > ¢F(2) + ¢Y(X), all contingent agents vote informatively in the
first round. For the second round, all contingent agents vote for A if x > w

and vote for R otherwise.

o If () + 0% (2) < ¢F () + oY (X), contingent agents “reverse” their strategy. In the
first round, a contingent agent votes for A if receiving [ and for R if receiving h. And
in the second round, all contingent agents vote for A if x < w and vote for

R otherwise.

The high-level idea of ¥’ is similar to X* in Theorem 9: contingent agents determine
the world state with high probability via the first-round voting and vote for the correct
alternative in the second round. Since predetermined agents behave regularly, and both ap
and oy do not exceed 0.5, the alternative that all contingent agents vote for will be the
winner. Now we show that both lim,,_,o, A3 (') = 1 and lim,, ., AF(Z') = 1.

Without loss of generality, suppose ¢%(2) + ¢%(2) > ¢F(X) + ¢¥(X). The reasoning for
the other case will be similar. For an agent ¢, let X; be the random variable indicating i’s
vote in the first round. X; = 0 means i votes for R, and X; = 1 means i votes for A. Then
the result of the first round voting x can be represented as x = >; X;. Then the probability
such that A becomes the winner (which is the probability that z > w) conditioned

on the world state H can be written as

| H].

Ay ou(Y) + ¢r(¥)
M) = P X 2 !
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Note that E[Y; X; | H] = ¢og(X).

Since contingent agent votes informatively in the first round, ¢%(¥') = n¢ - Pyg and
97 (Y) = nc - Ppr. Since Py > Pyr, we have ¢4 (X)) — ¢5(X) = ne - (Pug — Pur) >
n-(ac—21)-(Pyg — Pyr). Then there exists a ng such that for all n > ng, ¢5 (') — 6% (') >
37 - ac - (P — Pup). Then since ¢(X) + ¢5(3) > ¢1(X) + 67 (), we have n > ny,
oy (X)) —op(X) > %n ¢ (Pyg — Pur). Then we can apply the Hoeffding inequality to the

probability:

Ap(X) = Pr ZX > ¢H(E/);¢L(EI> ‘ H]

= Pr ZX ~ B X | H] > ¢H(E/);¢L(EI> ~ B> X | H] ’ H]
e[S - o > Sl |

> Py X, — ou(¥) > —n-ac (Pag — Pac) | H]

>1-— exp(—;(ac (Pur — Pur)® - m)).

The L side works similarly.

Therefore, both A% (X!) and AR(X!) converge to 1 as n goes to infinity.

Next, we show that contingent agents have incentives to deviate from ¥, to X/ . Let
N’ Dbe the set of all n € A such that both M§(X]) > 1 — 222 and AR(X)) > 1 — &£k
holds. We know that N is also an infinite set. We fix an arbitrary n € N”. Without loss of
generality, suppose A% (3,) < 1 —§. Then we consider the difference in the expected utility

of a contingent agent.

ui(5),) = ui(Sn) = Prr - (NG (5,,) = X (2a)) (vi(H, A) = vi(H,R))

P () — AR(E.)) (0(L, R) — vi(L, A)).
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By assigning the bounds above, we have

1
0-Puly
5 .

The similar reasoning can be achieved for AB(3,) <1 —6.
Therefore, all the contingent agents have incentives to deviate from ¥, to X! to get a

constant gain. This means that 3, is NOT an e-strong BNE for some constant e.

B.1.4.1 Proof for non-reqular profiles.

We adopt the same idea to construct a strategy profile where the deviating group forces the
state to be revealed by the first-round vote and votes for the preferred alternative in the
second round. Then we show that as the fidelity converges to 1, the group has incentives to
do so.

For non-regular profiles, a deviating group with only contingent agents may not work, as
there is no assumption on the behavior of predetermined agents in the second round. (For
example, if a¢ < 0.5, and all the predetermined agents always vote for A, then the winner
will always be A regardless of the votes from contingent agents.) Fortunately, the following
lemma shows that if the fidelity of the deviating strategy profile is close to 1, then either
all the friendly agents get an expected utility increase or all the unfriendly agents get an
expected utility increase. Moreover, which type gets utility gain does not depend on the

deviating strategy >/ .

Lemma 2. Let {3,} be a sequence of profiles such that there exists a constant 6 and an
infinite set N such that for all n € N, A(X,) < 1—0. Then there exists an infinite set
N' C N such that for each n € N, at least one of the following holds for all sequences of

profiles {¥!} with lim, ., A(X) =1:
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1. For any friendly agent iy, u;, (3),) — uy (2,) > 0.
2. For any unfriendly agent iz, u;, (X)) — u;,(3,) > 0.
Moreover, for a fited n and %, either 1 holds for all 3! or 2 holds for all 32/,.

The proof of Lemma 2 comes from the fact that a predetermined agent has different
sensitivities to utility changes in different states of the world. For a friendly agent iy,
v, (H,A) > v, (L, A) > v, (L,R) > v, (H,R). Therefore, i; is more sensitive to utility
change in world state H than that in world state L. On the other hand, an unfriendly agent
19 is more sensitive in world state L. This difference in sensitivity guarantees that when the
fidelity increases, the expected utility of both types of agents cannot decrease at the same

time.

Proof of Lemma 2. Without loss of generality, suppose w;, (3,) — u;,(3,) < 0 holds for i;
(which means (1) does not hold). We show that (2) u;,(X!) — u,(X,) > 0 must hold for is.

Recall that the expected utility of an agent ¢ is defined as follows.

w(E) = PLOR(D) - wi(L, A) + XE(E) - vi(L,R))

+ Py(AS () -v(H, A) + A\B(Z) - v;(H,R)).

Therefore, the difference between u;(3) and u;(%,) can be represented as follows.

Pir - (\3(S) = M (2)(0i(H, A) — v(H,R))

P OB(E) — ARE) (0 (L, R) - (L, A)).

Since A(X,) < 1—46, at least one of A3(3,) <1 —4J and AR(3,) <1 - holds. We deal

with two cases separately.

Case 1: A\3(3,) < 1 —4. In this case, we have M\5(X!) — M3(2,) > 0. Note that for

the friendly agent iy, v;, (H, A) — v, (H,R) > —(v;, (L, R) — vy, (L, A)). Therefore, u;, (X') —
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u;, (X) < 0 implies
Prr - (A(2,) = A () < Pr- (AL (E5) = AE ().

On the other hand, for any unfriendly agent iy, —v;,(H,A) — v,(H,R) < v, (L,R) —
v;, (L, A). Therefore, u;, (X)) — u;,(X,) > 0.

Case 2: \B(X,) <1-0. Inthis case, we have \R(X/ )= AB(2,) > 0. If M(Z))—AE(2,) <

0, then
iy (37) = iy (Bn) > P - (AT () = A (E)) (vi(L, R) — vi(L, A)) > 0.

If A3(%)) — A5(2,) > 0, we apply the same reasoning as in Case 1. Therefore, u;,(3),) —

u;, (35,) > 0 always holds. O

Now we construct the deviating strategy profile sequence {¥! }, which is a combination
of two strategy profile sequences {Xr} and {Xy}. In both ¥z and ¥y contingent agents
collaborate with one type of predetermined agents and deviate together.

In X, all the friendly and contingent agents vote informatively in the first round and

play a threshold strategy in the second round.
o All unfriendly agents play the same strategy as in 3.

o If ¥ (3,) > ¢Y(%,), all friendly agents and contingent agents vote informatively in
the first round. For the second round, all friendly agents and contingent agents vote

for A if x > W and vote for R otherwise.

o If ¢%(%,) < @Y (2,), friendly agents and contingent agents “reverse” their strategy. In
the first round, a friendly (or contingent) agent votes for A if receiving [ and for R if

receiving h. In the second round, all friendly agents and contingent agents vote for A

if ¢ > ¢H(ZF);F¢L(EF)
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Yy follows the same “informative and threshold” pattern, except that the deviators are
all the unfriendly agents and all the contingent agents.

Since ar < 0.5 and ay < 0.5, if contingent agents and one type of predetermined agents
vote for the same alternative, that alternative will be the winner. Therefore, with similar
reasoning to the regular case, both ¥ and ¥y have fidelity converging to 1, and contingent
agents have incentives to deviate to either of them.

Applying Lemma 2, we know that for each n where the fidelity of ¥,, does not converge
to 1, there is one type of predetermined agents whose expected utilities will increase if the
deviators deviate to either Xz or ¥y. Moreover, the type of agents that get higher expected
utilities does not depend on which deviating strategy they play. Therefore, when friendly
agents get higher expected utilities, the deviators are all the friendly agents and contingent
agents with >/ = Yp; otherwise, the deviators are all the unfriendly agents and contingent
agents with ¥/ = 3. Then, the expected utilities of contingent increase by at least a
constant, and those of the deviating predetermined agents increase. Therefore, for each X,
whose fidelity is not close to 1, the deviators have incentives to deviate to either Xp or .

Therefore, ¥, is NOT an e-strong BNE with constant e.

B.1.5 Formal Statement and Proof of Theorem 10

Theorem 10. Let {f]n} be a one-round regular strategy profile sequence in an environment
sequence {ZL,}. If for all n, S is an g-strong BNE in one-round voting with € converges to
0, then for any two-round strategy profile sequence {¥,} in environment {Z,}, where for
any n, 3, is a second-round consistent strategqy profile of f]n, Y 1S an e-strong BNE in the

two-round voting for all n with € converging to 0.

Proof. The proof proceeds in two steps. Firstly, we show that the fidelity of {¥,} converges
to 1. Secondly, by applying Lemma 5, we know that a deviating group either contains only

friendly agents or only unfriendly agents. Finally, we show that such a deviating group
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cannot succeed.

Step 1: A(3,) converges to 1. In 3, the behavior and result in the first-round voting
have no effect to the second-round voting that determines the winner. Agents in the second
round behave exactly as they are playing a one-round voting game. Therefore, A(3,) =
A(f]n) Then since 3, is an &-strong BNE with & converges to 0, we have A(f)n) converges
to 1 according to the if and only if characterization in Han et al. [39, Theorem 2]. Therefore,

A(X,,) also converges to 1.

Step 2: equilibrium. For each n, let ¢ = 2B(B + 2)(1 — A(X,)). Fix an arbitrary n.
Suppose there exists a strategy profile ¥ such that a deviating group D of agents have
incentives to deviate to ¥/, then by Lemma 5, D either contains only friendly agents or only
unfriendly agents.

Then we show that such D cannot succeed. This follows the last part of Lemma 4.
Without loss of generality, suppose D contains only friendly agents. Since 3, is a regular
profile, we know that in ¥, friendly agents always vote for A in the second round. Then
friendly agents cannot make themselves better off. The changes in the first-round voting have
no effect on the second round, and changes in the second-round voting will only decrease the
votes for A and cannot increase the probability that A becomes the winner. Therefore, for
any friendly agents, the expected utility cannot increase by e.

Therefore, we have shown that for each n, 3, is an e-strong BNE with ¢ = 2B(B+2)(1—

A(X,)). Since the fidelity converges to 1, ¢ will converge to 0. H

B.2 More Details on the experiments

B.2.1 Configuration

The experiment is run on a Lenovo ThinkBook 15 G3 AGL with AMD Ryzen 5 5600U with

Radeon Graphics 2.30 GHz. The program is written in Python 3.9.
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We adopt online APIs to create generative Al agents. The API for Deepseek R1 is
provided by Together AI, and the API for GPT-4o0 is provided by OpenAl’s official API

platform.

B.2.2 Examples for prompts and answers of agents.

Here we give two examples of the prompts and the answers of the agents. More data can be

found in the supplementary materials.

B.2.2.1 Deepseek R1, biased signal, accurate information, and one-round voting.

Signal. Bad Impression.

Prompt. "Consider the following hypothetical situation. Suppose you are a recruiter in a
company. Your company is hiring for a new position by voting. There are in total 40 voters.
You believe that the candidate should be hired only if he is qualified. Most of the company
agrees with you, but a small minority <about 12%> seem to support hiring every candidate
regardless of qualifications, and another small minority <about 7%> does not support hiring
any candidate regardless of qualifications. Before meeting with the candidate, you thought
she has <about 50% chance> to be qualified. If the candidate is qualified, you will likely
have a good impression after meeting with her <about 80% chance>. If the candidate is
not qualified, you will be less likely to have a good impression <about 60% chance>. It
seems that everyone is on the same page about both the candidate’s likelihood of being
qualified and how informative an interview is, but the interview impression is private and
independent among all the voters. You got a BAD impression after meeting the candidate.
After interviewing, but before any discussions, the company holds a vote. There will be
only one round, where each voter votes YES or NO on whether to hire this candidate. The
outcome is determined by whether the candidate gets a majority of yes votes. Analyze what

is your best vote. The voting time is limited, so you cannot think everlastingly. Summarize
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and make an immediate decision in two minutes. Your answer should start with the analysis
and end with a single character Y or N in a separate line without any other characters or

n

symbols, indicating your vote. ",

Vote. N.

Answer. The candidate has a 33.3% posterior probability of being qualified after a bad
impression. With 5 automatic YES and 3 NO votes, the remaining 32 voters’ expected YES
votes (weighted by qualification likelihood) sum to 21.33 + 5 = 26.33, likely securing a
majority. However, given the higher probability the candidate is unqualified (66.7%), voting

NO aligns with preventing unqualified hires despite the likely majority.

B.2.2.2  Deepseek R1, biased signal, vague information, and two-round voting.

Here we give an example where an agent in two-round voting switches its vote in the second

round.

Signal. Good Impression.

First-round Prompt. Consider the following hypothetical situation. Suppose you are a
recruiter in a company. Your company is hiring for a new position by voting. There are
in total 40 voters. You believe that the candidate should be hired only if he is qualified.
Most of the company agrees with you, but a small minority seem to support hiring every
candidate regardless of qualifications, and another small minority does not support hiring
any candidate regardless of qualifications. Before meeting with the candidate, you thought
her likelihood of being qualified was roughly balanced. If the candidate is qualified, you
would almost certainly form a favorable impression after meeting her. If the candidate is not
qualified, you would be far less inclined to have a positive impression, with odds comparable

to a rare occurrence. It seems that everyone is on the same page about both the candidate’s
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likelihood of being qualified and how informative an interview is, but the interview impression
is private and independent among all the voters. You got a GOOD impression after meeting
the candidate. After interviewing, but before any discussions, the company holds a vote.
There will be two rounds. In each round, a voter votes yes or no. In the first round, the
individual votes are private, but the number of votes will be announced to all the voters.
This round does not determine the outcome. In the second round, the voting is also private;
the outcome is determined by whether the candidate gets a majority of YES votes. Analyze
what your best vote is in the first round. The voting time is limited, so you cannot think
everlastingly. Summarize and make an immediate decision in two minutes. Your answer
should start with the analysis and end with a single character Y or N in a separate line

without any other characters or symbols, indicating your vote.

