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Abstract

In many situations, several agents need to make a sequence of decisions. For ex-
ample, a group of workers that needs to decide where their weekly meeting should
take place. In such situations, a decision-making mechanism must consider fairness
notions. In this paper, we analyze the fairness of three known mechanisms: round-
robin, maximum Nash welfare, and leximin. We consider both offline and online
settings, and concentrate on the fairness notion of proportionality and its relax-
ations. Specifically, in the offline setting, we show that the three mechanisms fail to
find a proportional or approximate-proportional outcome, even if such an outcome
exists. We thus introduce a new fairness property that captures this requirement,
and show that a variant of the leximin mechanism satisfies the new fairness property.
In the online setting, we show that it is impossible to guarantee proportionality or
its relaxations. We thus consider a natural restriction on the agents’ preferences,
and show that the leximin mechanism guarantees the best possible additive approx-
imation to proportionality and satisfies all the relaxations of proportionality.

1 Introduction

Commonly, a group of agents needs to reach a collective decision, thus needing a collective
decision-making mechanism. For example, friends choosing a restaurant may utilize a voting
procedure for deciding where to go. Several voting procedures, as well as other collective
decision-making mechanisms, have been developed for reaching a one-time, single decision,
but there are many situations in which there is a sequence of decisions. For example, consider
a city council that needs to decide, each month, which activity to subside. It can choose
to organize a family activity in the public park, hold a concert in the community center,
or operate an overnight bus, but only one activity can be subsided each month. A senior
citizen may benefit the most from a concert, but she may also benefit, to a lesser extent,
from the overnight bus. A parent with young kids may benefit the most from an activity in
the park, but she may also benefit from a concert. In summary, every activity benefits all
the agents, but they may evaluate the activities differently. Clearly, the city council would
like to choose activities that satisfy all of the citizens, and it may take advantage of the fact
that the decision situation is repeated every month. As another example, consider friends
that study together for an exam, and they need to choose a restaurant every day. Clearly, if
most of them prefer a pizza, then it is reasonable that they will go together to a pizzeria on
many days, even though one of the friends, say Bob, prefers sushi. However, since there is
a sequence of decisions, it is also reasonable to consider fairness, i.e., an outcome in which
the group of friends goes to a pizzeria every day may not be fair for Bob.

Arguably, one of the most fundamental notions of fairness is proportionality (Prop).
That is, assume there is a sequence of decisions, and we call each decision situation a round.
There are n agents, and each agent evaluates the candidates in each round. We would like
that each one of the agents will get at least a 1/n fraction of the utility she would get if
she could solely decide on the outcome in each round. Unfortunately, there are instances
in which a proportional outcome does not exist, and thus it is reasonable to consider a
multiplicative approximation of proportionality, namely, a-Prop. Alternatively, Conitzer
et al. [7] have suggested two relaxations of proportionality, namely, Propl and RRS (see



Section 3 for the formal definitions).

When dealing with a sequence of decisions, it is important to distinguish between offline
and online settings. In the offline setting, the decision-making mechanism gets as input
all the valuations of the agents in all the rounds, and it needs to choose an outcome for
every round. In the online setting, at each round, the mechanism gets as an input only the
information up to this round, and it thus needs to choose one outcome (for this round).
Unfortunately, fairness considerations have been largely neglected in the online setting, and
only a few works have analyzed fairness in such a setting. Indeed, it is hard to guarantee
fairness in the online setting if the valuations of the agents are unrestricted. One possible
restriction to the agents’ valuations is based on the Borda scoring rule. Specifically, if there
are m candidates, it is assumed that, for each agent, the valuation of her most preferred
candidate is m — 1, the valuation of her second preferred candidate is m — 2, and so on;
the valuation of her least preferred candidate is 0. We denote such valuations as Borda
valuations. Indeed, the restriction to Borda valuations is also useful in the offline setting,
for translating ordinal preference orders to cardinal preferences [19, 3, 9, 8]. That is, there
are settings in which it is easier for the agents to express their preferences using ordinal
preference orders, in which each agent reports a total order over the set of candidates (i.e.,
a ranking) for every round. In these settings, it was suggested to translate any ordinal
preference order to numerical values according to the Borda scoring rule: the valuation of
the highest-ranked candidate is m —1, the valuation of the second-ranked candidate is m —2,
and so on.

In this paper, we study collective decision-making mechanisms for a sequence of decisions,
both in the offline and online setting, and we analyze three common mechanisms: round-
robin (RR), maximum Nash welfare (M NW), and leximin (LMin). We first claim that
an outcome that satisfies the relaxations of proportionality that were previously suggested
(i.e., Propl and RRS) might be “far” from being proportional. Specifically, in the offline
setting, we show that even though the RR and M NW mechanisms satisfy Propl and the
LMin mechanism satisfies RRS (with an RRS-based normalization), the three mechanisms
might fail to find a proportional outcome, even if such an outcome exists. We thus introduce
a new natural fairness property, Max-Possible-Prop (M PP). According to this property, a
mechanism should return an outcome that is as proportional as possible. For example, if
an instance admits an outcome that satisfies Prop, then the mechanism should return an
outcome that satisfies Prop. In addition, if an instance does not admit an outcome that
satisfies Prop but admits an outcome that satisfies 1/2-Prop, then the mechanism should
return an outcome that satisfies 1/2-Prop. Generally, a mechanism that satisfies M PP
returns an outcome that is a-proportional, with the maximum possible « for the given
instance.

We show that there is an unavoidable trade-off between M PP and Propl, and between
MPP and RRS when there are at least 3 agents. That is, a mechanism that satisfies M PP
does not guarantee any constant factor approximation of RRS or Propl. However, we show
that a leximin mechanism, in which the valuations are normalized with the proportional
value of each agent (i.e., a Prop-based normalization), satisfies M PP. Moreover, with two
agents, this mechanism satisfies M PP, RRS, and 1/2-Propl.

We then analyze the restricted setting of Borda valuations. In this setting, an outcome
that satisfies Propl is “far” from being proportional by an additive factor of at most m — 1,
and we thus consider an additive approximation of Prop. We show that, unfortunately,
both RR and M NW do not guarantee an additive constant-factor approximation of Prop.
On the other hand, the leximin mechanism satisfies M PP, RRS, Propl, and it guarantees
a l-additive approximation of Prop, which is the best possible constant factor additive
approximation of Prop. We note that Conitzer et al. [7] have raised an open question:
is there a mechanism that satisfies PO, Propl and RRS simultaneously? We partially



solve this question- if we restrict the valuations to Borda valuations, then LMin is such a
mechanism, since we show that it satisfies PO, Propl, and RRS.

In the online setting, we show that it is impossible to achieve proportionality and even the
weaker fairness properties (i.e., Propl, RRS, and M PP). We thus consider the restriction
to Borda valuations, and show that the online leximin mechanism guarantees a 1-additive
approximation of Prop. Moreover, the online leximin mechanism satisfies Propl and RRS.
However, we show that there is no online mechanism that satisfies M PP, even with Borda
valuations.

The main contributions of this paper are threefold. We introduce a natural fairness
property, which is (arguably) a better relaxation of proportionality than RRS and Propl,
and show that a variant of the offline leximin mechanism satisfies it. We also partially solve
an open question of Conitzer et al. [7], by using the restriction to Borda valuation. Finally,
in the online setting with Borda valuations, we show that the leximin mechanism guarantees
the best possible constant factor additive approximation of Prop.

Tables 1, and 2 summarize our results. Note that the full proofs of some of the theorems
are deferred to the appendix due to space constraints.

PO | Prop | Propt | MPP | RRS
LMin?Pn=2 | v X 1/2 v/ v
LMin®® n>2 | v X X v
LMinRRS v X 1/2 X
RRoff X X v X
MNW g v X v X 1/n

Table 1: Summary of results for the offline setting, where there are no restrictions on the
valuation. The results in gray are due to [7].

PO Prop Propl MPP RRS
LMinggt v 1-additive v v
RRosf X m-1-additive v
MNW ¢ v r-additive v X
m-1 > x
-3
X 2 77L2
LMinon X 1-additive v X
RRon X m-1-additive v X
MNWon X z-additive ? X
x> m2—3

Table 2: Summary of results with Borda valuations. The results in gray are due to [7].

2 Related Works

The analysis of collective decision-making mechanisms for a sequence of decisions has been
studied both in the domain of fair division, in which it is commonly called public decision-
making [7], and in the domain of voting, in which it is commonly called perpetual voting



[15]. Specifically, Conitzer et al. [7] introduce the problem of public decision-making in
the offline setting. They propose RRS and Propl as relaxations of proportionality, and
provide a comprehensive analysis of the RR, MNW, and LMin mechanisms. We note
that their analysis of the LMin mechanism uses an RRS-based normalization, while we
propose a Prop-based normalization. In addition, we provide an alternative relaxation of
proportionality, M PP, analyze the restricted setting of Borda valuations, and the online
setting. Freeman et al. [12] study the online version of public decision-making. They
concentrate on maximizing the Nash welfare, and present two greedy mechanisms. However,
they do not analyze their mechanisms with regard to proportionality or its relaxations.

In the domain of voting, Lackner [15] suggests several online voting rules when there
is a sequence of decisions, and analyzes them via three axiomatic properties, as well as
a quantitative evaluation by computer simulations. In a subsequent paper, Lackner and
Maly [16] define two classes of voting rules that are particularly easy to explain to voters, and
define specific proportionality axioms. Bulteau et al. [6] study the offline setting, and analyze
the fairness for subgroups of voters by adapting the well-established Justified Representation
(JR) and Proportional Justified Representation (PJR) axioms. Skowron and Gérecki [22]
also study the offline setting, and propose a proportionality notion that ensures guarantees to
all groups of voters. All of these works assume that the voters express approval preferences,
while we study cardinal preferences (or ordinal preferences that are translated to cardinal
preferences with the Borda scoring rule).

Our model is closely related to other frameworks that have been studied in computa-
tional social choice. Specifically, the framework of multi-winner voting [11, 17] considers
fairness properties, and the outcome consists of several winning candidates, as in our set-
ting. However, in multi-winner voting, a candidate cannot be elected multiple times, as
in our setting. Notably, Bredereck et al. [5] study a sequence of multi-winner elections,
in which the difference between the winners in consecutive rounds is upper-bounded. The
framework of participatory budgeting [1, 21], which generalizes multi-winner voting, utilizes
voting systems for deciding on the funding of public projects. Lackner et al. [18] study a
sequence of participatory budgeting problems, and introduce a theory of fairness for this
setting. Our setting can also be applied for modeling a sequence of voting on the funding
of public projects, but there is no budget constraint. The model of fair allocation of indi-
visible public goods [10] generalizes participatory budgeting as well as our model of public
decision-making. In this model, there is a set of public goods and feasibility constraints
on what subsets of goods can be chosen. In the offline setting, Fain et al. [10] provide an
additive approximation to the core, which is a fairness notion for groups of agents. Garg
et al. [13] consider the simple constraint in which the number of public goods is bounded,
and analyze the maximum Nash welfare and leximin objectives with regard to the RR.S and
Propl fairness properties. Banerjee et al. [2] study an online version of fair allocation of
public goods, and consider proportional fairness.

