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Abstract

We consider the allocation of homogeneous divisible goods to agents with linear additive val-
uations. Our focus is on the case where some agents are secretive and reveal no preference
information, while the remaining agents reveal full preference information. We study distor-
tion, which is the worst-case approximation ratio when maximizing social welfare given such
partial information about agent preferences. As a function of the number of secretive agents
k relative to the overall number of agents n, we identify the exact distortion for every p-mean
welfare function, which includes the utilitarian welfare (p = 1), the Nash welfare (p — 0),
and the egalitarian welfare (p — —o0).

1 Introduction

We study a resource allocation problem in which divisible goods must be allocated to agents with
linear additive valuations.! Treating goods as divisible captures cases where they are inherently
divisible (such as land or food), and where they are indivisible (such as jewelry or artwork) but can
be allocated randomly or timeshared. Formally, an allocation is a matrix x, where x; ; € [0,1] is
the fraction of resource j given to agent i and ), x; ; = 1 for all j. The preferences of agent i are
given by a valuation function v; such that her utility from allocation x is v;(x;) = >_; v;(j) - @4 ;.

A classic solution is to allocate the resources in a way that maximizes some social welfare func-
tion, which maps the utilities of the agents to a single aggregate measure of allocation quality. Com-
mon examples include the utilitarian welfare (1 3~ v;(x;)), the Nash welfare (], vi(xi))l/ "), and
the egalitarian welfare (min; v;(x;)), where n is the number of agents. In fact, these are members
of the broader class of p-mean welfare functions, given by (1 3. v;(x; )P)Yr, withp = 1, p — 0,
and p — —oo respectively.

When we have complete information about the valuation function of each agent, finding an allo-
cation that maximizes social welfare is conceptually trivial (algorithmically, however, some welfare
functions may be challenging to maximize [26, 23, 14, 7]). But when we have only partial informa-
tion, it is less clear what outcomes are prescribed by the social welfare maximization paradigm. One
approach in the literature is to consider the distortion, which is the worst-case approximation ratio
of the maximum social welfare that could be achieved with full information to the social welfare
achieved by the allocation rule given partial information. Distortion can be viewed as the “price”
of missing information, and minimizing distortion provably reduces the (worst-case) impact that the
missing information has on the solution quality. Distortion was originally defined by Procaccia and
Rosenschein [30] in the context of voting, where it has led to an extensive literature of follow-up
work; we point the reader to the recent survey by Anshelevich et al. [4] for a summary. The approach
has since been applied to other settings including matching [1, 27, 2] and resource allocation [25].

Traditionally, the distortion framework has been applied when every agent reports ordinal pref-
erences [16, 3, 25]. In this paper, we introduce and study a different model, in which some agents
provide complete cardinal valuation functions while others provide no information. We term the
latter agents secretive agents. In practice, agents may be secretive because they do not want to dis-
close their valuations for privacy reasons, or because they are simply unresponsive to requests for
information. For example, on a popular resource allocation website Spliddit.org, more than 10% of
the goods division instances did not succeed because at least one user did not submit their valuation
function.? Prior work in resource allocation has considered secretive agents [6, 22, 20, 5], but these

'We discuss allocation of indivisible goods in Appendix C.
2For chore division instances, it was even higher at over 32%.
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focus on guaranteeing certain fairness properties in the presence of secretive agents, not on welfare
maximization or distortion. Further, unlike in our work, none of them allow more than a single agent
to be secretive because guaranteeing the fairness properties they seek becomes trivially impossible
in this case.

In the presence of one or more secretive agents, it is not a priori clear what a “good” allocation
looks like. On the one hand, if we assign any good to a secretive agent, she might turn out to
have very low value for that good, resulting in the good effectively being wasted. On the other
hand, if we allocate nothing to the secretive agents, we run the risk of facing high distortion due
to instances where the secretive agents are the key to achieving high welfare. How do we balance
these considerations? Should we allocate any resources to the secretive agents? If so, how do
we determine how much of a resource should be allocated to the secretive agents? We answer
these questions by identifying worst-case optimal allocation rules, which turn out to be surprisingly
simple.

1.1 Our Results

Let n be the number of agents, k of whom are secretive. We present our results for divisible goods
in the main body and defer the treatment of indivisible goods to Appendix C. For divisible goods,
we provide a complete picture of the exact distortion for all p-mean social welfare functions. We
introduce a family of allocation rules parameterized by « € [0,1] and show that all our upper
bounds can be achieved by setting the right value of « as a function of p, n, and k. Given «, the
corresponding rule allocates « fractions of all the goods to the non-secretive agents in such a way to
maximize their social welfare and splits the remaining 1 — « fraction of each good equally among
the secretive agents. In each case, we can obtain an exactly matching lower bound. A summary of
our results is presented in Table 1 and Figure 1 shows how the distortion varies with p, n, and k.

The distortion naturally increases as the number of secretive agents k increases; for every p, the
distortion starts at 1 when £ = 0 (full information) and increases to n at £ = n (no information).
Interestingly, for p = 1 (the utilitarian welfare), p — 0 (the Nash welfare), and p — —oo (the
egalitarian welfare), the distortion already becomes n at k = n — 1, meaning that knowing the
valuation function of a single agent is not helpful for these welfare functions, but this is not the case
for intermediate values of p. When k = ©(n), the distortion is ©(n) for p < 1 and ©(n)/? for
p > 1. When k < n, it is worth noting that the distortion for the Nash welfare is = 1 + kIlnn/n,
which grows linearly in k like for the utilitarian and egalitarian welfare, but at a lower rate. More
generally, the Nash welfare leads to a surprisingly low distortion; see Figure 1.

Finally, we conduct simulations on synthetic data and real data from Spliddit.org to evaluate
the empirical performance of our algorithms with respect to the utilitarian social welfare. While
every « € [Y/(k+1), 1] is optimal in the worst case, we find that higher values of « perform better
empirically.

1.2 Related Work

In the voting literature, the idea of distortion has been analyzed under two primary frameworks,
distinguished by what they assume the underlying expressive preference format to be: the utilitarian
framework assumes that voters have utilities for candidates [16, 18, 12], while the metric framework
assumes that voters have costs for candidates satisfying the triangle inequality [3, 24]. Following
Halpern and Shah [25], our work follows the utilitarian framework as it is more applicable to allo-
cating goods.