First-round Vote. Y.

First-round Answer. To determine the optimal first-round vote, consider Bayesian up-
dating: a GOOD impression strongly indicates the candidate is qualified (91% probability).
The first-round vote count informs the second-round voters. Voting Y truthfully contributes
to an accurate signal, aiding rational voters in updating their beliefs. Extremists’ votes
are fixed, but their impact is diluted if rational voters coordinate via the first-round tally.

Truthful voting maximizes collective accuracy.

Second-round Prompt. Consider the following hypothetical situation. Suppose you are
a recruiter in a company. Your company is hiring for a new position by voting. There are
in total 40 voters. You believe that the candidate should be hired only if he is qualified.
Most of the company agrees with you, but a small minority seem to support hiring every
candidate regardless of qualifications, and another small minority does not support hiring
any candidate regardless of qualifications. Before meeting with the candidate, you thought

her likelihood of being qualified was roughly balanced. If the candidate is qualified, you
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would almost certainly form a favorable impression after meeting her. If the candidate is not
qualified, you would be far less inclined to have a positive impression, with odds comparable
to a rare occurrence. It seems that everyone is on the same page about both the candidate’s
likelihood of being qualified and how informative an interview is, but the interview impression
is private and independent among all the voters. You got a GOOD impression after meeting
the candidate. After interviewing, but before any discussions, the company holds a vote.
There will be two rounds. In each round, a voter votes yes or no. In the first round, the
individual votes are private, but the number of votes will be announced to all the voters.
This round does not determine the outcome. In the second round, the voting is also private;
the outcome is determined by whether the candidate gets a majority of YES votes. After
the first round, 14 of 40 voters voted yes. Analyze what is your best vote in the second
round. The voting time is limited, so you cannot think everlastingly. Summarize and make
an immediate decision in two minutes. Your answer should start with the analysis and end
with a single character Y or N in a separate line without any other characters or symbols,

indicating your vote.

Second-round Vote. N.

Second-round Answer. After observing 14/40 first-round YES votes, Bayesian updating
suggests the candidate is likely unqualified. Given rational voters’ independent impressions,
a low YES count aligns more with an unqualified candidate (expected 8-12 YES) than a
qualified (28-32). Despite my GOOD impression, the aggregate signal outweighs individual
likelihood due to extreme unlikelihood of 14 YES under qualification. Vote NO to align with

probable unqualification.
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C.1 Proof of Lemma 7

Proof. Suppose the strategies other agents play are ¥ ;. The only scenario where ¢’s vote
can change the outcome is the pivotal case, where both alternatives need exactly one vote
to pass their threshold. Therefore, different strategies ¢ plays only affect his/her expected
utility conditioned on ¢ being pivotal. The ex-ante expected utility of ¢ with strategy profile
Y. = (0,%_;) conditioned on him/her being pivotal is as follows. Note that the posterior

belief on the world state conditioned on i being pivotal does not depend on i’s strategy.

UZ(Z | pZ’U) = PI‘[L | pi’l}, 271] . ((PhL . ﬁh -+ PgL . ﬁg) . ’UZ(L,A)
+ (Par - (1= Bu) + Por - (1= ) - vi(L, R))
+ PI"[H | piv, E,J . ((PhH : ﬁh + PgH . ﬁg) . Ui(H, A)

+ (Pog - (1= Bn) + P - (1 = 5y)) - vi(H,R)).

When agent i plays a different strategy o' = (3}, 3;,), the expected utility conditioned
on pivotal can be written in the similar form. Let ¥ = (¢/,X_;). Then, the difference
between the expected utility when ¢ plays o and o’ is exactly the expected utility difference

conditioned on 7 being pivotal.

wi (X)) —uy(X) = wi (X' | piv) — uw; (X | piv)
= Pr[L | piv, 5] - (Par - (B, = Br) + Per - (B = Be)) - (vi(L, A) — vi(L, R))

+ Pr{H | piv, Xi] - ((Par - (B, = Bn) + Porr - (B = Be) - (vi(H, A) — v;(H, R)).

164
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For majority agents, v;(L, A) —v;(L,R) < 0 and v;(H,A) —v;(H,R) > 0. When 3, < 1
and B, > 0, let B, = B +cand 5, = By — ¢ - %iiﬁzg, where ¢ > 0 is a small constant
that guarantees §, < 1 and 5y > 0. Then we have Pyr, - (8, — Bn) + P - (B; — Be) < 0
and Py - (85, — Br) + Pe - (8, — Be) > 0, which implies that u;(¥') — u;(X) > 0 and that
o is dominated by ¢’. Now, without loss of generality, suppose 3, = 1. In this case, for all
o' # o, either Pur, - (8, — Brn) + Por - (8 — Be) > 0 or Py - (81, — Br) + Perr - (8, — Be) < 0 hold.
(If Pugr - (B}, — Br) + Pon - (5 — Be) < 0 does not hold and ¢’ # o, then 3; > [, must hold.
Combined with the fact that P,y > Pnr and Py < Pyp, Pur - (55, — Br) + Por - (B, — Be) > 0
holds.) Therefore, by constructing ¥_; so that Pr[L | piv,¥_;] is sufficiently close to 0 or
1, we can find a scenario where u;(¥') — u;(3) < 0, which implies that ¥ is not weakly

dominated by Y. The reasoning for S, = 0 and that for the minority agents resembles the

reasoning above. O]

C.2 Expected Vote share and fidelity.

[39] provides useful tool to determine the fidelity of a profile sequence by the expected vote

share of alternative A under different world states.

Definition 12 (Expected vote share). Given an instance of n agents, and a strategy
profile X, let random variable X be "agent i votes for A": X" = 1 if agent 7 votes for A,

and X! = 0 if ¢ votes for R. Then the expected vote share (of A) is defined as follows:

on = S EIXE | H] ()
pr =Y BIX}| 1] (€2

=1

Specifically, vy (¢, respectively) is the expected vote share of A conditioned on world state

H (world state L, respectively).
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Note that when the majority vote winning threshold is %, o = fu —|—% ,and ¢ = fr+ %

For the convenience of presentation, we rewrite Theorem 4 into expected vote share.
Theorem 4. Given an arbitrary sequence of instances and arbitrary sequence of strategy
profiles {3, }5°, let ¢ and ¢} be the expected vote share for each 3,,. Let

11
leiminfﬁ-min(gp}fl— _¢’£>

n—00 2’ 2

o If F = +o0, the fidelity of ¥, converges to 1, i.e., lim, ., A(%,) = 1.
o IfF <0 (including —o0), A(X,) does NOT converge to 1.

o If F >0 (not including +00), and the variance of 3.1 | X! is ©(n) under every world

state, A(X,) does NOT converge to 1.

C.3 Proof of Theorem 11

Proof. When ¢ < %, for each n, let each X, be all the agents unanimously vote for A.
According to Lemma 7, no agents play a weakly dominated strategy. When the world state
is L, the winner is still A, so AR(3,,) = 0, which implies that A(X,) < Py < 1. Finally, since
¢ < %, any deviation group contains at most 4 agents. Consequently, any possible deviating
strategy still contains at least & votes for A, which guarantees that A is the winner. Since the
outcome of the vote cannot be changed, no agent can get an expected utility gain exceeding
any € > 0. Therefore, ¥, is a 3-strong equilibrium for any n.

When & > %, we show that a group of majority agents can always successfully deviate to
a deviating strategy profile that asymptotically reaches the informed majority decision with
probability converging to 1.

Suppose {¥,} is a strategy profile sequence such that A(X,) does not converge to 1.
This implies that there exists a constant ¢ > 0 and an infinite set N; C N such that for

alln € Ny, 1 — A(X,,) > 6. Now we construct the deviating strategy sequence {¥/ }. We fix
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an arbitrary n. Let D be a set of majority agents with D > £ -n — 1. Given that £ > %,
|D| > % for all sufficiently large n. For all agents not in D, let 5, = n%u:)\Zi%D Bi and
By = n%wl gD 3% be the average strategy of all such agents. Now we define the strategy
of agents in D. All agents play the same strategy with 3, = ﬁ + B (1 — ﬁ) + 1, and
Be = ﬁ%—gh (1- ﬁ) —1). 1 > 0is a small constant that still keeps /3, and [y between [0, 1].
This construction averages the two groups of agents described in the sketch and creates a
symmetric deviating strategy. With the condition that |D| > 7, it is not hard to show that

such v exists. In this way, we figure out the expected vote share of ¥,,.

1 D P P 1
PP B Ry A .|
2 n Pou+ P P+ P 2
1 D b P, 1
D e
2 n Pog + P P+ P 2

Both inequalities hold because A > 0. Therefore, by applying the first case of Theorem 4,
the fidelity of X! converges to 1. Therefore, the majority agents in D get a constant util-
ity increase under infinitely many n, and {3,} fails to be an equilibrium sequence with &

converging to 0. OJ

C.4 Technical Lemma on reaching informed majority decision.

Here we give some useful results that will be applied in the full proof.
Below are the lemmas that we apply to deal with the case where the variance of a strategy

profile becomes o(n).

Lemma 13. For any instance of n agents and an arbitrary strateqy profile X, let 6y =

LVar(Yi, X | H) and 6 = 2Var(Xi, X' | L), then i — @1, < % and g —

< 286
PL > min(Ppr,Per)

Proof. For each i, we denote agent i’ strategy as (5, 8;). In world state H, X" = 1 with
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probability Py - 8;, + Puy - B;. Therefore,

1 n
oy = —Var(ZXi" | H)

i=1

= LS V(x| 1)
i=1
'Zn:(PhH'ﬁiﬂLPeH'ﬁé)‘(1—PhH'5;i—P12H'5é>-

i=1

SI= 3= 3

Similarly, when the world state is L,

o=~ (Pur- By + Per-5y) - (1 = Pur - By — Por - ).
i=1

SRS

On the other hand,

-

@
I
—

o —PL = (EIX{" | H] = E[X}" | L])

A (B, = By)-

Sl— 3

-

@
I
—

Let 64 = (Pun - B+ Porr - B) - (1 — Powr - B, — Ponr - By). If Poy - B, + Powr - B < %7
Ot = (Pt - B + P - 8}). Therefore, 5, — 5 < B < 2. 1f Pug - B, + Ponr - 5} > 3,

53{>%(1—PhH~Bi—PgH'ﬁé),then

B —Br=(1-5)—(1-8)
<1-p
251,

<=0
P

Similarly, for world state L, we also have 3i — i < % or B — B < %. Note that

Therefore, by summing up all the i, we have pyg — ¢ < ﬁ and oy — pp <

2-A-6p, N
min(Pyr,Per)

Lemma 14. For any instance of n agents and an arbitrary strateqy profile ¥ where all
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agents play non-dominated strategies, let maj be the set of all majority agents, 52‘” =

%Var(ZiEmaj X" | H) and 52“” = %Var(zlemaj X™| L). Then (5”“” > % (om —

o), and 57 > % (m — L)

Proof. The proof resembles that of Lemma 13. For each 7, we denote agent ¢’ strategy as

(85, ;). In world state H, X = 1 with probability Py - 8; + Pry - B;. Therefore,
Var(X]' | H) = (Pur - B}, + Pon - 87)(1 = Parr - B, — Purr - Bp)-
Likewise,
Var(X]" | L) = (Pur, - B}, + Per - B)(1 = Par - By — Por - By).

By the proof of Lemma 13, we know that 3] — 3} < M and 3i — i < < Var(XP|L)

— min PZH PhH — min PZL»PhL)

Now we sum up the inequalities for all i € maj. This will be

AL S
min(Losr, Porr) — & v

2079 . ]
L > By —
min( Py, Phr) ie%zj "

On the other hand, g — ¢, = + - Y7 A - (8 — B;). For all the minority playing non-
dominated strategies, 8; = 0 or 8; = 1 holds, which implies that 3, — 8, < 0. Therefore,

o — 0L < 1 Yiemaj A - (8L — Bi). Therefore, we have

maj min(PfH’PhH) i
o > 2 n =Y B

iEmaj
min(Pyy, Phg) n ( )
> 5 A YH — PL
Likewise, 67/ > mnULbh) () — ), -

Lemma 14 implies that, if the majority agents’ strategies in the strategy profile sequence

have a sub-linear variance, the difference between the expected vote shares is also sub-linear.
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Corollary 7. Let maj be the set of all majority agents. For an arbitrary sequence of in-
stances and arbitrary sequence of strategy profiles {3, }5°, where all majority agents play
non-dominated strategies, if for any 0 > 0 there exist infinitely many n such that in some
world state k, Var(Ycmq; Xi' | k) < 0-n, then for any € > 0, there exist infinitely many n

such that in some world state k, oy — pr, < €.

C.5 Proof of Theorem 12

C.5.1 Lemmas

In this section, we give the technical lemmas to prove Theorem 12. They either form crucial
prerequisites for some intermediate results or guarantee some parameters are in the correct
range.

Lemma 15 restricts deviations to groups involving only minority agents.

Lemma 15. Given a strategy profile ¥, if there exists e > 0 such that \(X) > 1 — e and

AR(X) > 1 — e holds, then for any deviating strategy profile X', at least one of the following

2B(B+1)e
Py -PL

holds. (1) No agent has a utility increase more than . (2) Every majority agent gets

a strictly negative utility change.
Proof. The difference on the ex-ante expected utility of agent ¢ under two strategy profiles
is

ui(3,) = ui(Sn) = Prr - (NG (5,) — X (8)) (vi(H, A) — vi(H,R))

n

+ Pr - (NF(S) = AL () (0i(L, R) — (L, A)).

We discuss on different cases on the fidelity of X7 .

Suppose A(X)) > 1—%. For a majority agent ¢, u; (X)) —u;(X,) < Py-e-B+Pp-e-B =

Be. For a minority agent i, u;(X]) — w;(%,) < Py - (I%’L%]l)); B+ P - ﬁi}j)g -B = %.
2B(B+1)e

Therefore, no agent can get expected utility gain more than o
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Suppose A(X) < 1 — %. We first show that majority agents will not join the

deviating group. Then we show that at most £ - n minority agents cannot successfully

deviate. A(X]) <1 -— %, at least one of A\3(¥/) < 1 — % and \RB(X) <1 — %

holds. When M3(X/) < 1 — (;,3;},);, the utility difference of a majority agent i will be

wi(3) —ui(Sn) < Py-(e— 8 14 P e B< (Py—1)-e+ (P,—1)-B-e < 0.