3 Definitions

Consider a set of agents N = {1,2,...,n}, and a set of candidates C = {c1,c2,...,cm} L.
For every round ¢ = 1,...,T, every agent i reports her valuation v!(c;) € R>q for every
candidate c¢;. We assume that every agent 7 has at least one positive valuation. For a given
round ¢, we can write the valuations of all the agents in a matrix, denoted by V', where
V' = (vi(c;));;- We denote by v¥(c;) the vector of valuations that all the agents assign to

candidate c;. We investigate mechanisms that choose an outcome o = (o',...,07), o' € C,

1For the clarity of presentation, we assume that the set of candidates is static. All of our results are
easily adapted to the setting in which the set of candidates changes from round to round.



which is a choice of a candidate for every round. We assume that the agents have additive
utility functions. Therefore, we define the accumulated utility of an agent ¢ from outcome o,
denoted by u;(0), as u;(0) = Zthl vi(o"). The accumulated utility vector of all the agents,
denoted by u(0), is a vector in which the i-th entry is u;(0).

In the offline setting, the mechanism gets as input all of the agents’ valuations in all the
rounds, i.e., it gets the vector (V1,..., V1), and chooses the outcome o. In the online setting,
the mechanism determines the outcome o sequentially, i.e., the mechanism determines each
o' at round ¢, since the mechanism does not get the entire input upfront. Indeed, at each
round ¢, the mechanism gets as an input only the information up to this round, i.e., the
vector (V1,..., V), and the vector of chosen candidates o'~! = (o!,...,0'"1). We slightly
abuse notation and define the accumulated utility of agent ¢ up to round ¢ from outcome

o' as u;(071) = S04} vF(oF). Similarly, the accumulated utility vector of all the agents
up to round ¢ is u(o?~1). Clearly, at the first round, the utility of every agent i is zero (i.e.,
u;(0%) = 0).

There are settings in which it is easier for the agents to express their preferences using
ordinal preference orders. That is, each agent reports for every round a total order over C.
In these settings, we translate the ordinal preference orders to cardinal preferences with the
Borda scoring rule. That is, for each agent, the valuation of a candidate c is the number of
candidates ranked below c. We denote such valuations as Borda valuations.

4 Efficiency and Fairness

When analyzing offline or online mechanisms, we focus on popular notions of efficiency and
fairness. Specifically, for efficiency, we consider the notion of Pareto optimality, which is
defined as follows:

Definition 4.1. An outcome o is Pareto Optimal (PO) if there does not exist another
outcome o' such that for every agent i, (1) u;(0') > u;(0) and (2) there exists an agent j
such that uj(o") > u;(0).

A mechanism satisfies PO if it always chooses an outcome that is PO. Generally, we
say that a mechanism satisfies a given efficiency or fairness property if it always chooses an
outcome that satisfies this property.

For fairness, we concentrate on proportionality, which requires that each agent will
receive at least % fraction of the utility she would receive had she chosen the outcome.
Given an agent 4, let ¢M ax'; be a candidate with the highest valuation at round t, i.e.,
cMaz! € argmax ¢ v!(c).

Definition 4.2. Let Prop; = %ZtT:I vi(eMaxt). For a € (0,1], we say that an outcome o
satisfies a-proportionality (a-Prop) if for every agent i, u;(0) > a - Prop;.

We denote 1-Prop by Prop. Unfortunately, there are instances in which there is no
outcome that satisfies a-Prop, for any constant « (i.e., an « that does not depend on the
given instance). Therefore, Conitzer et al. [7] propose a relaxation of a-Prop, which is
proportionality up to one round.

Definition 4.3. An outcome o satisfies a-Propl if for every agent i € N there exists a
round t such that changing ot to cMaxz! ensures that agent i receives a utility of at least
a-Prop;, i.e., Yien3t, ui(0) — vi(o?) + vi(cMaxt) > o - Prop;.

We denote 1-Propl by Propl. Indeed, a mechanism may satisfy a-Propl, but it may
still choose an outcome that does not satisfy a-Prop, even though such an outcome exists.
We thus propose a new fairness property, Max-Possible-Prop (M PP).



Definition 4.4. An outcome o satisfies Max-Possible-Prop (M PP ) if for each o with which
there is an outcome that satisfies a-Prop, o also satisfies a-Prop.

That is, an outcome that satisfies the M P P property satisfies a- Prop with the maximum
possible a for the given instance.

We also propose to consider an additive approximation of Prop. Formally, an outcome
o satisfies a B-additive approximation of Prop if for every agent i, u;(0) + 8 > Prop;, for
8> 0.

Another notion of fairness is round-robin share (RRS) [7]. For an agent i, let cMax;
be a vector that contains all the values v}(cMaz!), 1 <t < T, when they are sorted in a
non-ascending order. We denote by cMax;(t) the element in the ¢-th entry of cMawx;.

Definition 4.5. Let RRS; = 3 <y<|1/,) cMaz;(t - n). For a € (0,1] we say that an
outcome o satisfy a-round-robin share (a-RRS) if for every agent i, u;(0) > o - RRS,;.

We denote 1-RRS by RRS.

5 Mechanisms

We concentrate on three families of mechanisms, where each family consists of offline and
online mechanisms.

Round robin (RR) In this mechanism there is a given order over the agents, and they
take turns according to this order. In the offline RR, when an agent’s turn arrives she
chooses a round (that has not been chosen yet), and determines the winning outcome for
this round. It is assumed that the agent will choose a round that yields her the highest
utility [7]. The online RR chooses a single outcome at each round ¢, and the order over the
agent associates the rounds with the agents. Thus, when an agent’s turn arrives, she only
determines the winning outcome for the associated round ¢. Formally, let 7w be a permutation
over N. The offline RR, denoted by RR, chooses an outcome o = (0*,...,0") according
to Algorithm 1.

Algorithm 1 RR offline
1: rounds « {1,...,T}
2 k<« 1
3: while |rounds| > 0 do
4: i+ 71+ (k—1) (mod n))
: t + argmax T(cMazx})

5 rerounds Vi
6: o « cMax!

7: rounds < rounds \ {t}
8: k«k+1

9: end while

Given a permutation 7, let turn’(m) be a function that associates a round ¢ with an
agent, according to the order m, turn'(mw) = (1 + (¢t — 1) (mod n)). The online RR is
defined as follows.

Definition 5.1. Given a permutation m over N, the online RR (RR.,) chooses an outcome

o' for round t such that o* = cMaxiumt(W).



Maximum Nash welfare (MNW) The Nash welfare of an outcome is the product of the
utilities of all the agents. The offline MNW mechanism (MNW,g) chooses an outcome that
maximizes the Nash welfare. The online MNW mechanism (MNW,,) chooses an outcome
ot for round t that maximizes the Nash welfare up to round ¢. Formally,

Definition 5.2. MNW,s chooses an outcome o such that o € argmax, [ [,y ui(0’).

t

Definition 5.3. MNW,, chooses an outcome of for round t such that ot €

arg max,, cc [Tien (ui(0 1) + vi(c))).

When all outcomes have a Nash welfare of 0, MNW,¢ and MNW,, find the largest set of
agents that there is an outcome that gives them positive utilities, and choose an outcome that
maximizes the product of the agents’ utilities. Note that both RR and MNW mechanisms
are scale-free. That is, the units of measurement used by the agents for expressing their
valuations do not affect the outcome.

Leximin Generally, the motivation behind the mechanisms in this family is to maximize
the utility of the agent that has the minimum utility, i.e., the worst-off agent. However,
since there might be several such outcomes, a leximin mechanism chooses an outcome that
also maximizes the utility of the second worst-off agent, and then the third, and so forth.
This idea is formalized by the leximin ordering. Given a vector u, let w be the vector u
when the elements are ordered in a non-descending order.

Definition 5.4. The leximin ordering, >, is a total preorder, in which for any two vectors
with the same number of elements, x,y, x > y if there exists an index i such that x; >y,
and T; =y; for all j < 1i.

The offline leximin mechanism chooses an outcome such that the vector of accumu-
lated utilities is maximal according to the leximin ordering. Formally, let arg max™ be the
maximum elements under the leximin ordering.

Definition 5.5. The offline leximin, denoted by LMinyg, chooses an outcome such that
o € argmax”, u(o’).

-

The leximin mechanisms are not scale-free, and thus a very high (or low) valuation
might bias the leximin mechanisms. Therefore, we consider two normalization methods,
using either the RRS; or Prop; values. Let uRRS(0) be the vector of utilities u(o), in
which each u;(0) is divided by RRS; 2. Similarly, uProp(o) is the vector of utilities in
which each w;(0) is divided by Prop;.

Definition 5.6. The offline leximin RRS, denoted by LMin%° chooses an outcome such
that o € argmax”, uRRS(0’).

Definition 5.7. The offline leximin Prop, denoted by L/\/Iinfg?p, chooses an outcome such
that o € argmax’, uProp(o’).

In the online setting, since the mechanism does not get the entire input upfront, nor-
malizing the input up to a specific round is meaningless. Moreover, since we show that it
is impossible to satisfy proportionality or its relaxations with unrestricted valuations (The-
orems 12 and 13), we study the online setting only with Borda valuations. Therefore, we
consider the online leximin mechanism without normalization.

Definition 5.8. The online leximin, denoted by LMino,, chooses an outcome o for round
t such that o' € argmax .o (u(0'™!) +v¥(¢;)).

2If RRS; = 0, we replace it with an infinitesimal quantity e [12].



Note that the outcome of RRy can be computed efficiently. However, it is intractable
to compute the outcomes of MNWyg and LMinRR>, due to [7]. It is also intractable to
compute the outcomes of LMin"f since LMin ™ satisfies M PP (Theorem 5), and it can
thus decide whether a proportional outcome exists, which is a computationally hard problem
[4]. Clearly, the outcome of all of the online mechanisms can be computed efficiently.

6 Connections between Fairness Properties

Before analyzing the mechanisms, we show the connections between the various fairness
properties of a given outcome, as can be shown in Figure 1.

Prop

e

1-additive

Propl i/‘ \ L

=>

\m—/‘l)—addiy

(1/2)-Propl

Figure 1: A graph depicting the connections between the fairness properties. z-additive
means z-additive approximation of Prop. The dashed edges are only valid with Borda
valuations. The blue edges are due to [7]. The red edges are shown in the appendix.

Specifically, Conitzer et al. [7] show that Prop entails RRS, and RRS entails 1/2-Propl.
Clearly, an outcome that satisfies a fairness property satisfies all of its relaxations and
approximations. We show additional connections when the valuations are Borda valuations,
and we begin with MPP. Note that with Borda valuations, RRS; = [L](m — 1) and

Prop; = %7 for every agent .
Theorem 1. With Borda valuations, M PP entails 1-additive approzimation of Prop.
Theorem 2. With Borda valuations, 1-additive approzimation of Prop entails Propl.