Halpern and Shah [25], like us, assume that agents have additive cardinal valuations, but they
study the case where every agent reports a ranking of her ¢ most favorite goods. They analyze the
best possible distortion with respect to the utilitarian social welfare as a function of ¢ in relation to
the number of goods m. In particular, when every agent ranks all the goods (i.e., t = m), they show
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Table 1: Summary of results for divisible goods. For k = 0, all distortion values in the table evaluate to 1.
However, for k = n the correct distortion value is n for p < 1 and n/? for p> 1
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Figure 1: Distortion value with divisible items as a function of p.

that the best possible distortion (with a randomized rule) is n, which is what one can achieve with
no preference information whatsoever. That is, they argue that having access to ordinal preference
information is not helpful for welfare maximization. In contrast, our distortion bound is better when
k < n — 2, i.e., even when we have access to the valuation functions of just two agents. In a
sense, this shows the usefulness of eliciting cardinal preferences as opposed to ordinal preferences
in resource allocation settings.

Finally, we note that the idea of secretive agents is also explored in the voting literature, albeit
with very different motivations. Borodin et al. [15, Lemma 4] show that constant metric distortion
can be achieved in elections where any subset of voters that is at least a constant fraction of the elec-
torate participate and submit ordinal preferences; such a strong guarantee is known to be impossible
to achieve in the utilitarian framework, but may be possible if the participating subset of voters is
assumed to be drawn at random. Micha and Shah [28] study voting rules which have access to the
votes of only a subset of voters, but instead of analyzing the distortion, their aim is to predict what
popular voting rules would have returned given all the votes. One of their primary motivations is to
design voting rules to apply to polls in order to predict the outcome of an upcoming election.

2 Preliminaries

A resource allocation instance (N, M, v) consists of a set of n agents N, a set of m goods M, and
a utility profile v = (vy,...,v,), where v;: M — R is the valuation function of agent i. We



normalize the valuations of each agent ¢ to sum up to one, i.e., Ej e i(j) = 1. This unit-sum
normalization is widely used in welfare maximization [8].3

Allocations. An allocation is a division of the goods among the agents, denoted by x =
(x1,...,%Xp), where z; ; is the fraction of good j allocated to agent ¢ and each good j is fully
allocated (i.e., Zie ~Ziy = 1 for each j). We consider the class of linear additive utili-
ties, where the utility of agent 7 for her share x; is, with slight abuse of notation, defined as

0i(%i) = 22 jepm vild) - i g

Welfare functions. A welfare function W aggregates the utilities to the agents under an allocation
X into a single non-negative real number measuring the efficiency of the allocation. Following
Barman et al. [9], we consider the following class of welfare functions.

Definition 1 (p-Mean Welfare). For p € R, the p-mean welfare of allocation x is defined as

My = (

n

l/p
Sewuler)
This class contains three popular welfare functions:
* Choosing p = 1 induces the utilitarian welfare, given by UW (x) = (1/n) - >, o - vi(Xs)s
* The limit p — 0 induces the Nash welfare, given by NW (x) = (T, vi(x:)) "™,
¢ The limit p — —oo induces the egalitarian welfare, given by EW (x) = min;ear v;(X;)-

It is known that p-mean welfare functions are characterized by five natural axioms [29, pp. 66-
69], and further imposing the Pigou-Dalton principle induces p < 1. It is interesting that our result
for the warm-up case of k& = n also differs depending on whether p < 1 or p > 1 (see Section 3.1).

2.1 Secretive Agents & Distortion

In our setting, we assume that we have no information about the valuation functions of k agents,
whom we term secretive agents, while we have complete information on the valuation functions of
the remaining agents, whom we term non-secretive agents. Our goal is to find an allocation that
minimizes the worst-case multiplicative loss of efficiency measured by a p-mean welfare function.

More formally, let Mo and Nponsec denote the sets of secretive and non-secretive agents, re-
spectively. An instance of resource allocation with secretive agents (N, M, Vponsec) consists of a
set A/ of agent, a set M of items, and a valuation function v; for each non-secretive agent (the valu-
ation functions implicitly define the sets MVyec and Mponsec). We aim to find an optimal strategy for
the following game:

1. The adversary chooses the valuation functions of the non-secretive agents, denoted by
Vinonsec = (Ui)ieNnonsec'

2. The player chooses an allocation x of the goods to all agents (secretive and non-secretive).

3. The adversary chooses the valuation functions of the secretive agents, denoted by vgec =
(vi)ieA...» as well as an allocation x*.

4. The player incurs the (multiplicative) loss W(")/w(x).

30ur results for the Nash welfare hold independently of any normalization. However, for every other p-mean welfare
function, the optimal distortion is k£ + 1 in the absence of any normalization.



This game is formalized via the notion of distortion.
Definition 2 (Distortion with Secretive Agents). Given the number of agents n, the number of

secretive agents k, and a welfare function W, the distortion is defined as

W(x*)
DV = sup inf su .
n’k Vnonzc X Vsech)(* W(X)

Note that the distortion is always at least 1 as the adversary can always return the same allocation
as the player returns, i.e., x* = x.

A strategy for the player corresponds to an allocation rule that maps instances to allocations.
Because we express distortion values that depend on n and m (that is, we are typically interested in
varying vyensec), we suppress the dependence on A and M and simply write A(Vpopsec) to denote
the output of allocation rule A on instance (N, M, Vaonsec)-

Definition 3 (Distortion of an Allocation Rule). Given n agents, k secretive agents, and a welfare
function W, the distortion of an allocation rule A is defined as

W(x*)
DW. (a) = sup Wirlv
=S )

If an’k(A) = DZV),c then we refer to A as an optimal strategy for the player.

3 Distortion Values

In this section, we present allocation rules that provide provable guarantees on the distortion with
respect to p-mean welfare functions.

31 Warm-up: k=0andk =n

First, let us consider two extreme cases where k£ = 0 and k& = n which provide us some intuition for
the general case.