Py-Pr,

When A\R(X) <1 — % holds, the utility difference of a majority agent i is also strictly
negative according to similar reasoning. Therefore, a majority agent has no incentives to

join the deviation group. O]

The following lemma shows that the deviation succeeds if and only if the fidelity of the

deviating strategy does not converge to 1.

Lemma 16. Let {¥,} be an arbitrary sequence of strategy profile such that A(¥,) converges
to 1 and {¥} be a sequence of deviating strategy profile from {X,} where for each n, the

deviating group D contains only minority agents.

1. If lim, o A(X]) = 1, the expected utility increase of the minority agents converges to

0.

2. If lim,, o A(X!) = 1 does not hold, there exists a constant ¢ and infinitely many n

such that every minority agent gains at least € in the expected utility.

Proof. Consider the utility difference of an arbitrary minority agent between ¥, and X/ .
A(X,) converges to 1 implies that A%(3,) and AR(X,) converges to 1.

When lim,, o A(X)) = 1, A3(X!) and M (X)) converges to 1. Therefore, for any con-
stant € > 0, we can find a N > 0 such that for all n > N, all A&(3,), A\B(2,), M&(XZ!), and

AR(Y! ) is at least 1 — ¢

Therefore, the expected utility gain of any minority agents converge to 0.
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On the other hand, when lim,,_,., A(3),) = 1 does not hold, there are a constant § > 0
and infinitely many n (denote the set as N') in which either A5 (X)) < 1—§or AR(X!) < 1-§
holds. Without loss of generality, suppose A%(X/) < 1 — § hold. On the other hand, for all

sufficiently large n, both A% (3,,) and AR(X,,) are at least 1 — Py Py - 6/(2B). Therefore,

2B—1 P}
> Py -0 —
> s (021 T
> 0.
Therefore, there exists a constant ¢ = Py - 0 - (2’23 = L %f) and infinitely many n such that

every minority agent gain at least ¢ in the expected utility. [

1
1+Pr*

The following two lemmas guarantee that oy, is between ﬁ and

_1

Lemma 17. ayy < 5P

Proof. By manipulating the inequality, oy < ﬁ is equivalent to

(1—PhH)2+PhHPg2L+3PhHPZL+P52L+2PhLPZL\/PhHPELPhLPeH—QPhHPgL—P;%HpeL—QPZL > 0.

Given that PhL < PhH < PgL, \/PhHPgLPhLPgH > PhLPgL. Therefore, for fixed PhL and

Py, we consider the following function of P,y

f(Purr) = (1 = Pum)® + Punr Pl + 3Pwu Por, + Pj, + 2P}, Pl — 2Pun P — PPy Py — 2Py,

= Pu, - Pl — (2P}, — P} — 3P, +2)- Pyg + PA + 2P, P2 — 2P + 1.

It is not hard to verify that f(Pyy) < LHS. Therefore, it suffices to show that f(Pyy) > 0
for all P, < Py < Py. We prove this by showing that f(FP,z) > 0 and that f increases

on PhH-
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First, we have

f(Pu) = P} + Py P} 4 3Py Py + P}, + 2P P — 2Py Py — PP P, — 2Py

= 4P£2LP}%L
> 0.
Secondly,
daf 3 2
= 2P, - Poy — (2P;;, — P;;, — 3Py, + 2)
> 2(1 - Pp) — (2P}, — P}, — 3P, + 2)
=Py -(1—PFy)- (2P — 1)
> 0.
Therefore, LHS > f(Pug) > f(Pnr) > 0. This implies ay < ﬁ. O
Lemma 18. ayg > ﬁ.
Proof. By manipulating the inequality, any > ﬁ is equivalent to

Py — Poy + 3Py P+ Pf 4+ 2P, (14 PZL)\/ Pt Por, Pup Poyr — 2Pun Py — PPy Por, — Pop, < 0.

Likewise, we view Py, as fixed and define f(P,y) = LHS be a function of P,y. We show
that f(Py) =0 and f is increasing on Pyp.

Firstly,

f(Pu) = P}, — P+ 3P, + Pi+2(1— Pj) - P, - (1= Pu) — 2P}, — P, — Py

= 0.
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Then we consider the derivative of f.

df 9 3 Por(1+ Por) -/ PurPor
=2(1—PF;;) - P 3P, —2P) —1 (1 —=2Py ).
AP ( o) * Parr + 3P, (2 + Poulon ( W)

We discuss the derivative on P,g < % and Py > % separately.

When P,; < Py < %, (1 —2P,y) > 0. Therefore, given that /Py Py < %, we have

df

52 2(1 = Pyp) - Pog + 3P — 2P}, — 14+ 2Py (1 + Pup) - \/ Pur Por, - (1 — 2Pyy).
hH

Note that RHS (denoted by f{(Png)) is linear to Py. As we aim to show that it suffices to

show that f](Pny) > 0 for all P,y < Py < %, it suffices to show that f{(P,y) > 0 when

P,y = P, and when P,y = %

fi(Pur) =2(1 — Pir)> — (1= Pir)? - (2P, + 1) +2(1 — Pir) (1 + Pur) - (2P — 1) -/ Por.(1 — Pur)
= (2P, —1)- (1= Pu) /1= P~ (2- (L + Pu) - \/Po — /1 — Puy)
> 0.
f{(;) =1- Py +3P; —2P} — 1
= P - (1= F)(2Py, — 1)

> 0.

When % < Pog < P, (1 —2P,y) < 0. Therefore, by Py < Py < Pip, /Pog Py >
\/PhLPKLy we have

df

B Z 2(1 = Py) - Poyg + 3P4 — 2P}, — 1+ Pu(1+ Pip) - (1 = 2Pyg).
hH

Similarly, the RHS (denoted by f’2) is linear to P,y. Therefore, it suffices to show that
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f5(3) > 0and fy(Pu) > 0.

1 1
f§(§) = f{(§) > 0.
fo(Pi) = 2(1 — Py) - Py + 3P — 2P}, — 1+ (1 — Py)(1+ Pu)(1 —2P;y)

= 0.

Therefore, for all P,y € (Pyr, Py, [ is increasing on P,y. Therefore, ayy > ﬁ. O
The following lemma guarantees the switch between the “Steep” Segment 2 and “Non-

Linear” Segment 3 is numerically correct. That is, Enp > % if and only if a < ayr.

A-(a—1/2)
Py

. FOT&NL2Q>%,€NL2M

1
Lemma 19. For 3P >a > ang, Envp < P

Proof. Rewrite &y > % as the following formula.

(20— 1) - 24/2(1 — aPur)(1 — 2aPu) PurPop, < Pap + (20 — 1) - (daPogy Por, — Poyy — 2Py

The proof proceeds as follows. First, we show that when P, + (2o — 1) - (daPpy Pyp, —
Py —2P;1) > 0 and ﬁ > o > %, the inequality holds at ay;, > a > % Secondly, we show
that for all any > o > %, P+ 2a — 1) - (4aPig Pip, — Poy — 2P;) > 0 holds. Lastly, we

1

show that when B > « > any, the inequality does not hold.

When Py, + (2a—1) - (4daPyy Py, — Piy —2P,) > 0, it is equivalent to solve the inequality

by squaring both side, i.e.,

8(20& — 1)2 . ((1 — OéPgH)(l — QOéPgL)PgHPgL) S (PhL + (20& — 1) . (404P5HP4L — PgH — 2PgL))2.
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Refactoring on «, we get the following quadratic inequality.

o - 4(Ppy + APy Pr2)
— - 4(2Pyu P} + 3Pun Pur + Py — 2Py — P +2)
+ (P2, — 4Py Py + AP} + Pl + 4Py Py + 2P Par)

> 0.

Using the root formula of the quadratic equation, the solution of this quadratic inequality

is

0 < 2P, Py + Pupr - (Pom + 3Pi) — (3Pu + Pir) +2 — 2Py - Pon Pur Ponr Pur,
o> 2Py P + Pupr - (Pom + 3Pi) — (3Pun + Pir) + 2+ 2Pur, - N Pun Pur P Por

= QN[

By the similar reasoning of Lemma 17, we can show that

2PhHPz2L + Puy - (PhH + 3PgL) — (3PhH + PZL) + 24+ 2P, - \/PhHPhLPgHPgL
2P%; + 8P,n P}
S 2Pyu Pl 4 Pug - (Pow 4 3Pi) — (3Pum + Pup) + 24 2P, - Py
- 2P%, + 8P,u P}
1
QPZL'

v

Therefore, when Py + (2a — 1) - (daPpy Py, — Poy — 2P,1) > 0 and ﬁ > o > %, the
inequality holds at ay; > a > %

Now we are going to show that when ay;, > a > %, P+ 2a—1) - (daPg P, —
Py — 2P;;) > 0 holds. Note that this constraint is a quadratic inequality on «. Let

g(a) = P+ 2a— 1) - (4aPig Pop, — Pig — 2P;). If we can show that g(«) is monotonically

1

decreasing on « for Py

> o > %, and find a ﬁ > o' > ayg such that g(a’) > 0, we show



177

that g(a) > 0 for all ay, > a > % Refactoring g, we have

g(a) = a® - 8Py Py, — o - 2(2Py, Py + 2Py, + Piyg) + 2P, + Pig + Par.

As a quadratic function, ¢ is decreasing on a < i + 4le + 3 ;ZL. Note that

1—1- L + ! > l—l— L + L

1 4pP,, T8P, 4 4P, ' 8P,
S 1 . 1 n 1
~ 8Py 4Py 8Py
B 1
2P

N[

Therefore, g(«) is monotonically decreasing on « for ﬁ >a >

Now we set

_ 2PhHPz2L + Puy - (PhH + 3P4L) — (3PhH + PgL) +2— QPEL - Py,

(%

Note that o > apnr. And note that Lemma 17 implies o' < ﬁ (by showing that f(Pyy)
in Lemma 17 is positive).
AP, P?
g(Oé/) — P2 hL >
(Pig +4PunPry,)
+2(Py + Py — 4Py +2) - P +4(2Pyy — 1) - P, +2(1 — Pu) - PJ).

s (L= Pua)*+ (1 = Pong)? - (3Pun — 2)) - Pur

Therefore it suffices to show that for all % < Py, <land Py < Pog < Pop, f(Pom, Pop) =
(1=Pug)* +(1=Pog)* (3Pyg—2))- Py +2( Py y+ Py —4 Py +2)- Po +4(2 Py —1)- Py +2(1— Py )- P, > 0.

To solve this problem, we calculate f’s higher derivatives on F;, and show that all of
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them are strictly positive from higher ones to lower ones. Specifically, we have

0
apf = (1 - Pup)* 3Py —2)) +4(P}y + P2y — 4Py +2) - Pop, +12(2Pyg — 1) - P2, +8(1 — Pug) - P
(L

32

8PJ; = 4(PPy + Py — 4Py +2) +24(2Py — 1) - Pop, +24(1 — Py ) - P
‘L

OBf

opr,

= 24(2P,y — 1) + 48(1 — Puyy) - Pyy.

Firstly, note that 38]3{ = 24(1 — Puy) - (2P, — 1) > 0. If we want to show that 2L is

2
oP;,

positive, under constraint Py, > Py and P,y > (1 — Pyp), it suffices to show that 2F s

2
oP;,

positive when Py;, = P,y and when Py, =1 — Pyy.

8P2 (PhH,PgL =1- PhH) = 4(1 — PhH) (5(1 — PhH) — 8(1 — PhH) -+ 5) = 4(1 — PhH) .
(5P2 +2(1 — Puyr)) > 0.

0% f
o},

(Pur, Pip, = Pay) = 4 - (—5P7; + 19P?; — 10,y + 2)

= 4-(2(2Pyg — 1)* = 2Py - (2Pyg — 1)* + 3P?, +3P2;,)

> 0.

Therefore, 8P2 > 0 for all feasible P,y and Pp;. Now we show that i > 0 for all

feasible P,y and Py by showing that 5 (PhH,PgL =1—Pyg) > 0 and —(PhH,PgL =
Pug) > 0.

0
api (Pur, Pi =1 — Pog) = (1 — Pog)?* - (4(1 — Pyg)* — 11(1 — Poy) + 9)

=P} - ((2(1 — Punr) = 3)> +1— Pun)

> 0.
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0
aPiL(PhHaPZL = Purr) = (9Pum — By — 2) - (4P} — 3Py + 1)

> (9/2—3) - ((2Pug — 1)* + Pup)

> 0.

Therefore, % > 0 for all feasible P,y and Pyr,. Now we show that f( Py, Pp) > 0 for all

feasible P,y and Py, by showing that f(Pug, P, = 1— Pug) > 0and f( Py, Pi, = Puy) > 0.

f(PhHaprzl_PhH):(2+PhH)'1_P]§H>O

f(Putr, Pir = Pug) = (4P2; — 3Py +1)? > 0.

Therefore, for all ay;, > o > %, Pur + 2a— 1) - (4aPyy Py, — Pog — 2P;) > 0 holds.

This implies that &np > % holds for all any > o > %

A-(a—1/2)

. 1
Finally, we show that for all T > a > ang, Enp < o

Note that g(a) is

1 1
monotone on gp— > a > 3, g(anr) > 0, and

o) = - Put A=)
2P5L PZL

By the intermediate value theorem, there exists a unique solution ay; < o’ < ﬁ such

A-(a—1/2)

that g(¢”) = 0. For all " < a < ﬁ, g(a) < 0. This directly implies that {7 < i

For all an;, < a < a”, The first part of this proof implies that £y < Afa=1/2) Thig finishes

Pnp

the proof. n

Deng et al. [10] show that when the fraction of the majority type agents is above the
threshold, a good equilibrium always exists. In the equilibrium, the majority agents play the
following “optimal strategy”. A majority agent with h signal votes for A with probability

Bn = m, and a majority agent with ¢ signal votes for A with probability 5, = 0.

Corollary 8. [10] When the fraction of the majority o > 0, for any 1 < k < n, any
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sequence of strategy profiles where all the majority type agents play the optimal strategy
profile forms an e-ex-ante Bayesian k-strong equilibrium with € converging to 0. Such a
sequence of equilibria leads to the informed majority decision with probability converging to

1.