Theorem 3. With Borda valuations, Propl entails (m—1)-additive approzimation of Prop.

7 Offline Setting

We begin by showing that RRy¢, MNWg, and LMinEF'?S might not find a proportional out-
come, even if such an outcome exists. Specifically, consider the following examples.

54 3 2 10
2 1 3 0 4 5
that satisfies Prop is o = (c3). However, MNW,g chooses (c1), and RRug chooses either
(c1) or (cg).
5000 2500 50 01 0
_ _ _ 1_ 2 _
Example 2. Letm=3,n=2T =2, andV —<30 40 50), 1% _<O 1 O)'

The outcome 0 = (ca,¢o) satisfies Prop. However, since RRS; =RRS, = 1, then LMin%§®
chooses the candidate c3 in the first round.

Example 1. Let m =6,n=2,T =1, and V! = ) . The only outcome



It is not a coincidence that RRogr, MNWogr, and LMin38° might fail to find a proportional

outcome. We claim that, in general, these mechanisms might output an outcome that is
“far” from being proportional, as formally captured by the M PP property. Moreover, note
that RRy¢ and Ll\/IinSf'?S satisfy RRS, and MNW, satisfies Propl [7]. We show unavoidable
tradeoffs between M PP and a-RR.S, for any constant «, and between M PP and «-Propl,
for any constant .

The proof is based on the intuition that both Propl and RRS might fail to find a
proportional outcome when there is a round ¢ in which an agent ¢ assigns a relatively high
valuation to one of the candidates. In this case, Propl can be satisfied while ignoring the
valuations (of agent ) in the other rounds, which might result in an unproportional outcome.
RRS;, in this case, does not depend on the valuation of 4 in round ¢ (since the rounds are
sorted in a non-ascending order), which might also result in an unproportional outcome.
However, the M PP fairness property must consider the valuations of all the agents, in all
of the rounds.

Theorem 4. If n > 2, a mechanism that satisfies M PP does not satisfy a-RRS, for any
constant «, and it does not satisfy a-Propl, for any constant .

Proof sketch. We build a scenario with n agents, and three distinct agents, i ,j, and k. In
the first round, agents j and k assign very high valuations to different candidates, while
in all other rounds they assign very low valuations to all the candidates. Note that it is
impossible to satisfy both j and k in the first round, and assume that the candidate favored
by j is selected in the first round. A mechanism that satisfies M PP must compensate k
in the other rounds. As a result, the utility of agent 7 is reduced, but still in a way that
guarantees her some minimal utility, and overall, all three agents receive this minimal utility.
In contrast, a mechanism that satisfies Propl or RRS ignores the first round due to the
nature of these fairness properties and, as a result, agent ¢ ends up with a utility that is not
very low, while agent k£ ends up with a much lower utility. O

Since we show that RRys, MNW, ¢, and LMinEf'?S do not satisfy M PP even with 2 agents,
we introduce LMinEfrFOp, which satisfies M PP.

Theorem 5. LMinoP;;’p satisfies M PP.

Clearly, LI\/IinonrfOp also satisfies Pareto optimality. However, since LMinEfrF0 P satisfies M PP,
it does not satisfy a-RR.S or a-Propl, for any constant «. Indeed, the proof of Theorem 4
assumes that the number of agents, n, is at least 3. If there are only two agents, LMin(F:f'f0 P
satisfies RRS and 1/2-Propl.

Theorem 6. L/\/Iinffrfp with 2 agents satisfies RRS and 1/2-Propl.

That is, when there are only two agents, LMinopfrfOp is (arguably) the “fairest” mechanism
among the mechanisms that we study, since it is the only one that satisfies PO, 1/2-Propl,
MPP, and RRS, simultaneously.

7.1 Borda Valuations

Recall that with Borda valuations, RR.S; is the same for all ¢. Similarly, Prop; is the same
for all . Thus, in this setting, LMinEf'FOp and LMinR® are equivalent to LMinyg. That is,
there is effectively a single leximin mechanism, LMinyg, with Borda valuations.

Clearly, every mechanism that satisfies an efficiency or fairness property without any
restriction on the valuation, satisfies the property with Borda valuations. We thus analyze
the properties that are not satisfied in the general case, and we begin with Prop.



Since LMing satisfies M PP (Theorem 5), then with Borda valuations, LMingg guarantees
a l-additive approximation of Prop (Theorem 1). Moreover, we show that LMinyg guarantees
the best possible constant-factor approximation of Prop.

Theorem 7. Fven with Borda valuations, there is no mechanism that guarantees an additive
constant-factor approzimation of Prop better than 1.

We now show that both RRy and MNW,g do not guarantee an additive constant-factor
approximation of Prop. Specifically, RRs does not guarantee an additive approximation
that is better than m — 1.

Theorem 8. With Borda valuations, RRog does not guarantee an additive approximation
of Prop that is better than m — 1.

Indeed, RRqf satisfies Propl [7], and this entails that RRg guarantees an (m—1)-additive
approximation of Prop, as we show in Theorem 2. Similarly, since MNW,¢ satisfies Propl,
MNW,¢ also guarantees an (m — 1)-additive approximation of Prop. On the other hand,
MNWo,g does not guarantee an additive approximation that is better than (m — 3)/2.

Theorem 9. Fven with Borda valuations, MNW,g does not guarantee an additive approxi-
mation of Prop that is better than mT_?’

We now analyze Propl. With Borda valuations, LMinyg guarantees a 1-additive approx-
imation of Prop, and this entails that LMinys satisfies Propl, as we show in Theorem 2.

We note that Conitzer et al. [7] have raised an open question: is there a mechanism
that satisfies PO, Propl, and RRS simultaneously? We partially solve this question- if we
restrict the valuations to Borda valuations, then LMinyg is such a mechanism, since we show
that it satisfies PO, Propl, and RRS.

Next, we consider M PP, and the negative results for MNW,¢ and RR still hold. Indeed,
Example 1 uses Borda valuations, and it shows that MNW g and RRy¢ do not satisfy M PP.
In addition, MNW,¢ still does not satisfy RRS.

Theorem 10. Fven With Borda valuations, MNW,g does not satisfy RRS.
Finally, we note that RRy still does not satisty PO.
Theorem 11. With Borda valuations, RRyg does not satisfy PO.

Overall, LMinys with Borda valuations is the “fairest” mechanism among the mechanisms
we study, since it is the only one that satisfies PO, Propl, RRS, M PP, and guarantees a
1-additive approximation of Prop.

8 Omnline Setting

Clearly, all the mechanisms we study do not satisfy the PO efficiency property in the online
setting. Moreover, we show that it is impossible to satisfy Propl or a-RRS for any constant
a.

Theorem 12. There is no online mechanism that satisfies a-RRS, for any constant «.

Next, we show that it is impossible to satisfy Propl. Let Prop! be the Prop
_ k k

value of agent ¢ up to round ¢, ie., Propl = ],::i % Let vPropl: =
arg maxke{lw’t}(vf(cMaxf) — vk(0%)). Tt is thus possible to rephrase the definition of
Propl: an outcome o satisfies Propl if for every agent 4, u;(0) + vPropllr > ProplT. Now,
let dPropl} = u;(o') +vPropl! — Propt. That is, if dPropl! > 0 for any i, then o' satisfies
Propl up to round ¢, and if dProplﬁ < 0 for an agent 4, then Propl is not satisfied up to
round t. Therefore, intuitively, dProplﬁ represents the degree in which o? satisfies Propl.



Theorem 13. There is no online mechanism that satisfies Propl.

Proof sketch. Assume by contradiction that there is an online mechanism that satisfies
Propl. We build a scenario with two agents, in which for each even round ¢, the mechanism
must choose an outcome such that dPropt of one of the agents is the same as her dProp*—2,
but dProp? of the other agent is smaller than her dProp'~2 by a constant factor. Therefore,
after a constant number of rounds, one of the agents has a negative dProp?, which entails

that the mechanism does not satisfy Propl. O

Note that the proofs of Theorems 12 and 13 essentially use the setting of indivisible
private goods. Therefore, they strengthen previous results on online fair division [14].
Overall, with no restriction on the valuations, there is no online mechanism that satisfies
even the relaxed fairness properties (i.e., RRS or Propl).

8.1 Borda Valuations

We begin with analyzing Prop. Our main result here is that LMin,, guarantees a 1-additive
approximation of Prop. To prove this, we first show a unique characteristic of Borda
valuations.

Lemma 1. With Borda valuations, given a round t, and given any vector of n elements, x,
such that (1) every element of © is a non-negative integer, and (2) the sum of the elements
is m — 1, there exists a candidate ¢ € C' such that vi(c) > x; for every agent i.

Intuitively, Lemma 1 shows that any mechanism can choose an outcome such that the
sum of all the agents’ valuations is at least T'(m — 1). Moreover, a mechanism is able to
distribute the valuations arbitrarily, and thus it can choose an outcome that guarantees
a utility of LWJ for each agent. Therefore, LMinys must also guarantee a utility of
L@J for each agent, which means that is satisfies 1-additive approximation of Prop.
The 1-additive approximation for the online setting is also based on Lemma 1. Intuitively,
the lemma shows that for each round, the vector of elements x can be chosen without
knowing the valuations of each agent. Therefore, the vector = for each round can be chosen
greedily, and it thus determines each of in round ¢ such that the utility of o is at least

T(m—1)
| ————=] for each agent.

Next, we show an important property of proportionality in the online setting, i.e., when
the candidates of the chosen outcome are determined sequentially. The proof is essentially
an extension of Lemma 1 to the online setting. Recall that with Borda valuations, Prop; =
w for every agent i. Let Prop’ = w, qPropt = | Prop'|, and rPropt = (t(m —
1)) mod n.

Lemma 2. With Borda valuations, given a round t, if (1) for every agent i, u;(o'=1) >
qProp'=t and (2) there are at least rProp'~™! agents with a wutility that is strictly
greater than qProp'™!, then there exists a candidate ¢ such that (3) for every agent i,
ui((o',...,0'"t ¢)) > qProp' and (4) there are at least r Prop' agents with a utility that is
strictly greater than qPropt.

We are now ready to prove the approximation result.

Theorem 14. LMin,, guarantees a 1-additive approzimation of Prop.

Proof. Let o'~! be the vector of chosen candidates by LMiny, up to round ¢. If o!~! satisfies

conditions (1) and (2) of Lemma 2, then there exists a candidate ¢ such that conditions
(3) and (4) of Lemma 2 hold. By definition, LMin,, chooses a candidate o' such that
u(o?) = u((o',...,0'71 ¢)). That is, o’ that is chosen by LMin,, satisfies conditions (3) and



(4). In addition, in the first round ¢ = 1 and thus, obviously, rProp'~! = ¢qProp'=! = 0.