Case k = 0. If there are no secretive agents, then we have full information of the utilities and we
can return the allocation that maximizes the welfare for all agents. The adversary cannot obtain a
welfare higher than us, therefore, the distortion value is 1. As N = Myonsec in this case, we may
say our strategy was maximizing the welfare for the non-secretive agents. Denote this strategy by

1/p
1
OPTponsec (Vnonsec) = argmax (n Zie]\/mnsec V4 (Xi)p> .
x

Case k = n. Suppose all agents are secretive and we do not have any information from their
utilities. To assist with intuition, assume p < 1. Our best response would be to return a uniform
allocation, i.e. allocate 1/n of each item to each (secretive) agent. Intuitively speaking, this follows
from the concavity of M, for p < 1. If we act differently, the adversary can use the asymmetry in
our allocation to incur a higher distortion (details provided in the full version). Denote this strategy
by
1

|N sec |
Regardless of the utilities, for all agents we have v;(x) = 1/n. Hence, the welfare obtained is
1/n. The adversary cannot achieve mean welfare of more than 1. Thus, we get an upper bound of

an’k:n < n. In Appendix A, we also show a matching lower bound.

| Vi€ M,i € Nec}-

Uniformsec(vnonsec) = {Ii,j =



Lemma 1. For all p-mean welfare functions with p € (—oo, 1] (including NW and UW) and EW,
the distortion with n secretive agents is DXYn =n.

The analysis presented does not hold for p > 1. By the convexity of M, when p > 1, our
best response is to allocate all items to one agent. Then, only one agent will have a utility of 1
while others get 0 utility. Therefore, (2 =, v;(x)?)}/? = (1/n)/? leading to an upper bound of

M 1 _ n1/p
Dn,;)zg n—1/p _n/'

Lemma 2. For all p-mean welfare functions with p € (1,00), the distortion is an’n =nl/p,

3.2 Resultsforl <k<n-1

In general, our strategy for the general case is to mix the two strategies described for the extreme
cases of k € {0,n}. That is, our allocation rule is one from the following class of allocation rules,

Ay = a OPTyopsec + (1 — @) Uniformgec, (1)

where we allocate o € [0, 1] portion of each item according to the OPTyopsec rule, and the rest
uniformly among the secretive agents. The proper choice of o however, depends on the chosen
welfare function.

We begin with a lemma that provides an upper bound on the adversary’s welfare. Throughout
this paper, we oftenuse 5 = >, \,  ;(0PTnonsec(Vnonsec))? to refer to the unnormalized welfare

nonsec

(i.e., the p-th power of the p-mean welfare) that the non-secretive agents receive under OPTyqpsec-

Lemma 3. For any valuations of the non-secretive agents Vyonsec and p € R, it holds that

M, (x*) < (i(ﬁ + k)) " (k+1) - Mp (Ar/g 1) (Vaonsec)) 2)

where =3 . Noomoos Vi (0PThonsec (Vnonsec ) )P- That is, the welfare achieved by the adversary is at

most k + 1 times higher than the welfare achieved by the allocation rule Ay, , ..

Proof. Let u; denote the utility achieved by non-secretive agent ¢ under OPTyopsec. Note that each
secretive agent receives utility at most 1 due to the unit-sum normalization. Hence,

My (x) = (fl > m(x*)p)
ieN

1 1
<<1< 3 Uf+zl>> :<ﬁ+k)z).
" \ie Nommsec 1€Nsec "

On the other hand, note that the utility vector under Ay, +1)(Vnonsec) is

(75, B 747 -+ 5g7) because k%rl fraction of each item is allocated according to

OPTphonsec and T}H fraction of each item is allocated to each of k secretive agents. Hence,
1

M (B3, (Vaonsee)) = 77+ (ZE5) ", which yields the desired relation. 0

Lemma 3 immediately implies the following Corollary.

Corollary 1. For all p-mean welfare functions W, the allocation rule Ay, has distortion
DY (Aijny) < k+1foralln >k > 0.



It turns out that the upper bound of k + 1 is only tight for the egalitarian and utilitarian welfare
functions. For other values of p, we can achieve lower distortion by tailoring our strategy to the
particular welfare function. The next two lemmas contain common parts to the analysis that we will
use to prove our guarantees.

Lemma 4. Consider a resource allocation instance with secretive agents. For all o € [0,1] and
any p-mean welfare M, we have

M, (x*) < < B+k

Mp(Aa(Vnonsec)) = apﬂ + (1—T0t)p k) - fp(ﬁ; Oé)a 3)

where 3 =3, \

nonsec

V; (OPTnonsec (Vnonsec ) )p'

Proof. By Lemma 3, the welfare achieved by the adversary is upper bounded by M, (x*) < (£ (8+
k))l/ P Next, using the allocation rule A, the player achieves a welfare of M (Aq(Vnonsec)) =

(5 @8+ (52) k)" 0
Lemma 4 immediately implies that

1
k P
DYy < D) (ha) < ax (—LEE )
' ' Vansee \ P B + (132)" k

Lemma 5. Ler f,(3, ) be as defined in (3). Then, for a fixed o > k%&-l’ fp is non-increasing over
B =1

Proof. As fp(8,a) > 1 and since log preserves monotonicity, it is sufficient to show
45 log fp(B,a) < Oforall 5> 1.

d Ly - :
a3 s fr(Bra) = <5+k B 5+(L‘,§*)pk>'

l—a

Bya > k—}rl, we have 5 <L Then, we can check this expression is non-positive both for p > 0

and p < 0. O]

As f, is non-increasing, to obtain an upper bound on the distortion, we need a lower bound on
(. This value, as well as the proper choice of «, depends on p. In the rest of this section, we will
find the proper choices for o and 3 based on the welfare function. We begin with p € (—o0, 0).

Theorem 1. For p € (—0o0,0), the allocation rule A ., with z = (n — k)ﬁ achieves

DY (h) < ¥ (24 K)F

J

Proof. Lemma 5 requires 7= > 5. The function f(z) = %

k+1°
dueton —k > 1and p < 0. Hence, ;5 > %ﬂ
By Lemma 4, we can bound the distortion by (3). Furthermore, by Lemma 5, this bound is

maximized when /3 is minimized. We know for all i € Nyonsec, v; < 1. Therefore, v! = (1/v;)" " =
(1/vi)‘p‘ > 1. Consequently, 8 > n — k.

is increasing over x, and z > 1



Putting all together, by substituting 5 and o we get

—k+k v
DY (a,) < i b.
n,k( ) <O{p(’nk)+ (]_ka)pk> (Su B)
1 (ZPn—k k v
=nbr < Ay z+k)1’> (sub. o)
. ; k o
B z+k (z+k)p
1 z+k 5 1
= nrer = nr k D
( z+ k)P > (z+ )

n—=k

Taking the limit as p — 0 and p — —oo in Theorem 1 suggests upper bounds of n(n 5
and k + 1 for the Nash and egalitarian welfare respectively. For the egalitarian welfare, we have
already shown an upper bound of k£ + 1 in Corollary 1, and the following lemma proves that this
upper bound is achievable for the Nash welfare.

n—k

Theorem 2. For the Nash welfare, the allocation rule A.—x);, achieves DSXCV(AQ) <n (ﬁ) !