By Lemma 7, the optimal strategy majority agents play is not weakly dominated. There-
fore, when minority agents play any non-weakly-dominated strategy, such an equilibrium

satisfies the constraint where no agents play weakly dominated strategies.

C.5.2 Proof for “Flat” Segment 1.

In this section, it is sufficient to show the following two statements. Proposition 4 shows that
when o« < @ and k = (1 —9) -n, even constraint (2) and (3) are not compatible. Proposition 3

shows that when a > ;2; and k < (1—0)-n, a strategy profile satisfying all three constraints

exists. (Note that given that 6 = 5 + 2’;’;2 1—60= 55— and 2PeL = %.)

Proposition 3. For all a > £77 forany £ <1 —0 and k = £ - n, there exists a strateqy

profile sequence that satisfies all three constraints.

Proof. For each n, let 3, be the following. All the minority agents always vote for A. The

majority agents play the following strategy.

maj 1

A Ty S A U
maj:l(&—*“‘@'f)—i_(s'(Pé +Pg)
h a 2 A n g

Here § > 0 is a constant such that 1 > ﬁ;"aj >0and 1 > B,T“j > 0, and at least one of

7% — 0 and 3" =1 hold. We first show that such § exists.

. 2
Forﬁma],g(Oé—%—PZL'f)<§‘Oé<1- Smceazﬁ:%Jr;“ there is PL/ Zzﬁu-
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a—f—i _— e —_——,— .
2 A 2 A 2P,
I
2 2P,
> 0

Forﬁga],a—%+%-52a—%>0. GiventhataZ%—F;’;lLL andthat§<ﬁ,
1 1 P, 1 1 P, 1
“(a—z+-L < ~(a—: == .a=1
a(a 2+ A ) a(a 2+2PKL> o «

Therefore, such § > 0 exists.

Now we are ready to show that the sequence {3, } satisfies all three constraints. Accord-
ing to Lemma 7, it is not hard to verify that all agents are playing a non-weakly dominated
strategy. For the fidelity, we compute the expected vote share for A of the profile, denoted

by ¢y and .

1 1
1 1
oL, = 5—@-5-A<§.
Moreover, the difference a - ¢ does not depend on n. Therefore, liminf \/n - (o — 3) = +o0
and liminf \/n - (3 — 1) = +00. By applying the first case of Theorem 4, the fidelity of %,
converges to 1.

Now we show that ¥, is an equilibrium. Let e = 2exp(—(a -6 - A)? - n) and ¥/, be a

different strategy profile such that at most £ - n agents deviate. Applying Lemma 15, we

2B(B+1)e

know that either no agents receive more than Py

utility increase or minority agents
will not join the deviating group.

Now suppose the deviation group D contains only minority types of agents. Let ¢} and
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¢’y be the expected vote share of ¥/ . Since in 3, all minorities always vote for A, any
deviation will increase the vote share of R. Therefore, ¢} > ¢} = a0 - A. Moreover, since
there are at most £ - n deviators, ¢y > ¢% — & = a - § - A. By the Hoeffding Inequality,

ME(X!) > 1 — e and AR(X!) > 1 —e. Therefore, A(X) > 1 — e, which contradicts the

assumption that A(X/) < 1 — (IJEJP)L@. Therefore, such deviation cannot succeed, and %, is
an QBéfgj)e—ex—ante Bayesian k-strong equilibrium. O

Proposition 4. For all o < 0, for any profile sequence {¥,} such that A(%,) converges to 1
and no agents play weakly dominated strategies, there is a constant € > 0 and infinitely many

n such that ¥, is NOT an e-ex-ante Bayesian k-strong equilibrium, where k = (1 —0) - n.

Proof. In this case, we show that a group of (1—6)-n of minority type agents can successfully
deviate by always voting for A or always voting for R simultaneously. Suppose {¥} is a
strategy profile sequence such that A(X) converges to 1.

For every n, we construct two deviating strategy profile sequences {%'} and {3?}. Let D
be the deviating group containing (1 —6)-n minority type agents. Let ¢ = >,op 0y = (Be, Br)
be the average of strategies of non-deviators, which includes all the majority agents and the
(1 — o — 0) - n minority agents. Note that (3, 3,) may or may not be identical in different
n in the sequence.

In {3'}, all the deviators vote for R. Then the expected vote share for A of X! is

90}{:9‘(PhH'5_h+PZH'5_£)7

wp=0-(Pur - Bn+ P Be).
In {¥2}, all the deviators vote for A. Then the expected vote share for A of 2 is

0 =0 (P Bn+ P - Be) + (1—0),

@7 =0 (Pur Bn+ Por - Be) + (1 —0).



183

We first consider the case where there are infinitely many n such that in the sequence
{¥}, the majority agent strategies in ¥ have sub-linear variance. Suppose for any § > 0
there exist infinitely many n such that in some world state k, Var(3X ;e X7 | k) < 0 -n.
Firstly, {¥!} and {X?} also have infinitely many ¥ where majority agent strategies have
sub-linear variance. This is because the majority agents do not change their strategies in
these two deviations. Then by Corollary 7, for any € > 0, there exist infinitely many n such
that in some world state k, p}; — ¢} < & and ¢% — 9% < e. (Note that for every such n,
ok — @t < e and p% — p2 < € holds simultaneously.)

Then we show that in this case, at least one of {3'} and {32} falls into the second case in
Theorem 4, which indicates that its fidelity does not converge to 1. If liminf, v/n- (¢} —3) <
0, {X'} falls into the second case in Theorem 4. Suppose liminf, v/n- (¢}, —3) > 0, we show
that liminf, v/n- (3 —¢7) < 0. liminf, v/n- (¢} —1) > 0 implies that, for any constant &' > 0
for all sufficiently large n, @, — % > —¢’. Then by Corollary 7, there exist infinitely many n
such that in some world state k, p};, — ¢} < e and % — 3 < . Note that p}, = o3, —(1—0).
Combining these three facts, and setting the constant such that §' + ¢ < 1%9. we know that
there exist infinitely many n such that

1 1-4

1
90%>90%{_5290}{_5+(1—9)>5—5/—5+(1—9)>§+T‘

This directly implies that liminf, \/n- (5 —¢7) < 0. Therefore, the fidelity of either {£'} or
{32} does not converge to 1. Precisely, there exists a § > 0 and infinitely many n such that
A(ZY) <1—46or A(3?) <1—4 holds. As the fidelity decreases, the utility of the minority
agents increases, and the deviation is successful. This implies that {¥} is not a sequence of
c-ex-ante k-strong BNE with ¢ converging to 0.

For now we suppose that the majority agent strategies > have linear variance for all
sufficiently large n. Likewise, the majority agent strategies in X! and ¥? also have linear

variances. In this case, if we can show that for all n, either p}, < % or 2 > 1 holds, then at

1
2
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least one of them holds for infinitely many n. By the second or the third case (as the variance
is linear) of Theorem 4, either the fidelity of ¥! or the fidelity of $? does not converge to 1.
This implies that the deviation is successful, and {¥} is not a sequence of e-ex-ante k-strong

BNE with € converging to 0.

1

It remains to show that ¢ < 3 or ¢j > 3 holds for an arbitrary n. Let ¢}, = ¢

1

and ¢, = ¢7. We fix an arbitrary n. Suppose ¢}, > 3, we show that ¢} > 1 so that the

deviation can succeed by all the deviators always voting for A. Given that 6 = % this

is equivalent to show that

- 5 Pon
P P
e On + Por, - Be > P+ Pon

under the condition that
Py,

Puy - Bn+ Py - B > —————.
wit - Bn + Por - Be P+ Pon
Denote f}{ = Py - B_h + Py - B_g and f,’; = Py - ﬁ_h + Py, - 5£~ Now, let function g(3,) =

Pur - Bn+ P - f}f;fﬂh — szi%m' Then it is sufficient to show that g(3;) > 0.

Pnp-Pog—Pryg-Pyr,
Py

Firstly, d‘% = < 0. Therefore, g(f) is minimized when [}, is maximized.

Therefore,

9(Br) > g(1)

fu— P -1 P

=P Py - — .
h Py P, + Py
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Recall that f}, > PZLP;Z‘LPZH‘ Therefore,

P
Py, + Prg
(Por. — Ponr - Por) — Por - Pon
Py, + Py

P Py — Puy - P
B Py, + Prg
(Por, — Ponr) - Pon

P+ Py

[ = Poy > Py

Therefore,

= Py, (P, — Pur) - Pon Py
> . + (P — ———— C.3
9(5h) Pru P, + Py (o P, + PeH) (C3)
Pu— Puy)- P, (Pap — Py - P
_ (Pur, wir) - Por . (Pnr, — Pimr) - Por, (C.4)
P, + Py Py, + P
0. (C.5)

Therefore, f,’: > 1323;7’;”. Therefore, by applying the second or the third case of Theorem 4,
either the fidelity of X! or that of ¥2 does not converge to 1. By Lemma 16, minority can
gain a constant utility increase from at least one of such deviation under infinitely many n.

Therefore, {¥,} fail to be an equilibrium sequence with e converging to 0. O

C.5.3 Segment 2 to 4: Overview

The rest of the proof will proceed in the order of the proof sketch. Here is the outline.

1. We solve the case when 7 is biased (either v or 1 — a — ~ is close to 0) and restrict the
case when 7 is not biased to be “double-symmetric”: all type-0 agents play the same

strategy, and all type-1 agents play the same strategy.

2. We show that a sequence of strategy profiles satisfies all constraints on ¢ if and only
if £ < &, and £ < &. Here &, and & are two constraints derived by the constraints

on the expected vote share (¢ > % and ¢ < %, like that in the “Flat” Segment



186

1). Therefore, the problem of finding the upper and lower bound is converted into

maximizing min (&, &).

3. We reduce the search space of maximizing min(&,, &) into two corner cases. In the

first case, all type-0 agents always vote for R. In the second case, all type-1 agents

Ala—3)

P,y

always vote for A. The threshold £* take the maximum of these two cases and

which derives from the biased case.

4. We tackle the two extreme cases respectively. In the case where all type-0 agents
always vote for R (the first case), the extension of “Steep” Segment 2 and “Tail”
Segment 4 serves as an upper bound. On the other hand, the case where all type-1
agents always vote for A (the second case) derives the “Non-Linear” Segment 3 and

the “Tail” Segment 4.
5. We take the maximum of all the cases and reach the upper and the lower bounds.

We first introduce notations. Consider a strategy profile > where no agents play weakly
dominated strategies. For the majority type agents, we only care about their contribution
to the expected vote share, so it suffices to know the average of their strategies. Let ﬁznaj
and 5;”“ be the average strategy of the majority agents. We partition minority agents into
two subgroups. The type-0 minority agents always vote for R when they receive h signals,
i.e. 8 = 0. The type-1 minority agents always vote for A when they receive ¢ signals, i.e.
B} = 1. Each minority agent will only be categorized into exactly one type. Specifically,
those who vote anti-informatively will either be a type-1 or type-0 agent, but will not be
both. Let 37 and 3} be the average probability of voting for A for a type-0 agent receiving

signal ¢ and a type-1 agent receiving signal h, respectively. Let 0 < v < 1—« be the fraction

of type-0 agents.
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In this way, the expected vote share of the strategy profile can be written as

o =a- (P - ;Taj"‘PZH'ﬁ;ﬂaj)"‘(l_a_’V)'(PhH‘ﬁi‘f“PﬁH)‘F’V'PZH‘Bg-

SOLZOz'(PhL'ﬁ;Taj+PeL'5gnaj)+(1—Q—V)'(PhL'ﬁfllJFPKL)JFV'PKL'Bg'

C.5.4 Segment 2 to 4: Preliminaries

We first show that, when 7 is very biased, no strategy profile can tolerate a deviation group

of &£ > Alaz1/2)

Pur
Proposition 5. For a < ﬁ, for any & > %, no sequence with infinitely many
strateqy profiles where v < & or 1—a—~ < & can satisfy all three constraints in Theorem 12
with £ = &'

Proof. The high-level idea is that the deviator group exhausts one type of minority agent.

Suppose ¥ is a strategy profile with v < &. (The 1 — a — v < ¢ side follows similar

reasoning given A'(;;Ll/ 2 > A'(;;Hl/ 2) ). Let the deviation group contain all the type-0 agents
and (£ — ) - n of type-1 agents. We consider two possible deviations.

In the first deviation, denoted as X!, the type-1 agents in the deviation group are those
with the minimum probability to vote for A when receiving the h signal. All the deviators
switch to always vote for A. We denote the expected share for ©! as ¢}, and ¢} .

In the second deviation, denoted as ¥2, the type-1 agents in the deviation group are those
with the maximum probability to vote for A when receiving the h signal. All the deviators
switch to always vote for R. We denote the expected share for % as ¢%, and ¢3.

Note that ¢ > ¢% + & and @} > ¢? + ¢, Firstly, all the deviators (with a fraction of
¢) in B! always vote for A, while all the deviators in X2 always vote for R. Secondly, the
majority agents play the same strategy in two deviations. Finally, the non-deviator minority
agents in X! are more likely to vote for A than the non-deviator minority agents.

Similar to the proof of Proposition 4, we first consider the case where there are infinitely

many n such that in {¥}, majority agent strategies have sub-linear variance. Suppose for
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any 0 > 0 there exist infinitely many n such that in some world state &, Var(};cq; X{* |
k) < &-n. Firstly, {X'} and {X?} also have infinitely many Y where majority agent strategies
have sub-linear variance. Then by Corollary 7, for any € > 0, there exist infinitely many n
such that in some world state k, o — ¢} < e and % — @2 < e. (Note that for every such
n, pl — 1 <& and g% — p3 < & hold simultaneously.)

Then we show that in this case, at least one of {3!} and {32} falls into the second case in
1

,)<

Theorem 4, which indicates that its fidelity does not converge to 1. If lim inf,, \/n- (% —3

0, {2} falls into the second case in Theorem 4. Suppose liminf, v/n- (o3 — 1) > 0, we show
that liminf, v/n - (1 — ¢}) < 0. Note that liminf, /7 - (¢3; — 1) > 0 implies that, for any
constant ¢’ > 0 for all sufficiently large n, p% — % > —¢’. Then by Corollary 7, there exist
infinitely many n such that in some world state k, o}, — o1 < e and ¢% — @2 < . Note that
ot > % + €. Combining these three facts, and setting the constant such that ¢’ +¢ < &,

we know that there exist infinitely many n such that

!/

1 1
pL> gy ezl —etE >0~ —etd >+ 3

This directly implies that lim inf, \/n- (3 —¢}) < 0. Therefore, the fidelity of either {3} or
{32} does not converge to 1. Precisely, there exists a § > 0 and infinitely many n such that
A(BY) <1 -6 or A(X?%) <1 -6 holds. As the fidelity decreases, the utility of the minority
agents increases, and the deviation is successful. This implies that {3} is not a sequence of
c-ex-ante k-strong BNE with ¢ converging to 0.