That is, conditions (1) and (2) of Lemma 2 hold when ¢ = 1. Therefore, for any round ¢
and agent i, u;(0') > qProp’. Specifically, when t = T, u;(o”) > qProp” = |Prop;|. By
definition, | Prop;| > Prop; — 1, and o = o®. That is, u;(0) + 1 > Prop;, for any agent
i O

Similar to the offline setting, the other mechanisms do not guarantee an additive
constant-factor approximation of Prop. Indeed, RR,, is essentially equivalent to RRys when
the valuations are restricted to Borda valuations, since for every agent ¢ and in every round
t, cMax! are the same (i.e., m—1). That is, RR,, does not guarantee an additive approxima-
tion that is better than m — 1. As for MNW,,,, since the example in the proof of Theorem 9
hold for any ¢t < T, MNW,,, chooses the same outcome as MNW,¢ in this instance. That is,
MNW,, does not guarantee an additive approximation of Prop that is better than mT*B

We now analyze M PP. Unfortunately, M PP cannot be satisfied in the online setting,
even with Borda valuations.

Theorem 15. FEven with Borda valuations, there is no online mechanism that satisfies
MPP.

Next, we analyze RRS.
Theorem 16. With borda valuations, LMin,, satisfies RRS.

As for MNW,,, since the example in the proof of Theorem 10 hold for ¢ < T', MNW,,
chooses the same outcome as MNW,g in this instance. That is, MNW,, does not satisfy
RRS.

Finally, we consider PO. Recall that LMin,g and MNW g satisfy PO. In the online
setting, even with Borda valuations, they do not satisfy PO anymore.

Theorem 17. Even with Borda valuations, LMiny, and MNW,, do not satisfy PO.

9 Conclusions and Future Work

In this paper, we study collective decision-making mechanisms for a sequence of decisions,
when the preferences of the agents are cardinal. However, since we also concentrate on the
restriction to Borda valuations, our results are also applicable when the preferences of the
agents are ordinal. Overall, we claim that the leximin mechanism, in which the valuations
are normalized with the proportional value of each agent, has a significant advantage over
the other known mechanisms: in the offline setting, it satisfies PO and M PP, and when
there are only two agents it also satisfies 1/2-Propl and RRS. With Borda valuations, the
leximin mechanism satisfies Propl and RR.S, and guarantees the best possible constant-
factor approximation of Prop. Moreover, these results hold both for the offline and online
settings.

For future work, we would like to consider other restrictions on the agents’ valuations,
e.g., valuations that are based on a (given) general scoring rule. We would also like to study
what happens when there are many rounds. Specifically, we conjecture that given any n and
m, there is a ¢ such that the leximin mechanism with Borda valuations satisfies Prop for
any T > t. Finally, since it is impossible to achieve proportionality or its relaxations in the
online setting, we would like to extend our framework and analyze probabilistic mechanisms.
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Appendix

A Proofs for Section 6 (Connections between Fairness
Properties)

Theorem 1. With Borda valuations, M PP entails 1-additive approximation of Prop.

Proof. Suppose that o satisfies M PP. Clearly, if Prop; < 1, then o satisfies a 1-additive
approximation of Prop. If Prop; > 1, let o’ be an outcome that satisfies a 1-additive
approximation of Prop. Note that such an outcome always exists due to Theorem 14. By

definition, u;(0”) + 1 > Prop; for any agent i. That is, u;(0’) > % Prop;. Since

Prop; > 1, % > 0. In addition, Prop; = W for any agent 7, and we can thus write

that o’ satisfies % Prop. Now, since o satisfies M PP, it must also satisfy %—

Prop. Therefore, u;(0) > % - Prop;, which implies that u;(0) + 1 > Prop;. That is,

o satisfies a 1-additive approximation of Prop. O
Theorem 18. With Borda valuations, M PP entails RRS.

Proof. Suppose that o satisfies M PP. Clearly, if T < n, then RRS; = 0 for any agent
1, thus o satisfies RRS. If T > n, let o’ be an outcome that satisfies RRS. Note that
such an outcome always exists due to [7]. By definition, u;(0o’) > RRS; = [L](m — 1)

for any agent i. That is, u;(0’) > |+ J(;;Opl Prop;. Since T > n, |Z] > 0. That is,

L T|tm=b) - 0. In addition, Prop; = % for any agent 7, and we can thus write that

Prop;
o’ satisfies LfJ (Pmp) Prop. Since o satisfies M PP, it must also satisfy |-~ J(Pwp) Prop.
Therefore, u;(0) > | L | %Propi, which implies that u;(0) > [ L ](m — 1) = RRS;. That
is, o satisfies RR.S. O

Next, we consider RRS.
Theorem 19. With Borda valuations, RRS entails (m—1)-additive approzimation of Prop.

Proof. Suppose that o satisfies RRS. That is, u;(0) > [ L ](m — 1) for any agent i. We can
add (m— 1) to both sides of the inequality to get u;(0)+ (m—1) > [L|(m—1)+(m—1). It
is clear that [L](m —1)+ (m —1) > Z(m —1) = Prop;. That is, u;(0) + (m — 1) > Prop;,
which means that o satisfies (m — 1)-additive approximation of Prop. O

Theorem 2. With Borda valuations, 1-additive approzimation of Prop entails Propl.

Proof. Suppose that o satisfies a 1-additive approximation of Prop. Clearly, if o satisfies
Prop, it also satisfies Propl. If o does not satisfy Prop, then for any agent ¢ in which
u;(0) < Propl there exist a round ¢ such that vf(o") < v!(cMaal). Since we use Borda
valuations, v (cMaz!) —vi(o?) > 1. In addition, since o satisfies a 1-additive approximation
of Prop, then u;(0) +1 > Prop;. Combining the two inequalities, we get that (u;(0)+ 1)+
(vt (cMazt) — vi(o?)) > Prop; + 1. That is, o satisfies Propl. O

Theorem 3. With Borda valuations, Propl entails (m—1)-additive approzimation of Prop.

Proof. Suppose that o satisfies Propl. That is, for each agent ¢ € N, there exists a round ¢
such that uz( ) —vk(o ) + v (cMazt) > Prop;. With Borda valuations, for any agent i and
round ¢, vf(cMax! ) — 1 and vf(o") > 0. Therefore, u;(0) + (m — 1) > Prop;. That is,
o satlsﬁes (m—1)- addltive approximation of Prop. O



Theorem 20. With Borda valuations, (m — 1)-additive approzimation of Prop entails 1/2-
Propl.

Proof. Suppose that o satisfies (m — 1)-additive approximation of Prop. If T < 2n, then

%% < 1. That is, (m —1) > %w = %Propi. In addition, with Borda valuations,

by definition, vf(cMax!) = (m — 1), and vf(o') > 0 for any agent i and round ¢. That is,
—vf(ot)+vi(cMazt) > (m—1) for any agent i and round t. We thus get that, u;(0) —v?(o')+
vf(cMaz}) > Prop; for any agent i and round ¢. That is, o satisfies 1/2-Propl. If T > 2n,
then, by definition, u;(0)+ (m—1) > Prop; for any agent i. In addition, Prop; = W for
any agent ¢. That is, u;(0)+(m—1) > W Therefore, u;(0) > (T_")nﬁ In addition,

since T' > 2n, then 2(T — n) > T. We thus get that, u;(0) > (T_”)rfm_l) = 2(T_’;)7Em_l) >

T(Z:l) = %Propi. Therefore, o satisfies 1/2-Prop, and thus satisfies 1/2-Propl. O

B Proofs for Section 7 (Offline Setting)

Theorem 4. Ifn > 2, a mechanism that satisfies M PP does not satisfy a-RRS, for any
constant o, and it does not satisfy a-Propl, for any constant «.

Proof. Let € € R such that ﬁ > € > 0. That is, —€ + == > €(T — 1). Let m,n > 2,

(T-1)
T > 2n, and
e(T - 1), ift=TAnAj=1

vilej) =4 e+ gy, Ht#ETAj=1
0, otherwise
1, ift=1Aj=2 1
vi(ei)=<" vl () = =
2(¢5) 0, otherwise 1€{1,2,3}( i) T
1—€e(T-1), ift=1Aj=3
ot(e;) = 2¢, ift=2A5=3 .
’ € ift ¢ {1,2,TYANj=3
0, otherwise

That is, the valuations in matrix form are as follows:

—e+(T—£1) 0 0 0
0 1 0 0
V1= 0 0 1—¢T-1) 0
1 1 1 1
T T T T
ety 0 0 0
0 0 O 0
V2 — 0 0 2 O
1 11 1
T T T T



ety 0 0 0
0 0 0 0
vt = 0 0 ¢ O
1 11 1
T T T T
e(T—-1) 0 0 0
0 0 0 0
T _ 0 0 0 0
V= 1 1 1 1
T T T T

We first show that for any agent i, Prop; = % By definition, for any agent i, Prop; =
T .
%thl vf(cMaxﬁ). That is, Prop; = %(E(T — 1)+ (—e+ ﬁ)(T —-1)) = n, Propy = 1
and Props = 2((1 — (T — 1) 4+ 2e + ¢(T — 3)) = L. For any other agent i {1,2,3},
Prop; = L(T%) =1

Let o be the outcome that is chosen by a mechanism that satisfies M PP. Let

C1, ift=T
o= Co, ift=1

c3, otherwise

That is,

1, otherwise

ue(6) = {E(T— 1), ifie{13}

Note that 1 > % > ;((:ijg > ne(T — 1) > e(T — 1) > 0, and recall that for any agent i,

Prop; = 1. Therefore, for any agent i, u;(0) > e(T — 1) = @ = (ne(T — 1)) Prop;.
That is 6 satisfies ne(T' — 1)-Prop. Since o satisties M PP, o also satisfies ne(T' — 1)-Prop.
That is, for any agent 4, u;(0) > (ne(T — 1)) Prop; > 0.

Let’s examine the choice of the candidates in 0. Since uz(0) > 0, and agent 2 assigns
a positive valuation only for candidate c, and only in round 1, then o' = ¢,. Now, since
u3(0) > €(T — 1) and we showed that o' = ¢y, it must be that o' = ¢3 for every round ¢,
1 <t < T. Finally, since uj(0) > €(T — 1), it must be that o7 = ¢;. Overall, o = o.

We now show that a mechanism that satisfies M PP does not satisfy a-RR.S, for any
constant o < 1. Assume by contradiction that there is a constant 0 < o < 1 such that
o satisfy a-RRS. Therefore, ¢(T — 1) = u1(0) > o+ RRS;. Since T > 2n, then RRS; >
cMazxi(n) = (—e+ ﬁ) Therefore, (T — 1) > a- (—e+ ﬁ) Let € = 77—y, and
note that since 0 < o < 1 then 0 < € < ﬁ We thus get that 77— (T-1) >
(=7 + 7= 1)) That is, (T — 1) > (—a+ T), and thus « > 1, a contradiction.