Proof. Note that 8 = maxx [ ;e vi(x) is the maximum product possible for the nonsecretive

agents. Following the definition of A,—_(.—x),,,, each secretive agent will have a utility of (1 — «)/k,

and 1 l
= (o () ) = (5 ())

Furthermore, by Lemma 3, we have NW (x*) < (3 - 1’“)1/” = 5%. Hence,

n—k
NW (x*) 1\ "
DNW 2/ ) O
nk S NW(x) "<n—k>

Now, we will focus on the range p € (0, 1].

1
Theorem 3. For p € (0, 1], the allocation rule A.—x), achieves D%Z(Aa) <n (M) P

n

Proof. The requirement of Lemma 5 is met, as fork < n, (n — k)(k+1) > n = T > k—_lﬂ

By Lemma 4, distortion is bounded by (3), and by Lemma 5, this bound is maximized when 3
is minimized. For any given vpopsec, One suboptimal allocation is Uniformy,,sec- Each agent gets
v; = — utility from this rule. Hence, 3 > (n — k)(-1-)? = (n — k)17,

n—k
By substituting 5 and « in (3), we have

— k)P 4k B
DMr(a,) < (n
w0 < (e L)

1
(n—k)'P+k\7
S (.7 O
”( n—k+k

Note that for p = 1, Theorem 3 implies an upper bound of k£ + 1 for the utilitarian welfare,
matching the upper bound from Corollary 1. Moreover, by taking the limit p — 0 in Theorem 3, we
get the same upper bound proven in Theorem 2.

In fact, for the case of utilitarian welfare, a range of strategies all yield a distortion of k£ + 1.



Proposition 1. For the utilitarian welfare and for all o € [

o 1], the allocation rule A, achieves
Dn e (Ay) < k+1.

Proof. By Lemma 4 we have D}f\,iv < maxg % As the utilitarian welfare in any instance

is at least 1, e.g. by giving all items to one agent, by Lemma 5 and setting 5 = 1 we have Dn <

1+k —

Lastly, the following theorem treats the case of p > 1.

Theorem 4. For p € (1, 00), the allocation rule A; achieves Di\L/IZ (A) < (kK + 1)%

Proof. By Lemma 4 and our choice of & = 1, the distortion value is bounded by max, (2t~ JBF )
This term is maximized when ( is minimized. Moreover B > 1 because one suboptimal allocation
is to give all items to one agent and obtain ) ;. v? = 1. By substituting 8 = 1, we get the

nonsec

desired bound. O

In Appendix B, we present matching lower bounds for all of the upper bounds proven in this
section.

4 Experiments

In this section, we measure the average-case approximation ratio of utilitarian welfare achieved by
different rules based on synthetic and real-world data. In principle, one could conduct a similar
analysis with other welfare measures, but we focus on utilitarianism for simplicity and conciseness.

Rules. We compare the following allocation rules motivated by Section 1.1: Uniform (allocate
items uniformly to all agents), A, with @ = =5 +1 , o =
utilitarian welfare maximizing allocation for the nonsecretlve agents, and all three of the A, rules
tested achieve the optimal distortion for utilitarian welfare.

Measurement. For a resource allocation instance with secretive agents, we measure the ratio
between the maximum feasible welfare by full information and the welfare obtained by the rule,
averaged over many instances. This provides us with an average-case analogue of the (worst-case)
distortion.

4.1 Synthetic Data

Data Generation. We generate utilities for each agent, either secretive or nonsecretive, sampled i.i.d.
from a Dirichlet distribution with m concentration parameters all set at 1, i.e. Dir(1,...,1). Each
reported datum is the average of welfare ratios over 1000 randomly generated instances.

Experiments. We conduct three experiments each varying a parameter while fixing the others:
vary k (Figure 2a), vary n with a fixed k (Figure 2c), vary n with a fixed ratio of k/n (Figure 2d),
and vary m (Figure 2b).

Results. In all four figures we see a consistent relationship between the rules: rules with higher
o outperform rules with lower « and all three of the A, rules outperform Uniform. This is perhaps
not surprising, since higher values of o more heavily exploit the information available to the rule
from the non-secretive agents, with the Uniform rule being one example of an extreme case that
ignores all available information about the utility functions.

In Figure 2a we see all three A, rules achieve average welfare ratio 1 when k£ = 0, with the
welfare ratio converging to that of Uniform when k = n, as expected. Of particular note is A4,
which achieves an average welfare ratio close to 1 even for relatively large values of k (for example,
the average welfare ratio is ~ 1.23 when k& = 10) before rapidly increasing for large k. Of note is
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Figure 2: Average welfare ratio achieved by different strategies. Error bands indicate the standard deviation. In
all plots m = 200 (except in Figure 2b).

that all algorithms significantly outperform the worst-case bound of k + 1 displayed with a dotted
line in the figure.

Figure 2c reveals an interesting separation when A; and A¢.-x)/, are compared to Ay, ,,, and
Uniform. The average welfare ratio of the former rules decreases to 1 as n increases (with k£ = 5)
while the average welfare ratio of the other rules actually increases with n. Figure 2d suggests that
this increase persists even when the ratio ¥/n is held (approximately) constant.

4.2 Spliddit Data

Data Generation. We also used the real-world goods division instances from Spliddit.org. For each
instance with n agents and a fixed k, we randomly sampled & (secretive) agents, hid their utilities
from the allocation rules and measured the welfare ratio based on the actual utilities. Similar to the
simulated experiments, we report the average of 1000 such simulations.

Data Statistics. The report is based on 4679 Spliddit instances. The distribution of the number
of agents n is {2 : 27.5%,3 : 67.3%,4 : 2.4%,5 : 1.7%,6 : 0.4%, and n > 7 : 0.7%}. The number
of goods m was in the range [2, 96] with the mean and std. dev. of 31.1 £ 26.3.