For now we suppose that the majority agent strategies in ¥ (and consequently ©! and
¥:?) have linear variance for all sufficiently large n. In this case, if we can show that for all
n, either ¢?% < % or g1 > % holds, then at least one of them holds for infinitely many n. By
the second or the third case of Theorem 4, either the fidelity of X! or the fidelity of 32 does
not converge to 1. By Lemma 16, this implies that the deviation is successful, and {3} is

not a sequence of e-ex-ante k-strong BNE with ¢ converging to 0.
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By the definition of X! and X2 ,we have

o1 > (Pup - B + P - B+ (L—a— &) - (Pur - Bt + Pu) + €.

@%{Sa'<PhH'6h +P5H maj)—i-(l—a—f)'(PhH'ﬁfll—FPgH).

We show that either go%, < % or golL > 5, which implies that the deviating succeed, and
the strategy profile is not an equilibrium.

Note that the solution to equation

o (Por - B 4+ P B)) 4+ (L= — &) - (Pur - B+ Pu) + € =

a- (Pum - By 4 Py - ma])—i-(l—a—f)'(PhH'ﬁilz“‘PéH):

N — N

is

L4 Pt ag)
?“j=i<§—PhZ'§—<1—a—§)>'

Denote this solution as f3; and ;. Note that when & > %Tm By <0

Then we rewrite the inequality of ¢} and ¢% as

a- (Pur- (B0 = Br) + P - (B = B;)).-

a- (P (B = B) + Pos - (B = B7)).

If % > l, there must be P,y - (5] mal_ 3%) 4 Py - (B, maj —B;) > 0. By Pog > Pur, Por. > Pon,
and (87" — B;) > 0, there must be (P - (87 — ;) + P - (8] — ;) > 0. Therefore,

l\D\»—l

o1, >
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Therefore, there exists a constant e such that for every strategy ¥ in the sequence {¥}

such that v < ¢ or 1—a—y < ¢, ¥ is NOT an e-ex-ante Bayesian £'-n strong equilibrium. [

At the same time, the biased case also contributes a tight lower bound, which eventually

becomes the lower bound for Segment 2.

A

=5 > a, forany § < Aa=1/2)

Proposition 6. When Pt

, there exists a sequence of strateqy

profiles {¥} that satisfies the constraints in Theorem 12 with & = %

Proof. For a fixed £ < % and for every n, the strategy profile is as follows. All the

minority agents always vote for A regardless of their signals. All the majority agents play

j P, j —1/2)-P, P, —1/2)-P, P
el — 1—1—5-(—%%—75 AL)+6and 3" = 0, where § € (£+(aa.p{ﬁ3 = —éa.ZAL> (o a‘/F)h)L - —éa.ﬁ).

Given that £ < %, we can verify that the feasible set of § is not empty.

(Oé—l/Q)'PgL_54—(0[—1/2)']34]{> (a—l/?)'PgL_(Oé—l/Q)'PgH A(Oé—l/?)'PgL

a- Py a- Py a- Py - Py a- Py - P
_(a—=1/2) Py -Poy —A— P - Pur
a Pur - P
= 0.

It is not hard to verify that 3% > 0. Given that a < 2= and £ < A1) e

2P Prr,
can verify that g% < 1.
; 1 1 (a—1/2)- Py 1 2a-Py—1
maj < 1 o — g ]_ —_. < ]_
h + (e ( 2 + PhL ) * (0% 2PhL -

By Lemma 1, no agents play weakly dominated strategies. For constraint 2, we calculated

the expected vote share for A under two world states respectively.

1 1 &P
—a- P (14— (=2
Y= hH(+oz ( 2+ A
1 1 &Py
— P (14— . (=2
L= hL(+a ( ZjL A

)+0)+ (1 —a).

)+0)+ (1 —a).
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For oy we have

1, 1 &Py E+(a—1/2)-Py & Py

S0H>a'PhH.(1+a'(_§+ A )+ a- Pyg a-A)+(1_a)
1 —1/2)- P,
2 Puy
1
1
And for ¢y, we have
1 1 f-PgL (a—l/?)-PgL f'PgL
pr< o P (I+ 2 (mg+ 1)+ 5 )T
—1/2)- P,
phL
_1
=5

Moreover, ¢y and ¢ do not depend on n. Therefore, liminf /i - (py — 3) = +oo and
liminf \/n - (3 — ¢1) = +o0. By applying the first case of Theorem 4, the fidelity of %,
converges to 1.

Now we show that > is an equilibrium with £* = %. Note that ¢* <1 — a when
a < 6. By Lemma 15, it suffices to show that a fraction £ < &* of minority agents cannot
successfully deviate. Suppose a £ < &* fraction of minority agents change their strategies.
Consider the expected vote share after deviation, denoted as ¢’ and ¢. Recall that all
minority agents always vote for A in ¥. Therefore, ¢} < ¢ < % On the other hand, the
deviator can decrease ¢y by no more than its fraction £. Therefore, ¢} > pyg — & > %
Therefore, applying the first case of Theorem 4 and Lemma 16, the fidelity still converges

to 1 after any deviation, and the expected utility gain of the minority agents converges to 0.

Therefore, the strategy profile proposed is an e-equilibrium with € converging to 0. O]

Now we come to solve the case where v > ¢ and 1 —a — v > &, i.e., the deviation group
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cannot exhaust one type of minority agents. The following lemma shows that in the strategy

profile maximizing £, each type of minority agents should play the same strategy.

Lemma 8. Let {3,} be a sequence of strategy profiles that satisfy the constraints in The-
orem 12 with &. Consider the following profiles {¥!}, where each n, ¥, and X! has the

following relationship.
1. Each majority agent in X!, play the same strategy as in %,.

2. All the type-1 minority agents in X play the average strategy of type-1 minority agents

in 3,, denoted by 8} =1 and Sj.

3. All the type-0 minority agents in X! play the average strategy of type-0 minority agents
in Y, denoted by BY =0 and [39.

Then {¥!'} also satisfies the constraints on &.

Proof. The first constraint is straightforward.

For the second and the third constraint, we consider the expected vote share. Let ¢y
and ¢y, be the expected vote share of 3, and ¢’ and ¢} be the expected vote share of ¥/ .
For simplicity, we use ¥ and ¥’ to denote ¥,, and X .

For an arbitrary n, the extremities of expected vote share in ». For the H side, ¢y
is minimized by selecting £ - n agents in type-1 agents with maximum probability to vote
for A with signal h and switching them to always vote for R. The change bringing to ¢y
is —% Sien(Puwr - Bi + Por) < =€+ (P - B) + Pu). For the L side, oy, is maximized by
selecting £-n agents in type-0 agents with minimum probability to vote for A with signal ¢ and
switching them to always vote for A. The change bringing to ¢y, is f—% Sien(Pop+Por-BL) >
=& (Por+ Pu - 7).

Given that X satisfies constraint 3, any deviation from ¥ still have fidelity converging to 1

(otherwise the deviation succeed). By Theorem 4, for any constant € > 0 and all sufficiently
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large n, there must be

1 , 1
o — =Y (Pur- B+ Pu) > 5 —¢

" ieD 2

1 a1
¢L+f—*Z(PhL+PzL'54)§§+E.

€D

By taking ¢ < %, this implies that g — @ > g for all sufficiently large n. Then Lemma 14,
the variance of the majority agent’s strategy is already ©(n) for all sufficiently large n.
Therefore, for any deviation from X, the variance is ©(n). Given that %, satisfies the third
constraint (equilibrium), these deviation fails, and their fidelities converges to 1. This rules

out the third case in Theorem 4 and further show that

o 1 ; 1
hmmf\/ﬁ-(@H—*Z(PhH'5h+P€H)—§>: + 00,

i€D
lim inf v/ - (; —(pr +&— 711 EZD(PhL + P - 3)) = + o0
This also implies that liminf \/n - (g — 3) = 400 and liminf /i - (3 — 1) = +o0.
Then we consider the ¥/ . We start from the second constraint (fidelity converging to
1). Note that ¢}; = ¢y and ¢}, = ¢, for all n. Therefore, liminf \/n - (¢} — 1) = 400 and
liminf \/n - (3 — ¢},) = +00 also hold. Therefore, by the first case in Theorem 4, the fidelity
of ¥ converges to 1.
Now we prove the third constraint holds by showing that no deviation in ¥/, can succeed.
Consider the extremities for >/ . For the H side, ¢/; is minimized by selecting £ - n agents in

type-1 (where they play the same strategy). Therefore, the change bringing to ¢’; is at most

—& - (Pym - B} + P ). Likewise, the change bringing to ¢ is at most & — & - (Pyr, + Pyr, - 37).
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Given that ¢y = ¢y and ¢ = ¢, there must be

1 |
oy — & (Pum - By + Porr) > o — ~ > (P + Punt)
€D

1 .
O+ E—E (P +Pur-B)<eor+&—=> (Pur+ Pur - B)).
ieD

Therefore, it also holds that

. . 1
hmlnf\/ﬁ-(@;{—f'(PhH'ﬁli+P€H)_5): + 00,

liminf V71 (5~ (¢, + €~ € (Pag + Pag - B2))) = + 00

Therefore, for any deviating strategy profile 3/ from 32/ | whose expected vote share is ¢, and

7, there must be lim inf \/n-min(p}; — 1, L —¢]) = 4+00. By the first case of Theorem 4 and
Lemma 16, the fidelity of >” converges to 1, and the deviation cannot succeed. Therefore,

{X! } satisfies the third constraint. O

Therefore, if we show that any strategy profile where each type of minority agents plays
the same strategy does not satisfy the constraints, then no strategy profile can satisfy the
constraints. In the rest of the proof, we focus on strategy profiles where each type of minority

agents plays the same strategy.

C.5.5 Segment 2 to 4: Transition to Maximization Problem.

Consider a strategy profile 3 where the average strategy of majority agents is (5," ) By aj),

every type-1 minority agents play (1, 3}), every type-0 minority agents play (37, 0), and the
fraction of type-0 minority agents is ~.

Consider the condition for ¥ to be an equilibrium under €. First, after a £ fraction of
type-0 agents switch to always vote for A, the deviating expected vote share under world
state L (denoted as ¢/ ) should be strictly less than % Second, after a ¢ fraction of type-1

agents switch to always vote for R, the deviating expected vote share under world state
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H (denoted as ¢;) should be strictly greater than % Therefore, we have the following

conditions.

maj maj 1

g = (Por - By ™ + Pun - By J)+(1—Oé—’7—§)‘(PhH'ﬁ;IL+PeH)+7‘PEH'5?>5
maj maj 1

O =0 (Par- By + P - B ])‘i‘(l_a_’Y)'(PhL'B}11+PZL)+(7_€)'PEL'BS+§<5

maj

We claim that, for any given S}, 89, ~, and £, there is a pair of (8%, 3"*) satisfying this
condition if and only if the solution of ¢}, = 1 and ¢}, = § (denoted as (5}, 35)) is in (0, 1)

Specifically, the explicit form of the solution is

(=) by (1 )~ 5o (Puar - Pos - 6+ P P~ (1= 59) + Par).

—
N — N —

—~

QIR+

(U= a=9) )+ 5z (P P B Par P~ (1= 59) + Par).

Combining with the constraint that (55, 85) € (0,1)?, we get two constraints on &, denoted

as & and &,.
g Bla-12+(-a-y)4)
" Pug - Pu- B+ P P - (1— B9) + Porr’
el Aa-12ey (o)
Pt - Prp - B+ Pag - P - (1= 7) + Par
. 1 _ _ R0y _ A(a—%) _ A(a—%) _
Specifically, when 3; (1 -25)) 0, & po and & —p—- When v

P tPim)e and = (1-89) =1, & =& = LAa.

Lemma 9. Given a set of 8,87, and v satisfying B} € [0,1], 8? € [0,1], and let & =
min(&n, &) corresponding to B, B9, and v. If v > & and 1 — a — v > & holds, then for all

& < & there exists a sequence of profiles such that the constraints in Theorem 12 holds for €.

Proof. We fix an arbitrary £ < ¢, and let 8} and §; defined as above. By the definition
of & and &, B; and §; are in (0,1). Now we set 8" = B +6 - (Pyy + Py) and 8" =

B — 6(Pupr + Pur), where § > 0 guarantees that 8" and 3" are in [0,1], and either
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maj

99 =1 or B;" = 0 holds.

Now we consider a sequence of strategy profiles ¥. For each n, ¥ is as follows. All
majority agents play 8" and 3;"*. A fraction v of minority agents play 59 = 0 and j.
The rest of the minority agents play 3; = 1 and 8}. We show such strategy satisfies all three
constraints.

First, it is not hard to verify that all agents play non-weakly dominated strategy. Sec-
ondly, we consider the fidelity of this strategy. In this proof, ¢/, and ¢/ refers two deviating

expected vote share defined as above. Note that

on =y + & (Par - By + Ponr) > &y

o=, =& (1= Py - B)) < ¢l

Therefore, it is sufficient to show that ¢}, > 3 and ¢} < 3. Recall that §; and £ is the

N= N

solution of the set of equation (¢}; = 3, ¢}, = 3). Therefore, assigning B9 and 5"

1 1 1
90}1;:§+&-5'(PhH'(P£H+PeL)—PZH'(PhH+PhL)):§+OZ'5'A>5
1 1 1
QO/L:5—1-04'5'(PhL'(PEH—i-PeL)—PeL'(PhH-i-PhL))25—04'5'A<5

Therefore, for the second constraint, we show that ¢y > % and ¢ < %, and that they

do not depend on n. By the first case of Theorem 4, the fidelity of ¥ converges to 1.
For the third constraint, by Lemma 15, it suffices to consider a deviating group with

only minority agents. For any deviating strategy with deviating expected vote share ¢%; and

¢, there must be ¢}, > ¢} and ¢} < ¢). Given that ¢j; > 1 and ¢}, < 3 and do not

depend on n, this directly implies lim inf /n - min(¢}; — 3,1 — ¢}) = +00. By the first case

of Theorem 4 and Lemma 16, the fidelity of 3! converges to 1, and the deviation cannot

succeed. Therefore, {¥,} satisfies the third constraint. O

Lemma 10. Let ¢ = maxst 50 min(&p,, &). No sequence strategy profile can satisfy all three



197

constraints in Theorem 12 with £ = max(&’, %)'

Proof. Let {3} be a sequence of strategy profiles satisfying constraints 1 and 2. We show
that constraint 3 does not hold, i.e., there exists a constant € such that infinitely many
strategy profiles in {¥} are not e-ex-ante Bayesian £ - n strong equilibrium.