Next, we show that a mechanism that satisfies M PP does not satisfy a-Propl, for any
constant « < 1. Assume by contradiction that there is a constant 0 < a < 1 such that o
satisfy a- Propl Therefore, there exists ¢ such that ui (o) —vi(o?) +vi (cMaxl) > - Pmpl
Since Prop; = %, u;(0)—v}(o*)+vi(cMax}) > a-L. Moreover, u; (0)—vt(of)+vi(cMax}) <

( )Jrvl(cMa:z:l) <e(T-1)—e+ ﬁ, since —e + ﬁ > (T —1). That is, e(T —2) +

(T 5= Lete—a(%), and T > 2% 4+ 1. Note that since 0 < a < 1, and
Tz2;—1—122n7thenTZoz(T—l)—nza(%+1—1)—n:n>0. We thus get that

a(T—1)—n il
(T(Tl—l)) 2 (3(T—1§(T—2)) > a(n(T—ll)(T—Q)) > o T) (n(T—ll)(T—Q)) = €. In addition,




€= O‘(nTl)E(iT;l))(;ﬁz)) > O‘(nT(TJf)(sz)) > T(T—1)
A rrr g )T = 2) + gy > - L. That is, a(a(T = 1) = n) +nT > a - T(T - 1),
and thus n(T — ) > o(T — 1)(T — ). Thatis, n > a(T —1) > (22 +1-1) = 2n, a
contradiction.

Finally, note that a mechanism that satisfies RR.S also satisfies a-RRS for any o < 1,
and a mechanism that satisfies Propl also satisfies a-Propl for any o < 1. Therefore, a
mechanism that satisfies M PP does not satisfy a-RRS, for any constant «, and it does not

satisfy a-Propl, for any constant a. O

0. Overall, ——=— > € > 0. We thus get that

Theorem 5. LMinfgfp satisfies MPP.

Proof. Suppose that there exists an o with which there is an outcome o’ that satisfies a-
Prop. That is, the minimal utility value in wProp(o’) is at least «. By definition, the
outcome o that is returned by LMinEfrFo P satisfies uProp(o) = uProp(o’). Therefore, the
minimal utility value in uProp(o) is at least «. That is, o satisfies a-Prop. Therefore,
LMinEf'FOp satisfies M PP. O

Theorem 6. LMinffrfp with 2 agents satisfies RRS and 1/2-Propl.

Proof. Clearly, in RRy, the first agent according to the turn’s order, m, receives a utility
that is at least his Prop value. That is, if agent 1 is the first agent according to =, then
RRosf returns an outcome that guarantees a utility of at least Prop; to agent 1, and a utility
of at least RRS> to agent 2. Similarly, if agent 2 is the first agent according to m, then RRys
returns an outcome that guarantees a utility of at least Props to agent 2, and a utility of
at least RRS; to agent 1. Therefore, the outcome o that is returned by LMinf e satisfies
uProp(o) = (1, £E52) and uProp(o) = (£E5L 1), Now, since Prop; > RRS; [7], and there

» Props Propy?
are exactly two agents, then uProp(o) »= (max(ff?iiz, gﬁii ), ma: (giﬁz, gif)ll )) Hence,

uProp;(0) > max( fsﬁiz, 1};53%1) > gﬁii and thus u;(0) > RRS;. That is, LMin::frfop with

two agents satisfies RRS. Finally, due to [7], RRS entails 1/2-Propl. O

Theorem 7. Fven with Borda valuations, there is no mechanism that guarantees an additive
constant-factor approximation of Prop better than 1.

Proof. Assume by contradiction that there is a mechanism that guarantees an a-additive
approximation of Prop, with o < 1. Since @ < 1, we can choose n such that ”T’l > a.
Let T'=1 and m = n. In addition, assume that the agents use Borda valuations, and let
vil (¢;) =0, for any agent ¢. Given any outcome o, there must be an agent j that receives a
utility of 0 from o. On the hand, Prop; = ”T_l That is, the difference between Prop; and
uj(0) is strictly greater than a. A contradiction. O

Theorem 8. With Borda valuations, RR.& does not guarantee an additive approximation
of Prop that is better than m — 1.

Proof. Assume by contradiction that RR. guarantees an (m—1—a«)-additive approximation

@=D)m=1) - 1 _ . Let

of Prop, with a > 0. Since a > 0, we can choose n such that -

T =n —1 and for every round ¢, and let
m—1 m-—2 ... 0
V=

m—1 m-—2 ... 0
0 1 ..o m—1



Assume that RR.¢ uses the identity permutation as the order over the agents. Clearly,
o= (ci,...,c1), and thus u,(0) = 0. On the other hand, Prop, = % That is, the
difference between Prop,, and wu,(0) is strictly greater than m —1—«. A contradiction. [

Theorem 9. Fven with Borda valuations, MNW,g does not guarantee an additive approzi-

mation of Prop that is better than =5=.

Proof. To prove the theorem, we need the following lemma, which helps to determine the
outcome chosen by MNW.

Lemma 3. For any k,T,n € N, let fi be a function with a domain [k(n+1), (k+1)(n+1)] €
R, such that fr(z) = (k+T(n+1) — z)z"" 1. let f be a picewise function with a domain
[0,T(n+1)] €N, such that f(x) = fr(z) ifx € [k(n+1),(k+1)(n+1)) (see Figure 2 for a
plot of f). Let f™** = argmax, f(z). Ifn>2and0 < T < "("2_1) then f™* = {T(n+1)}.
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Figure 2: A plot of the function f when n = 3 and T = ”("271). The red dashed line
shows the function fr, but since the domain of f is [0,12], f7(12) is the only point in which

f=fr.

Proof. Let fi"* = argmax, ¢ k(n11),(k+1)(n+1)] fk(2), and let Sy be the set of corresponding
stationary points, i.e., Sy = {z | f/(x) = 0}. Assume that T < % and m = n+ 2.
Since for any k£ € N, fi is a differentiable function, and the domain of fi is closed, then
firer C S U{k(n+1), (k+1)(n+1)}. Now, fi(z) =2 %((n—1)(k+T(n+1)) —nx), and
(z)=(n—1)2"3((n—-2)(k+T(n+1)) —nz). If € Sy, fi.(x) =0 be definition. That
is, x = WM, and f”(z) < 0. Therefore, x is a maximum point for f. However,
S may be empty. Indeed, we show that Si is not empty only when &k =T — 1.
Consider z € S;. Since fi is a function with a domain [k(n 4+ 1), (k + 1)(n + 1)], then
k(n+1) <z < (k+1)(n+1). Thatis, k(n+1) < z and thus k(n+1) < w Thus,

k< Tgir_ll). Since k € N it holds that k < LTS;i_ll)J On the other hand, x < (k+1)(n+1)
and thus w < (k+1)(n+1). That is, k > %W, and since k € N

it holds that k > [@FDT(M—D=n7 " Ouerall, [Z0°-D| > [t D@ Dom)] - That is,

n2+1 n2+1 =
|7 — 325 > [T -1 - 2] Since 0 < 7 < % then [T — ;35| =T — 1 and

[T —1- 200y =7 — 1. That is, k=T — 1.



max

Since we show that S}, is not empty only when k = T — 1, then for any other &, f}
is either k(n+ 1) or (k+1)(n+1). If K < T — 1 then f/(x) > 0, and if k¥ > T — 1 then
fi.(xz) < 0. That is,

(k+1D(n+1), k<T-1
f]zna:v _ (n—l)(k—:—lT(n+1))7 k=T _1.

k(n+1), k>T-1

We now concentrate on the points f;***, where 0 < k < T. Let & = T, and
let & = T — 1. We show that fp(f"*") > fi(f"*"). Assume by contradiction

that fu(f{"**) < f;(f"9%). That is, (k + T(n + 1) — k(n + 1))(k(n+1))""" < (k +
n—1

Tn+ 1) — (”_1)(’;+T("+1)))(("_1)(]%+T("+1))) . Since k = T and k = T — 1, we

n n

n—1
get that T"(n+1)"""' < ((T("tf)_l))(("_1)(T("+2)_1)) . Thus, T"n"(n+1)""" <

n

(n—1)"""(T(n+2)—1)" That is, n*(n+1)""" < (n—1)"""((n+2)—%)". Since

0 <7 < ™ then (n—1)""((n+2)— )" < (n=1)""((n+2) - 555)" We

thus get that n"(n+1)""" < (n—1)"""((n+2) — %)n That is, n"(n+1)""" <

n(n—1 —

(n—l)”_l(%)n. We thus get that (n — 1) < (n+ 1)(1—-%)". That is,

(1+ n22_2)n < EZJ_FB Recall that the binomial series (1 + z)* = Y7 ( (§)a?, for any T e

R,a € N. Note that n > 2 and thus (ﬁ)l > 0, for any ¢. Therefore, Z?:o (M () =

i) \n2-2

n(n— 2 n . n(n— 2 n
1+n(n22—2)+ (2 1)(n22—2) < (1+ n22—2) - That 18, 1+n(n22—2)+ (2 1)(7122—2) < Entig

On the other hand, 1+ n(n2272) + 7L(n2—1) (n22,2>2 = Eztig + (n_16)1’(t7:28_2)27 and since n > 27

EZE; + (nflﬁ)’,zr:2872)2 > EZJ_FB, a contradiction. Therefore, fi.(fx"™**) > fr(f7"*®).

By definition, for any k € N, fp(k(n +1)) = (k+ T(n + 1) — k(n + 1)) (k(n +1))" "
Clearly, (k+T(n+1)—(k)(n+1))(k(n +1))""" > (k=14+T(n+1)—k(n+1))(k(n + 1))" " =
fi—1(k(n+1)). Therefore, fr(k(n+1)) > fr_1(k(n+1)). We show that if 0 <k <T—1 and
F= k1, then fi(f%) > fo(/7). Tndeed, fi(f) > fi(k(n+1) > fo1(k(n+1) =
fi(fe®). Overall, we get that if k = T and k <k then fi(fi"er) > fi.(f1*%). Moreover,
since F(fI1%) = fu(f"e") then fme® = fer = T(n+1).

O

We are now ready to prove the theorem. Let n > 2,m =n+ 2, and T' < @ For
any t < T, let

m—-—1 m-—2 ... 2 0 1

. 0 1 ... m—3 m—2 m-—-1
V:

0 1 ... m—3 m—2 m-—1

Clearly, for any outcome o, for any i, j > 1, u;(0) = u;(0). We thus concentrate on u; (o) and
uz(0). Note that for any candidate ¢;, vi(¢;) =m—j+1j—m — Lj—p_1, and vi(c;) = j — 1.
That is, v (c;) +v4(c;) = (m—1) 4+ L=, — Lj—m—1. Now, let count.,, (o) = |{t | o' = e},
and count.,, ,(0) = |{t | o' = ¢;u_1}|- That is, u1(0) +ua(0) = 31—, vi(0!)+ 3/, vh(o?) =
S ((m=1)+Tgee, —Lpiee,_,) = T(m — 1) + count,,, (0) — count..,, _, (o).