Experiments. We divided instances based on n and varied & from 1 to min(5,n—1). The average
welfare ratio is presented in Figure 3and Figure 5 (in Appendix D).

Results. In line with the results on synthetic data, we see higher a outperform lower « (and all
outperform Uniform). The dependence on n and k also follows similar patterns as the synthetic
case. Additionally, it is interesting to note the magnitude of the welfare ratio achieved by our rules.
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Figure 3: Average welfare ratio by different strategies on the Spliddit data. The x-axis is sorted by n and then
k.

For Spliddit instances with 5 or fewer agents and at least 2 non-secretive agents (k < n — 2), the
average welfare ratio is never higher than 1.5 for the rule A;. That is, on average, we could achieve
two-thirds of the maximum possible utilitarian welfare even if one or two agents do not respond to
requests for their utility information.

5 Discussion

We studied distortion in resource allocation when & of the agents are secretive. For the utilitar-
ian welfare, we identified a family of rules parametrized by o € [1/k+1, 1] as worst-case optimal.
Among this family, we find the rule with & = 1 to be particularly interesting because it allocates
no resources to the secretive agents and thus, unlike o < 1, provides no incentive to an agent to be
secretive. This can lead to fewer agents being secretive, which can further reduce distortion.

It is known that maximizing the Nash welfare yields desirable fairness guarantees [19, 21].
Fortunately, we find that the Nash welfare is the most approximable among all p-mean welfare
functions.

Our work opens the door for interesting directions for future work. It would be interesting to
study instance-wise optimal allocations, that is, allocations that minimize the worst-case approxi-
mation ratio on a given instance. It is likely that such allocations would more carefully decide which
(and how much of) resources to allocate to the secretive agents depending on how highly they are
valued by the non-secretive agents.

One may wish to reconcile distortion (welfare maximization) with fairness in the presence of
secretive agents. If the goal is to only ensure fairness among the non-secretive agents, one can easily
modify the rules proposed in this work by replacing 0PTyopsec (the welfare-optimal allocation to the
non-secretive agents) by an allocation to the non-secretive agents that maximizes welfare subject
to the fairness guarantee. The additional loss in welfare incurred is precisely the price of fairness,
which is well understood [17, 13, 11, 10].* However, if the goal is to ensure fairness to all agents,

“#For ensuring proportionality to the non-secretive agents, we would need o > (n — k) /n, which can be set for p € [0, 1]



it may be necessary that no more than a single agent is secretive, and even then, achieving fairness
alone is already challenging [5].
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A Lower Bounds for Section 3.1

In Lemma 6, we show matching lower bound examples for the upper bounds shown in Section 3.1.
Lemmas 1 and 2 also derive from the following.

Lemma 6. Suppose k = n, i.e. all agents are secretive. Then, Dn > nforp < 1aswellas NW

M,
and EW, and D', > nl/? forp > 1.

Proof. Consider an instance with n items and n agents. No information about the utilities are
revealed due to all agents being secretive. Let x be the allocation returned by the player. Take any
n disjoint matchings from agents to items. For example, suppose in the j-th matching for j € [n],
agent i € [n] is matched to item m;; = ((j + ) mod n) + 1. Note that 3 () ie(n) Xjm,; = -
Then, at least for one of the matchings j* we have Z n) Xismje <1

Setting Utilities. Suppose each agent ¢ values her matched item m« ; at 1 and the rest at 0. The
adversary’s allocation can be according to this matching, obtaining a utility of 1 for each agent and
hence a welfare of 1. Therefore, W(x*) = 1.

Lower Bounds. Denote u; = v;(x) and observe that u; = X; . ,. Let a = Zie[n] u;. Note
that o = Zze[n] Xi,m]»*,i < 1.

Case p € (1,00). Forp > 1, 2P is convex and (+ Y~ «?)'/? is maximized when u; = « for

1
n 1EN

an agent ¢ and u; = 0 for agents j # i. Hence, M, (x) < (n)i = D » >t/
Case p € (—o0,1). We will show W(x) < 1/n based on W, and conclude that Dx\fn >n
* Egalitarian Welfare. EW (x) = min;e, u; < %Zie[n] u; < L.
*p € (—00,0). Asp < 0, (£ > ien) u?)'/? is maximized when D icn) Wi is minimized.

Furthermore, by the convexity of 2” for x > 0, the sum is minimized when u;’s are equal to
a/n < 1/n. Hence, M (x) < 1/n.

Nash Welfare. By the concavity of Hze (] Wi the Nash welfare is maximized when u;’s are
equal, i.e. u; = a/n < 1/n. Therefore, NW(x) < 1/n.

€ (0, 1]. The result again follows by the concavity of 27, i.e. (1 3, en] Ui P)1/P is maximized
Whenuzsareequal ie.u; =a/n<1/n=M,(x) <1/n. O

B Lower Bounds for Section 3.2

In this section, we present matching lower bounds for the results in Section 3.2. We use a similar
high-level approach for all welfare functions.

B.1 Approach

First, we present the common parts of the lower bound construction and its analysis.

Suppose we present an instance to the player based on the welfare function, and the player
returns an allocation x. For all item j € M, let p; denote the total portion of j allocated to the
nonsecretive agents combined. Sort the items in decreasing order of p;,i.e. p1 = p2 = ... = D

Take the top & items w.r.t. p;, and define A = % Zle p;- As A is the average of the top k values,

1 1
— pj<Esz‘=)\. 4)



1 M

1[1/¢,1/2...,1/2]0, 0
g 200, ... L0[L/e1/0,. . 1/7)0, .0
g 30, L0f/e,1/¢,...1]8)0, ,0
2“ e
n—k|0, 0L/, 1)
1,0, ... ,0, .0
g .0,1,0,...,0, ,0
=
n0, ... 1, ,0
% "

Figure 4: Lower bound example for the Egalitarian and M, <o welfare functions.

Deciding on vg... Take any k disjoint matchings from the secretive agents to the selected items.
For example, suppose in the ¢-th matching for ¢ € [k], the secretive agent ¢ € [k] is matched to item
m; = ((t + 1) mod k) + 1. Note that 3=, 37, X; ;¢ = Zle 1 —p; = k(1 — \). Then, at least for
one of the matchings ¢t* we have ZZ X mt* <1-A

Suppose the adversary then sets the utilities of the secretive agents according to this matching,

i.e. secretive agent 4 values her matched item m!  at 1 and values the rest at 0. Then,

Yoowx) = D X <1 (5)

1€Nsec 1€Nsec

Deriving a Lower Bound. Next, we obtain an upper bound on W(x) based on A. Optimize for
the choice of A to eliminate our dependence on it, and we finish the proof with a lower bound on

W(x*).