When {3} contains infinitely many strategy profiles where v < & or 1 — a — v <

M {X} also contains infinitely many strategy

&', we apply Proposition 5. If ¢ <
Ala—1/2)

5, orl—a—y< w, and Proposition 5 implies that the

P
A(a 1/2)

profiles where v <
constraint is violated with & = w, if & > , Proposition 5 implies that the
constraint is violated with & = ¢’. Therefore, {¥} cannot satisfy all three constraints with
£ = max(g), 262102

Now we consider the case where v > ¢ and 1 — o — v > £’ holds for all sufficiently large
n. By Lemma 8, without loss of generality, we can assume that all type-0 agents play the
same strategy and all type-1 agents play the same strategy. For an arbitrary n, let oy and
©1, be the expected vote share of ¥.. We consider two deviations. In the first deviation X!, a
&' fraction of type-0 agents switch to always vote for A. We denote the expected vote share
after this deviation as ¢}, and l. In the second deviation X2, a ¢’ fraction of type-1 agents
switch to always vote for R. We denote the expected vote share after this deviation as ¢%
and 7. Note that ¢} and ¢} defined in Equation 5.7 and 5.8 is exactly ¢}, = % and
¢ = pt. We will show that for infinitely many n, either X' or X2 is a successful deviation.

Now we do a case study on the variance of ¥. We first consider the case where {3} has
infinitely many > where the majority agent strategies have sub-linear variance. This part of
proof resembles that of Proposition 4. Suppose for any 6 > 0 there exist infinitely many n

such that in some world state k, Var(} XM | k) < 6 -n. Firstly, {3} and {3?} also

iEmayj
has infinitely many > where the majority agent strategies have sub-linear variance. Then
by Corollary 7, for any € > 0, there exist infinitely many n such that in some world state k,

o — 1 < € and % — p3 < . (Note that for every such n, p};, — ¢} < e and @3 — @7 < ¢

holds simultaneously.)
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Then we show that in this case, at least one of {3'} and {32} falls into the second case in
Theorem 4, which indicates that its fidelity does not converge to 1. If liminf, v/n- (¢} —3) <
0, {2} falls into the second case in Theorem 4. Suppose liminf, \/n- (o3 — 1) > 0, we show
that liminf, v/ - (3 — ¢1) < 0. liminf, /n - (93 — 3) > 0 implies that, for any constant
8 > 0 for all sufficiently large n, ¢% — % > —¢’. Then by Corollary 7, there exist infinitely
many n such that in some world state k, ¢% — o3 < € and p}; — ¢+ < . On the other hand,

note that

b = 4+ & (Poy - B+ Pur) + & - (1= 8- Purr)
:SO?{+£/'(1+PEH+PhH'/Bf1L_B?'P£H)

> of + & (Pur + Pim).

Combining these three inequalities, and setting the constant such that §' + ¢ < 5,'(%7“3“’).

we know that there exist infinitely many n such that

1 1 & (P + P
SOi><P}{—5260§1—€+§"(PM+P£H)>2—5'—€+§"(PhL+PéH)>2+§ (hLQ KH)-

This directly implies that liminf, v/n - (3 — ¢}) < 0. Therefore, the fidelity of either {£'}
or {¥?} does not converge to 1. Precisely, there exists a § > 0 and infinitely many n such
that A(X') <1—6 or A(X?) <1—§ holds. By Lemma 8, the utility of the minority agents
increases as the fidelity decreases, and at least one of the deviations is successful. This
implies that {3} is not a sequence of e-ex-ante k-strong BNE with ¢ converging to 0.

Now we consider the case where ¥ (and consequently ¥! and ¥2?) have majority agent

strategies with ©(n) variance of all sufficiently large n. It suffices to show that at least one

of ¢ > % and ¢ < % holds for infinitely many n. By the second or the third case (as
the variance is linear) of Theorem 4, either the fidelity of X! or the fidelity of 32 does not
converge to 1. This implies that the deviation is successful, and {¥} is not a sequence of

c-ex-ante k-strong BNE with ¢ converging to 0.
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Recall that g} and (§; are the solution to ¢y = % and ¢}, = % By the definition of &, and
&, either B > 1 or B; < 0 holds. Without loss of generality, let 3; > 1. Now we consider

99 and 5" . Note that 5" < B¢ always holds.

o= 5+ (Bus - (B = 53) + P - (87" = 57).

dy= e (B (B = Bi) + Pus - (57 = ).

We show that ¢}; > 1 implies ¢} > 5. By B < B phy > % implies B > B and

Pon - (BR™ = B3) + Punr - (8" = B7) > 0. By Payg > Pup and Poyy < Pug, ¢ > @l > 5. O

C.5.6 Segment 2 to 4: Maximizing min(&,, &).

Now we try to find the condition that maximizes min (&, &,). We view &, and &, as functions
of B} and (1 — 37) and consider their partial derivative on 8} and (1 — 3¢). It is not hard
to verify that % < 0 and g% < 0. On the other two, recall the fact that for a function
14

f =%, the derivative of f is f' = M Therefore, we follow sign(f’) = sign(uw'v —uv’) and

have the following observation on the derivatives.

Slgn(ggh) =sign((l—a—9) Py - (1+ Py - (1= ) = P - Po - (a0 — ;))7
Sign(a(la_gﬁ?)) = sign(y - Pur - (1+ Pus - By) — Pamr - Por, - (a — ;))

We first discuss on &,. When (1 —a — ) < %(a -1, gg*{ <Oat (1-p)=0

Therefore, for any (67, 84), &u(Br, 1 — B) < &(Bp,0) < £,(0,0) = (g 2 On the other

hand, when (1 —a — ) > frfin(q — 1) % >  for all g9 € [0,1]. Similarly, when

Py 2/ 8B}
Ala—21
y < BarPii(o — 1) for any (B0, B), &(Bu1 — ) < &(0,0) = =52} and when 5 >
%( — %), 8(1_20) > 0 holds. Therefore, the following proposition holds.

Proposition 11. When either (1 — o — ) < 2P (o — 1) op o < Pelin (o — 1) polds,

— P hL
Ala— %)

Ppr

. Ala—3 . . ..
either &, or & cannot exceed (PhLQ)’ and min (&, &) is mazimized at
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Now we consider the case when (1 —a —-) > %(a — %) and vy > %(a — %) We

deal with this case by analyzing the derivatives under a linear constraint of i and (1 — 3Y),

ie. 1—p3) =t- B} for every t > 0. Then we have

0w (B t- 3} , 1 1

W) = sign((1—a =) P — (@ = 3) - Pan - P = (@ = ) P P 1)),
h

8&(5]&7? ' B}L)) = sign(t - (v P — (a0 — 1) Popr - Por) — Por - Por - (o0 — 1))-
9By, 2 2

sign(

sign(

Ot (Bj,tB1) . . l-a—y Py 0¢0(B} t-B;) :
Therefore, e - > 0 if and only if t < Blo 1/3) — P and o > 0 if and

Phy-Pep-(0—1)
(v-Por—(a—3%)-Prhm-Prr)

only if ¢t > . With this observation, we have the following lemma.

Lemma 20. When (1 —a —7) > %(a — 1) andy > %(a — 1), at least one of the

three holds. (1) maxg: go min (&, &) < %; (2) min (&, &) is mazimized when B =1,

and (3) min(&,, &) is mazimized when 1 — ) = 1.

Proof. We consider a pair of 8; and 1 — /3 other than (0,0). Let ¢t = 1%?’9.
h

1. Ift > % — g—ﬁ, there is %&;Bi) < 0 which implies &,(8},1 — 7) < £,(0,0).

Pop-(a—1 , : o
2. Ift < (W.Ph]:hf(:fLég_th)_Pm, there is %ﬁﬁ}l‘) < 0 which implies &(3%,1—37) < &(0,0).

Phi-Pep-(0—1) O6n (B ot-BL)
(v-Pnr—(a—3%)-Prp-Prr) 8,

and % > 0. Therefore, if 3} < 1 and (1 — 37) < 1, We consider the pair
h

B+ <Tland (1—p9)+t-6 <1, where § > 0 is a small constant. Then we have

By 1= B7) < &n(By + 0,1 = 57 +1-0) and &(B,, 1 = B7) < &u(By + 0,1 = 57 +1-0).

<t< 51720 D Tp this case,

Pi-(a=1/2)  Poa - >0

3. Finally, suppose

If the third case exists, min(&,, &) is maximized on either 8} = 1 or 1 — 3 = 1. Otherwise,

A(a=1/2) O

min (&, {) cannot exceed ="5—

Combining Proposition 11 and Lemma 20, we have the following result.

Proposition 7. At least one of the following holds. (1) maxgt go min(&p, &) < %;

(2) min(&,, &) is mazimized when 8L =1, and (3) min(&,, &) is mazimized when 1— 39 = 1.
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In the rest of the proof, we will deal the three cases in Proposition 7. Case (1) always
lead to %. Next, we show that in case (3), & will upper bounded by either %

(Proposition 8) or 1 A« (Proposition 9). Finally, we deal with the most difficult case (2) and

discover the non-linear segment (Lemma 11 and Lemma 21).

C.5.7 Segment 2 to 4: Case 1 — ) = 1.

18

Now we are ready to show that, for case (3) 1 — ) = 1, when ﬁ > o> 14&%’ A'(%;Ll/m

the upper bound of &.

Proposition 8. When (1—a—v) > %(a—%), v > %(a—%), and 25 > o > 1+1DZL7
1
)

if 1 — B2 =1 holds, either &, or & cannot exceed A(Jg%'

Proof. This proof discusses on different case on . Firstly, consider the special case where
v = M. In this case, and when 3} = (1-89) =1, =& = %Aa, which is smaller

_1
than # when o > —-. Now we consider case when B,ll < 1. We know that when

1+P; "

(1—a—7)> %(a —3) and vy > %(a — 3), & is increasing on [} and decreasing

on (1—f7), and & is increasing on (1 — 37) and decreasing on ;. Therefore, for all 3} < 1,

. A(a—%)
&, decreases and is less than B

—(Per+Pem) o
2

Then we consider the case when  # 1 ( . Note that &, decreases and & increases

: 1~ (P +Pogr)-
when 7 increases. Therefore, when ~ > w

, & is even smaller compared to itself
1=(Pop+Ppm)a

5 , under every same pair of 3! and 1 — 7. Therefore, in this case,

when v =

1 Aa—3)
& < 300 < =p—2.

Now we consider v < w. We will find the 3} such that &,(31,1) = A(Ifh;%) and

&(BE 1) = A(;h_L ) respectively, denoted as Bih and i, Then we will show that S > BiE.

N | =

Given that &, is increasing and & is decreasing on 3}, this implies that no (3} satisfies

min(&,(8}, 1), &(B), 1) > 22,
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Here we give the explicit form of 81" and 5}¢.

w_ (a—=1/2) - (PP + Py — Pur)

h _PhL'(1—0&—’)/)—(04—1/2)PhHPgL'
e _ 7 v+ Pur — (a—1/2) P Pup,

h (o —1/2) - PagPrs

Note that when Py - (1—a—7)—(a—1/2)P,g Py, <0, forany 0 < 8} <1, &, < Ale—3)

Pnp

and the statement holds. Now we consider the case when Py (1—a—~v)—(a—1/2) P,y Py, >

0. Note that

(&—1/2) (PZHPgL—i-PgH—PhL) > ’y-PhL—(O_/—l/Q)PhHPgL
Pup-(1—a—=7v)—(a=1/2)Pog Py, —  (a—=1/2)- PouPur

1 1
‘:)Pi?L'V‘(1_04_7)_PhL(a_§)'PhHPZL‘(V‘i”l_Of_V)‘f'(OZ—5)2PEHP62L

1 1
S( 5) PhHPZLPhLP€H+(a_§) 'PhHPhL'(PeH—PhL)
1 1
&Py (1—a—7)— Py(a— 5) PP - (1 —a) + (o — 5)2PEHP€2L

1 1
< (Oé 5) Proi Por, Prr Porr + (Oé - 5) - Poa Py, - (PeH - PhL)-

Note that the first term P? -+ - (1 — o — 7) increases on v when v < (1 — a). Given the

1*(PZL+PzH)'04 <

constraint that v < l(1 — «), it suffices to show that the inequality holds

when v = M Recall that when 8! =1, &, = & = 1Aa < ( §h increases on

B1, and & decreases on 3f. Therefore, there must be 81" > B} which finishes the proof. [

Proposition 9. When (1—a—~) > Z88L(q —1) v > Butlin(q — 1) and

o >
Py Py, -

1
1+P =z 27

if 1— B0 =1 holds, either &, or & cannot exceed §Aa, and min(&p,, &) is mazimized at %Aoz.

Proof. This proof resembles the proof of Proposition 8. First, when v = M

, and
Bi=(1-08))=1,¢& =& = tAa. We know that when (1 —a — ) > %(a — 2) and

Prp-Prp,

e e G 3), &, is increasing on (3} and decreasing on (1 — 37), and & is increasing on

(1 —7) and decreasing on 3}. Therefore, for all (1— ) =1 and 8} < 1, &, < %Aa. When
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1—(Py+P,
M , &, decreases and is smaller than lAa

v >

Now we consider v < % We will find the 8} such that &,(3},1) = 3Aa and
&(Bh,1) = $Aa respectively, denoted as 81" and $i‘. Then we will show that 33" > Gi“.
Given that &, is increasing and & is decreasing on 3}, this implies that no (3} satisfies

min(&h(ﬂl%u 1)7 5@(6}%7 1)) > %AO‘
Here we give the explicit form of 3i* and S}¢.

w o (PP + P —2)+1

" 2l—a—9)—a-PuPuy

w 2y—=1+4+a-(2—Pyu—PwPu) 2v—1+a-(1+ PrPu)
b a - P Phr B a - P Phr

Note that given a <

1 =B +P)e - 1-a —a—~)—a-
1+Pg <1+P£LPhH and7< 2 S 2 ’2(1 @ ’7) CYPhHPEL>

2 — (14 PuuPu) - a > 0. Now we show that 81" > B1¢ holds.