Let o be the outcome that MNW,g chooses. Since MNW, ¢ satisfies PO, and for every
agent i and round ¢, v(cy) > vi(cm—1), then count., (o) = 0. Let g(o) = L?YZL(_OBJ, and
r(0) = uz(0) (mod (m—1)). Clearly, count., (o) < g(o). We show that count.,, (0) = q(o).
Indeed, assume by contradiction that count.,, (o) < q(o),




let © be an outcome, such that

Crm, t<1+4¢q(o)
0= c(1+r(o)+lr(o):m72)’ t=1 + q(o) .
1, t>1+4¢q(o)

That is, count.,, (0) = q(0)+1,(6)=m—2, and count.,,_,(0) = 0 (since 14+7(0)+ 1, (o)=m—2 #
m—1). Note that us(0) = 23:1 05(0") = vh(em) *q(0) +V5(C(r(0) 1141, (0 om_2)) TV (c1)(T =
Q(O) - 1) = q(O) * (m - 1) + T(O) + Il-r(o):m—Q = ’U,Q(O) + ]]-r(o):m—Q > UQ(O)' Moreover,
since u1(0) + uz(0) = T'(m — 1) + count,, (o) and uy(0) + uz(0) = T(m — 1) + count.., (0)
it follows that ui(0) = T(m — 1) 4 count,,, (0) — uz(0) = T'(m — 1) + count,,, (0) — uz(0) —
Lyoy=m—2 = T(m — 1) + q(0) — uz(0) = T(m — 1) 4 q(0) — (T'(m — 1) + count.,,(0) —
u1(0)) = q(o) — count.,, (o) +ui(0). Since we assume that q(0) > count,, (o) it follow that
u1(0) > wui(0), which is a contradiction to the fact that MNWoff satisfies PO. Overall, we
get that count.  (0) = q(0), and thus uq(0) = g(0) + T'(m — 1) — uz(0).

We now show that MNW,g¢ chooses the outcome o = (¢m,...,Cm). Clearly,
ua((Cmy -y em)) = T(n41) and [[,c y wi((cms - -y Cm)) = T (n + 1)"'. Let f be a function

as defined in Lemma 3. Since m = n+2, LuQ(o))J(n—H) <wug(o) < (LUZS:)I))J +1)(n+1). That

is, f(12(0)) = (L&) +T(n+ 1) = ua(0)) (ua(0))" " = wi(0)(12(0))" " = [Liep uilo):
In addition, f(ug((¢ms---rem))) = F(T(n+1)) = T"(n+1)""". Recall that MNW,g
chooses an outcome o such that o € argmax, [[,cyui(0’). That is, [[,cyui(0) >
[Licn wi((cm, ... cm)). Therefore, f(uz(0)) = [[;cyui(0) > [Licnwi((cm;s.- - cm)) =
fluz((emy---sem))) = f(T(n+1)). Since according to Lemma 3, f™* = {T'(n + 1)},
uz(0) = T(n+ 1). That is, MNW,g chooses 0 = (¢, .- -5 Cm)-

Finally, if T = "(nz_l) then ui(o) = T, and Prop; = M. Since m = n + 2,
Prop; — ui(0) = Z = ”(" LR (n L - (m2 3 That is, MNW_,¢ does not guarantee an
additive appr0x1mat10n of Prop that is better than =5=. 3 O

Theorem 10. FEven With Borda valuations, MNW,g does not satisfy RRS.

Proof. With Borda valuations, for any agent i, RRS; = 3 ;< |7/, cMazm;i(t - n) =
Zl<t<LT/nJ m—1=|Z|(m-1). In addition, Prop; = %23:1 vt (cMaz!) = %23:1 m—1=
Z(m —1). Therefore, if T (mod n) = 0, RRS; = Prop;. Recall the setting in the proof of

n
Theorem 9. The theorem shows that MNW, ¢ chooses an outcome, o, that does not satisfy

Prop, for any n > 2. If T =n, RRS; = Prop;, and thus o does not satisfy RRS. O
Theorem 11. With Borda valuations, RRyg does not satisfy PO.

Proof. Let m =4,n=2,T =2 and

RRofr chooses 0 = (c¢1,¢4) or 0 = (cq,¢1). That is, u(o) = (3,3). However, there is an
outcome 0’ = (¢, co) with u(o’) = (4,4). O

C Proofs for Section 8 (Online Setting)

Theorem 12. There is no online mechanism that satisfies a-RRS, for any constant .



Proof. Assume by contradiction that there is an online mechanism that satisfies a-RRS.
Let m=2,n=2,T =3, and

10 2 9 a9
v=(o v og) =)
2 «

We set V2 and V3 according to the decisions of the online mechanism. Specifically, if
o' = ¢; we set V2 = X2 Otherwise, V2 = Y2, Next, if o' # 0? we set V2 = X3
Otherwise, V3 = Y3,

Note that for any agent i, RRS; > § and thus « - RRS; > 0. Since o satisfy a-RRS it
must be the case that o' # 0?. Otherwise, V3 = Y3 and thus either u1(0) = 0 or uz(0) = 0,
which is a contradiction. Therefore, o' # 0? and V3 = X3. In addition, since 0 < a < 1,
then § <1 < % < %, and thus eMax; equals (1,%,%) or (%,1,%), for any agent 3.
That is, RRS; € {%, 1}, and thus a-RRS; € {2, a}, for any agent .

Now, since o' # 02, there are only 4 possible outcomes:

1. If o = (c1,¢2,¢1), V2 = X2 Thus, a- RRS; = 2 and a - RRS; = a. However,
u(o) = (1+ 25, %). That is, uz(0) < a- RRS;.

2. If o = (cg,c1,c2), V2 = Y2, Thus, a- RRS; = a and o - RRS; = 2. However,
u(o) = (%,1+ %). That is, u1(0) < o+ RRS).

3. If o = (c1,c2,¢0), V2 = X2 Thus, a - RRS; = 2 and o - RRS> = a. However,

u(o) = (1,% + %). That is, u1(0) < o~ RRS).

4. if o = (cg,c1,c1), V2 = Y2 Thus, a - RRS; = o and o - RRS; = 2. However,
u(o) = (£ + 2%,1). That is, us(0) < a - RRS;.

Therefore, there is no online mechanism that satisfies a-RR.S. O

Theorem 13. There is no online mechanism that satisfies Propl.

Proof. We first show that an online mechanism that satisfies Propl for a given T', must also
satisfy Propl for any ¢t < T.

Lemma 4. If an online mechanism satisfies Propl, then for any agent i and round t,
u;(ot) +vPropl! > Propt.

Proof. Assume by contradiction there is an online mechanism that satisfies Propl, and there
are an agent ¢ and a round ¢ in which u;(o") +vPropl! < Propt. Consider an instance with
the same m,n, T, and the same valuations up to round ¢. For any round ¢ > ¢, let v!(c) = 0,
for any candidate c. Given the new instance, let © be the mechanism’s outcome, and v Propl!
and Prop! are now defined for the new instance. Clearly, u;(0") + vPropll < Propt, and

since v!(c) = 0 for any candidate ¢, u; (6" ) +vPropl] < Prop!. That is, & does not satisfy

Propl, which is a contradiction. O

We show that, for two agents, the relation between dProplE and vProplE does not
depend on t.

Lemma 5. Consider an outcome of an online mechanism o that satisfies Propl, and let
n = 2. For any agent t, and for any round t such thatt <T — 3, 8- dProplf > vProplt.



Proof. Let n = 2. Assume by contradiction that there is an online mechanism that satisfies
Propl, and there is a round ¢, t < T — 3, and an agent ¢, such that 8- dProplY;f < vProplt.
Since the mechanism satisfies Propl, then dPropl: > 0. If dPropl! > 0, there is an € > 1,
dPropl! > e — 1, such that 8¢3dPropl} < vPropll. If dPropl; = 0, there is an ¢ > 1 such
that 8¢3(e — 1) < vPropll. Overall, there is an € > 1 such that 8¢> max{dProplf e —1} <
vProplE.

Now, consider an instance with the same m, n, T, and the same valuations up to round
t. For the agent ¢ and a round ¢ > ¢, let vf(cl) = 2e(e+ l)t ! max{dPropli,e — 1},
and vf(c) = 0 for any ¢ # ¢;. For the other agent j # i and a round > ¢, let 'UE(CQ) =
4(Propt + 1), and v%(c) = 0, for any ¢ # c. Given the new instance, vPropl}, Prop}, and
dProp! are now defined for the new instance(for all the agents). Clearly, it is still holds that
8¢% max{dPropli,e — 1} < vProplt.

We first show that vPropl! = vPropl}, for any round 7 such that ¢t +3 > > t. Since
vi(e) > 0, but vi(c) = 0 for any ¢ # c1, then cMaz!t = ¢;. Therefore, vPropl!t! =
max{vProplt, v (1)}, vPropli™? = max{vPropl! ltH( 1),v572(c1)}, and vProplit? =

'L’Z

max{vProplt v (c;), v (cy), vt+3(c1)} In addition, for ¢ € {¢t + 1,¢ + 2,¢ + 3},

(2l ’L ? Y

vl (cr) = 2¢e(e + 1)z_t_1maux{dPropl$7 e—1}
< 2¢(e + 1)’max{dProplt,e — 1}
< 2¢(e + €)’max{dProplt,e — 1}

= 8c3max{dProplt, e — 1}
< vPropl}

That is, vPropll = vProplf‘*'1 = vProplf"'2 = vProplf“'?’.

We now show that ot = ¢, for t € {t+ 1,t + 2,t + 3}. Note that Propl =
5 Zk 1 ](cMax ) = % Zi ! (cMax ) + 2vl(cMaac) Prop?1 + %vf(cMaxf.) =
Propl + évf(ol) In addition, dProplt = u;(0") + vPropl! — Prop! = vl (o") 4+ u;(0' 1) +
vProplf ! Propt ' %vf(cl) vl (o) + dProplt o lvt(cl).

Clearly when ¢ = ¢, then dProplﬁ < max{dProplf-, e—1} =
(e+ l)f_tmax{dProplﬁ, e —1}. We show that if dProplf» < (e+ l)z_tmax{dProplz, e—1}
then also dProplEH < (e+ 1)Z+1_tmax{dProplf,e — 1} for some t +3 >t > ¢. Assume
that dPropl! < (e + 1) ‘max{dPropl! e — 1} for some t +3 >t > t.

Assume by contradiction that o't # ¢;. Since ot # ¢;, then ’Ut+1( olt1) = 0.