B.2 Egalitarian and M ¢ _.. o) Welfares
We use the following example to show lower bounds for the egalitarian and M ¢ (_oo,0) Welfares.

Example 1. Let m = (n — k)¢ for a positive integer £. Suppose the utility vector of the i-th
nonsecretive agent is /¢ for items in range [(i — 1)¢ + 1,i¢] and 0 for the rest of the items (see
Figure 4).

In the following two lemmas, we take Example 1 and let ¢ > kd/e, where d is the proposed
distortion value for a fixed welfare function defined in the lemma statement.

Theorem 5. For k < n and € > 0, there exists an example such that any allocation incurs a
distortion value with the egalitarian welfare of at least d — € ford = k + 1.

Proof. Deciding on Vsec. Let j1 = argmax;¢ (p; and X' = pj,. One of the secretive agents at
most owns (1 — A)/k fraction of j;. Name this agent i; and set v;, ;, = 1. Take any other k — 1
items, and for each one let a unique secretive agent (other than ¢1) value this item at 1.

Bounding EW (x). By the choice of j;, we know at least 1 — A’ fraction of any item is given
to the secretive agents. Hence, the utility of any nonsecretive agent is at most \'. Furthermore,
v, (x) = (1 = X)/k. Hence, EW(x) < min{(1 — X)/k,\'}. The choice of ' = 1/(k + 1)
maximizes this amount. Therefore, EW (x) < 25 = 1/d.

Bounding EW (x*). As for the adversary’s allocation, suppose we match each secretive agent
with the item they value at 1 and assign the rest of the items to the nonsecretive agent that value
it at 1/¢. This way, Vi € Ngec,v; = 1 and Vi € Myonsec, We have v; > 1 — k/£. Therefore,
EWE*)21-k/{>21—¢/d.



EW(x* 1—e/d
Therefore, DEV,Y > Ew((x)) > 1/4 =d—e. O

Theorem 6. Fork < n, p € (—00,0), and € > 0 there exists an example such that any allocation
-1
incurs DnMZ >d— e, whered = n%((n - k;)ﬁ +k)7.

Proof. Suppose we set v according to Appendix B.1.

Bounding M, (x). By (4), sum of the utilities for the nonsecretive agents is at most

D N Vi S %Zje/\/l pj < mM/{. By the concavity of My, 37\, v} is bounded by

mA

AP(n — k) when v;’s are equal to k) = A for all i € Myonsec. Similarly, by (5) and the concavity
of My, >enr.. 07 is bounded by (132)" k when v;’s are equal to (1 — \)/k. Hence,

M, (x) < (:L ()\P(n— k) + (1;/\)])/&))

The above is maximized when A = %= for z = (n — k)ﬁ Substituting A, we have M, (x) <
T (24 k)T = 1/d.

Bounding M,,(x*). For the adversary, assign each secretive agent ¢ her matched item m« ;,
hence v; = 1. For the nonsecretive agents, we can assign each item to the single agent that values
it at 1/¢ except the selected k items. For each nonsecretive agent i, v; > 1 — k/{. By the fact that
M, (x) > EW(x), we have Mp(x*) > 1 —k/{ > 1 —€/d.

Putting the two bounds together, we have DnM‘,; >d—e O

B.3 Nash and M ¢ o) Welfares
Example 2. Suppose each nonsecretive agent values each item uniformly at 1/m.

In the next three lemmas, we use Example 2 with m > kd/e items, where d is the proposed
distortion value for a fixed welfare function defined in the lemma statement.
Set vec according to Appendix B.1. Then, by (4) and that the nonsecretive agents have uniform

utilities, )
E (X)) = — E i <A 6
vi(x) m b ©

1€ Nnonsec JEM

We use this inequality in the proof of the following theorems.

Theorem 7. For k < n and € > 0, there exists an example such that any allocation incurs a
—k

distortion value with the Nash welfare of at least d — € where d = n(ﬁ) =

Proof. Bounding M,(x). By (6) and the concavity of NW, [];c - ; is bounded by () F
when v;’s are equal to ﬁ for all i € MNaonsec. Similarly, by (5) and the concavity of NW,
[Ticr. vi is bounded by (152)* when v;’s are equal to (1 — A)/k. Hence,

o< (20 () )

The maximum is achieved at A = "% Hence, NW(x) < 1.
Bounding NW (x*). For the adversary, assign each secretive agent ¢ her matched item m;» ,
hence v; = 1. Allocate the other m — k items uniformly among the nonsecretive agents. This way




V= g m=k and we have
n— m

m—k 1 n-k "

W) (( m nk) >
m—k( 1 ) ( k)d
> — =(1—— ) —.
m n—=k mj)n

Putting the two bounds together, we have

k dk
fo;><1—)d=d—>d—e. (7)
’ m m
O
Theorem 8. For k <n, p € (0,1), and € > 0 there exists an example such that any allocation rule

. M _k)l-Pik 1/p
incurs D, > d—eford=mn (%) )

Proof. Bounding M, (x). Following the same analysis for the case of Nash welfare in Theorem 7,
to obtain an upper bound on M, (x), we may assume for all i € Noonsec, V; = —>— and for all

n—k
i € Nec, v; = 172, Hence,

w3 (20) 0 (7))

The maximum is achieved at A = ”T_k Hence, M, (x) < %
Bounding M, (x*). For the adversary, assign each secretive agent ¢ her matched item m- ;,
hence v; = 1. Allocate the other m — k items uniformly among the nonsecretive agents. This way

v; = 2 - =% ‘and we have
n— m

1 -k 1\ v
iy (755 ) o)
P P » _
> <1 ((m—kz) (n—k)'=P + (M) k)) (since m—k <landp>0)
n m m m
_m—k ((n—k)l—uk)i _ (1_k> d
m n m n

Putting the bounds together, we arrive at the same expression as in (7). Hence, Di\fz >d—e O

Theorem 9. For k < n, p € (1,00), and ¢ > 0 there exists an example such that any allocation
rule incurs DnM‘,; > d — ¢, where d = (k4 1)/7,

Proof. Bounding M,,(x). For the nonsecretive agents, by (6) and the convexity of My, > 7, .\, v}
is bounded by AP when v; = A for one agent and v;; = 0 for other nonsecretive agents 7’ # 1.
Similarly, for the secretive agents, by (5) and the convexity of M,,, > 7.\, v} is bounded by (1-\)?
when v; = 1 — X for one secretive agent ¢ and the rest have 0 utility. Hence,

o< (Y < (1)

because the maximum is achieved at A € {0, 1}.