Oé~(PgHPgL—|—PgH—2)+1 >2’}/—1+Oé~(1—|—PgLPgH>
2(1—0&—’7)—05'PhHPgL_ a'PhHPhL

sS4y -2y-3(1—-a)—a-Pr)+2(1-a)? —a-(1—a)- Py
+a-(2a—1)- (PP — PagPur) + & (Pug Pt — PorPrr) > 0
l—«a OC'P@L

Sa(l-a—n - (1-a—y) -2

+a-(2a—1)- (PP — PugPur) + (P Py — Pop Par) > 0.

We show that every term in the LHS is non-negative.

(PeLJrPeH I=(PhrtPrr)a 5 1-a
2

« Since we assume y < , thereis1—a—vy > . Moreover,

Whenoz<1+P , o P <

T P < 1 — a. Therefore, the first term is non-negative.

o For the second term, we have a > Py, > Pyy, and Py > Pp,;. Therefore, the

N

second term is non-negative.
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o For the last term, given that P, < P,y < Py, and P,y + Py = Py, + P, = 1, there

must be P,y Py > Py, Pyr. Therefore, the last term is non-negative.

Therefore, we show that 51" > B¢ which finishes the proof. O

C.5.8 Segment 2 to 4: Case 3} = 1.

For now we start to deal with case (2) in Proposition 7 where 8; = 1. This case contains
a non-linear upper bound which cannot be easily characterized. The high-level idea is as
follows. Firstly, note that &, decreases while &, increases on . Therefore, for a fixed 1 — 37,
there exists a unique v such that &, = &. Moreover, if this gamma is valid, it maximizes
min (&, &) for this fixed 8). Therefore, we first calculate this v and the corresponding &,
and & for an arbitrary fixed 1 — 37 (Lemma 11). Then we maximize &, (also equals to &)

on 1 — 39 under the optimal v (Lemma 21). This brings us an upper bound for case (2).

Puy-P Puy-P,
Lemma 11. When (1 —a —v) > Balu(q — 1), 4 > Plin(q — 3) and 31— > a > 3, for

B =1 and any fizred 1 — 37, let

A (a—1/2+1/2-(1— )
(P - (1 =B+ Pur) - (P - (1= B) + Pag + 1)

é\:
Then, min(&,, &) < € holds for all feasible ~.

Proof. First, we claim that é is reached by fixing 4} = 1 and 1 — 89 and modifying v such

that &, = &. By solving the equation &, = &, for ~, we get the solution

5P -(1=B9)+ Pup+1) —a- (PunPu + PugPor - (1 — B39) + Ponr)
(Por, - (1= 39) 4+ Pur) - (Perg - (1 = 7)) + P + 1) .

2>
I

A

Correspondingly, when v =4, &, = & = &.
Now we show that §A is an upper bound of min(&,, &,). Recall that &, is decreasing on ~

and &, is increasing on . Therefore, for all v > 4, &, < é; and for all v < 4, & < é O]
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Lemma 21. Let

A-(a—1/24+1/2-(1— )
(P - (1= B9)+ Pur) - (P - (1= B) + Por + 1)

£ =

For (1—p7) € [0,1],

1/2) ¢
> +Phr+PrhaPer (a—
o when o > 5B P Py Bor Py AX(1 50)5 PhL P tD) with arg max; 50§ =
1+ Py +Prp Per, 1 £ .
e when S Brn Por P B Pon) > O TR (P =P MaX(1-g0) ¢ = &n, and the maxi

MUM arg max( _ g0 £e(0,1);

o when a < L = %Aa with arg max( g0 E=1.

1+ P +(Po.—Prp)’ max(l_ﬂ?)f

Proof. Consider the derivative of € on (1 — 39).

sign( ( o ) = sign((Po, - (1= B%) + Pur) - (P - (1= 8°) + Py + 1)

a1 59)
—(a=1/2+1/2-(1-43))
(Per - (Por - (L= B7) + Parr + 1) + Por - (Po - (1= B7) + Pir))
= sign(—;PgLPgH (=8 = (2a — 1) PP - (1= 37)

1 1
_ (a — 5) . (PhHPEL + PhLPZH + PgL) + i(PhLPhH + PhL))'

Denote the right-hand side

JU= ) = = SPuPu (1= ) = (20— 1) PPy - (1 - 57)

1 1
— (o — 5) - (PoaPor, + PorPog + Por) + §(PhLPhH + Pyr)

We have the following observations. Firstly, f(1 — 37) is decreasing on (1 — ) for
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(1—39) € [0,1]. Secondly, when 1 — 37 = 0,

1 1
fA=8)=—(a- 5) : (PhHPZL+PhLP€H+P€L)+§(PhLPhH+PhL)

(14 Py + PogPir) — - (Poa Por + PorPor + Pop)

N | —

Thirdly, when 1 — 37 =1

1
fa-6)= - §P€LP(ZH — (200 — 1) Py Por
1 1
— (a — 5) (PoaPor, + Por P + Por) + §(PhLPhH + Pyr)

:1—Oé'<1+PgL+(PgL—PhH)).

. o¢
Therefore, when o > 2(&2@%&%@%)7 81gn(8(1_§ﬂ?)) <0 for all (1—39) €[0,1], and

Aa—1/2)

¢ is maximized at (1 — ) = 0 with max1-g0) & = B (D)

When o < 1+PZL+(;ZL*P}LH)7 Sign(a(%gﬁg)) >0 for all (1 —37) € [0,1], and ¢ is maximized

at (1 — A7) =1 with max; gy £ = Ao
1

14+ Py +PruPer 9
1+ P +(Pir—Prp)’ 9(1-57)

2(Prna P +Prr Per+Por)

Finally, when > > is positive when (1 —
39) = 0 and negative when (1 — 39) = 1. Therefore, ¢ is maximized when (1 — 39) satisfies

F(1 = B9) =0, which is

\/2 (1 —a'PgH) . (1 —204'P4L> 'PZLPZH

(1= 8) = (1-20) + BB

Note that f(1 — 89) = 0 is a quadratic equation. By the monotonicity of f and the
intermediate value theorem, a real-number solution is guaranteed. On the other hand, the
other solution of the equation is out of [0, 1]. Therefore, this is the only solution in [0, 1] and
is guaranteed to be in [0, 1].

The corresponding é is exactly &np. O]
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C.5.9 Segment 2 to 4: Wrap up the Upper Bounds.

So far, we have shown that the upper and the lower bounds of & only derive from one of
the four cases. (1) When + is biased (either type-0 agents or type-1 agents dominates the
minority group). (2) When 1— 37 = 1 (all type-0 agents always vote for R). (3) When 3} = 1
(all type-1 agents always vote for A). (4) All other cases, upper-bounded with (O‘ 1/ 2 by
Proposition 7. Each case has its own upper bound, and cases (1), (2), and (3) also have
lower bounds.

Therefore, the last step is to integrate all the cases and reach a global upper and lower
bound for each Segment. For the upper bound, we take the maximum of the upper bound for
each case. In each case, there does not exist a strategy profile satisfying all three constraints
with £ equal to their corresponding upper bound. Therefore, overall, no strategy profiles
can satisfy all three constraints with ¢ equal to the maximum of all upper bounds. For the
lower bound, we show that the upper bound in each segment binds a tight lower bound. As
a consequence, the bounds consist of the threshold curve £*(«), which finishes the proof.

Now we start to integrate the upper bound of each case.

1. When v is biased, the upper bound is (o= 1/ 2) by Proposition 5 along Segment 2, 3,

and 4.

2. When 1 — 3 = 1, the upper bound is given by the maximum of % and %Aa by

Proposition 8 and 9.

3. When 3} = 1, the upper bound is no more than % in Segment 2, £y, in Segment

3, and 5Ao¢ in Segment 4 by Proposition 11 and 21.

A(a—1/2)

4. In all other cases, the upper bound is at most P

by Proposition 7.

The order of value of these upper bounds varies in different segments, of which the full proof

(a 1/2)

is in Appendix C.5.1. In Segment 2, is the largest. In Segment 3, £y, is the largest.

%. Therefore, taking the maximum on each segment,

Finally, in Segment 4, %Aa >
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(a—1/2)
Prr

the upper bound for ¢ is in Segment 2, £y in Segment 3, and %Aa in Segment 4

(if it exists). This is exactly the upper bound given in £*(«).

Here we give the formal proof for the upper bounds.

Proposition 12 (Segment 2). When 55— - >a > ayg, no (sequence of) strategy profiles can

A~(a—1/2)

satisfy all three conditions for & = P

Proof. By Lemma 10, it suffices to show that min (&, &) < % for all possible 8}, 1— /37,

and ~. By Proposition 11, when (1 — o — ) < 228L(q — 1) or 4 < BeLiL (o — 1) holds,

- LH Ppr,

min (&, &) < %. For the rest of the proof, we assume (1 — o — ) > %(a -1

and vy > M(a — %) Then it suffices to show that in all three cases in Proposition 7,
i Afa=1/2)
HHH(&L’ €f> < Pur
For case (1) where 8} =1 — ) =0, & = ;ZHl/?) < (; Ll/2 and & = %1/2 The

statement holds.

For case (2) where 3. = 1, we apply Lemma 11 and Lemma 21. Firstly, Lemma 11

4+ Prr+PruPrr A(a—1/2)
mln
2(Pnu Per+Prr Per+Per)’ (gh’&) — Ppr-(Pra+1) <

. 1+ P+ PruPer 1 i S
and when L Q min < . Dec-
) Q(PhHPzLJrPhLPgHJrPgL) = > 1+ Per,+ (P —Pru)’ (&” &) < &ne

A-(a—1/2)
Ppr

and Lemma 21 characterize that, for a >

A-(a—1/2)
Pnr

ondly, Lemma 19 implies that when 55— > a > ang, {np < . Finally, Lemma 21

I+ Py + P Pyr,
2(Pny Per+Prr Pen+Per)”

and Lemma 19 together shows that ay; < This is because, when

A-(a—1/2)

i Aa—1/2 A(a=1/2
o =anp, Y= —p, Whilewhen a > WPyt Prp Py (a=1/2) (a=1/2)

2(Pny Per+Phr Pea+Per) ,fNL = Ppp(Phg+1) Pur

Combining these three facts, we know that

_1 1+ Ppp+Pry Per, A(a—1/2) A-(a—1/2)
L. When > a2 mln(QPZL (PhHPZL+PhLPZH+PZL)> mln(gh’&) = Puor-(Phr+l) < Prr,

in(-1 14+Py 4P Por - Afa-1/2)
2. When mln(?PfL’ 2(PhHP£L+PhLP€H+P£L)) > 02 QN mln(ih’ &) <&ve < Pnr

Together this shows that min (&, &) < % when W > a > anr.

For case (3) where 1 — 3 = 1, Proposition 8 guarantees that min(ﬁh,&) < %.

Lemma 18 guarantees that the range of o in Proposition 8 covers 55— - > > anL.

A-(a— 1/2)

i This finishes the proof. n

Therefore, in all three cases, min(&, &) <
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iy 1 1 1 1
Proposition 13 (Segment 4). When TP ) = 2 ¢ and T P 2 2 2
(sequence of) strategy profiles can satisfy all three conditions for & = %Aa.

Proof. Note that when o < 1+P , lAa > %. By Lemma 10, Proposition 11, and

Proposition 7, it suffices to show that in all three cases in Proposition 7, min(&, &) < lAa.

For case (1) where 8 =1— 37 =0, &, = A'(ap;llﬂ) < A.(;;le and & = % When

o < iy, S S 0a
For case (2) where 8} = 1, by Lemma 11 and Lemma 21, for any 8} =1 and 3} € [0, 1],
min(&,, &) < 3Aa
For case (3) where 1 — 3§ = 1, Proposition 9 guarantees that min(&,, &) < $Aa.

Therefore, in all three cases, min (¢, &) < %Aa. This finishes the proof. O

Proposition 14 (Segment 3). When axy > « > max(

1 1
B (PP 2) "0 (sequence of)

strateqy profiles can satisfy all three conditions for & = &y

A-(a—1/2)

Proof. Note that when o < ang, Enp > o

By Lemma 10, Proposition 11, and

Proposition 7, it suffices to show that in all three cases in Proposition 7, min(&,, &) < &np.

For case (1) where 8} =1— ) =0, &, = %ZHl/2) < (%;;/2) and & —= A-(;;Llﬂ). By
Lemma 19, for ay;, > o > %, % <¢énr-

For case (2) where 3} =1, by Lemma 11 and Lemma 21, for any 3} =1 and 3¢ € [0, 1],

min (&, &) < Enp.

For case (3) where 1 — 37 = 1, Proposition 8 guarantees that for ﬁ > o > g JJDZL,
min (&, &) < w and Proposition 9 guarantees that min(&,, &) < Aa By Lemma 19,
for ay;, > a > %, % < &yp. Lemma 21 implies that when o > 1+PeL+(113erPhH)’

1 1 1 :
éne > 5Aa. Therefore, for all ayy > a > maX<1+PzL+(PeL—PhH)’ 5), min(&n, &) < Eni.

Therefore, in all three cases, min (¢, &) < {yr. This finishes the proof. O

Before we wrap up the lower bounds, it remains to prove the lower bounds for Segment

3 and 4, which consists of the following subsection
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C.5.10 Lower bound for Segment 3 and Segment 4.

We will start from the simpler Segment 4.

Proposition 15. When —5— > a > L the following strategy profile ¥ satisfies the con-
1+ Py, 2

straints in Theorem 12 with £ = % - A -« all the majority agents report informatively,

a fraction v* = M of minority agents vote for R, and the other minority agents

(1—a—7*= w ) always vote for A.

Proof. Given that v* < (1—a)/2, it suffices to show that v* > £*. Note that this is equivalent

1 _ 1 . 1 1
toa < PP A = 5L This holds for all S > a2 .

Now we show that all three constraints are satisfied. Firstly, by Lemma 1, no agents
play weakly dominated strategies. For the second constraint of fidelity, we calculated the

expected vote share for A under two world states, respectively.

1—(PhL—|—PhH)'Oé:

1 1
1= (Pyu+ Prg) o 1 1
SOL:Oé'PhL—i_ (hL2 hH) :i_ﬁAO‘

Therefore, ¢y > 0.5 and ¢ < 0.5. Moreover, ¢y and ¢y do not depend on n. Therefore,
liminf \/n - (g — %) = +oo and liminf \/n - (3 — ¢1) = +00. By applying the first case of
Theorem 4, the fidelity of X,, converges to 1.