That is,

7 1
dProplit = dProplt - ivfﬂ(cl)

. 1 -
< (e+ 1)t tmax{dProplE, e—1} — 51);“(01)

=(e+ 1) "max{dProplt,e—1}

1 -
- 526(6 + 1) 'max{dPropll, e — 1}

= (e+ 1) *max{dPropl’,e — 1}(1 — ¢)
However, since € > 1, then (1 —¢) < 0 and (e + 1)2 r}lax{dProplf,e —1} > 0. That is,
dProplﬁJrl < 0, and thus u;(o'!) + UPTOplZ'H < Propﬁ"’l7 which is a contradiction to the

—t



fact that the mechanism satisfies Propl (according to Lemma 4). Hence, ot = ¢, We

now can now find an upper bound on dPToplfH:

; . 1
dPropltt = o1 (0" + dPropl! — Qvfﬂ(cl)

1
= §vf+1(01) + dProplt

1 T —
= 526(6 + 1)t tmax{dProplE, € — 1} 4+ dPropl}
= (e+ 1)7_ max{dPropl! e —1}e + dProplf

< (e+ 1)Zftmax{dPropl’é7 e—1}(e+1)

That is, dProplg+1 < (e+ 1)€+1_tmax{dPr0p1§, e —1}.  Therefore, dProplf <
(e + 1) "max{dPropll,e — 1}, and of = ¢, for any t +3 > > t.

We will now show that Propl is not satisfied for agent j such that j # i. We will do
that by showing that dProp1§+3 < 0. We thus need to find bounds for u;(o"*3), vPr0p1§+3

and Pr0p§+3.
We will start with u;(0'*3). Since of = ¢; for any t +3 > 7 > ¢, then vg( z) =0. In
addition, by definition, u;(o'3) = S F=4" vk(0F). Therfore, u;(0'*?) = S vk (o) +

Zz ﬁﬁ’ v¥ (o ) = u;j(0"). In addition,recall that v¥(o*) < v¥(cMaz¥). We thus get that,

uj(o') = Zk Luk(oF) < 23 Zk 1k (eMazk) < 2. Propl. That is, u;(o") < 2- Prop.
Therfore, u;j(0'3) < 2- Prop]

By definition, vPropltJr3 = argmaXpeqy 4433 (V; (cMax) — vé?(ok)). That
is, UPTOp1§+3 = max{vProplj, ;H(cMaxH'l) - 7;“( t+1),v§+2(cMax§-+2)
02 (0172), 0l (Maxt ™) — viT3(0'T®)}. Recall that vi(cz) = 4(Prop! + 1), and

vj—(c) = 0, for any other ¢ # co. In addition, ot = ¢ for any t +3 > t > t.

We thus get that, vPropl?‘P’ = max{vProplt 4(Pr0p§ + 1)} Clearly7 vProplt =
arg maxke{lw,t%}(v;?(cMax;?) — vF(0¥)) < Zk Lk (cMaxh) = 23 Zk Lk (eMaxh) =
2Prop} < 4(Prop} + 1). That is, vProplz < 4(Prop; + 1). We thus get that
vProplt? = 4(Prop! +1).

By definition, Propt+5 =1 l]zerB vf(cMaacj) Propt + (3)v tH(cMaactH) Prop’ +
(3)4 (Propt +1) = Prop} + 6Prop 4 6. That is, Prop§+3 = TProp}; 4 6.

Overall, dPropl®™ = u;(0'*3) + vPropl*? — Propl*® = u;(0'*?) + 4(Proph + 1) —
7Prop — 6 = u;(o'*?) — 3Prop’ —2 < 2- Prop} — 3 - Prop} —2 = —Prop} — 2 < 0. That

175'+3

is, dPropl;™ < 0, a contradiction according to Lemma 4.

Hence, for any agent i, and for any round ¢, such that t < T — 3, 8dPTOp1§ > vPropl}.
O

We are now ready to prove that no online mechanism satisfies Propl.
Assume by contradiction that there is an online mechanism that satisfies Propl. Let
= %. Let T'= 2k + 3, where k € N and k > %. In addition, let m = 2, n = 2, and

L (10 (10 (1—€ 0
vi=(o 1) x=(0 1 2) = 1)



For every t < T, let

Vi ifte{2z+1|zeN}
VE=SX, ifte{2z|zeN}Aot=g¢ .
Y, ifte{2z]|zeN}Ao =0y

We first show that if v?*(0?*) = 1 — ¢, then v?*"*(0*~1) = 0, for any round 2¢ and
agent i. Assume that v¥(0*) = 1 — e. Therefore, V2! = Y, and 0**~! = ¢;. That is,
v (0?1 = 0. Similarly, assume that v3*(0*) = 1 —e. Therefore, V?* = X, and
0?=1 = ¢,. That is, v3' ' (0*~1) = 0.

We now show that if v2£(0?*) = 1, then v?*~!(0*~!) = 1, for any round 2t and agent i.
Assume that v?*(0%) = 1. Therefore, V* # Y, and 0*~! = ¢;. That is, v?* 71 (0*~1) = 1.
Similarly, assume that v3!(0*') = 1 — €. Therefore, V2! # X, and 0?*~! = ¢,. That is,
v3t "1 (0**=1) = 1. Overall, there are only 4 possible valuations for any agent 4, and pairs of
round 2¢ — 1 and 2t¢:

L a0 =0 and (%) = 1«
2. 2 = Land o(6) = 1.
302 = 0 and o2(6) = .
1) = and o (67) =0

Let CountPairst(a,b) be the number of times agent i received in pairs a and b in pairs of
rounds 2r — 1 < ¢ and 2r < ¢. That is, CountPairs!(a,b) = [{r € [1, 1]NN [ v}" "' (0> ~1) =
a Av?(0%") = b}|. We thus defines (1) eCount! = CountPairst(0,1 —¢€). (2) Count1l} =
CountPairst(1,1). (3) Count00: = Count Pairs(0,0). (4) Count10} = CountPairst(1,0).

We can now compute u;(0%), for any round 2¢. Clearly, each instance of case (1) increases
u;(0?%) by 1 —e. (2) increases u;(0%*) by 2. (3) does not effect u;(0%). (4) increases u;(0?)
by 1. Overall,

u;(0*') = eCount? (1 — €) + 2 - Count11?* + Count10:.

We now compute Prop?, for any round 2t. Clearly, v* ™! (cMaz?*~1) = 1. In cases (1)
and (3) v¥(cMax?) =1 — ¢, and in cases (2) and (4) v?!(cMaz?") = 1. We thus get that
Prop?t = 1 ((eCount! + Count11] + Count00} + Count10}) + (1 — €)(eCount’ + Count00}) +
(Count11} + Count10})). That is, Prop? = (eCount;" + Count00;")(1 — £) + Count117" +
Count103".

As for dProp1?®, by definition, dPropl?" = u;(0%) + vPropl?’ — Prop?*. That is,
dPropl?® = eCount? (1 — €) + 2 - Count11?' + Count10? + vPropl? — ((eCount?' +
Count007")(1— §) + Count11?' + Count10;"). That is, dPropl}’ = vPropl?' —eCount'§ —
Count007* (1 — £) + Count113".

We claim that o*~! # 02!, for any 2t < T — 3. Assume that 0>"~! # 0%, for any
re{l,...,t}, for some 2t <T — 5. Clearly, the claim holds if ¢t = 0 and T' > 5. Assume by
contradiction that 0?**! = 0%'*2. Let i be the agent such that 0?*T! # ¢;. Since 0?1 # ¢;,
then v (02H1) = v22(0?*+2) = 0. Therefore, vPropl?™* = 1. Since 0* ! # 0*", for
any r € {1,...,t}, for some 2¢ < T — 5, then Countllft“ = 0 and CountOOft“ = 1.
That is, d]31"0pl§t'~'2 = vPropl?lt+2 - eCount?Hz% — CountOO?t+2(1 —5)+ Coumfll?tJr2 =
(1- eCount?Hz)g. Now, according to Lemma 5 and the fact that the online mechanism
satisfy Propl,

8- dProp1?'™? > vProp1#'*2.



Since € = S,vPropth+2 = 1, and dProp1?"*? = (1 — eC’ountQtH)27 we get that (1 —
eCountzH'Q) > 1. Clearly, (1 — eCount?tH) < 1. That is 5 >(1- eCount?tH)% >1,a
contradlction. Therefore, o2 +! £ o?+2,

Overall, since 0?1 # 0 for any 2t < T — 3, Count00;' = Count113* = 0, for any
agent ¢ and for any round 2t < T — 3. Moreover, eC’ount%t + eC’ount%t = t, since in any
pairs of round 2t < T — 3 and 2t — 1 < T — 3, one of the agents recives a utility of 1 — ¢,
and there are exactly t such pairs.

Recall that T = 2k + 3, and consider dPropl?k. By definition, 2k < T — 3, and
thus dPropl?* = vPropl?* — eCount?*s — Count007*(1 — £) + C’oumfllflc = vPropl?* —
eC’ountfkg.

Finally7 consider a lower bound on dPropll + dPropl%k. dPropl?’C =+ dProplgk =
("L}Propl1 F_eCount?” S)+ (vPropl2 k_eCount3” 5)= (vPropl%kJrvProplgk)f%(eC’ount%kJr
eCount2®). Since eCount?* + eCount?* = k, then dProp13* + dPropl3¥ = (vProp12* +
vPropls*) — k. Clearly, (vProp13¥ + vProp12¥) < 2, and thus dPropl1?* + dProp13"

2 —k§. Since k > 4, then 2 — k$§ < 0. That is, dPropl3® +dPropl3* < 0. Therefore, either
clPropl?’C < 0or dPropl%lC < 0, which is a contradiction to the fact that the mechanism
satisfies Propl (according to Lemma 4). Therefore, there is no online mechanism that
satisfies Propl. O

Lemma 1. With Borda valuations, given a round t, and given any vector of n elements, x,
such that (1) every element of © is a non-negative integer, and (2) the sum of the elements
is m — 1, there exists a candidate c € C' such that vi(c) > x; for every agent i.

Proof. Let @ be a vector of n elements, such that (1) every element of @ is a non-negative
integer, and (2) the sum of the elements is m — 1. For each agent 4, let B; be the set of
candidates whose valuations are less than x;, i.e., B; = {c € C | v!(c) < x;}. Let G be a
(possibly empty) set of candidates, G = C\(B1 ... Bn). Clearly, |G| > m—>_ | B;|. Since
the agents use Borda valuations, then |B;| = x;, and thus |G| > m—>_x; = m—(m—1) = 1.
That is, a candidate ¢ € G exists such that v!(c) > x; for every agent i. O

Lemma 2. With Borda valuations, given a round t, if (1) for every agent i, u;(0o'~') >
qProp=' and (2) there are at least rProp'~' agents with a wutility that is strictly
greater than qProp'~!, then there exists a candidate ¢ such that (3) for every agent i,
u;((0h,...,0'71 ¢)) > qProp' and (4) there are at least rProp® agents with a utility that is

strictly greater than qPropt.