Bounding M, (x*). For the adversary, assign each secretive agent ¢ her matched item m« ;,
hence v; = 1. Allocate the other m — k items all to a single nonsecretive agent ¢. This way

v; = % while the rest get O utility. Then,
& 1
. (") R\
NN
k k »
m=—k\p 4 (M=K \pL\P —k
><( uc ) ( uc ) ) (sincem <landp>0.)
n m
Cm—k (k+1\*
o m n '
Putting the bounds together, we get the same result as in (7). O

C Distortion with Indivisible Items

In the divisible case, the player has the advantage of dividing items uniformly among the secretive
agents, which allows, the player to guarantee a minimum welfare for each secretive agent. However,
in the indivisible case, we will show in Appendix C.2 that the adversary can set v, in a way that all
secretive agents have a utility of 0. The only exception is when we allocate all items to one secretive
agent. That agent is guaranteed to have a utility of 1, while any other agent will have a utility of 0.
In either case, if k£ > 0, the adversary can make the utility of at least one agent 0 leading to a Nash
and egalitarian welfare of 0 and an unbounded M, welfare for p < 0.

C.1 Upper Bounds

While the Nash, the egalitarian, and the M, o welfare functions have unbounded distortion (shown
in Appendix C.2), for p > 0, an almost worst-case optimal strategy is as follows:

e Case k = n. Allocate all items to one (secretive) agent.

* Case 0 < k < n. Return the allocation maximizing the M,;, welfare for the non-secretive
agents — similar to A; in the divisible case.

Theorem 10. For p > 0, the distortion value with My, welfare in the case of indivisible items is
upper bounded by min{(k + 1)% nv +

Proof. For k = n, we allocate all items to one agent. That agent will have a utility of 1, while the
rest will have a utility of 0. Hence, M, (x) = n~1/P_ The mean welfare of adversary is at most 1,
therefore the distortion is upper bounded by n'/?.

For 0 < k < n, suppose the welfare maximizing allocation for the non-secretive agents achieve
> ienr.... Vi = (. The player returns this allocation. Therefore, My, (x) = (58/ n)/P. Similar to the
proof of Lemma 3, the adversary cannot improve on (3 for the non-secretive agents. Moreover, they
cannot obtain a utility of more than 1 for each secretive agent. Hence, M, (x*) < ((8+ k)/ n)%.

Putting the bounds together, we have

o =

1
Dt < () <(k+1)7,

where the last inequality follows from two facts. First, that %’“ is a decreasing function over x > 0,
and second, that 5 > 1 as allocating all items to one agent ensures it for any instance. O



C.2 Lower Bounds

Note that in the case of n = 1 or & = 0 (no secretive agents), the distortion value is always 1 as the
player has full information to compute the optimal allocation. The following theorem shows a lower
bound forn > 1 and k > 0.

Theorem 11. For n > 1, k > 0, and the Nash, egalitarian, and Mo welfare functions, the
distortion value in the case of indivisible items is unbounded.

Proof. Consider an instance with m = n items where the non-secretive agents value all items at %
If one agent is given all items by the player, then, as n > 1, at least one agent has a utility of 0.
Otherwise, if no agent is allocated all items, take any secretive agent . At least one item j is not
allocated to 7. Let v; ; = 1. This way, v; (x) = 0, and the Nash, egalitarian, and M, <o welfare of
the player are all 0. However, the adversary can match items and agents in a way that each secretive
agent gets a utility of 1 from their matched item and the non-secretive agents each get a utility of %
All the aforementioned welfare functions for the adversary are at least %, hence, the player incurs
an unbounded distortion. O

The following lemma is useful in proving the lower bounds for the other welfare functions.

Lemma 7 (Matching Argument). Suppose there does not exist an agent that is given all items. Then,
there exists a matching from the secretive agents to items m: Ngoe — M such that item m; is not
allocated to i.

Proof. Take the bipartite graph from the secretive agents to all items where each item has an edge to
the agent owning the item. For the complement of this graph, Hall’s theorem condition is satisfied
for the secretive agents. This holds because each secretive agent has at least one edge, and for all
subsets S of agents of size at least two, every item j is allocated to at most one agent ¢, hence there
exists at least one edge from S\ {i} to the j. By Hall’s theorem, there exists a complete matching
in the complement graph from the secretive agents to items. O

First, we will resolve the case k = n using the lemma above.

Lemma 8. For k = n and p > 0, the distortion value in the case of indivisible items is lower
1
bounded by n’».

Proof. 1f all items are not allocated to one agent, by Lemma 7 there is matching such that agent i is
not given m,;. The adversary can set v;(m;) = 1, leading to M, (x) = 0. The adversary can allocate
items according to the matching. Hence, M, (x*) = 1 and the distortion is unbounded.

Otherwise, v; = 1 for an agent 7 and the rest have 0 utility. This way M, (x) = n~Y/P. The
adversary can again take an arbitrary matching and allocate accordingly to obtain M, (x*) = 1.

M
Hence, D, % > n'/P. O

Next, we will show a lower bound matching the upper bound of (k + 1) 1/ for p = 1. However,
for p € (0,1), our bounds are not tight. We have two lower bounds for this case, one shown in
Theorem 12 and another in the Theorem 13. We conclude that the distortion value for p € (0, 1) is
more than the maximum of the two.

Theorem 12. For k < n, p > 1, and € > 0, the distortion value in the case of indivisible items is
1
lower bounded by (k + 1)7 — e.

1
Furthermore, for p € (0,1), the distortion value is at least (31£)¥ — € for z = (n — k)*~.




Proof. Letm > k + k(n — k)d/e where d = (k 4+ 1)*/? and m — k is divisible by n — k. By our
choice of m, we have that m/k > d/e = 1 — k/m > 1 — ¢/d, which we use in the analysis. We
break the analysis into two cases.