Now we show that ¥ is an equilibrium with £* = % - A - a. By Lemma 15, it suffices to
consider a deviating group with only minority agents. For any £ < % A a, pg > % + &
and @y < % — £. Therefore, for any group with a fraction £ of deviators and any deviating
strategy, ¢ > % and ¢} < % Likewise, applying the first case of Theorem 4 and Lemma 16,
the fidelity still converges to 1 after any deviation, and the expected utility gain of minority
agents converges to 0. Therefore, the strategy profile proposed is an e-equilibrium with e

converging to 0. ]

Then we give the lower bound for Segment 3.
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Proposition 16. When ay; > o > max(:

1 .
3 1+P4L+(PzL—PhH))’ there exists a (sequence of)

strateqy profiles that satisfy the constraints with &€ = {ny,.

By Lemma 9, it suffices to give a valid set of 31, (1 —37), and 7. We specify the following

set.

s =1

V2-(L—a-Py)-(1—20-Py)- PyPog
Pyr - Py
(P, - (1= BY*)+2—Py) — - (PagPop + PerPor, - (1 — BY%) + Puor)
(P - (1= B*)+ Pur) - (Perg - (1 = B39*) + Po + 1) '

1-8Y=(1-2a)+

*

’y:

In this case, by Lemma 21 and the proof of Lemma 11, min(&,, &) = &nr-

We show that these parameters are in a valid scope. Specifically, there are three restric-
tions to be proved.

L. 1-p3€]o0,1].

2. 1—a—9%) > L};’Zf“ (o —3) and * > Lgh'f“ (e —3).

3.y >&évpand 1 —a— " > Eng.

Lemma 21 guarantees that 1 — 89* € [0, 1].

Proposition 17. For all ayy, > a > max(3, 1+PeL+(113eL—PhH)>’ (1—a—7*) > %(a -3)

and v* > %(a — 1) holds.

Proof. Recall the definition of &, and &,.

_ Ala=1/2+ (1 —a—7)-5)

 Pun - Por - B+ Porr - P - (1= B9) + Porr”
B Al =1/247-(1=45))

 Puy - Par B+ P P (1= 89) 4 Par

Eh

&

Now we view &, and & as functions of v € (—o0, +00), denoted as &, () and &(7). &n(y)

is monotonically decreasing on 7, and & () is monotonically increasing on . Moreover,
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in Proposition 11, we show that when v < %(a — 1), for any (81,1 — 37) € [0,1]?,
&(y) < Al-1/2) - Gimilarly, when v > (1—a)— %(a — 1), for any (8,1—47) € [0,1%,

Py, CH

&h(y) < Ala=1/2) Therefore, for v € R\ (%(Oz - %), (1—-a)-— M(a - %))7 for

Por Per
any (81,1 — A7) € [0,1]%, min(&,, &) < %. However, given the 3i*,1 — 39, and ~*
provided, £ = &g > A(?D;Ll/m. This directly implies that (1 — a — ) > %(& — %),
v > %(a — 1) holds. O

Finally, we prove that v* > {yp and 1 — a — 7" > &y We first give two alternative

forms of ~v*.

Lemma 22.

(1—2C¥P5L)(1—QP3H)+%<H%—2Q)\/2(1—OJP5H)(1—2C‘CP@L)P5LP5H

*

4(1—204P5L)(1—0{PEH)+<%+L—404)\/2(1—04P5H)(1—204P5L)P3LPZH

o 2P€2L_<3_205'PZH)'PZH’PZL+PZH'\/2'(1—04'PEH)'(1—204'P5L)'P5LP@H
2- (2P, — Piy)? '

Proof. We assign 1 — 39* into the numerator and denominator of v* respectively to get the

first alternative form. Recall that

\/2'(1—a'PgH)-(1—2a-PgL)'PgLPgH

1— 80 =(1-2a)+
o=t ) Prr - Pon
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For the numerator,

1
E(PgL-(l— V) +2— Po) — o (Pan P+ P Pos - (1= B7) + Pugr)

\/2 (I—a-Puy) - (1=2a-Py) - PP
2Py

—Oz-(PhHPgL—i-PgH—i-(l—2C(>~PELP4H—|-\/2-<1—Oé-PZH)-(1—2OJ-PgL)~PgLPgH>

:1—OéPgL—|—

\/2 (I—a-Puy)-(1—=2a- Py) - PP
2P,y

—a- (PzH + P — 2a- Py Pry + \/2 (I—a-Puy)-(1—2a-Fy)- PZLPEH)

:1—anL+

= '(7_2a)'\/2‘(1_05‘P£H)‘(1_204‘P€L)'PZLPZH+1_QOCPZL_OCPEH+2042'PELP£H

1 1
:(1—204P5L)'(1—OéPgH)+§'<%—206)'\/2'(1—04'P4H)'(1—204'P4L)'P5LPZH.

Similarly, for the denominator,

(Por, - (L= B7") + Pur) - (Porg - (1 = B%) + Par 4+ 1)
B (\/2'(1—04'P4H)'(1—2a'PgL)'PgLPgH

1—2aP,
Por + o ZL)

. (\/2'(1—Q-PKH)'(1—2a'PgL)-PgLPgH+2_2aP£H)
PZL

:2'(l—Oz-PgH)'(I—QQ'PKL)—}-Q(l—QOngL)'(I—QPZH)
1—204P5L+2—204P5H

* P, P )'\/2'(1_Q'P€H)'(1—204'P6L)'PfLPZH
1 2
:4(1—20&PgL)'(1—O./PgH)+(7+7—40&)-\/2'(1—(1-P3H)'(1—2&'P5L)-PKLP4H.
P, P

The second form is reached by multiplying

1 2
4(1—20(P5L)'(1—CXP€H)—(E—|—%—4OJ)'\/2'(1—0&-PgH)'(1—2a-PgL)'PgLPgH

together to the numerator and denominator to eliminate the square root in the denominator.
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For the numerator, it becomes

1
— E(l — 20(P3L) . (1 — OngH) . \/2 . (1 — - PgH) . (1 — 204 . PgL) . PgLPgH
2P
+ (1 — QOZPZL) . (1 — CYPgH) . (4(1 — QOngL) . (1 — OéPgH) — (1 — QQPZH) . (1 + PEL — 4aPZL))
(H
1
= — E(l — 204P3L) : (1 — OngH) : \/2 : (1 — Q- PZH) : (1 — 2a - PgL) : PgLPgH
1
—f—ﬁ(l—QanL)'(1—(1/PgH)'((3—20z'PgH)'PgH—2PgL)
H
For the denominator it becomes
2 2 1 2 2
16(1—20&PKL) -(l—ongH) —2'(1—01-P4H)'(1—20é'PgL)'PgLPgH'(7+7—4Oé)
Py, P

= 2(1 — QOéPgL) : (1 — O-/PEH)

2P + Poyr)?
. (8(1 + 2PgLPgHOé2 — (2PZL -+ PZH)Oé> — (16PZLPgHOé2 + (QPgL + PgH)Oé + M

(L L eH
8Py Por — (2Pu, + Pinr)?

P, - P
2(1 - QOéPgL) : (1 — OéPgH) : (2P4L — PgH)2
PEL : PEH .

= 2(1 —QOéPgL) . (1 —CEPgH) .

Therefore, putting the numerator and the denominator together, we have

*_2P€2L—(3—20é-PgH)'PgH'PgL—{—PgH'\/2-(1—Oz-PgH)-(1—2a~PgL)-PgLPgH
T 2 (2P — Pin)? '

Proposition 18. For all ay;, > a > %, ¥ > EnL.
Proof. By Lemma 11, we know that

o A 1/241/2.( - 4)
NE (Por, - (L= B0*)+ Pur) - (Pom - (1 = B§*) + Po + 1)

The denominator of v* and that of £y, are the same. Therefore, it suffices to compare the
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numerator and prove
1 *
§(P2L'(1—52*)+2—P12L)—Oé'(PhHPELvLPZHPzL'(1—5?*)+Peﬂ) > A-(a—1/2+1/2-(1—57%)).

From Lemma 22 (the first form), we know the numerator of v* equals to

1 1
(1—204PgL)'(1—01P4H)—|—§-(ﬁ—20z)-\/2'(I—Q'PgH)'(I—QCX'PZL)'PKLPgH.
H

Similarly, for £, we have

A-(a—1/24+1/2-(1— )
__ a8
2P - Py

\/2-(1—04-PeH)'(1—2CY‘P£L)'P£LPEH-

By subtracting the numerator of £y, from that of v*, we have

1 1 A
Note that
L g8 PuPu-Pu) o, 1,
PZH PZL'PZH PZL'PZH PZL

Given the assumption that a < ayp < every term in the subtraction is strictly

_L
2P[L’

positive. This implies that v* > &np. ]

Finally, we will prove 1 — o — v* > &y by showing that 1 — a —~* > ~+*. This consists
of two steps. First, we characterize the range where 1 —a —~* > v* holds. Second, we show

that this range covers ay; > a > %

Lemma 23. When (2P,y — Pip, — Py, Pug) < 0, for all ﬁ > a> %, l—a—vy">~v"
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When (2P,g — Pi, — P, Pog) > 0, for all

1 e Ply + 2P}, — PP P, Py - \/PEH - Pyr, - 2Py — Por, — Por. Prr)
2 B P€2H+4P€2L_4PZHPI‘LHPZL PgQH‘i‘ZngQL—ZngHPhHPgL ’

l—a—vy">~".

Proof. We solve the inequality 1 — a —v* > %, using the second alternative form of v* in

Lemma 22.

2PZ2L_(3_2Q'P£H)'PZH'PZL+PZH'\/2'(1_a'P£H)'(1_204'P£L)'PELPZH Jl-a
2'(2PgL—PgH)2 - 2

<:>P5H-\/2'(1—05-P5H)'(1—204'P4L)~PgLPgH

> <2P€2L + P€2H — PgLPgH) — Q- (2P£2HP€L + 4PE2L — 4P5HP5L + PgH)

Given that the left-hand side of the inequality is positive (assuming ﬁ > > 1), it

suffices to consider the inequality by squaring both sides, i.e.,

Ph-2-(1—a-Py)-(1=2a-Py)- PP

> (2P}, + P}y — PiPorg) — o (2P Por, + AP}, — APir Por, + Purr))*.
By refactoring on «, this inequality is equivalent to
(2P, — Pogr)? - (o - (4P7, + Pl — APy Por Purr) — 20+ (2P, + Pl — P P Pagr) + (P7, + Ply)) > 0.
Applying the root formula of the quadratic equation on

o - (4P}, + Pl — 4P, Piy Pug) — 20+ (2P}, + Pl — Pur Pog Pum) + (P + Ply) = 0,
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we get two solutions.

P%, + 2P% — PigPur Pir, n Pog - \/PEH Py - (2Pwg — Poir — Por Prm)
o =
PZQJ‘I+4P£2L_4P€HP}1HPEL P£2H+4P£2L_4PZHP11HP£L

When (2P, — Py, — Py Poy) < 0, the two solutions are complex. This directly implies

that
Oé2 . (4P€2L -+ P€2H — 4PZLPZHPhH) — 2« - <2P£2L + PKQH - PgLPZHPhH) + (P€2L + P€2H) >0

always holds. Therefore, for all ﬁ >a>g l—a—y >
When (2P, — Pip, — Pi Ph) > 0, the two solutions are real numbers. This implies that

when

1 < P£2H+2P£2L_PKHPhHP€L PZH'\/PZH'PZL'<2PhH_PZL_P€LPhH)

<« 7
2 B P€2H+4P£2L_4P€HPhHPEL Pg2H+4Pg2L—4PgHPhHPgL

l—a—vy">7v" O

Lemma 24. When (2PhH — PgL — PgLPhH) Z 0,

et
NE = Py + 4Pj, — 4Py Pon Prr Pl +4Pf, — 4P Pun P

Pk +2P% — Pig Py Py, Pim - \/PeH Py, - (2Pwy — Por, — Por.Ponr)

Proof. Recall that

2Py P + P - (Pog + 3Pi) — (3P + Pir) +2 — 2P - N Pon Por Pon Pur,

aNL =

We first use scaling methods to unify the square roots in these formulas. Note that when

(2Pwg — Pop, — PoipPry) >0

\/PZH'PZL'(2PhH_PZL_P€LPhH>S \/PZH'PZL'<PhH_PZLPhH):\/PhHPhLPEHPZL-
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Therefore, it suffices to show that

o Ply + 2P — PnPonPie Ponr - VPou Pun P Pur
MU= P2 L AP2 — APy PPy, Pl +4P% — 4Py Pug Py

This inequality is equivalent to

(Phy + 2P, — PogPunPur) - (2Pgy + 8Pun PJy)

— (P + 4P}, — 4Py P Pir) - 2Py Py + P - (Pag + 3Pu) — (3P + Pup) +2)

+ 2 (Pap - (Piy + 4P}, — APy Pag Por) — P - (Ply + 4P P7)) - \/PhHPhLPEHPEL

> 0.

By reorganizing the formulas, the non-square-root term equals to (P, — Puy) - (2P, —

Pig)? - (Pig + 2Py Pryr), and the square-root term equals to —2(Pyp — Pupr) - (2P — Prg)? -

V' Poir P, Po Py, Therefore, the inequality is equivalent to

(Pe — Pu) - (2P — Pory)? - (Porp + 2Pop Pry — 2\/PhHPhLP€HPZL) > 0.

By P,y > Py and Py, > PZH; Py Py > \/PhHPhLPgHP[L. Together with the assumption

Py, > P,g. Therefore, the inequality holds, which finishes the proof. m
Combining Lemma 23 and 24, we have the following proposition.
Proposition 19. For all ay;, > a > %, l—a—79">¢&Ng.

Therefore, combining Lemma 21, Proposition 17,18, and 19, Proposition 16 is proved.

C.5.11 Segment 2 to 4: Wrap up the Lower Bound.

Finally, we show the tight lower bound corresponding to the upper bound in each segment.

Aa—1/2)

1. In “Steep” Segment 2, Proposition 6 in the biased case gives the lower bound B

where all minority agents always vote for A.
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2. In “Non-Linear” Segment 3, we show that the corresponding £* and 1 — 3§ that max-
imizes é serves as a valid set of parameters in Proposition 16, so &y, is also a lower

bound.

1 (P +Pim) o
2

3. For “Tail” Segment 4, the parameters 3; =1—3) =1, and 7 = gives the

lower bound %Aa by Proposition 15.

Therefore, the lower bound on ¢ is exactly given in *(«). We finish the proof that £*(«)
is exactly the threshold curve for which a strategy profile satisfying all three constraints

exists.
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