Proof. To prove this lemma we need the next lemma, which shows a simple number theoretic
property.
Lemma 6. Let a,b,n be positive integers and let x be a real number. Then, the following

statements are equivalent: (1) [2] + |2] + 2 = 2] (2) (amod n) + (bmod n) =
an + ((a 4+ b) mod n). Furthermor@ there exist such a,b,n if and only if x € {0,1}.

Proof. Clearly, for any positive integer z, [Z] -n + (2 mod n) = z. Therefore, [Z] =
M We can thus show that statements (1) and (2) are equivalent: [2]+ [2|+2 =

La:bJ e 0= (a mod n) + b—(b I:Llod n) N _ (a+b)— ((a+b) mod n) — (a mod n) + (b mod ’/l) _
an+ ((a + b) mod n). Now, consider the possible values of z:

1. Assume that > 2. Then, zn > 2n, and thus zn + ((a + b) mod n) > 2n. That is,
(a mod n) + (bmod n) > 2n. However, since (a mod n) < n and (bmod n) < n, it
follows that (a mod n) 4+ (b mod n) < 2n, which is a contradiction. Therefore, z < 2.



2. Assume that z < —1. Then, zn < —n, and thus 0 > zn+n > zn+ ((a +b) mod n) =
(a mod n) + (b mod n). However, since (a mod n) > 0 and (b mod n) > 0, it follows
that (¢ mod n) + (b mod n) > 0, which is a contradiction. Therefore, z > —1.

In addition, since L“ij, | %] and L%j are integers, and = = L“,—J[bj —[2]— 2], 2 must also

be an integer. That is, x € {0,1}. O

We now prove Lemma 2. Given an outcome of, let Q' = {i | u;(o?) > qProp'},
QL = {i | ui(o?) > qProp' +1}, and QL = N\ QL. Let sQ be some arbitrary subset of
QL such that [sQ" | = min (|QL |, Prop"), and let sN* be some arbitrary subset of N such
that |sN'| = rProp' — |sQ%|. Let 2! be a vector such that z! = gProp' + L;cnt + 1

i€sQL "

Note that 35, ;™" =33, ¢Prop' + Ligene—1 + 1 = n-qProp' + [sN'"!| + Q1| =

n - gProp' 4+ rProp' =m — 1.

For a given round ¢, assume that conditions (1) and (2) hold. That is, Q~! = C, and
|Qt>71| > rProp'™!. Then, according to Lemma 1 there exists a candidate ¢ such that
v(c)z > xi7!, for every agent i. We will now show that if o' = ¢, then Q' = C and
|QL| > rProp'.

Indeed, if o* = ¢ then u;(0) > u; (0! ') +ai™ > (0! ') +qProp* +1;c,ye 1 +1, g

>
However, since for any agent i, u;(0'~!) > gProp'~! + Licgir (conditions (1) and (2)), we
get that u;(o?) > qProp'~! + qProp* + Licgir + Ligont—1 + nie@'

First, let us find a lower bound for |Qt;1 U th>_1|. Since th;l - Qt;l then
QY N sQLt = 0. We thus get that [Q5 " UsQU | = [QU ] + [sQYH = [QY +
min (|Q%Y, rProp') = |QL ! |[+min (n — |QL Y|, r Prop') = min (n,rProp' + |Q% ). Since
condition (2) holds, min (n,rProp' +|QS!|) > min (n,rProp' +rPropt~'). Overall,
QL UsQL| > min (n, rProp' + rPropt=).

Leta=(t—1)-(m—1)and b= (m —1). Then, a+b=1¢-(m —1). Since

b b
qProp'~! = ng,qProp1 =|—],qProp' = Lij, (C.1)
n n n
and
rProp'™ =a (mod n),rProp' =b (mod n), (C2)
rProp' = (a+b) (mod n), .
then according to Lemma 6,
qProp™! + qProp' = qProp' and (C.3)
rProp~! + rProp' = rProp’, .
or
qProp™! + qProp' +1 = ¢Prop' and (C.4)
rProp'~! + rProp' = n + rProp'. '
If Equation C.3 holds, then u;(o?) > qPropt’1+qPr0p1+]li€Qz;1 +1, e nt1 —le‘e@ =

gProp' + Licgi—r + I,GF—I— Licone-1. Thatis, Q' = C and {Q5'UsQ '} C QL. Thus,
€8 >

QL] > 1Q5 ' UsQL | > min (n, rProp' + rProp'') = min (n, rProp') = r Prop*. Overall,
claims (3) and (4) hold.
On the other hand, if Equation C.4 holds, then u;(o') > gProp'~! +qProp' + ]].Z-GQt>—1 +

Ligsne-1 + 1 = qProp' — 1+ Licgir + 1, 51 + Licgner. Note that for every

i€sQ! i€sQY



agent i such that i € Q" or i € th;l, ui(o') > qProp' + 1,c,n¢-1. That is, for any
agent i such that i € Q" or i € sQU", i € Q'. We thus get that {QL ' UsQL '} C Q.
That is, |Q!| > |Q% ' UsQL | > min (n,rProp' + rProp'~!) = min (n,n + rProp') = n.
Therefore, Q' = C. That is, claim (3) holds. Moreover, we can now state that for any agent
i, ui(0') > qProp! + 1;c ne—1, and thus sN'™1 C QL.

We now find |QL|. Since sN*™' C Q% then |QL| > [sN*~!|. By definition, [sN*~!| =

rProp' — [sQ'| = rProp' — min (|Q%!|,rProp'). That is, min (|Q%!|,7Prop') +
|QL| > rProp'. Since |QS| = n — QY| and |QLY > rProp'™t then |QLY <
n — rProp'~!. Therefore, min (n —rProp'',rProp') + |QL| > min (|QL |, rProp') +

|QL| > rProp'. According to Equation C.4, rProp'~! + rProp' = n + rProp’, and thus
min (rProp* — rProp',rProp') + |QL| > rProp'. That is, rProp' — rProp' + |QL| >
rProp'. We thus get that —rProp’ 4+ |Q%| > 0. That is, |QL | > rProp’. That is, claim (4)
holds.

Overall, we get that if conditions (1) and (2) hold, then there exists a candidate ¢ such
that claims (3) and (4) hold. O

Theorem 15. FEven with Borda valuations, there is no online mechanism that satisfies
MPP.

Proof. Assume by contradiction that there is an online mechanism that satisfies M PP. Let
m=2,n=4,T =2, and

vi= X = Y =

O O ==
= =0 O
OO O =
e i )
O~ = =
_= o O O

If V2 = X, the only outcome that satisfies Prop is (cy,c2). Therefore, the mechanism must
choose the candidate ¢; in the first round. On the other hand, if V2 =Y, the only outcome
that satisfies Prop is (ca,c1), and thus the mechanism must choose ¢g in the first round,
which is a contradiction. O

Theorem 16. With borda valuations, LMin,, satisfies RRS.

Proof. Let o be the outcome chosen by LMing,. Recall that for any agent i, RRS; =
L] (m— 1) with Borda valuations. According to the proof of Theorem 14, for any agent

i, u;(0) > qProp’ = LWJ Clearly, |[L(m —1)] > | L] (m —1). We thus get that for
any agent i, u;(0) > RRS;. That is, LMin,, satisfies RRS. O

Theorem 17. FEven with Borda valuations, LMin,, and MNW,, do not satisfy PO.
Proof. Let m =9,n=2,T =2, and

L e (8765 43201
V_V_<102345678'
LMine, and MNW,,, choose o0 = (s, ¢5), while the PO outcomes are (¢1,c9) or (cg,c1). O

D Efficiency and Fairness for Online Setting

Recall that with no restriction on the valuations, all the mechanisms that we study do not
satisfy the PO efficiency property in the online setting. In addition, in Section 8 we showed



Local PO | TAT | Approval | Homogeneity
LMing, v v v v
RRon X v X X
MNWon v X v v

Table 3: Summary of the results for the online setting, where there are no restrictions on
the valuations.

that it is impossible to satisfy Propl or a-RRS for any constant a. We thus propose weaker
notions of efficiency and fairness. Specifically, for efficiency, we propose the notion of local
Pareto optimality, which is defined as follows:

Definition D.1. An outcome o is local Pareto Optimal (local PO) if for every round t,
there does not exist a candidate ¢ such that for every agent i, (1) vi(c) > vi(o') and (2)
there exists an agent j such that v%(c) > vt(o").

Clearly, LMin,, and MNW,, satisfy local PO, but RR,, does not satisfy local PO.
For fairness, we propose the Invariant to Affine Transformations (I AT') axiom, which is
adapted from bargaining games [20].

Definition D.2. Given any o € Rt and 8 € R such that all the valuations vi(c;) =
vi(¢;) - a4+ B are non-negative, let © be the outcome of the mechanism when the valuations

are vt(c;). A mechanism satisfies Invariant to Affine Transformations (IAT) if u(o) = u(o).

Clearly, RR,, satisfy TAT, since cMazx! remains the same candidate even after an affine
transformation of the valuations. LMin,, also satisfy I AT since if > y then a-x+5-1,, >
a-y+p-1,. However, MNW,, does not satisfy IAT.

Theorem 21. MNW,,, does not satisfy IAT.

L (501
V<0 1).

MNW,, chooses o = (¢2). However, if vf(c;) = v!(c;)+1, then MNW,, chooses © = (¢1). O

Proof. Let m =2,n=2,T =1, and

Next, we propose approval, which is a stronger variant of the Plurality axiom that
was proposed by [12]. Intuitively, a mechanism satisfies approval if whenever all agents’
valuations are dichotomous- they assign either 1 or 0 to each candidate, and they all have
the same accumulated utilities, then the candidate with the highest number of 1’s is chosen.
Formally,

Definition D.3. A mechanism satisfies approval if for a given t, for every agentsi,j € N,
u;(0'71) = w;(0'™1), and for every agent i € N and candidate c € C, vi(c) € {0,1}, then
o' € argmax, co Y ey vi(c).

Clearly, RR,, does not satisfy approval. However, by definition, LMin,, and MNW,,
satisfy approval.

Finally, we consider the axiom of homogeneity, which requires that if every agent’s ballot
is replicated the same number of times, the outcome remains the same (or it is replaced
with an outcome with the same utility). Formally,



Definition D.4. Given a round t, let x be a positive integer. For any k € N1 < k < ¢,

Vk

let V'™ be a block matriz that consists of x copies of V*. That is, V'* = D |, Let o' be
Vk

the outcome of the mechanism at round t, when the input is (V’l, cee V’t) and the vector

of chosen candidates is 0o'~1. A mechanism satisfies homogeneity if u(o') = u(o’t),

Clearly, RR,, does not satisfy homogeneity for all the orders 7. However, LMin,, satisfies
homogeneity since if * > y then (z,...,z) > (y,...,y). In addition, MNW,, satisfies
homogeneity since argmax, cc [[;en(ui(0'™") + vf(¢;)) = argmax, cc [Tien (wi(0'™") +

v ()"
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