Case 1. Suppose the player allocates all items to one agent. Then M, (x) = n~'/P. For the
adversary, take any matching from the first k items to the secretive agents. Each value their matched
item at 1, hence their utility is 1. Give all of the other items to one of the non-secretive agents, that
is her utility is 1 — k/m > 1 — ¢/d. This way,

o> (304 (1-5)))
. (1 ) (k + 1)1/

B ( (k+1 1/p> B+ D)V = ((k+ )P —n=tr,

By combining the two bounds, we have Dn v = 1\1/\[4 (( )) > (k+1)1Y7 —

Case 2. No agent is allocated all items by the player.

Deciding on vse.. Take the matching from Lemma 7, and for each secretive agent, suppose they
value their matched item at 1 and the rest at 0. This way, v;(x) = 0 for all secretive agents 3.

Bounding M,(x). Let 8 = maxx ) ;cn-  v;i(%)P. By the way we set the utilities, all secretive
agents get zero utility and ) ;. v;(x)? = 0, therefore, M, (x) < (B/n)*/P.
Bounding M,,(x*). Suppose the adversary assigns each secretive agent i € Nsec her matched

item, hence v;(x*) = 1 and } ;.- vi(x*)P = k. In the next two sub-cases, we show that the

adversary can guarantee
p
> ubeyrz(1-7) ®
iENncnsec

forp € (0,1) and p > 1. Assuming this, and together with that ZzeN vi(z®) = = k, we have

M, (x") > <I<;+((1_€/d)'ﬁ)”)l/p2 (1_2) . <k+5)1/p

n n

Bounding Distortion. Combining the two bounds above, we have

ot 1-5)(552)"

Since the above is a decreasing function when [ increases, to obtain a lower bound on the distortion,
it suffices to show an upper bound on the value of 8. In the following subcases, which are based on
the ranges of values of p, we determine an upper bound on 3 and show that Equation (8) holds for
both cases.

Case 2.1 (p > 1). Since all non-secretive agents have identical valuations, » ;- v;(x*) =
1. By the convexity of My,, 8 is maximized when v;(x*) = 1 for one agent 7 (i.e., all items are given
to 7) and the rest have 0 utility. Hence, 5 < 1.

Suppose the adversary gives m — k items to a non-secretive agent i* € Nponsec. Then, vy (x*) =

1- % Next,
D Y =y = (1 - :l)p S(-=(-9)

where (1) follows from our choice of m and last inequality holds since 8 < 1. This establishes
Equation (8), and by substituting 3 < 1 in Equation (9) we have Dn = (k+ 1) » — e



Case 2.2 (0O<p<1). Since all non-secretive agents have identical valuations,
Y e N, Vi(x) = 1. By the concavity of My, for p € (0,1), 3 is maximized when all have equal
utilities, i.e., v;(x*) = 1/(n — k) for all non-secretive agents i. Hence, 3 = > ;.\~ v;(x*)P <
(n—k)- (ﬁ)p =(n—k)lP=2z

Similarly, in our example, suppose the adversary divides the m — k items equally among the
n — k non-secretive agents. This is feasible by our choice of m. Therefore, for i € Mjonsec We have
vi(x*) ="k Lo > (1— £y Lo > (1— <) L Then,

m n—k
3wz (-9 ) e
== (1-5) == (1=3) =80 (1= )"

which establishes Equation (8). By substituting 3 < z in (9) we have

1/p 1/p 1/p
DnM;;}(z—i-k) _6.1'(z+k> >(z+k> .
’ z d z z

where the inequality holds since (Z+k)1/p <d = (H%) P and that z > 1. O

z

Note that lim,_,o(1 + W)l/ P = o0 as expected from Theorem 11, and for p = 1 the
bound is k£ + 1, which matches Theorem 12 and implies tightness when p is close to 1. Next, we
will show another lower bound of k/?. This lower bound is better than the former for most values
of p € (0,1) but not when p is very close to 1, e.g., for p = 1, it evaluates to k which is less than the
former lower bound of k& + 1.

Theorem 13. For k < n, p € (0,1), the distortion value in the case of indivisible items is lower
1
bounded by max {k%, (Z+k) P— e}forz = (n—k)'"P and any € > 0.

z

=

Proof. In Theorem 12, we showed that the distortion is lower bounded by (%)

T — €. Now, we
show it is also lower bounded by k7.

Take an instance with m = k + 1 items, where all non-secretive agents value item j; at 1 and
the rest at 0.

Case 1. Suppose there is a secretive agent 7 such that the player has allocated all items in
M\ {j1} to i. As the adversary, set v; ;, = 1 and O for the other items. Take any k — 1 items
from M \ {41} and match it arbitrarily to the other k — 1 secretive agents. Suppose they value their
matched item at 1.

The adversary can match Ny, \ {7} to their matched item, and allocate j; to a non-secretive
agent. This way, M, (x*) > (k/n)'/P. However, the player will obtain 0 utility for secretive agents
other than 4, and at most one non-secretive agent or agent ¢ is allocated j; and has a utility of 1.
He/nce, M, (x) < (1/n)*/?. Combining the bounds, we conclude that the distortion value is at least
kt/p,

Case 2. Now, suppose no secretive agent is allocated all items from M \ {j; }. Then, according
to Lemma 7, match each secretive agent ¢ with an item m; not allocated to them. Set v; ,,, = 1.
Then, the player obtains v;(x) = 0 for all secretive agents. Similar to the former case, at most
one non-secretive agent is allocated item j; and has a utility of 1. Therefore, M, (x) < (1/n)/?.
The adversary can allocate each secretive agent her matched item and obtain a utility of 1, while
allocation j; to one of the non-secretive agents. Therefore, My, (x*) > ((k + 1)/n)'/P. Putting all
together, we achieve a lower bound of (k 4 1)'/? for this case. O



Uniform e==
1 o o - o —

2.5, a:k—_"_]};:u . |
_n_ jessss] 7
o = n |

9 =] m— L8 i -

Average Welfare Ratio

R R R A R R AR AR AR AR AR AN
Qo O e B @HQW > & @aQXa & @a(\xﬂ

n, k

Figure 5: Average welfare ratio by different strategies on the Spliddit data. The x-axis is sorted by k£ and then
n.

D Additional Experiment Plots
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